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Chapter 1

Introduction

The terms risk and performance are now a part of everyday language. Despite the fact, that the
meaning of those words is clear on intuitive level, no good unifying definition has been proposed so
far. One can even say that those words are closer to primitive notions, than undefined terms.

Let us mention just a few words, such as preference, hazard, fortune, safety, opportunity or
uncertainty, which strongly relates to both risk and performance, allowing a wide spectrum of
non-equivalent interpretations.

From the mathematical point of view, we are more interested in quantifying risk and perfor-
mance, i.e. defining the proper methods of measurement. Through time, a lot of beautiful concepts
were introduced to answer this question. Let us alone mention people such as Daniel Bernoulli,
John von Neumann or Oskar Morgenstern who made a major contribution to this subject. As
the description of evolution of mathematical methods quantifying risk and performance, or more
generally speaking preference and utility, is not the main topic of this thesis, we refer interested
reader to [70, 102, 77] and references therein for a a good overview on this subject and historic
survey.

In this work we will focus on quantifying the wutility (this term will cover both risk and per-
formance) of a financial position and follow the modern (normative) approach, suggested e.g. by
Artzner, Delbaen, Eber, and Heath [6]. The notation of coherent risk measures proposed in [6]
attracted attention both on theoretical and practical level resulting in the development of many
objects such as convex risk measures [76] or acceptability indices [45], which we will introduce in
this thesis.

At the beginning, the theory of risk measures was developed in the static framework. On a
given probability space (€, F,P), the (real valued) random variables coincided with the future
(discounted) values of financial positions and risk measure was a map which assigned a number
to any financial position, measuring it’s risk. The normative approach from [6] required this map
to satisfy certain sets of axioms such as cash-additivity, convexity or monotonicity. Those axioms
have been also given a clear financial interpretation. The real values produced by a coherent
risk measures could be also interpreted as minimal capital requirements sufficient for the financial
position to be acceptable, i.e. having non-positive risk. The notation of wutility measures, often
considered as negatives of risk measures was very similar. The similar results also hold true for
risk and utility measures quantifying the risk of cash-flows of some financial position, which are
typically described by a stochastic process [36].

For convex risk measures (defined for random variables) satisfying certain regularity conditions,



the duality theory of Fenchel-Legandre lead to so called robust representation, which allowed the
risk measure p, to be expressed as

p(X) = - inf [Eg[X] - a(@))

for the set of all probability measures M and the penalty function o : M — [—00, 0] [75]. In other
words, the risk of a financial position could be considered as the penalised worst case expectation
taken under probabilistic model M, where the penalty function a describes how seriously we treat
each scenario from M.

The need to consider the evolution of preferences through time T lead to the definition of
conditional and dynamic risk measures (and utility measures) [7]. The information available at
time t € T could be described by a o-subfield of F, denoted by JF;, and the whole evolution of
market is given by a filtered probability space, where the filtration is given by {F;}ier. Then, the
conditional risk measure p; is a mapping which assignes a F;-measurable random variable to any
financial position, measuring it’s conditional risk. The dynamic risk measure is simply a collection
of conditional risk measures, i.e. the family of mappings {p;}icr [2]. Besides the conditional
equivalents of properties from the static definition of risk measures, one has to introduce additional
axioms, which will link preferences from different time points, i.e. explain the relation between
pt(X) and ps(X) for any financial position X and time points ¢, s € T. Such axioms are related to
so called time-consistency conditions [2], which will be one of the main topics of this thesis.

Dynamic utility measures very often act as objective functions in the stochastic control prob-
lems, while dynamic risk measures serve as constraints [109]. The need to consider their dynamic
equivalents is also justified by the use of the dynamic programming approach [7]. Bellman principle
of optimality, needed for the backward recursive reformulation of stochastic control problems, is
tightly connected with time consistency condition, as will be shown later. Let us mention the fact,
that in some types of optimisation problems, time-inconcistency (and thus the lack of the standard
Bellman principle of optimality) could be present (cf. [26]) but we will not focus on those problems
here.

In this thesis, we will focus on three types of utility maps, namely convex risk measures [75],
acceptability indices [45] and limit growth indices [18], as they are often used in stochastic control
problems. We have decided to show some representatives of each class, to explain why those classes
are interesting.

Apart from theoretical study about time constancy, we have decided to show three explicit
representative examples, which will show how to perform optimisation, using dynamic risk and
performance measures. The first two examples will be connected to portfolio optimisation, while
the last one will cover the subject of pricing an American options, by solving an optimal stopping
problem.

This thesis is organized as follows. The Introduction will be followed by Chapter 2, where we
shall introduce the basic framework, notations and definitions used throughout the whole thesis.
Next, in Chapter 3 we will focus on time-consistency conditions, providing a new definition for this
type of objects and linking it with the existing literature. Chapter 4 will be dedicated to the study
of various specific families of dynamic risk and performance measures, namely dynamic convex and
coherent risk measures, dynamic acceptability indices and dynamic limit growth indices. We will
provide also many explicit examples with the emphasis on time consistency. Finally, in Chapter 5
we will deal with three stochastic control problems. The first problem will be connected with risk
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sensitive control for Markov decision processes on infinite time horizon. The second one will cover
the classical risk-to-reward optimisation, using coherent risk measure as a constraint. Finally the
last example will provide an explicit algorithm, which can numerically approximate conditional
expectation and Snell envelopes, providing a recipe for pricing various types of American options.

Contribution

Three papers [18, 19, 99] could be seen as a main building blocks of this dissertation.

In particular, Chapter 3 is based on the first paper, A unified approach to time consistency of
dynamic risk measures and dynamic performance measures in discrete time, written together with
prof. T. R. Bielecki and I.Cialenco. Next, Section 4.3 is based on Dynamic Limit Growth Indices in
Discrete Time, written together with prof. T. R. Bielecki and prof. 1. Cialenco. Finally, Section 5.3
is based on the last paper, The least squares method for option pricing revisited, written together
with prof. M. Klimek.

Our feeling is that our contribution to the subject of dynamic risk and performance measurement
as well as dynamic stochastic control theory is mainly through the depth of construction, which
unifies those theories and provide the space for new interesting objects as well as shed a new light
on the old ones. While almost all of the proofs from Chapters 3 and 4 are rather elementary,
i.e. not requiring any advanced mathematical tools and methods, we think they provide a nice
framework for future development. Nevertheless, let us mention some of the results, which we
consider noteworthy.

The new definition (Definition 3.1.3) of time-consistency, also introduced in [19] is promising,
in the sense that it allows to handle both cash-additive and scale-invariant maps using the same
tools. The difference between those two maps caused a lot of problems for many people, as the
benchmark definition of time-consistency provided only limited answers.

The Dynamic equivalent of Risk Sensitive Criterion defined in [18] is an interesting object,
which requires further attention. The proof that Risk Sensitive Criterion is in fact an acceptability
index surprisingly was not present in the literature. We think, that the proof of supermartingale
property for this map, i.e. Thoerem 4.3.11, 5), is interesting and non-trivial. It also show a nice
application of a variation of conditional Borel-Cantelli lemma, exploiting the strength of power
utility transformation.

While the proofs from Section 5.1 are present in the literature, we think that our reformulations
can shed a new light on risk sensitive control problems, connecting them with risk measurement
theory. In particular, our presentation of Bellman equation (5.10) and related results seem to be
more intuitive than the usual formulation, which relates to Multiplicative Poisson Equations.

Apart from results mentioned above, we have decided to list some Propositions and Theorems,
which we think contribute to the theory of dynamic risk measurement and for which the proofs
are noteworthy, namely: Proposition 3.2.1, Proposition 3.2.13, Proposition 4.2.3, Proposition 4.2.4,
Proposition 4.3.2, Theorem 4.3.11, Proposition 5.1.6, Theorem 5.3.3 and Theorem 5.3.6.
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Chapter 2

Preliminaries

In this Chapter we will introduce basic concepts and ideas from dynamic risk measure theory and
related fields. In particular, we will provide some general comments about certain aspects of the
stochastic control theory and convex analysis, needed in this thesis. We will also introduce here
the basic framework, i.e. definitions and notation, used throughout this thesis. Let us underline
the fact that only selected aspects of dynamic risk measure theory are considered here. For a good
survey about risk measures we refer to [77] and references therein.

Almost all results from this section are well known and used commonly in the field of dynamic
risk measurement. While we will give definitions, which are more general than those usually seen
in the literature, the generalisations are rather intuitive and straightforward. Nevertheless, we will
provide proofs for statements, which have no direct counterparts in the existing literature.

In particular, Propositions 2.2.13 and 2.2.15 due to our knowledge did not occur in this form
in the literature before, and could be seen as an original contribution. Despite this fact, we have
decided to put them here, as they are very simple and the proofs are elementary.

This Chapter is organized as follows. In Section 2.1 we provide a set of some general underlying
concepts that will be used throughout the thesis. In particular we introduce the space on which we
will define all objects, give some comments about conditional expectations and recall definitions of
conditional equivalents of essential infimum and supremum, for various types of objects.

Section 2.2 recalls basic properties of maps which try to quantify (measure) the risk or per-
formance of objects describing terminal payoffs, portfolio cash-flows or dividend streams. Those
objects are usually represented as random variables or adapted stochastic processes. We will also
give some comment about how to extend such maps onto bigger space and give some insight about
robust representations of risk and performance measures.

Next, in Section 2.3 we give a general overview about dynamic stochastic control problems
which naturally arise, when we study maps introduced in the previous section.

Finally, in Section 2.4 we give some additional remarks concerning all objects introduced in the
previous Sections in this Chapter. This Section will try to give some overview on the literature and
present some new results and ideas, which were introduced recently. We put here all the remarks,
which are not required in the main body of this Chapter. It was done to not confuse the reader
with too many auxiliary facts. Still, they could help understand the objects, which were introduced
before and shed some new light on them.

As we have mentioned above, the main purpose of this Chapter is to provide basic definitions
and notation, which we will use later. Thus, we have decided to postpone all proofs from this
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Chapter to Appendix, in order to make everything more transparent.

2.1 General framework

Throughout this thesis, (9, F,{F;}ter,P) will denote a discrete-time filtered probability space.
We will consider both finite and infinite time horizons, i.e T = {0,1,...,T}, for a fixed T' € N,
or T = NU{0}. We will also assume that Fy is trivial and F = |J,cp F¢. Furthermore, we will
assume that (Q, F, {F; }ier, P) is a standard filtered probability space ( Lebesgue-Rokhlin probability
space [123]), i.e. it is (a.s.) isomorphic to ([0,1]T, B([0,1]T), {F/}ieT, AT), where B(-) denotes the
Borel o-algebra of considered set!, AT is a product of the Borel measures and {F}}scr is the
filtration generated by the coordinate functions (see e.g. [103] for similar settings in the risk measure
framework). While almost all of the results could be easily reformulated for the general case, we
make this assumption to avoid many technical difficulties. In particular note that we could define
conditional (regular) probabilities, through Canonical system of measures and (2, F,P) always
contain countably separated? subset of full measure (cf. [123, 127] and references therein for more
detailed description of standard probability spaces). For clarity we will also assume that the
(original) filtration is completed with sets of measure zero.>

For o-algebra G, such that G C F, we denote by L%(Q,G,P) and L°(£,G,P) the sets of all
(a.s. identified) G-measurable random variables with values in (—o0, 00) and [—o0, 0], respectively.
Moreover, we define LP(,G,P) := {X € LY(Q,G,P) | (X V0) € LP(Q,G,P)}, for p € [0,00]. We
shall write LP := LP(Q, F,P) and LY := LP(Q, F;,P), for p € [0,00]. Analogous definitions will
apply to LY and LP. The financial interpretation of the elements of L? (also L and L?) will depend
on the context. Usually they will illustrate terminal payoffs of some (zero cost) financial portfolio or
cash-flows at time ¢. They might also correspond to the preference level. We will also use notation

VP = {(Vi)ter | Vs € LY, t € T}, (2.1)
VE = {(Viier | mV; € L}, V; >0, t €T}, ,
V2 = {(Vi)ter | Vi € Lf, Vi >0, and V, = Vv, t € T}, (2.3)

where 7 := inf{t € T | V; = 0} and p € [0,0], to define various spaces of adapted stochastic
processes. Similarly as in the previous case, we also define VO, V"’, etc. The financial intuition
going behind (2.1), (2.2) and (2.3) will also depend on the context. Usually VI and V7 will
denote (cumulative) value processes of portfolios of financial securities, where the stopping time
condition relates to bankrupcy event. Moreover, the elements of V? can be viewed e.g. as cash-flows
corresponding to some investment strategy or dividend stream of some financial portfolio.

Throughout this thesis, X will always denote the certain space of random variables or adapted
stochastic processes, described in the previous paragraph. All equalities and inequalities will be
understood in the almost sure sense. Let us now present some additional notation used for X,
which will allow us to keep the notation uniform:

'We will use notation B(R) :={BUS: B € B(R), S € {0, {+oc}, {—o0}, {+00, —c}}.

%j.e. there exists a sequence of sets {An}nen, such that {n: z € A,} = {n: y € A,} implies z = y, for any
x,y € Q.

3For simplicity, in the static case (i.e. for t = 0), with slight abuse of notation, we will say that Fo-adapted random
variables are constants. Consequently, we will use R and R to denote corresponding spaces of random variables, rather
than defining the spaces of equivalent classes of random variables as in all other cases.



(1) If L>® C X C LY, for t € T, we shall write

X =1I°
X={XecX|(XV0)e X}
X, =xnL

1y =1

Moreover, for X, X' € X, we shall write X < X', if P[X < X'] = 1. In other words, we
consider the usual almost sure order for random variables.

(2) If V> C X C VY we shall write

0

)

= {(Vi)ter € X | (Vi VO)ser € X},
X, ={X € LY|X =V, for some V € X},
1y = (0,0,....0,1,0,0,...).
ﬁ}(_ﬁ_d )
Moreover, for V, V' € X, we shall write V < V' if P[V; < V/] =1, for all t € T.

&) &
Il
<l

We will often assume that the space X is embedded with certain topology. For example, if
p € [1,00], we will assume that LP is a standard Banach space, and the topology is induced by
the norm || - [|,. On the other hand, if LY, we will use the topology of convergence in measure, i.e.
topology generated by metric d(X,Y) = E[|X — Y| A 1] (X,Y € LY. See Appendix A.3 for more
detailed description.

