
Topic VII

Series.

1. Prove that if the series
∑
an converges to a real limite then lim

n→∞
an = 0.

2. Calculate, assuming that |x| < 1, a 6= 0 :

a)

∞∑
n=1

axn b)

∞∑
n=1

anxn c)

∞∑
n=1

an2xn.

3. Examine the convergence of series
∑
an, where :

a) an =
3n+ 2

5n2 − n+ 1
, b) an =

√
n− 1

2
√
n2 + 1

, c) an =
1

n(
√
n2 + n− n)

,

d) an =

√
n+ 2−

√
n√

n+ 1
, e) an =

n10

10n
, f) an =

1000n

n!
,

g) an =
(n!)2

(2n)!
, h) an =

(n!)2 · 3n

(2n)!
, i) an =

2n · n!
nn

,

j) an =

(
2n+ 2

3n+ 2

)n
4

, k) an =

(
n+1
n

)n2

4n
, l) an =

(
2 + (−1)n

π

)n

.

4. Show that ∀ x > 0 the following series is convergent
∞∑
n=0

xn

n!
.

5. Find series
∑
an with all an > 0 such that

∑
an < +∞ and

∑
an lnn = +∞.

6. Find series
∑
an with all an > 0 such that

∑
an = +∞ and

∞∑
n=2

an
ln(lnn)

< +∞.

7. Examine the convergence of
∞∑
n=2

an:

a) an =
n

10lnn
, c) an =

1

ln(n!)
, d) an =

1

n · 10ln(lnn)
.

8. Examine the convergence of the following series:

a) −1
2 + 1

6 −
1
10 + 1

14 −
1
18 + · · ·

b) −1
2 −

1
3 + 1

4 + 1
5 −

1
6 −

1
7 + · · ·

c) −1
2 + 1

4 + 1
8 −

1
16 + 1

32 + 1
64 − · · ·

d) −1
2 + 1

5 + 1
6 −

1
4 + 1

9 + 1
10 −

1
8 + 1

17 + 1
18 −

1
16 + 1

33 + 1
34 − · · ·

e) 1− 1
2 −

1
3 + 1

4 −
1
5 −

1
6 + 1

7 −
1
8 −

1
9 + · · ·

f) 1 + 1
2 −

1
3 −

1
4 −

1
5 + 1

6 + 1
7 −

1
8 −

1
9 −

1
10 + 1

11 + 1
12 −

1
13 −

1
14 −

1
15 + · · ·

g) 1− 1
2 −

1
4 + 1

3 −
1
6 −

1
8 + 1

5 −
1
10 −

1
12 + 1

7 −
1
14 −

1
16 + · · ·

h) 1 + 1
3 −

1
2 + 1

5 + 1
7 −

1
4 + 1

9 + 1
11 −

1
6 + 1

13 + 1
15 −

1
8 + · · ·
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i) 1
21

+ 2
22
− 3

23
+ 4

24
+ 5

25
− 6

26
+ 7

27
+ 8

28
− 9

29
+ · · ·

j) 1
12

+ 1
32
− 1

22
+ 1

52
+ 1

72
− 1

42
+ 1

92
+ 1

112
− 1

62
+ · · ·
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