Following e.g. [44, 38|, while working in risk measure framework and using tools from convex
analysis, we will adapt the convention

oco—o00o=-—00 and 0-xoco=0. (2.4)

Remark 2.1.1. Convention (2.4) has a financial interpretation. We will work with (utility) functions
which illustrate preferences of portfolios, cash-flows, etc. For example, if the negative part of
random variable is unpredictable (e.g. in a sense that the conditional expectation of the negative
part is infinite), then such portfolios are of no interest for us, however big the positive part is.
Consequently, our preference level for such random variables should be equal to —oco. See also
(2.6), where the generalized (robust) conditional expectation is defined explicitly.

Remark 2.1.2. In this thesis (to get rid of various minus signs) we will mostly work with mappings
which admit (quasi)concavity, the reason why we introduce the convention (2.4). In particular,
(quasi)convex maps will be treated as negatives of (quasi)concave maps. If we wanted to consider
everything in convex framework, then the convention co — 0o = oo should be applied. See [143, 122]
for more details about this convention in convex framework.

In particular, with (2.4) in mind, we will use standard (coordinate wise) additive and multi-
plicative operators both for random variables and adapted stochastic processes. Furthermore, we
define multiplicative operator (-;) by

m- X =mX, XEEO,mEE?,
m+V = (%,...,W,l,mw,m‘/}+1,.n), %4 EVO, m € I:g (25)
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In the case of random variables, operator (-;) coincides with the standard multiplicative operator,
but we introduce the notation to keep the definitions uniform. See Remark 2.4.1 for additional
comments about operator ().

2.1.1 Generalized conditional expectation
For t € T and X € L using (2.4), we define the (generalized) conditional expectation of X by
E[X|F)] = E[XT|R] - E[X"|F]
= lim E[(XT An)|F] - lim E[(X™ An)|Fi] (2.6)

where XT = (X A0) and X~ = (—X A0). Let us now recall that the generalized conditional
expectation is not a linear operator.

Proposition 2.1.3. For any X,Y € L° and s,t € T, s > t we get

1) ENX|F] < AE[X|F] for A € LY and E]NX|F;] = AE[X|F;] for A\ € LY, A > 0;

2) E[X|F)] < E[E[X|FS]|Fi] and E[X|F] = E[E[X|Fs]|F] for X > 0;

3) E[X|F|+ EY|F] <EX+Y|F] and E[X|F|+ E[Y|F]=EX+Y|FR] if X,Y >0;

The proof of this proposition is deferred to the Appendix A.1 (page 115). See Remark 2.1.4 and Re-

mark 2.4.2 (page 21) for additional comment about (2.6).

Remark 2.1.4. All inequalities in Proposition 2.1.3 can be strict. Let t =0 and k, s,t € T, be such
that £ > s > 0. Let £ € LY, € = +1, each with probability % Let Z € LY be such that Z > 0, Z is
independent of £ and E[Z] = co. With A = —1, X =¢Z and Y = —X we get strict inequalities in
1), 2) and 3).

2.1.2 Essential infimum and supremum

For a non-negative family {X;};c; (the index set I might be uncountable), where X; € L%, we will
denote by essinf;c; X; a unique (up to a set of measure zero) random variable from L°, such that

e Foralli eI, X; > essinf;c; X;;
o If Y € L? is such that X; > Y for any i € I, then essinf;c; X; > Y.

We will call essinf;c; X; the essential infimum (also called essential lower bound) for a family
{Xi}icr. Analogously, we can define the essential supremum (essential upper bound) denoted by
esssup,c; X;. Next, we define (generalized) essential lower bound for a family of random variables
{X:}icr, such that X; € LY, by

. _ . . + . —
esisellnf X; = nhﬁ\nolo [ess infier(X;” A n)] — nhﬁ\l{.lo [ess sup;er(X; A n)]
In particular, it is worth mentioning, that if X; € LY for i € I, then essinf;c; X; € LY. Futhermore
if for all 7,5 € I, there exists k € I, such that X;; < X; A Xj, then there exists a sequence
in € I (n € N), such that {X;, }nen is non-increasing and essinf;c; X; = infen X;, = limy, 00 X,
(see [97, Appendix A]). Analogous results are true for esssup;c; X;.
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We will also make use of a conditional equivalents of essinf and esssup defined for a single
random variable. For X € L* and t € T, we will denote by essinf; X a unique (up to a set of
measure zero), random variable from LY, such that

e X > essinf; X;
o If Y € LY, is such that X > Y, then essinf; X > Y.
We will call it the Fi-conditional essential infimum of X (see [10] for the proof of existence and

uniqueness). Respectively, we will call esssup,(X) := —essinf;(—X) the F;-conditional essential
supremum. Next, For any ¢t € T and X € LY we define the F;-conditional essential infimum by*

essinf; X := lim [ess inf, (X A n)] — lim [ess sup, (X~ An)|, (2.7)
n—oo n—oo
As in the previous case, we put esssup,(X) := —essinf;(—X). For convenience, we present some

fundamental properties of conditional essential infimum and supremum, for L? setup, that will be
used throughout the paper.

Proposition 2.1.5. For any X,Y € LY, s >t (s,t € T), A€ F; and U € LY we get
1) essinf,c4 X = essinf,c4(essinf; X);
2) If essinf,ecp X = essinfuep U for any B € F, then U = essinf; X
3) X > essinf; X;
4) If Z € LY, is such that X > Z, then essinf; X > Z.
5) If X > Y, then essinf; X > essinf, Y;
6) Lgessinfy X = 14 essinf(14X);
7) essinfy X > essinf; X ;
The similar results are true for {esssup; tier.
The proof of Proposition 2.1.5 for X,Y € L* can be found in [10]. Basing on the fact that for
any n € Nand X,Y € L we get Xt An € L®, X~ An € L™ and XT A X~ = 0, the proof for
X,Y € LV is straightforward.
Please note that the concept of essinf for a family of random variables, slightly differs from the

concept of conditional essinf for a single random variable. We hope the notation will be transparent,
and it will be clear from the context, which definition we have in mind.

4One could also extend essinf; from L° to L e.g. noting that the function arctan is strictly monotone and
bounded and setting essinf; X = arctan™'[essinf;(arctan X)]. Such extension will coincide with (2.7).
Sessinfuea X :=sup{k €R: 1,k <1aX}.
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2.2 Utility measures

Let X denote the space of random variables or adapted stochastic processes, described in Section 2.1.
In this subsection we will now recall various notation and definitions used in the literature, espe-
cially in the theory of risk measures, performance measures and utility theory. The definitions
and properties are usually linked to the corresponding (static) definitions and properties from the
classical convex analysis (cf. [122] and references therein).

Definition 2.2.1 (General properties of maps). Let tg € T. For any X,Y € X, A € F, s € T,
such that s > ¢, and m, A, 8 € X;,9 such that 0 < A <1, 3> 0 and ||8]|ec < 00,” we will say that
the map f: X — LY is

(SBA) Subadditive if f(X +Y) < f(X) + f(Y);
(SPA) Superadditive if f(X +Y) > f(X) + f(Y);
(AD) Additive if f(X +Y) = f(X) + f(Y);
(N) Normalized if f(0) = 0;
(M) Monotone if (MI) or (MD) hold, where

(MI) (Monotone increasing) X <Y = f(X)
(MD) (Monotone decreasing) X <Y = f(X)

fY)
fY)

<
>

)
)

(P) Properif (P1) or (P2) hold, where

(P1) f(X) € LY and there exists X € X, such that f(Xo) > —o0;
(P2) —f(X) € L° and there exists Xo € X, such that f(Xo) < 00;

(F) Finite if f(X) € LY;
(tA) Fi-adapted if f(X) € LY;®
(tL) Fi-local if 1of(X) = 1af(1a - X);
(tCA) Fy-cash additive if f(X +mlgy) = f(X)+m;
(tCCA) Fy-counter cash additive if f(X +mlgy) = f(X) —m;’
(tQCC) Fi-quasi-concave if f(A 4+ X +(1—=X)Y) > f(X)A f(Y);
(tCC) Fy-concave if F(A -4 X + (1= X) 4 Y) > M(X) + (1= AN f(Y);
(tQCV) Fi-quasi-conver if f(A+ X +(1—=X) -+ Y) < F(X)V f(V);

5See page 6 for the definition of X;.

"Note that we only consider (essentially) bounded elements, so that 8-, X € X, for any X € X. See Remark 2.4.5
for details.

8Note that for the static case (¢ = 0) we will write simply f(X) € R.

9Note that for X C L°, we get 143 = 1. On the other hand, for X C V0, the value mlyy corresponds to a single
cash flow m, received at time t, see page 6 for details.
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(tCV) Fi-conver if f(A+ X +(1—=A)+Y) < Af(X)+ (1 -=N)f(Y);
(tSI) Fi-scale invariant if f(5+ X) = f(X);
(tPH) Fi-positively homogeneous if f(5 4+ X) = Bf(X);
(tLSC) Fi-lower semi-continous wrt. 0, if {Z € LY | f(X) < Z} is n-closed’;
(tUSC) Fi-upper semi-continous wrt. 0, if {Z € LY | f(X) > Z} is n-closed.
Moreover, if X C VO, with the same notation as before, we will say that f satisfies'!
(tIP) Fi-independent of the past if f(X) = f(X — 0 X);
(tTI) Fi-translation invariant if f(X +mlgy) = f(X +mlgy).

If t = 0, then we will abandon the notation ” 7;-” and call the map f simply adapted (A), translation
invariant (TI), cash additive (CA), counter cash additive (CCA), quasi-concave (QCC), concave
(CC), quasi-convex (QCV), convex (CV), scale invariant (SI), positively homogeneous (PH), lower
semicontinous (LSC) and lower semicontinous (USC).

Remark 2.2.2. Most of the properties introduced in Definition 2.2.1 have a natural financial inter-
pretation. For example quasi-concavity (tQCC), concavity (tCC) or superadditivity (SPA) might
correspond to the positive effect of portfolio diversification. Please cf. [78, 45] and references
therein, for more details and financial interpretation of other properties introduced above.

Remark 2.2.3. Please note that if X C L° then for any ¢t € T, the properties independence of the
past (tIP) and translation invariance (tTI) are automatically satisfied.

See also Remark 2.4.3 (page 22) for more comment about locality (tL), and Remark 2.4.4
(page 22) for alternative definitions of properties from Definition 2.2.1 using the idea of Acceptance
sets. In Remark 2.4.5 (page 22) one could find additional comment about L°-modules, which allow
to get rid of various technical assumptions from Definition 2.2.1.

Proposition 2.2.4 (Selected implications for L*>). Let X = L> and let f: X — LY. Then the
map f satisfies the following implications:

1) Positively homogeneus (tPH) 4+ Superadditive (SPA) = Convexr (tCV);

2) Convex (tCV) + Positively homogeneus (tPH) = Superadditive (SPA);

3) Adapted (tA)+Monotone (MI)+ Quasi-convex (tQCV)+Cash additive (tCA)= Convex (tCV);
4) Monotone (MI) + Cash additive (tCA) = Local (tL)

5) Concave (CC) = Local (tL)

The proof of this proposition is deferred to the Appendix A.1 (page 116).

%5 e. closed with respect to topology 7; if n will be clear from the context, we will simply write that f is (tLSC).
For example, if X = L, then we will usually use the topology induced by || - ||, norm (see [77, Appendix A.7], for
details).

"Note that for X C L°, those properties are automatically satisfied; this is the very reason why we have decided
to distinguish those properties from the previous ones.
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Definition 2.2.5 (Additional properties for random variables). Let X' C LY. For any X,Y € X,
we will say that the map f: X — L0 is

(FP) Admitting Fatou property, if f(X) > limsup,,_,, f(Xy) for X-dominated sequence 2 { X,, }.en
such that X,, € X and X,, =2 X.

(LP) Admitting Lebesgue property, if f(X) = lim, o f(X,) for X-dominated sequence {X,, }nen
such that X,, € X and X,, =2 X.

(LI) Law-invariant if f(X) = f(Y), whenever Law(X) = Law(Y).
Moreover we shall write that f admits (FP’) if (—f) admits (FP).

See Remarks 2.4.6 and 2.4.7 (page 22) for additional comment about Fatou property. Also, for
a general survey about properties introduced in this Section, see e.g. [107, 57, 77].

2.2.1 Families of utility measures

In this subsection we will present some specific families of (dynamic) utility measures, which are
present in the literature. In mathematical finance, there are two most important families of maps:

¢ Risk measures were studied e.g. in [77, 7, 78] and provide theoretical framework for maps,
which try to explain how risky an asset (investment strategy, stream of cash flows, etc.) can
be. In practise the risk is associated with the amount of an asset or set of assets (currency)
which must be kept in reserve, so that the position will be acceptable by the regulator [110].
The standard example (used widely by practitioners) is Value at Risk [93].

e Performance measures were studied in [17, 45, 66] and corresponds to maps designed to
measure how good a financial position could be. The value of Performance measure might e.g.
denote the degree of arbitrage consistency in the market [45, 65, 29], compare the financial
position with a benchmark index [9, 66] or present the ratio between reward and risk [39].
In this case, industry standard is Sharpe Ratio [9)].

Unfortunately both Value at Risk and Sharpe Ratio lack a lot of properties which are desired from
a practical point of view (e.g. in general Sharpe’s Ratio is not monotone and Value at Risk is not
subadditive). This justifies the need for additional measures, which will be more suitable (see [7, 45]
for more detailed comment). Please see Introduction and Section 4 for a more detailed comment
about (dynamic) risk and performance measures, examples, properties, etc.

Definition 2.2.6 (Families of maps — static case). We will say that the map f: X — LU is
UM Utility measure, if f is adapted (A), translation invariant (TI) and monotone increasing (MI);

RM (Monetary) risk measure, if f is adapted (A), translation invariant (TI), monotone decreasing
(MD), normalized (N) and counter cash-additive (CCA);

— Convez risk measure, if f is additionally convex (CV);

'2This means that there exists ¥ € X such that for all n € N we have | X,,| < |Y].
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— Coherent risk measure, if f is additionally positively homogeneous (PH) and superaddi-
tive (SPA);

PM Performance measure, if f is adapted (A), translation invariant (TT), monotone increasing
(MI) and scale invariant (SI);

— Acceptability indez, if f is additionally quasi-concave (QCC);
Moreover, if X C L°, then we will say that f is

CE Certainty equivalent, if there exists v : R — R, u strictly increasing and continuous on R'3,
such that for any X € X and t € T:

F(X) = wH (Elu(X))); (2.8)

Additionally, we usually assume that maps from Definition 2.2.6 are also proper (P). See
Remark 2.4.8 (page 23) for additional comment about this fact.

Remark 2.2.7. Sometimes, instead of dealing with a (monetary, convex or coherent) risk measure
f, it is more convenient to consider the mapping —f (cf. [44] and references therein). Note that
such maps belong to the family of UMs (they are called Monetary utility functions or Monetary
utility measures e.g. in [40, 36, 94, 79, 44]). Similar remark will apply for corresponding conditional
and dynamic families of maps.

Definition 2.2.8 (Families of maps - conditional case). We will say that the map f: X — L° is

tUM Fi-cond. utility measure if f is adapted (tA), translation invariant (tTT), independent of the
past (tIP) and monotone increasing (MI);

tRM Fi-cond. (monetary) risk measure, if f is adapted (tA), translation invariant (tTT), indepen-
dent of the past (tIP), normalized (N), monotone decreasing (MD) and counter cash-additive
(tCCA);

— Fi-cond. convex risk measure, if f is additionally convex (tCV);

— Fi-cond. coherent risk measure, if f is additionally positively homogeneous(tPH) and
super additive (SPA);

tPM Fi-cond. performance measure, if f is adapted (tA), translation invariant (tTI), independent
of the past (tIP), monotone increasing (MI) and scale invariant (tSI);

— Fi-cond. acceptability index, if f is additionally quasi-concave (tQCC);
Moreover, if X C L°, then we will say that f is

tCE Fi-cond. certainty equivalent, if there exists u : R — R, u strictly increasing and continuous
on R, such that for any X € X and t € T:

Ji(X) = u (Bu(X)|F)); (2.9)

3i.e. strictly increasing and continuous of R, with u(d00) = limy—+e0 u(n).
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Remark 2.2.9. Maps defined in Definition 2.2.6 are a special case of corresponding maps defined in
Definition 2.2.8, with ¢ = 0.

See Remark 2.4.9 (page 23) for the alternative definition of conditional map, when the static
map is provided and it is law invariant (LI).

Having in mind Remark 2.4.3 (page 22), which explains why F;-locality plays crucial role in
dynamic framework, we are now ready to present the definition of a dynamic map.

Definition 2.2.10 (Families of maps - dynamic case). We will say that a family f = {f;}1er of
maps f; : X — L9, is

1) Adapted (dA), Local (dL), etc., if for any t € T, f; is adapted (tA), local (tL), etc. We will
also use (ASBA), (dSPA), (dAD), (dN), (dM), (AMI), (AMD), (dP), (dP1), (dP2), (dF), (dIP),
(dTT), (ACA), (ACCA), (dQCC), (ACC), (AQCV), (dCV), (dSI), (dPH), (dLI), (dFP), (AFP?),
(dLP) to denote the corresponding property of f;

2) Dynamic map if f is adapted (dA) and local (dL);

3) Dynamic utility measure (AUM), Dynamic risk measure (ARM), etc. if for any ¢t € T, the map
ft is tUM, tRM, etc. We will also use symbols dPM and dCE.

Usually the filtration {F; }te corresponds to the evolution of time, so a dynamic utility describes
the change of our preferences through time. See Remark 2.4.10 (page 23) for the spatial approach.

The main objects of study in this thesis will be Fi-conditional utility measures and dynamic
utility measures. Thus, from now on we will always use

e © to denote utility measure (UM) or dynamic utility measure (dUM) (depending on the
context).

e ¢, to denote conditional utility measure (tUM).

We hope it will be clear from the context, which X we have in mind. Similarly, we will use f to
denote a (general) map f: X — LY and f = {f; }seT to denote a (general) dynamic map.

2.2.2 How to extend an utility measure

In this subsection we will assume that L> C X C L°. Let X be such that X c X (for transparency,
one might assume that X = L*° and X = LY). For a given map f : X — L% we want to create a
map f': X — L?, which will inherit some or all of the properties of map f. In this subsection we
will present some approaches to this problem. First of all let us say what we understand by the
extension of tUM.

Definition 2.2.11 (Extension of utility measure). Let ¢; : X' — L° be tUM and let X D X. We
will call a map @;: X — LY, an X-extension of ¢, if &y is tUM and Otlx = ¢ Similarly, given
¢ = {pi}ter dUM, we will say that ¢ = {@}er is an X-extension of ¢, if for any t € T, ¢y is
X-extension of ;.

See Remark 2.4.11 (page 23) for a comment about extending a map using so called robust repre-
sentation and Remark 2.4.12 (page 23) about the extensions which preserve additional properties.
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It could be easily shown that for any tUM or dUM and & C X there exist tUM or dUM, which
extends the map from X to X. The exemplary detailed procedure of construction is shown in
Appendix A.4.1. One could also define the biggest and smallest maps, which extend tUM. To do
this we will make use of the following sets

ViX):={Y € X| 14Y > 14X},
yX(X) = {YGX‘ IIAY§1AX},
defined for X € LY and A € F.

Definition 2.2.12 (Upper and lower extensions of utility measure). Let ¢; be tUM. We will denote
by cpf : LY — LY, an upper LP-extension of y;, where'*

@ (X) = essinf []lA ess 1nf oY) + IlAc(oo)]. (2.10)
AE]‘—t Yey ( )

Respectively, we will denote by ¢, : LY — LY, an lower LY-extension of p, where

¢; (X) :=esssup [ILA esssup @¢(Y) + ]lAc(—oo)] (2.11)
AeF Yey, (X)

The next result shows that T are two ‘extreme’ extensions, and any other extension is sand-
wiched between them.

Proposition 2.2.13. Let ¢; be tUM. Then ¢, and <pf are LP-extensions of o;. Moreover, let &y
be an LP-extension of p;. Then, for any X € L we get

pr (X) < Gu(X) < ¢ (X). (2.12)

The proof of this proposition is deferred to the Appendix A.1 (page 116).
Clearly, generally speaking the maps (2.10) and (2.11) are not equal, and thus the extensions
of a dUM are not unique.

Corollary 2.2.14. Let t € T and B C L° be such that, for any A € Fi, 1,8 C B and
14B + 14cB C B. For any Fi-local and monotone'® mapping f : B — LY, the maps f* de-
fined analogously as in (2.10) and (2.11) will be extensions of f to L°, preserving locality and
momnotonicity.

We omit the detailed proof here, as it is a simple generalization of Proposition 2.2.13. Next,
let us present two ways of constructing maps on X and X from maps on X (see page 6 for the
definition of X and X).

1) For f: X — LY we define a mapping J?: X — L0 as

F(x) = ggiggf(x v n) nez. (2.13)

14We will use convention esssup ) = —oo and essinf () = co.
B That is, F¢-local and monotone on 8.
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2) For f: X — LY we also define a mapping f: X — L as

F(X) = timinf f(X Am), meZ. (2.14)

m—0o0

Clearly, for monotone f, one can replace lim inf with lim in (2.13) and (2.14). Next propositions
shows that the functions f and f could inherit some of the properties of f, although generally
speaking, f and f are not X-extensions and X-extenstions of f unless they satisfy some additional
properties, like (FP) or (LP). (See Remark 2.2.16 for counterexample.)

Proposition 2.2.15. Let ¢;: X — LY be tUM. Then
1) @1 and @y are tUM.
2) If ¢y is cash-additive (tCA) and ¢4(0) # oo, then @, and @, are cash-additive (tCA);

3) oi(X) = (X)) = @u(X) for X € L>®. Moreover, if @y satisfies Fatou property (FP), then
or(X) = pi(X) for X € X and if ¢, satisfies Lebesgue property (LP), then pi(X) = ¢i(X) for
XekX.

The proof of this proposition is deferred to the Appendix A.1 (page 118).

Remark 2.2.16. In general fand f might not be an extensions of f. On X = L', It is sufficient to
consider the example

1, if B[X] >0,
f(X)=<¢ 0, if E[X]=0.
-1, ifE[X]<0

It is easy to show, that this function is UM. For X ~ N(0,1), we get f(X) =1, f(X) =0 and
f(X)=-1.

Remark 2.2.17. Please note that extensions (2.13) and (2.14) are a natural way of extending the
map from L into any bigger space, especially if we want to preserve continuity, i.e. properties
(FP) or (LP). This is the main reason, why usually we only deal with those type of extensions
[56, 69] (see also Remark 2.4.12). Moreover, (2.13) and (2.14) are a natural extension of conven-

tion (2.4), especially if the map admits robust representation (2.16), which will be introduced in
Subsection 2.2.3.

2.2.3 Robust representation

The duality is among the most important properties for UMs and dUMs. Many methods used
to solve optimal stochastic control problems base on such representation, which allow us to move
the original problem to the dual space and to obtain dual representations (cf. [79] and references
therein). For example if X' is a locally convex topological vector space (e.g. for X = LP, when
p > 1), then Separation theorem (Hahn-Banach theorem) hold, which allow us to use many classical
results from convex analysis, such as Fenchel-Moreau theorem (see Appendix A.3). The similar
result is also true in quasi-convex framework (again see Appendix A.3). In this thesis we will
mostly use the robust representation for convex RMs defined for random variables, the reason we
only introduce Definition 2.2.18.
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Following [75] (see also [78, Section 2.5], for the explanation of this notation) we will use notation
M = M1(Q, F) to denote the set of all probability measures on (2, F), M1(P) := M1(Q, F,P)
to denote the set of all probability measures on (2, F) absolutely continuous wrt. P. For g € [1, 0]
and t € T, we will also write (see e.g. [95, 3, 75])

Qq._{ {QeMi(B)| @ Ly, Q=PonF}  ifq#co, (2.15)
L {QeM(P)| Q€eba(F), Q=Pon F} if ¢ = 0. '

The number ¢ will always denotes the conjugate index of p (i.e. 119 + % = 1) and ba(F) will denote
the set of all finitely additive signed measures on F. For the static case we willl write QP := QF.

Definition 2.2.18 (Representable risk measures). Let ¢ be a monetary RM (defined for random
variables). We will call ¢ representable, if

X)=— inf [Eg[X]+ o™®Q)], 2.16

P(X)= - inf [BolX] +a™"(Q) (216)

for some function a™®: M;(P) — R U {oo}. Similarly, we will say that {;}seT, a monetary dRM
is representable, if for all t € T,

Pu(X) = — essint [Bo[X|F] + of""(Q)], (2.17)

for some function a™®: M (P) — LY.

Remark 2.2.19. Representation (2.16) has a financial interpretation. Any element of M;(PP) could
be treated as a (risk) scenario (i.e. plausible probabilistic model) and the function a™" is so called
penalty function, which tell us how seriously we treat any particular scenario. Then ¢ could be
seen as a penalised worst case expectation, taken over elements of M1 (IP). This approach is also
in line with the concept of stress testing (cf. [75] and references therein).

See Remark 2.4.13 (page 23) for more comment about function o™, Remark 2.4.14 (page 23)
for more general approach to robust representation using minimal risk functions and Remark 2.4.15
(page 24) about connection to dual spaces. Remark 2.4.16 (page 24) could provide some information
about robust representations in conditional case and robust representation for maps defined for
stochastic processes.

We will conclude this subsection with Theorems which link convex RMs and dRMs defined on
LP (p € [1,00]) with robust representation. We refer to [95] and [3] for more details and proofs of
Theorem 2.2.20 and 2.2.21, respectively.

Theorem 2.2.20. Let ¢ be a monetary RM defined on LP for p € [1,00]|. Moreover, let ¢ be proper
(P2). Then, the following are equivalent:

1. The mapping ¢ is convexr (CV) and satisfies Fatou property (FP’).

2. The mapping ¢ admits robust representation'®
p(X) = — inf [EglX +a™"(Q 2.18

where ™" : My (P) — Ry U {oo} is such that o™"™(Q) = oo, if Q & Q1.

'6Recall that ¢ denote the conjugate index of p (% + % =1)
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Moreover, if ¢ is convexr (CV), law-invariant (LI) and finite (F), then it satisfies Fatou property
(FP).

The proof of Theorem 2.2.20 could be found e.g. in [95, Theorem 2.4 and 3.1]. See also [75,
Section 3] for more comments about representation (2.18). See also Remark 2.4.17 (page 24) for
more comment about Proposition 2.2.20. The similar result is also true in the dynamic setting.

Theorem 2.2.21. Let ¢ be a monetary dRM defined on LP, for p € [1,00]. Moreover, let
—@i(X) € L} for any X € X and t € T.'T Then, the following are equivalent:

1. The mapping ¢ is convex (ACV) and satisfies Fatou property (dFP’).

2. The mapping @ admits robust representation, i.e. for anyt € T,

pr(X) = @élég [Eq[X[Ft] + o™ (Q)], (2.19)

where & : My (P) — (LY v 0)!8 is such that o™"(Q) = oo, if Q & OF.

Moreover, if ¢ is convex (ACV), law-invariant (dLI) and finite (dF), then it satisfies Fatou property
(dFP).

2.3 Stochastic control with utility measures
In a very general (static) framework we will be interested in solving problems of the form

sup (X)), (2.20)
XeZz

where ¢ is UM and Z C X. Of course we must impose some additional restrictions on ¢ and Z, if
want to solve (2.20) explicitly (e.g. to guarantee existence and uniqueness of the optimal solution).
While we will generally assume that ¢ is quasi-concave (QCC) and upper semi-continuous (USC)
(at least on the set Z), the conditions imposed on the set Z will depend on the problem, which we
will consider (cf. [117] and references therein, where sufficient conditions are presented in a more
general context).

For example, in portfolio optimisation theory, we might require that for any X € Z, we get
X = F(Z), for some Z € H, where F': H — X is concave and H is a convex subset of some vector
space. This would lead to problems of the form

sup o(F(Z)), (2.21)
ZeH

which were studied e.g. in [109, 131] for negatives of (quasi)convex RMs.

The set Z could also be constructed using UMs, typically (convex) RMs. For example it could
be given by Z = {X € Z : p(X) < }, where Z is the set of all admissible portfolios (e.g. self-
financing, or corresponding to the choice of some appropriate weights in portfolio construction), p
is RM, and z € R.

17N_ote that this condition might be considered as an extension of (P2) to the conditional case.
18(L? v 0) is the set of nonnegative Fi-measurable random variables with values in R.



19

Moreover, the optimal stopping problems could be presented in this form. For example let
¢ : L' = R, let CI' denote the set of all stopping times with values in T = {0,1,...,7} and let
V = (V4)I_, € V1. Then the class of problems

sup p(V,) (2.22)
VGC’OT

leads to optimal stopping problems studied e.g. in [77, Section 6.5] or [36, Section 5.1 and 5.2] for
coherent dRMs. In particular if ¢ is a standard expectation then this leads to classical formulation
of optimal stopping problem (cf. [118] and references therein).

Remark 2.3.1. The family of maps ¢, for which the problem (2.20) was studied extensively, corre-
spond to the class of Certainty Equivalents defined in (2.8). If X C L° and we have some given
(possibly stochastic) utility function u (see e.g. [15, Section 2.1]), then we seek for ¢, such that for
any X € X, we get

u(p(X)) = Efu(X)]. (2.23)

The value p(X) corresponds to certainty equivalent of X. For transparency, in this thesis we will
use this name only for v : R — R being a classic von Neumann-Morgenstern utility function. The
corresponding family of maps was defined in (2.8) and could be obtain using formula

P(X) = u ™ (B[u(X)). (2.24)

The families of the form (2.24) were extensively studied in the literature, especially in the actuarial
risk theory, where they were reffered to as Mean value principles (see e.g. [85, Chapter 5, Section 4]).
Note, that for such ¢, the problem could be translated to so called expected utility optimisation
problem, as maximisation of (2.24) is equivalent to maximisation of the function F[u(-)]. Please
also note that with u(x) = x, we get the standard expectation operator.

2.3.1 Bellman principle of optimality

In (2.20), the shape of Z is typically strongly connected with the filtration {F;}:cr, usually through
a (finite) family of adapted stochastic process {(X})ieT}ics, where I = {1,2,..., N} for some
N € N. They might describe e.g. the evolution of all market factors, securities, etc.

Moreover, any X € Z could be seen as a function of {(X})ier}ies and a (predictable) control
process u = (ug)ieT, Which basically tell us what we decide to do at any time ¢t € T (see [12] for
a more formal introduction and definition of u). In other words, at any time ¢ € T we could have
an impact on X, changing the strategy (e.g. rebalancing a portfolio), where the choice will depend
on the evolution of the whole market till time ¢ as well as our previous control decisions (e.g. on
{(X,i)}kgt and (ug)k<¢, as they will determine our current wealth, shape of portfolio, etc.). Let X"
correspond to the choice of strategy w.

Basically, Bellman principle of optimality (also called dynamic programming principle) tell us
that if u* = (u})¢er is optimal control for the problem (2.20), then for any time ¢ € T, the control
(uy)k>+ should be optimal for the conditional version of the problem (2.20), considered at time
t. We will refer to the sequence of conditional versions of the problem (2.20) for all ¢ € T as the
dynamic programming equations for (2.20).
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In a general framework, for a finite time horizon T = {0, 1,...,T}, where T € N, such sequence
could be given recursively by

UT(”Oyul)"')uT) = (pT(XU)
Up(ug,u1, ... ,up) = esssup @ [Uprq(ut, ..., ur1)], te{T—1,...,0}, (2.25)
Ut+1

where ;™" corresponds to so called response function and reflects the impact of the choice of w11
at time ¢ for a (preference) value function, &7 : X — E% shifts the final value of X" into the space
of preferences and X* € Z correspond to the element obtained using control v = (uy,...,ur). The
maps @, very often depend on some dUM, being a dynamized version of . Moreover we assume
that U; € LY for any ¢t € T, and thus, we could define U € V°, as U = (Up, Uy, ..., Ur).

To make the problem (2.25) traceable, and reduce the number of parameters needed for dynamic
programming equations we usually assume that Z is a Markov chain and use (time-consistent)
dynamic version of ¢ (see e.g. [129]). A various specific approaches to this problem will be
presented in Section 5. See also (2.27) for the exemplary application of dynamic programming
principle in the context of optimal stopping.

2.3.2 Optimal stopping

Fort € T (t <T), let CI' denote the set of all stopping times with values in the set {t,t+1,...,T}.
In this subsections we will present some insight on the class of problems given by

sup EV,,, (2.26)
vecT

for a fixed V € V. In other words we will consider problems of the form (2.22), for ¢(-) = E[].
Applying the dynamic programming principle to (2.26), we define U € V! recursively, by

Ur = VT7
Ui = max (V;, E[Ui1|F]), te{T—-1,...,0}. (2.27)

Since V is assumed to be integrable, U is also integrable due to L'-continuity of the conditional
expectation operator. We will call U the Snell envelope of V [104]. The following theorem collects
the standard properties of Snell envelopes:

Theorem 2.3.2. Let V € V! and let U denote it’s Snell envelope. Then:
1. U is the smallest supermartingale dominating V.
2. Uy = ess sup{E[V,|F] : TecCl}.
3. Let ; =min(s >t | Us = V;). Then 7y € CL and
m = T,

T = tl{\/tZE[UH_l‘]:d} + Tt—i-l]-{Vt<E[Ut+1|]-'t]}7 te {0, o= 1}.

4. U =E[V,, | F.
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5. ElU1|Fi] = E[Vr, ., | F].
6. 19 is optimal for V. In particular, for any optimal stopping time o,

Up = E[Vy,] = E[V,].

7. 1 can also be defined recursively:

T = T,

T = t 1{%2E[V7t+1“rt}} + Tt‘f‘l]‘{Vt<E[V-rt+1|~7:t]}7 te {0, co, T — 1}

8. 7 € Cl is optimal for V if and only of

(CL) Ve =U,,

(b) Uiar is a martingale (where t AT = min(t,7)).
9. Uo = maX(Zo, E[V:,—l])
10. The random variable Ty is the smallest optimal stopping time.

11. Let Uy = M — A; be the Doob decomposition of the Snell envelope into a martingale M; and a
non-decreasing predictable process A; starting at 0. If K ={t: A1 >0} C {0,1,...,T—1},
then

[T if K=10,
Q_{minK if K #0,

is the largest optimal stopping time.

The proof of Theorem 2.3.2 can be found e.g. in [104].

2.4 Additional remarks

Remark 2.4.1. Tt is worth noticing, that for stochastic processes, the space X, embedded with the
operator (-;) does not define a proper L’-module (see e.g. [67, 68]). It is enough to notice that
the property 04 V = 0 (for any V € X) does not hold. This is one of the basic properties of
L%~modules (their structure is similar to the structure of vector spaces). Nevertheless, the ideas
presented in this thesis will be strictly connected with this theory. Moreover, most dynamic utility
measures (see Subsection 2.2.1) considered in this thesis will admit so called independence of the
past for which the operator (-;) becomes an appropriate operator for an L°-module, i.e. one might
consider the corresponding operator, with Vp, ..., V;_1 substituted with Os in (2.5), for which X
becomes an L%-module (see [17] for details).

Remark 2.4.2. As stated in Remark 2.1.4, the operator E[-|F;] might be not linear in the general
case. Nevertheless, such notation is strictly connected to the theory of (dynamic) risk measures.
See [113, 114, 115] for the general concepts of Nonlinear Ezxpectations (in particular g-Expectations)
and [32] for the relation to Choquet Integrals (also called Choquet Ezpectations).
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Remark 2.4.3. The properties similar or equivalent to locality (tL) were studied in many forms (see
e.g. [57, Subsection 2.2]). Sometimes they were referred to as the regularity property. Moreover,
some authors treat locality as a part of dynamic time-consistency property (see [103, Definition 1.1]).
Moreover, nearly all of the properties considered in Definitions 2.2.1 are local in a sense that F;-
locality allow us to treat them locally, even if we assume they hold just for ¢ = 0. For example,
let us assume that the map f: X — LY is scale invariant (SI) and local (tL). Then, we get
f(ﬂ t X) = f(X), for g = Z;}il ]lAiﬂi; where A; € Fy, Ufil A, =Q, AN Aj =10 (Z #* ]), Bi € R,
Bi > 0. Moreover, if we assume that f possess some form of continuity (e.g. Lebesgue property for
X = L', as in Definition 2.2.5, see also [103]), then we get f(8 - X) = f(X) for 8 € &}, 3> 0 and
consequently conditional scale invariance (tSI) holds.

Remark 2.4.4. In many cases for a fixed t € T and f : X — L%, most of the properties introduced
in Definition 2.2.1 could be alternatively defined using the corresponding properties for sets, using
the idea of so called (F;-conditional) acceptance sets, denoted by Ai(m) = {X € X | f(X) > m}
for m € LY. See e.g. [77, Section 4.1] and [45] for details.

Remark 2.4.5. For X = LP (p € [1,00]), properties in Definition 2.2.1 are suited for the LP-
framework, which implies some drawbacks. Let us alone point out that we need additional re-
striction for scalar in the definition of (SI) (see [67] for detailed discussion and more drawbacks).
To overcome this and many more problems, the theory of L°-modules was developed. Intuitively
speaking, instead of dealing with the space L¥, we can define the space

b =L} IP ={YX|Y €L}, XL}

where the elements of the space LY act as scalars (defining module over a ring [67]). Such space is a
natural interpretation of the fact, that at time ¢, we can treat any J;-measurable random variable
as a constant, so no additional restriction should be imposed on such random variables. Moreover,
when we embed Lz}t with a certain kind of topology, it allow us to extend many theorems from
classic (convex) functional analysis. This approach could also be applied, when we consider the
space of adapted stochastic processes. See [67, 68], when this theory was initiated, for more formal
and detailed description. Also, for a good review of existing literature, more detailed explanation of
this idea, and it’s application for LP-type of maps, see [83, 88]. Nevertheless, it is worth mentioning
that the theory of L°-modules is not yet polished (see e.g. [145, 88] for potential problems).

Remark 2.4.6. The Fatou property (FP) has been studied in many various forms in existing liter-
ature (cf. [55, 13] and references therein). In risk measure framework, it is usually assumed that
(—f) satisfies Fatou property (FP), the reason we introduced notation (FP’). For maps defined
on order complete Riesz spaces'?, which are monotone (MI), Fatou property (FP) coincide with so
called order upper semicontinuity [13]. Moreover, for maps defined on LP, where p € [0, c0], upper
semi-continuity (USC) (wrt. |- ||,) implies Fatou property (FP) [13]. The Fatou property (FP) is
also strictly connected to continuity from above, as shown e.g. in [13, 95]. Thus, Fatou property
(FP) is crucial if we want the robust representation to hold (cf. [95]). The Lebesgue property (LP)
has been studied e.g. in [112, 94].

Remark 2.4.7. On L*>, we know that adaptivity (A), properness (P1), concavity (CC), monotonicity
(MI), cash-additivity (CA) and law invariance (LI) imply the Fatou property (FP) (see [94] for

9Riesz space is a partially ordered vector space where the order structure is a lattice (i.e. for any X,Y € X, there
exists Z, such that X VY < Z
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details). In particular, any Monetary risk measure (see Definition 2.2.6) on L, which is law
invariant(LI), satisfies Fatou property (FP’). Moreover, on LP, for p € [1,00), any convex risk
measure (see Definition 2.2.6), which is finite (F), satisfies Fatou property (FP’) (cf. [95]).

Remark 2.4.8. We will usually assume that maps from Definition 2.2.6 also satisfy properness (P)
(see [56] for discussion). While proper maps are the real object of study, it would be inconvenient
to exclude maps without this property, as they arise in many natural situations (cf. [122]). Similar
remark will apply for corresponding conditional and dynamic families of maps. Note that the
properness (P) is also needed if we want to use certain classical tools from convex analysis like
Fenchel-Moreau Theorem (cf. [95] and references therein). It is also worth mentioning, that in
general we could not require the map to be finite as it would exclude many interesting cases. For
example, if the space is atomless, then there is no real-valued coherent risk measure on L° (see [55,
Theorem 5.1]).

Remark 2.4.9. As R equipped with Borel o-algebra B is a Borel space, for any t € T there always
exist a unique probability kernel P(X+7) 1 Q x B — [0, 1] from (Q, ;) to (R, B) such that for any
X € X we get

P, B) = PIX € BIF](),

for B € B [96]. In particular, for UMs which are law invariant (LI), we could try to define F-
conditional utility measure directly from the static one, i.e. for given f, we put

F(X) (@) = fFEXF(w, ).

Remark 2.4.10. In a general framework a family of o-subfields of F could be associated with a
different concept. For example, in the spatial framework it could describe a node in the financial
system (as in systemic risk framework). Then a conditional utility measure will correspond to the
value of local preferences, e.g. for a certain financial institution (see [74] for details).

Remark 2.4.11. Some tUM or dUM which are additionally quasi-concave (QCC) and satisfy Fatou
property (FP) can be extended through so called robust representation (see Subsection 2.2.3 for
details). Exemplary procedure for coherent dUMs could be found in [41]. See also [69].

Remark 2.4.12. Tt is known that every RM defined on L which is additionally proper (P), law
invariant (LI), convex (CV) and which negative admits Fatou property (FP) can be extended to
RM defined on L! with the same properties. Moreover, such extension is unique [69], so L' could
be treated as canonical space for this type of maps. To see when there exists extension of RM,
which additionally preserve finiteness (F) and continuity, see [100].

Remark 2.4.13. Please note that the function o™ : M;(P) — R U {co} might be used to define a

monetary RM. Given a representable Monetary RM one might recover o™ noticing that?°
™(Q) = — inf Eg[X
o™(Q) = - Jnf EglX],

for A, ={X € LP | p(X) > 0}. See [75, 78] for details.

Remark 2.4.14. The robust representation for a general case of UMs defined for random variables
(i.e. when X = LP for p > 1) is of the form

p(X) = inf R(Q Eg[X]), (2.28)

**Note that infge, ) @™ (Q) = 0, as ¢ satisfies (N).
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where R is so called Minimal risk function (see [63, 17, 82| for details). Robust representation hold
usually when ¢ admits quasi-concavity (QCC) and upper semi-continuity (USC). This represen-
tation could be also extended to the case, when X is a locally convex topological L-module (see
e.g. [17]). See also [37, 107, 63, 17] for information about robust representation in a more general
framework (e.g. for stochastic processes).

Remark 2.4.15. Let X = LP, p € [1,00). Usually, for representable dRM defined on X, instead of
taking infimum on M;(P) in (2.16) it is enough to consider it on the subset Q9 C M;(P). The
space Q¢ corresponds to the dual space of X (considering the standard topology induced by || - ||,
norm). See Theorems 2.2.20 and 2.2.21 for details.

Remark 2.4.16. There are several papers which characterise robust representations in the condi-
tional case, both for random variables as well as adapted stochastic processes [3, 67, 63, 82, 17, 68].
We usually consider only probability measures which coincide with IP on /¢, see e.g. Theorem 2.2.21.
Moreover, equation (2.17) seems to be a natural way to construct tRM from a (static) RM which
admits (2.16), if only we get formula for conditional equivalent of a™™ (cf. [41, 69] and references
therein). One could also consider conditional robust representation (2.28) in the general framework,
as in Remark 2.4.14 (see e.g. [17, 68, 107]).

Remark 2.4.17. In Theorem 2.2.20 we could replace the Fatou property (FP’) with lower semi-
continuity (LSC) (wrt. || - ||,), as those properties coincide in the static framework (see [95, Theo-
rem 3.3]). Moreover, for p = 0o, the mapping ¢ in Theorem 2.2.20, point 2) is always finite, so any
law invariant and convex RM is representable (cf. Remark 2.4.7).



Chapter 3

Time-consistency of dynamic utility
measure

As we have pointed our in the introduction, a line of research that branched out from [8] was
dedicated to extension of the theory of risk and performance measure to the dynamical, multi-
period setup, where the flow of information is modeled by a filtration, say F = (F})¢er, that is
a component of the underlying probability space (Q, F,F, P). When the space X is considered,
the risk measures are defined on the set of F-measurable random variables that correspond to
(terminal) cashflows, or, more generally, on the set of adapted stochastic processes that correspond
to dividend streams or to cumulative cashflows. As shown in Section 2, most of the axioms from
static case are transferred to the dynamic setup in a natural way, with addition of requirement that
the measures are F-adapted (tA) and, frequently, that they are independent of the past (tIP). From
another point of view, an extension from one period to multi-period models can be realized through
robust representation theorems, essentially by replacing expectations with conditional expectations
(see Subsection 2.2.3). As defined in the previous Section, risk measures obtained by this procedure
are referred to as conditional and dynamic risk measures (also cf. [124, 57, 24]).

As shown in one of the first papers that studied dynamic coherent risk measures, [121], if one is
concerned about making noncontradictory decisions (from the risk/utility point of view) over the
time, then an additional axiom, called time consistency, is needed. Over the past decade significant
progress has been made towards expanding the theory of dynamic risk measures and their time
consistency. For example, so called cocycle condition (for convex risk measures) was studied in
[25, 73], recursive construction was exploited in [40], relation to acceptance and rejection sets was
studied in [53], the concept of prudence was introduced in [116], connections to g-expectations were
studied in [125], and the relation to Bellman’s principle of optimalty was shown in [7]. For more
details on we also refer the reader to [35, 38, 36, 50, 57, 92, 121, 81, 80, 124, 141, 54, 140, 82, 17],
as well as to a comprehensive survey paper [2] and the references therein.

Let us briefly recall the concept of strong time consistency of dynamic monetary risk measures
(dRMs), which is one of the most recognized forms of time consistency (see Appendix A.2 for other
types). Assume that p;(X) is the value of a dynamic monetary risk measure at time ¢ € T, that
corresponds to the riskiness, at time ¢, of the cashflow X, with X being an F-measurable random
variable. The monetary risk measure is said to be strongly time consistent if for any ¢t < s (¢,s € T),
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and any JF-measurable random variables X,Y € X we have that
ps(X) =ps(Y) = pu(X) = p(Y). (3.1)

The financial interpretation of strong time consistency is clear —if X is as risky as Y at some future
time s, then today, at time ¢, X is also as risky as Y. One of the main features of the strong time
consistency is its connection to dynamic programming principle. It is not hard to show that in the
L™ framework, a monetary risk measure is strongly time consistent if and only if

pr = pe(—ps), 0<t<s. (3.2)

All other forms of time consistency for monetary risk measures, such as weak and middle acceptance
time consistentcy or rejection time consistentcy, are tied to this connection as well. In [140], the
author proposed a general approach to time consistency for cash-additive risk measures by intro-
ducing so called ‘test sets’ or ‘benchmark sets.” Each form of time consistency was associated to a
benchmark set of random variables, and larger benchmark sets correspond to stronger forms of time
consistency. For reader convenience, this concept is presented with more details in Appendix A.2.

Let us now present some insight on time consistency for dynamic performance measures (dPMs).
The first study of time consistency of scale invariance measures is presented in [20], where the au-
thors elevated the theory of coherent acceptability indices to dynamic setup in discrete time. It
was pointed out that none of the forms of time consistency for risk measures is suitable for scale
invariant maps. Recursive property similar to (3.2) or benchmark sets approach essentially can
not be applied to scale invariant maps. Consequently, one of the main challenge was to find an
appropriate form of time consistency of acceptability indices, that would be both financially rea-
sonable and mathematically tractable. For the case of random variables, the proposed form of time
consistency for a dynamic coherent acceptability index « reads as follows: for any Fi-measurable
random variables my, n;, and any t < T, the following implications hold

a1 (X)>my = (X)) >my,

th+1(X) <ng = Ctt(X) < ng. (33)
The financial interpretation is also clear — if tomorrow X is acceptable at least at level m;, then
today X is also acceptable at least at level m;; similar interpretation holds true for the second
part (3.3). It is fair to say, we think, that dynamic acceptability indices and their time consistency
properties play a critical role in so called conic approach to valuation and hedging of financial
contracts [16, 23, 126].

We recall that both risk measures and performance measures, in the nutshell, put preferences
on the set of cashflows. While the corresponding forms of time consistency (3.1) and (3.3) for
these classes of maps, as argued above, are different, we note that generally speaking both forms
of time consistency are linking preferences between different times. The aim of this Section is to
present a unified and flexible framework for time consistency of risk and performance measures,
that integrates existing forms of time consistency as well as various connections between them. We
consider a (large) class of maps that are postulated to satisfy only two properties - monotonicity
and locality - which we call dynamic utility measures (dUMs), and we study time consistency of
such maps. These two properties, in our opinion, have to be satisfied by any reasonable dynamic
risk or performance measure. We introduce the notion of an update rule that is meant to link
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preferences between different times. The time consistency is defined in terms of an update rule.
We provide various update rules that allow to recover several known forms of time consistency,
and also such that allow to study some new forms of time consistency. When appropriate, for each
form of time consistency we consider separately the case of (terminal) cashflows, referred in this
paper as the case of random variables, and the case of dividend streams, referred to as the case of
stochastic processes. For each type of time consistency we provide different equivalent formulations
along with a discussion regarding financial interpretation and suitability of each rule. We also
provide a comprehensive analysis of the connections between considered forms of time consistency.
The numerous examples of specific dUMs and types of time consistency, that they follow will be
presented in Chapter 4.

This Chapter is organized as follows. In Section 3.1 we set forth the main concepts of the paper
— the notion of an update rule and the definition of time consistency of a dUM. We prove a general
result about time consistency, that can be viewed as counterpart of dynamic programming principle
(3.2), and that is used conveniently in the sequel.

Section 3.2 is devoted to various types of time consistency for random variables (i.e. when
X C LY. Each type of time consistency is discussed in a separate subsection. We start with the
weakest form of time consistency — the weak time consistency, and we conclude with the notion of
super/submartingale time consistency. We present some fundamental properties for each type of
time consistency, and we establish some relationships between them.

Then, in Section 3.3 we briefly present the corresponding results for random processes, based
on Section 3.2. Numerous examples both for random variables and stochastic processes will be
presented later, in Section 4.

Section 3.4 will be devoted to a recursive construction, which allow to construct a strongly time
consistent dUM form any given map (on finite time horizon),

This Chapter will be based on [18].

3.1 Definition of time consistency

In this section we introduce the time consistency of dynamic risk and performance measures, or
more generally, the time consistency of dUMs introduced in the previous section.

We recall that these dUMs are defined on X, where X either denotes the space of random
variables (e.g. LP, for p € {0,1,00}) or the space of stochastic processes (e.g. VP for p € {0,1,00}),
so, our study of time consistency is done relative to such spaces. While, for clarity, in this section
we will only use spaces LP and VP, the definition of time consistency can be easily adapted for
other type of spaces, such as Orlicz hearts (as studied in [37]) or topological L’-modules (see for
instance [17]). Usually, the need to consider spaces smaller than LY or V° is motivated by the aim
to obtain robust representation of such measures, as explained in Section 2.2.3. For this, a certain
topological structure is required (cf. Remark 2.4.11). On the other hand, ‘time consistency’ refers
only to consistency of measurements in time, where no particular topological structure is needed,
and thus most of the results obtained here hold true for p = 0.

Assume that {¢;}er is @ dUM on X. For an arbitrary fixed X € X and t € T the value
©1(X) represents a quantification (measurement) of preferences about X at time t. Clearly, it is
reasonable to require that any such quantification (measurement) methodology should be coherent
as time passes. This is precisely the motivation behind the concepts of time consistency of dUMs.
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There are various forms of time consistency proposed in the literature, some of them suitable for
one class of measures, other for a different class of measures, without a unified approach to fit them
all. For example, for dynamic convex (or coherent) risk measures time consistency is equivalent
to dynamic programming principle (also called Bellman principle), which we have introduced in
Section 2.3.1, or variations of it [2]. On the other hand, as shown in [20], dynamic programming
principle essentially is not suited for scale invariant measures such as dynamic acceptability indices,
and the authors introduce a new type of time consistency tailored for these measures and provide
a robust representation of them. Nevertheless, in all these cases the time consistency property
connects, in a coherent way, the measurements at different times.

Next, we will introduce the notion of update rule that serves as the main tool in relating the
measurements of preferences at different times, and also, it is the main building block of our unified
theory of time consistency property.

Definition 3.1.1 (Update rule). We will call a family p = {p¢ s}s>t, 5,¢ € T, of maps
,ut,s:ngX%E?

an update rule if for any s > t, the map j; s satisfies the following conditions:

1) (Locality) Tapes(m, X) = Laprs(Lam, X);

2) (Monotonicity) if m > m/, then pgs(m, X) > pes(m/, X);

for any X € X, A€ F; and m,m’ € LY.

Remark 3.1.2. As we have mentioned, the update rule is responsible for updating preferences

through time. This concept is tightly linked with maps, which are projections. The natural choice
of an update rule is the conditional expectation operator, i.e. we can consider the update rule
{,Ut,s}s>t7 given byl

[,Lus(m, X) = E[m|.7:t] (34)
Note that this particular update rule does not depend on s and X. Update rule might be also
responsible for discounting the preferences. Intuitively speaking, the risk of loss in the far future
might be more preferred than the imminent risk of loss (see [44] for the more detailed explanation
of this idea). For example, the update rule {p s}s>¢ of the form

aSPEm|F] on{E[m|F] > 0},

His(m, X) = { o'~E[m|F]  on {E[m|F] < 0}. (3.5)

for a fixed a € (0,1) correspond to this concept. Note that 'discounting’ proposed here has nothing
to do with the ordinary discounting, as we act on discounted values already.

We are now ready to introduce the general definition of time consistency.
Definition 3.1.3.2 Let p be an update rule. We will say that the dUM {; }ier is p-acceptance

time consistent if
ws(X) >ms = (X)) > pps(ms, X), (3.6)

!We consider here the generalized conditional expectation defined in (2.6).

2We introduce the concept of time consistency only for dUMs, for transparency. However, the definition itself is
suitable for any map acting from X to L°. For example, traditionally in the literature, the time consistency is defined
for dynamic risk measures (which form a subclass of negatives of dUMs), and the above definition of time consistency
will be appropriate, although one has to flip ‘acceptance’ with ‘rejection’.
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for all s,t € T, s >t, X € X and ms € LY. Respectively, we will say that {¢;}ieT is u-rejection
time consistent if
QDS(X) < mg - th(X) < Mt,s(m57X)7 (37)

for all s,t € T, s > t, X € X and m, € LY. If properties (3.6) and (3.7) are satisfied only for
s,t € T, such that s =t + 1, then we will say that {¢;}ter is one step p-acceptance time consistent
and one step u-rejection time consistent, respectively.

Since dUMs are local (dL) and monotone (dMI), properties with clear financial interpretations,
the update rules are naturally assumed to be local and monotone too.

We see that the first argument m € LY in fit,s serves as a benchmark to which the measurement
©s(X) is compared. The presence of the second argument, X € X, in j ¢, allows the update rule
to depend on the objects (the Xs), which the preferences are applied to. However, as we will see
in next section, there are natural situations when the update rules are independent of X € X', and
sometimes they do not even depend on the future times s € T.

Remark 3.1.4. With the update rule {ju¢}s> defined in (3.4), the concept of acceptance and
rejection time consistency coincide with supermartingale and submartingale property, respectively.
In other word for a given dUM, say {¢¢ }teT, we ask if the property

et(X) > Elps(X)|F]  (resp. <) (3.8)

is satisfied for any X € X.3

Next, we define several particular classes of update rules, suited for our needs.
Definition 3.1.5 (Various types of update rules). Let u be an update rule. We will say that pu is:
1) X-invariant, if pe s(m, X) = pe s(m, 0);
2) sX -invariant, if there exists a family {1t }se of maps p; : LY — LY, such that g s(m, X) = p(m);
3) Projective, if it is sX-invariant and p(my) = my;
for any s,t € T, s >t, X € X, m € L? and m; € LY.

Remark 3.1.6. If an update rule p = {jt s}s>¢ is sX-invariant, then it is enough to consider only
the corresponding family {u}+er. Hence, with slight abuse of notation we shall write u = {u}er
and call it an update rule as well.

Remark 3.1.7. Examples of update rules satisfying 1) and 3) are given by (3.5) and (3.4), respec-
tively. The update rule, which satisfy 2), but not 3) can be constructed by substituting a!=¢ with a
constant in (3.5). Generally speaking update rules for stochastic processes will not satisfy 1) as the
information about the process in the time interval (¢, s) will affect s, see Section 3.3 for details.

The financial interpretation of acceptance time consistency is straightforward: if X € X is
accepted at some future time s € T, at least at level m, then today, at time ¢ € T, it is accepted
at least at level pu s(m, X). Similarly for rejection time consistency. Essentially, the update rule
1 translates the preference levels at time s to preference levels at time t. As it turns out, this
simple and intuitive definition of time consistency, with appropriately chosen p, will cover various

3See Proposition 3.1.8 for the proof of equivalence between (3.6) and (3.8) for this particular update rule.
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cases of time consistency for risk and performance measures that can be found in the existing
literature. Moreover, it will allow us to establish some fundamental properties of the dUMs and
some important connections between different versions of time consistency.

Next, we will give an equivalent formulation of time consistency. While the proof of the equiva-
lence is simple, the result itself will be conveniently used in the sequel. Moreover, it can be viewed
as a counterpart of dynamic programming principle, which is an equivalent formulation of dynamic
consistency for convex risk measures.

Proposition 3.1.8. Let p be an update rule and let {¢i}+ be a dUM. Then,

1) {@iher is p-acceptance time consistent if and only if

Pr(X) = pe,s(ps(X), X), (3.9)
forany X € X and s,t € T, such that s > t.

2) {oiher is p-rejection time consistent if and only if

Pr(X) < pes(ps(X), X), (3.10)
forany X € X and s,t € T, such that s > t.

Proof. Let p be an update rule.

1) The implication (=) follows immediately, by taking in the definition of acceptance time consis-
tency ms = s(X).

(<) Assume that @i(X) > pes(ps(X), X), for any s,t € T,s > t, and X € X. Let ms € L? be
such that ¢4(X) > mg. Using monotonicity of p, we get @i (X) > e s(ps(X), X) > pr,s(ms, X).
2) The proof is similar to 1). O

The financial interpretation of (3.9) is similar to that of (3.6): if in the future, at time s, we
accept the cash-flow X at level ps(X), then today, at time ¢, we should accept the same cash-flow
at least at level iy 4((X), X) — the update of the acceptance level of X from time s to time ¢.
Analogous interpretation applies to rejection time consistency.

Remark 3.1.9. It is clear, and also naturally desired, that a monotone transformation of a dUM will
not change the preference order of the underlying elements. We want to emphasize that a monotone
transformation will also preserve the time consistency. In other words, the preference orders will
be also preserved in time. Indeed, if {¢;}ser is p-acceptance time consistent, and g : R — R is a
strictly monotone function, then the family {g o ¢;}ier is fi-acceptance time consistent, where the
update rule i is defined by fizs(m, X) = g(ues(g~(m), X)), fort,s € T, s > t, X € X and m € LY.

Before moving to the concrete definitions of time consistency, we will give some general remarks
about relationship between time consistency for random variables and time consistency for random
processes.

In what follows, for the case of random variables, X = L” we will only consider update rules
that are X-invariant. Hence, as it will be clear later, the case of random variables can be viewed
as a particular case of stochastic processes by considering cash-flows with only the terminal payoff,
i.e. stochastic processes such that V' = 1y V7 (for finite time horizon). Nevertheless, we treat this
case separately for transparency.
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In the present work, in the case of stochastic processes, we will focus on one step update rules,
such that

L i41(m, V) = pepp1(m, 0) + f(V3), (3.11)

where f : R — R is a Borel measurable function, such that f(0) = 0. We do this primarily to
allow for a direct link between our results and the existing literature. We note, that any such one
step update rule p can be easily adapted to the case of random variables. Indeed, upon setting
ftt+1(m) = pg4+1(m, 0) we get a one step X-invariant update rule g, which is suitable for random
variables. Moreover, ;i will define the corresponding type of one step time consistency for random
variables. Of course, this correspondence between update rule for processes and random variables
is valid only for ‘one step’ setup.

Finally, we note that for update rules, which admit the so called nested composition property (cf.
[131, 129] and references therein),

pit,s(my V) = g1 (pag 1,042 (- - - prs—2,6—1 (phs—1,s(m, V), V) ... V), V), (3.12)

we have that py-acceptance (resp. p-rejection) time consistency is equivalent to one step p-acceptance
(resp. p-rejection) time consistency.

This is another reason why we consider only one step update rules for stochastic processes,
however one can consider more exotic forms of time consistency, within proposed framework, and
derive numerous properties and relationships between them, a task that we will leave for further
studies.

3.2 Selected types of time consistency for random variables

In this section we will analyze various types of time consistency, including some of those that have
been studied in the literature, using the framework developed earlier in this paper. If X = LP, for
p € {0,1,00}, then the elements X € X are interpreted as discounted terminal cash-flows.

3.2.1 Weak time consistency

The notion of weak time consistency was introduced in [140], and subsequently studied in [2, 7, 36,
57, 1, 38]. The idea is that if ‘tomorrow’, say at time s, we accept X € X at level ms € Fy, then
‘today’, say at time ¢, we would accept X at least at any level smaller or equal than mg, adjusted
by the information F; available at time ¢ (cf. (3.25)). Similarly, if tomorrow we reject X at level
smaller than mg € Fg, then today, we should also reject X at any level bigger than mg, adapted to
the flow of information F;. This suggests that the update rules should be taken as Fi-conditional
essential infimum and supremum, respectively. First, we will show that F;-conditional essential
infimum and supremum are projective update rules.

Proposition 3.2.1. The family ™ = {i™}ier of maps pi™ - L0 — LY given by

i (m) := essinf; m,

is a projective® update rule. Moreover,

inf :
1 m) = essme m .; s 3.13
t ( ) col Q[ | t] ( )

4See Remark 3.1.6 for the comment about notation.
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where Qf is defined in (2.15). Similar result is true for family P = {1;""her, defined by

w; P (m) = esssup; m.

Proof. Monotonicity and locality of 4 is a straightforward implication of Proposition 2.1.5. Thus,
"t is s X-invariant update rule. The projectivity comes straight from the definition. Now, let a

family p = {p}ter of maps ;1 L° — LY be given by

m) = essinf Eg|m|F:]. 3.14
pem) = ess nt Eolm| 7] (3.14)

As any measure Q < [P could be associated with random variable %, we could write

E[8m|F
pe(m) = essinf ElgpmiF] = essinf E[Zm|F], (3.15)
Qeo! E[R|F] ZcP,

where P, = {Z € L' | Z > 0, E[Z|F,] = 1}. Before proving (3.13), we will need to prove some
facts about pu.

First, let us show that p is sX-invariant update rule. Let ¢t € T. Monotonicity is straightforward.
Indeed, let m,m’ € LY be such that m > m/. For any Z € P;, using the fact that Z > 0, we get
Zm > Zm/. Thus, E[Zm|F] > E[Zm/|F;] and consequently

essinf E[Zm|F;] > essinf E[Zm/|F].
ZeP; ZeP;

Locality follows from the fact, for any A € F; and m € L°, using Proposition 2.1.3 and convention
0-+o00 =0, we get

Tape(m) =14 e%sellg:fE[Zm]]:t]
=14 e%seilgf(E[(IlAZ)m|ft] + E[(1acZ)m|F])
t

= laessinf E[(14Z)m|F;] + 1 4 essinf E[(1 4 Z)m|F]
Zeh, ZeP;

= laessinf E[Z(1am)|F;] + 1 g essinf 1 gc E[Zm|F]
ZeP; ZeP;

= Tap(Lam).

Note, that the third equality follows from the fact that (142)(14.Z") =0 for any Z, Z’ € P,. Thus,
w is sX-invariant update rule.

Secondly, let us prove that we get
m > p(m), (3.16)

for any m € L°. Let m € L°. For a € (0,1) let®
,_ -1
Za = Lm<qt @y Pl imegr @yl (3.17)
where ¢, (a) is F;-conditional (upper) a quantile of m, defined as

¢ () == esssup{Y € LY | E[l{m<yy|Ft] < a}. (3.18)

°In the risk measure framework, it might be seen as the risk minimazing scenario for conditional TV@R,,.
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For o € (0, 1), noticing that Z, < oo, due to convention 0 - co = 0 and the fact that
B gt @] = 03 S gt oy = 03U B,

for some B, such that P[B] = 0, we conclude that Z, € P;. Moreover, by the definition of ¢;" (a)®,
there exists a sequence Y, € LY, such that Y,, /¢ (), and

Ellim<y,y | Ft] < a.

Consequently, by monotone convergence theorem, we have

B nzgt @y | 71l < o

Hence, we deduce
Pim < ¢ (a)] = E[1

which implies that

Plm > ¢ (a)] = (1 - a). (3.19)
On the other hand

Limsgr @)™ 2 Limzgr @@ (@) = Lo g 4 ()1 ZalFi]
2 Lnsg @y ElZat (IFH] 2 Ly gt oy ElZam| Fil,

which combined with (3.19), implies that
P[m > BE[Zam|F]| > 1 - a. (3.20)
Hence, using (3.20), and the fact that
E[Zom|Fy] > (m), «€(0,1),
we get that

Pim > w(m)] > 1 —a.

Letting a — 0, we conclude that (3.16) holds true for m € LY.
Now, assume that m € LU, and let A := {E[l{m=—oc}|Ft] = 0}. Similar to the arguments
above, we get
Tam > p(Lam). (3.21)

Indeed, on {E[1{;,—oc}|Ft] = 1}, inequality (3.21) is trivial and the set { E[1,;,—0}|Ft] < 1} could
be written as

U (Bl Al <1-a}.
a€e(0,1)

Next, on {E[1{y,—o}|Ft] < 1 — a} we can set Z, = 0 in (3.17), which allow us to assume that
m € LY on that set. Finally, we let o — 0.

%Note that the family of random variables in (3.18) is upwards centered.
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Since p4(0) = 0, and due to locality of p;, we deduce
Tam > pe(Lam) = Lape(Lam) = Lape(m). (3.22)
Moreover, taking Z =1 in (3.15), we get
Taem > 1 ye(—00) = 1 ge E[m|F] > 1 gcps(m). (3.23)

Combining (3.22) and (3.23), we concludes the proof of (3.16) for all m € L°.

Finally, we will show that p; defined as in (3.15) satisfies property 1) from Proposition 2.1.5,
which will consequently imply equality (3.13). Let m € LY and A € F;. From the fact that
m > pg(m) we get

inf m > essinf .
essinfm > essin we(m)
On the other hand we know that 14 essinf,cam < 1am and 14 essinfy,cqam € I_/(t). Thus, using
Proposition 2.1.5, 2), we get

essinfm = essinf(1 4 essinf m) = essinf(1 Tgessinfm)) <
wEA wEA ( A wEA ) wEA ( A'ut( A wEA )) -

< essinf(1 1 = essinf(1 = essinf
_eiselgll( Ape(1am)) eiseli‘l( Al(m)) ess in e (m)

which proves the equality. The proof for esssup, is similar and we omit it here. This concludes the
proof. O

Recall that the case of random variables corresponds to X = LP, for a fixed p € {0,1,00}. We
proceed with the definition of weak acceptance and weak rejection time consistency (for random
variables).

Definition 3.2.2 (Weak time consistency for random variables). Let ¢ = {¢; }1eT be a dUM. Then
 is said to be

o Weakly acceptance time consistent if it is ,uinf—acceptance time consistent,
o Weakly rejection time consistent, if it is pS"P-rejection time consistent.

Definition 3.2.2 of time consistency is equivalent to many forms of time consistency studied in
the current literature. Usually, the weak time consistency is considered for dynamic monetary risk
measures on L (cf. [2] and references therein), to which we refer to as ‘classical (benchmark) weak
time consistency’ (see Appendix A.2).

It was proved in [2] that in the classical weak time consistency framework, weak acceptance
(respectively weak rejection) time consistency is equivalent to the statement that for any X € X
and s > t, we get

@s(X) 2 0= ¢(X) =20  (resp. <). (3:24)

This was the very starting point for our definition of weak acceptance (respectively weak rejection)
time consistency, and the next proposition explains why so.

Proposition 3.2.3. Let ¢ = {¢i}ier be a dUM. The following conditions are equivalent
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1) ¢ is weakly acceptance time consistent, i.e. for any X € X, t,s € T, s > t, and ms € LY,
0s(X) > ms = (X)) > essinf(ms). (3.25)

2) For any X € X, s,t € T, s > t, p1(X) > essinf; ps(X).
3) Forany X € X, s,t €T, s >t, and my € LY,
0s(X) > my = (X)) > my.

If additionally {—pi}ieT is a dynamic monetary risk measure, then the above conditions are equiv-
alent to

4) For any X € X and s,t €T, s > t,
ps(X) > 0= @(X) > 0.

Similar result holds true for weak rejection time consistency.

Proof. We will only show the proof for acceptance consistency. The proof for rejection consistency
is similar. Let {¢;}ter be a dUM.

1) & 2). This is a direct application of Proposition 3.1.8.

1) = 3). Assume that ¢ is weakly acceptance consistent, and let m; € LY be such that ¢, (X) > ms.
Then, using Proposition 3.1.8, we get ¢¢(X) > essinf;(¢s(X)) > essinfy(m¢) = my, and hence 3)
is proved.

3) = 1). By the definition of conditional essential infimum, essinf;(p4(X)) € LY, for any X € X,
and t,s € T. Moreover, by Proposition 2.1.5.(3), we have that ¢4(X) > essinf;(ps(X)). Using
3) with m; = essinf;(¢s(X)), we immediately obtain ¢¢(X) > essinf;(ps(X)). Due to Proposi-
tion 3.1.8 this concludes the proof.

3) & 4). Clearly 3) = 4). If additionally ¢ is a monetary risk measure, then in particular —¢p it
is cash-additive. Hence, for any m; € LY such that ps(X) > my, we have that @ (X — m;) > 0,
and since 4) holds true, we get that ¢ (X —my) > 0. Invoking one more time cash-additivity, we
complete the proof. O

Property 3) in Proposition 3.2.3 was also suggested as the notion of (weak) acceptance and
(weak) rejection time consistency in the context of scale invariant measures, called acceptability
indices (cf. [14, 20]).

As next result shows, the weak time consistency is indeed one of the weakest forms of time
consistency, being implied by any time consistency generated by a projective rule.

Proposition 3.2.4. Let {¢;}ier be a dUM and let p be a projective update rule. If {¢i}ier is
p-acceptance (resp. p-rejection) time consistent, then {p;}ier is weakly acceptance (resp. weakly
rejection) time consistent.

Proof. Let {¢i}ier be a dUM, u = {pu}ter a projective update rule, and assume that {¢;}er
is p-acceptance time consistent. Then, using Proposition 2.1.5, for any ¢t,s € T, s > ¢, and any
X e X, we get

pir(X) = pu(ps(X)) = pe(essinfs(s(X))) > pe(ess inf; (05(X))) = essinfy (@5 (X))

The proof for rejection time consistency is similar. O



36

Remark 3.2.5. Recall that time consistency is preserved under monotone transformations, Re-
mark 3.1.9. Thus, for any strictly monotone function g : R — R, if {¢; }ser is weakly acceptance
(resp. weakly rejection) time consistent, then {g o ¢;}ter also is weakly acceptance (resp. weakly
rejection) time consistent.

3.2.2 Middle time consistency

Before we give the definition of middle acceptance/rejection time consistency, we need to show that
any L%-extension of an dUM is an sX-invariant update rule, and we give necessary and sufficient
conditions when this update rule is also projective. Moreover, we will use the notation from
Section 2.2.2, i.e. for any dUM denoted by ¢ = {; }teT, the maps ¢~ = {p; }ier and o* = {¢] }ier
will correspond to upper and lower L%-extensions of ¢, respectively.

Proposition 3.2.6. Any L°-extension ¢ of a dUM ¢ is an sX-invariant update rule. Moreover, 7
is projective if and only if ¢1(X) =X, fort € T and X € X N LY.

Proof. The first part follows immediately from the definition of L°-extension. Clearly, projectivity
of ¢ implies that ¢(X) = X, for X € X;. To prove the opposite implication, it is enough to prove

that <€+ and ¢~ are projective. Assume that ¢ is such that ¢;(X) = X, for t € T and X € A;. Let
X € LY. For any n € N, we get

Lin>x>-npei (X) = Lo xs-n@d (Lnoxz>-nX) = Lo xs-np@t(Lnsx>—ny X) = Lz xs-ny X.
Thus, on set | J,cn{—n < X <n} = {-00 < X < oo}, we have
o (X) = X, for X € LY. (3.26)
Next, for any A € F3, such that A C {X = oo}, we get V1 (X) = (), which implies
]l{X:oo}Lp+(X) = 00.
Finally, for any n € R, using locality of ;" and the fact that n € &}, we get
Lixe—oob?r (X) < Lixe—oorf (Iix=—oo}n) = Lix——ocyr(n) = Lix—_coyn,

which implies 1{x—_o}9"(X) = —oo. Hence (3.26) holds true on entire space. The proof for ¢~
is analogous. O

Let us start with the definition of middle acceptance and middle rejection time consistency.

Definition 3.2.7 (Middle time consistency for random variables). Let ¢ = {¢;}ter be a dUM.
Then ¢ is said to be

o Middle acceptance time consistent if it is ™ -acceptance time consistent.

e Middle rejection time consistent, if it is ¢t -rejection time consistent.
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As in the case of weak time consistency, the notion of middle time consistency is usually pre-
sented for functions {—p; }ier being dynamic monetary risk measures on L> (cf. [2] and references
therein). It is not difficult to prove (cf. [2]), that in L*° framework the middle acceptance (resp.
middle rejection) time consistency is equivalent to the statement that

0t (X) > pi(ps(X)) (resp. <), X e X, s>t (3.27)

However, in case of a general domain of definition X of ¢, we may have that ¢s(X) & X and,
consequently, (3.27) cannot be used directly for time consistency. This is precisely the reason why
we have introduced the L°-extensions. On the other hand, due to the fact that in Definition 3.2.7
the update rules are extensions, our concept of middle time consistency is stronger than the classical
approach to middle time consistency, as shown in the next result.

Proposition 3.2.8. Let ¢ = {¢i}ier be a dUM. The following two conditions are equivalent

1) ¢ is middle acceptance time consistent, i.e. for any X € X, s,t € T, s > t, and ms € LY,
ps(X) = ms = @i(X) = ¢ (ms).
2) Forany X € X, s,t € T, s > t,
pr(X) = oy (ps(X))-
If additionally {—¢}ier is a dynamic monetary risk measure, then 1) or 2) implies

3) Forany X € X, s,t€T,s>t, andY € XN LY, we get

s

ps(X) = @s(Y) = @1(X) = ¢ (Y).

Analogous results are true for middle rejection time consistency,

The proof of the equivalence of 1) and 2) in Proposition 3.2.8 follows immediately from Proposi-
tion 3.1.8, and the proof that 1) implies 3) is straightforward upon taking ms; = ps(Y).

Next, we will show that, in principle, middle acceptance time consistency is not suited for
acceptability indices [20, 45].

Proposition 3.2.9. Let {¢;}ier be a dUM such that

1) pi(X) =00, for anyt € T and X € X, such that X > 0 and P[X > 0] > 0;

2) there exists Xo € X and t1,t2 € T, t1 # ta, such that 0 < ¢, (Xo) < oo, fori=1,2.
Then, {¢¢}ter is not middle acceptance time consistent.

Proof. Let us assume that ¢ satisfies 1), 2) and it is ¢~ -acceptance time consistent. Using Propo-
sition 3.1.8 and the monotonicity of ¢~, we get

00 > 1, (Xo) = ¢, (91, (X0)) = ¢y, (01, (Xo) A1) = o1, (01,(Xo) A1) = 00,

which leads to contradiction. O
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Remark 3.2.10. Properties 1) and 2) in Proposition 3.2.9 are characteristic for acceptability indices:
the first property is related to ‘arbitrage consistency’ proposed in [45]; the second property is a
technical assumption that eliminates degenerate cases. Thus, the concept of middle acceptance
time consistency, and therefore (as seen in next section) the concept of strong time consistency, is
not proper for such maps.

Remark 3.2.11. In general, middle acceptance/rejection time consistency does not imply weak
acceptance/rejection time consistency. Indeed, let us consider ¢ = {¢;}er, such that ¢ (X) =t
(resp. @¢(X) = —t) for all X € L°. Since ;(0) = t # essinf; ps(0) = s (vresp. —t £ —s), for
s > t, we conclude that ¢ is not weakly acceptance (resp. weakly rejection) time consistent. On
the other hand ¢;(X) = ¢;(ps(X)) for any X € L° and hence ¢ is both middle acceptance and
middle rejection time consistent.

3.2.3 Strong time consistency

The strong version of time consistency was one of the first one studied in the literature, in the
context of dynamic (coherent and consequently convex) risk measures. There is an extensive lit-
erature on this subject (cf. [2, 7, 36, 57, 1, 36]. The key features of strong time consistency is its
equivalence to Bellman’s principle of optimality [7]. The definition that we will propose here will
be slightly stronger (see Proposition 3.2.13), but nevertheless, the main idea will remain the same.
Let us start with the definition of strong time consistency.

Definition 3.2.12 (Strong time consistency for random variables). Let ¢ = {¢;}ier be a dUM.
Then ¢ is said to be strongly time consistent if there exists @, L°-extension of ¢, such that the
family ¢ is both p-acceptance and @-rejection time consistent.

Using (3.27), we have that strong time consistency for {—¢;}er a dynamic monetary risk
measure on L (see also [2] and references therein) is equivalent to the following property

oi(X) = pi(ps(X)), froany X € X, s>t, (3.28)

known as Bellman’s principle or dynamic programming principle. As mentioned in previous section,
once the dUM is defined on larger space than L, to make sense of dynamic programming principle,
and thus strong time consistency, one needs to work with proper extensions of these function. Next
key results show an alternative formulation for strong time consistency, that also has a clear financial
interpretation.

Proposition 3.2.13. Let ¢ = {@i}ier be a dUM so that for any t € T, there exists X € X such
that o (X) = 0. The following conditions are equivalent

1) There exists update rule p, such that p is X-invariant and the family ¢ is both p-acceptance
and p-rejection time consistent.

2) For any X, Y € X, s,t €T, s > t,
@s(X) = s(Y) = oe(X) = @ (Y).

In particular 1) and 2) are satisfied if one of the following (equivalent) conditions hold
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3) @ is strongly time consistent.

4) There exists p, L°-extension of @, such that for any X € X, s,t € T, s >t we get
et(X) = @rps(X)).

Proof. Let {¢:}ier be a dUM.

1) = 2). Assume that p is an X-invariant update rule, such that ¢ is both p-acceptance and
p-rejection consistent. Then, by Theorem 3.1.8, ¢i(X) = pur,s(ps(X),0), for any t € T and X € X.
Let s,t € T and X,Y € X be such that s > ¢t and ¢s(X) = ¢s(Y). From the above, and by
monotonicity of u, we have

Pr(X) = p1,s(95(X), 0) = p,s(p5(Y), 0) = @i (Y).
2) = 1). Let t,s € T be such that s > ¢, and consider the following set
Xy, ={X € LY | X = p4(Y) for some Y € X}.

From 2), for any X,Y € X, such that ps(X) = ¢s(Y), we get ¢¢(X) = ¢(Y). Thus, there exists a
map ¢y 1 Xp, — LY such that

br,s(ps(X)) = pe(X), X ed.

Next, since there exists Z € X, such that ps(Z) = 0, using locality of ¢, we get that for any
X € X,,, A€ F, there exist Y € X, so that”

Thus, 14X € X, for any A € F;, X € &,,,. Hence, from 2) and locality of ¢, for any X,Y € &X,,_,
A e Fi, we get

(A) X >V = ¢ 5(X) > ¢ s(Y);

(B) 14¢¢s(X) = 1a¢ss(14X).

In other words, ¢, is local and monotone on X, C LY. In view of Corollary 2.2.14, there exists

an extension of ¢, say (;Aﬁus : LY — LY, which is local and monotone on LY. Finally, we take
pes: LY x X — LY defined by

/’Lt,s(ma X) = ;th,s(m)v X € X7m € Lg

Clearly the family j; s is an X-invariant update rule, and thus, by Proposition 3.1.8, ¢ is both
u-acceptance and p-rejection time consistent.

The proof of the second part of Proposition 3.2.13 is immediate. Clearly, 3) = 1) and 3) < 4),
due to Proposition 3.1.8. ]

"Note that 1pys(LlpZ) =0 for any B € F; (as Fr C Fs).
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Remark 3.2.14. Property 2) from Proposition 3.2.13 is what is referred in the existing literature
as strong time consistency (see Appendix A.2). Note that strong time consistency introduced in
Definition 3.2.12 is stronger than property 2) from Proposition 3.2.13. In particular, the update rule
considered in Definition 3.2.12 is sX-invariant, while property 2) guarantees existence of update
rule, which is just X-invariant.

Remark 3.2.15. On infinite time horizon the class of strongly time consistent dRMs coincided with
the class of maps known as Dynamic Entropic Risk Measures (see Section 4.1.1 or [103] for details).
On the other hand, on finite time horizon, the class of strongly time consistent dRMs is much
richer. The typical scheme to obtain a strongly time consistent dRM from any dRM, is to use so
called recursive construction, which we will introduce in Section 3.4.

Remark 3.2.16. Strong time consistency if crucial property in the theory of Markov Risk Measures.
They provide theoretical framework for (risk-averse) dynamic programming equations for Markov
Decision Processess (cf. [131, 129, 132, 133] and references therein).

3.2.4 Submartingales, supermartingales and robust expectations

The definition of projective update rule is strictly connected to the definition of so called (condi-
tional) non-linear expectation (see for instance [49] for definition and related properties of non-linear
expectation). In [125, 114], the authors made an important connections between non-linear expec-
tations and dynamic risk measures. It was also shown (see, for instance, [33, 34] for details) that
among dynamic convex risk measures, the dynamic coherent risk measures are the only ones which
satisfy Jensen’s inequality for dynamic maps; a property critically important in our framework,
as it leads to projective update rules for which time consistency is invariant under concave trans-
formations (see Proposition 3.2.18). One particularly important case is obtained by using as an
update rule equal to the standard expectation operator. Finally, we want to mention that this type
of time consistency in L> framework, was studied in [57, Section 5] and is related to the definition
of supermartingale and submartingale property.

Definition 3.2.17 (Supermartingale and Submartingale time consistency for random Yaria,bles).
Let ¢ = {p;}ier be a dUM and let p = {p; }er be given by uy(m) = E[m|F;] (for m € L°). Then
 is said to be

e Supermartingale time consistent if it is py-acceptance time consistent, i.e. for any X € X, and
ms € Fs, we have

ps(X) > ms = @i(X) > E[ms|F].

e Submartingale time consistent if it is p-rejection time consistent, i.e. for any X € X, and
ms € Fg, we have

ps(X) <ms = (X)) < Elms|Fi].

Next result is devoted to a more general class of updates rules, and hence concepts of time
consistency, for which we do not give a specific name. The case of super/sub-martingale time
consistency will correspond to the particular case of determining sets Dy = {1}.
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Proposition 3.2.18. Let {D;}ier be a determining family of random variablgsS and let {¢i}er
be a dUM. Consider the family of maps ¢ = {¢¢}ter and ¢' = {¢}}iet, d1, ¢, 2 LY — LY, given by

¢1(m) = essinf E[Zm|F], ®(m) = esssup E[Zm|F). (3.29)
ZEDt ZGDt

Then, the following statements hold true:
1) the families ¢ and ¢' are projective update rules;

2) if {1 }iet is p-acceptance time consistent, thgn {gopi}ier is also ¢-acceptance time consistent,
for any increasing, and concave function g : R — R.

3) if {pt}ier is ¢’ -rejection time consistent, then {g o pi}ier is also ¢'-rejection time consistent,
for any increasing, and conver function g : R — R.
Proof. Let us consider {¢;}ter and {¢} }reT as given in (3.29).

1) The proof of monotonicity and locality is straightforward. Finally, for any ¢t € T, Q € D; and
m € LY, we immediately get

Eg[m|F] = L>0ymEQ[lFt] + Lim<oy (—m) Eg[—1|F] = m,

and thus, ¢;(m) = ¢}(m) = m, for any m € LY. Hence, {¢; }seT is projective.
2) Let {¢:}ter be a dUM which is ¢-rejection time consistent, and g : R — R be an increasing,
concave function. Then, for any X € X, we get

9(01(X)) = g(¢1(ps(X)) = gless inf Eqlps(X)[Ft]) = essinf g(Eg[es(X)|F])- (3.30)
QeDy QeDy
Next, by Jensen’s inequality, we deduce

essinf g(Boliou(X)|F1) = essinf Bolg(ou(X))|Fi] = du(g(p.(X)). (3.31)

Combining (3.30) and (3.31), ¢-acceptance time consistency of {g o ¢; et follows.
3) The proof is analogues to 2). O

Remark 3.2.19. It could be easily shown from (3.13) that for any determining family of sets we get
¢¢(m) > essinfy m. Thus, a dUM that is acceptance time consistent with respect to the update rule
¢, is also weakly acceptance time consistent. In particular, any supermartingale consistent dUM is
also weakly acceptance time consistent. Similar statement holds true for rejection consistency.

3.2.5 Summary

The main goal of this section was to develop a unified framework for time consistency of dUMs that,
in particular, comprises various types of time consistency for dynamic risk measures and dynamic
performance measures known in the existing literature. The obtained results are summarised in
the Chartflow 3.1. For convenience, we label (by circled numbers) each arrow (implication or
equivalence) in the flowcharts, and we relate the labels to the relevant result from the sectio, along
with comments on converse implications whenever appropriate.

8i.e. it is a non-empty family of random variables , such that for any Z € D; we get E[Z|F;] = 1, D; is uniformly
integrable, L'-closed and F;-convex, for any ¢ € T.
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Figure 3.1: Summary of results for acceptance time consistency for random variables
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for Y € XN LY, and ¢ monetary
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Dynamic Utility Measure ¢ is
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©t(X) = oo, for

X >0, P[X > 0] > 0,

if @ is p™ - accept consist if o= is projective ol © <2 ) € o,
3) @) for some Xg
Dynamic Utility Measure ¢ is @
Supermartingale Consist Dynamic Utility Measure ¢ is
if ¢ is pt = E[m|F:] middle accept consist Middle Accept Consist
if ¢ is ¢~ - accept consist

¢ is p - accept and p - reject consist

and p is X-invariant

@ Dynamic Utility Measure ¢ is
0s(X) = 0s(Y) = 0 (X) = (V)] © Strongly Consist

for X, Y € X if it is p - accept and p - reject consist

and p is X-extension of ¢

(1) Proposition 3.2.3, 4)
(1) Proposition 3.2.3, 3)

(3) Remark 3.2.19 and Proposition 3.2.4. The converse implication is not true in general, see
Section 4.1.1.

(1) Proposition 3.2.13, 1), 2)

(5) Proposition 3.2.4. Generally speaking the converse implication is not true. See for instance
Section 4.1.1: negative of Dynamic Entropic Risk Measure with v < 0 is weakly acceptance
time consistent, but it is not supermaringale time consistent, i.e. it is not acceptance time
consistent with respect to the projective update rule puy = Ey[m|Fy].

(6) Proposition 3.2.13, 3), 4). The converse implication is not true in general. As a counterex-
ample, consider ¢;(X) = tE[X].

(7) Proposition 3.2.4, and see also (5). In general, middle acceptance time consistency does not
imply weak acceptance time consistency, see Remark 3.2.11.

Proposition 3.2.8, 3)
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(9) Proposition 3.2.9

Proposition 2.2.13. The converse implication is not true in general, see [116, Example 4.1].

3.3 Selected types of time consistency for stochastic processes

In this Section we assume that X = VP, for p € {0,1,00}. The elements of X, are interpreted as
discounted dividend processes. It needs to be remarked, that all concepts developed for X = VP
can be easily adapted to the case of cumulative discounted value processes (see Section 4.3.1 for
details). While we preserve the same name for time consistency as in the case of random variables,
the update rules for stochastic processes will differ significantly.

Usually, the case of stochastic processes is more intricate. If ¢ is a dUM, and V € VP, then in
order to compare ¢:(V) and ¢s(V'), for s > t, one also needs to take into account the cash-flows
between times ¢ and s, so the update rule is not X-invariant in general.

In this Section we will briefly present the types of time consistency, which could be regarded as
counterparts of the corresponding types from Section 3.2. We will not present the detailed proofs
and comments, as they coincide with the previous case. It is worth mentioning, that in this section
we will focus on one-step time consistency. See (3.11) and comments below, for the explanation of
this approach. We will also present one new type of time consistency, which we will call semi-weak
time consistency.

3.3.1 Weak time consistency

In this subsection we assume that X = VP, for a fixed p € {0,1,00}, i.e. we consider the case of
adapted stochastic processes.

Definition 3.3.1 (Weak time consistency for stochastic processes). Let ¢ = {¢t}eT be a dUM
(for stochastic processes). We say that ¢ is

o Weakly acceptance time consistent if it is one step p-acceptance time consistent, where the
update rule is given by
pt1(m, V) = essinfy(m) + V;.

o Weakly rejection time consistent, if it is one step u-acceptance time consistent, where
it p1(m, V) = esssup,(m) + V;.
Similarly to Proposition 3.2.3, we have the following result.

Proposition 3.3.2. Let ¢ = {¢i}ier be a dUM on VP. The following conditions are equivalent

1) ¢ is weakly acceptance time consistent, i.e. for anyV € X, t <T (t € T) and my41 € I_/?H,
§0t+1(V) > miy1 = th(X) > ess inft(mtJrl) —+ V;g
2) ForallVeX, teT,t<T,

0i(V) > essinfy(pr1(V)) + Vi
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3) ForallVeX,teT,t<T andm; € LY,

Cep1(V) > my = (V) = Vi > my.

If additionally {—pi}ier is a dynamic monetary risk measure, then the above conditions are equiv-
alent to

3) ForallVeX andteT, t<T,

er+1(V) 2 0= (V) = V; 2 0.

Analogous results hold true for weak rejection time consistency.

Proof. We will only show the proof for weakly acceptance consistency. The proof for rejection
consistency is similar. Let {¢;}ter be a dUM.

1) < 2). This is a direct implication of Proposition 3.1.8.
1) = 3). Let my € LY be such that ¢;,1(V) > my. Using the monotonicity of essinf;, we have

QDt(V) Z €ss inft(cpt+1(V)) + ‘/t Z €SS inft(mt) + ‘/t = My + ‘/t,

which concludes the proof.

3) = 1). By Proposition 2.1.5, we get

pi+1(V) > essinfy(pr11(V)),

for any V € X, and essinf;(p;11(X)) € LY. Using 3) with m; = essinf;(¢¢41(X)) we immediately
obtain
ot (V) > essinfy(pr1(V)) + V4
and using 2) the weakly acceptance time consistency of ¢ follows.
3) = 4) is obvious (take m; = 0).
4) = 3) Let us now assume that {¢; }scT is a negative of dynamic risk measure. For given m; € LY

it is enough to apply 3) to the process V + 1,41my, and 4) follows.
O

As mentioned earlier, the update rule, and consequently weak time consistency for stochastic
processes, depends also on the value of the process (the dividend paid) at time ¢. If tomorrow, at
time £+ 1, we accept X € X at level greater than myy1 € Fi41, then today at time ¢, we will accept
X at least at level essinf; m;y;1 (i.e. the worst level of m41 adapted to the information F;) plus
the dividend V; received today.

Finally, we present the counterpart of Proposition 3.2.4 for the case of stochastic processes.

Proposition 3.3.3. Let {¢;}ier be a dUM on VP and let ¢ be a projective update rule. Let {o¢ et
be one step p-acceptance (resp. one step u-rejection) time consistent, where p is given by

piir1(m, V) = ¢e(m+V;), me I_/?Jrh Ved.
Then, {@t}tet is weakly acceptance (resp. weakly rejection) time consistent.

The proof of Proposition 3.3.3 is analogous to the proof of Proposition 3.2.4, and we omit it.
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3.3.2 Semi-weak time consistency

In this section we introduce the concept of semi-weak time consistency for stochastic processes. As it
turns out, for the case of random variables semi-weak time consistency coincides with the definition
of weak time consistency, hence omitted before. Thus, we take X = VP, for a fixed p € {0,1,00}.
As it was shown [20], none of the existing, at that time, forms of time consistency were suitable for
scale-invariant maps, such as acceptability indices. In fact, even the weak acceptance and the weak
rejection time consistency for stochastic processes (as defined in the present paper) are too strong
in case of scale-invariant maps. Because of that we need even a weaker notion of time consistency,
which we will refer to as semi-weak acceptance and semi-weak rejection time consistency. The
notion of semi-weak time consistency for stochastic processes, introduced next, is suited precisely
for such maps, and we refer the reader to [20] for a detailed discussion on time consistency for scale
invariant measures and their dual representations?.

Definition 3.3.4 (Semi-weak time consistency for stochastic processes). Let ¢ = {¢; e be a
dUM (for processes). Then ¢ is said to be:

o Semi-weakly acceptance time consistent if it is one step p-acceptance time consistent, where
the update rule is given by

fiti41 (M, V) = Liysopu™ (m) + Ly, <oy (—00).

e Semi-weakly rejection time consistent if it is one step p’-rejection time consistent, where the
update rule is given by

He i1 (M, V) = Liy<oppy - (m) + 1y, 503 (+00).

It is straightforward to check that weak acceptance/rejection time consistency for stochastic
processes always implies semi-weak acceptance/rejection time consistency.

Next, we will show that the definition of semi-weak time consistency is indeed equivalent to
time consistency introduced in [20], that was later studied in [14, 16].

Proposition 3.3.5. Let ¢ = {¢i}ter be a dUM on VP . The following conditions are equivalent

1) ¢ is semi-weakly acceptance time consistent, i.e. for allV € X, t €T, t < T, and my € LY,
1+1(V) = miy1 = oi(V) > Ly, >0y essinfy(mer1) + 1y, <0y (—00).

2) ForallV e X andt €T, t<T, (V) > Ly, >0y essinfy(pe1(V)) + 1y, <03 (—00).

8) For alV.€ X, t € T, t < T, and my € LY, such that V; > 0 and @4 1(V) > my, then
(V) = my.

Similar result is true for semi-weak rejection time consistency.

°In [20] the authors combined both semi-weak acceptance and rejection time consistency into one single definition
and call it time consistency.



46

Proof. We will only show the proof for acceptance consistency. The proof for rejection consistency
is similar. Let {¢}ier be a dUM.
1) & 2). This is a direct implication of Proposition 3.1.8.

1) = 3). Assume that ¢ is semi-weakly acceptance consistent. Let V € X and m; € LY be such
that @y4+1(V) > my and V; > 0. Then, using Proposition 3.1.8, we get

et(V) > per1(pea1(V), V) = Ly sop ™ (1 (V) > pi (my) = essinfy(my) = my,

and hence 3) is proved.
3) = 2). Let V € X. We must show that

(V) > Livisop ™ (0e41(V)) + Livs <oy (—00). (3.32)

On the set {V; < 0} inequality (3.32) is trivial. We know that
(]]'{V;‘ZO} t V)t > 0 and SOtJrl(:H-{VtZO} t V) > ess il’lft QOtJrl(]]-{V}ZO} t V)

Thus, for my = essinf; piy1(1yy,>0y ¢ V), using locality of ¢ and i as well as 3), we get

Livisoyee(V) = Livsoyet(Liyisoy ¢ V) = Lysoyme = Liyisopur™ (@1 (V).
and hence (3.32) is proved on the set {V; > 0}. This conclude the proof of 2). O

Property 3) in Proposition 3.3.5 illustrates best the financial meaning of semi-weak acceptance
time consistency: if tomorrow we accept the dividend stream V € X at level my, and if we get a
positive dividend V; paid today at time ¢, then today we accept the cash-flow V at least at level
my as well. Similar interpretation is valid for semi-weak rejection time consistency.

In the next section we will see (Propositions 4.2.3 and 4.2.4) that semi-weak time consistency
appears naturally, when we study the connection between cash additive and scale invariant maps.

3.3.3 Middle time consistency

In this section we will adapt the middle time consistency to the case of stochastic processes, and
we start with the definition of one step L°-extensions.
As before, for the case of stochastic processes we take X = VP, for a fixed p € {0,1,00}. In
what follows we will also make use of notation T/ = {0,1,...,7 — 1}.1°
In this subsection, for a dUM ¢ = {p;}ieT, we denote by ¢ = {@}er a family of maps
Dt Lfﬂ — LY given by
(ﬁt(X) = (Pt(l{t+1}X)- (333)

Since ¢ is monotone and local on VP, then, clearly, ¢; is local and monotone on L 4 1- Next, similar
to the previous section, for any ¢t € T', we consider the extension of ¢; to E? 1, preserving locality
and monotonicity (see Corollary 2.2.14). Note that formally ¢ is not a dUM, since the domain of
the definition depends on t € T, however, with slight abuse of notation, we will call such extension

0For infinite time horizon we get T’ = T.
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one step I}O—eiactension of ¢. For any @ and ¢t € T, we consider the maps @, : LY, ; — LY and
@y + LY, — LY defined as in (2.10) and (2.11), with the sets Y1 (X) and Y (X) there replaced by

ViaX) :={Y e L}, || 1aY > 14X}, Via(X)={y e L}, | 14Y <1aX},

for any X € I_’g—i-l’ We will call g1 and @~ upper and lower one step L°-extensions of $, respec-
tively. Now, we are ready to present the definition of middle acceptance and middle rejection time
consistency for processes.

Definition 3.3.6 (Middle time consistency for stochastic processes). Let ¢ = {¢;}ieT be a dUM
(for stochastic processes). Then ¢ is said to be

o Middle acceptance time consistent if it is one step u-acceptance time consistent, where the
update rule is given by
pie 1 (m, V) = @y (m+ V).

o Middle rejection time consistent if it is one step p-rejection time consistent, where the update
rule is given by
piep+1(m, V) = @ (m + V).

Proposition 3.3.7. Let ¢ = {¢i}ier be a dUM on VP. The following conditions are equivalent

1) ¢ is middle acceptance time consistent, i.e. for any V € X, t € T' and my4; € f/?Jrl,
Pr1(V) 2 mep1 = oi(V) = @ (M1 + V).

2) For anyV € X andt €T, o(V) > ¢; (pr1(V) + V).
If additionally {—pi}ier is a dynamic monetary risk measure, then 1) or 2) implies
3) For any V,V' € X, and t € T', we get

Pi11(V) > o1 (L3 Vi) = we(V) > & (Vi + Vo).

Analogous results are true for middle rejection time consistency.

The first part of Proposition 3.3.7 is a straightforward implication of Proposition 3.1.8. Since
for cash additive measures oy y1(1g413 VY1) = V{4, then, by taking m; 1 =V}, in 1), the second
part follows immediately.

3.3.4 Strong time consistency

In this subsection we will use notation similar to the case of middle acceptance and middle rejection
time consistency from Section 3.3.3.

Definition 3.3.8 (Strong time consistency for stochastic processes). Let ¢ = {¢t}er be a dUM
(for stochastic processes). Then ¢ is said to be strongly time consistent if there exists @, an one
step LV-extension of @, such that ¢ is both one step p-acceptance and one step p-rejection time
consistent with respect to

ptir1(m, V) = @i(m + V3).
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Proposition 3.3.9. Let ¢ = {@i}er be a dUM on VP. Assume that ¢ is independent of the past,
and for any t € T, there exists V. € X such that (V) = 0. The following two conditions are
equivalent

1) There exists an update rule pi, such that: for allt € T, m € LY, and V,V' € X, so that V; = V/,
we have it 141(m, V) = pg1(m, V'); the family ¢ is both one step p-acceptance and one step
p-rejection time consistent.

2) For any V,V' € X, and t € T,

Vi =V and o111 (V) = o131 (V') = (V) = (V7).

In particular 1) and 2) are satisfied if one of the following (equivalent) conditions hold
3) @ is strongly time consistent.

4) There exists §, one step LY-extension of @, such that for any V € X andt € T (t <T), we get
ot(V) = pe(pr1(V) + Vi).

Proof. Let {¢¢}ter be a dUM, which is independent of the past.

1) = 2). Assume that p is an update rule, fulfilling condition from 1), such that ¢ is both pu-
acceptance and p-rejection consistent. Then, by Proposition 3.1.8, ¢i(X) = pu 141 (pe41(X),Y), for
anyt €T (t<T), X e XandY € X, such that X; =Y;. Let t € T (¢t <T) and X,Y € X be such
that X; = Y; and ¢r41(X) > ¢441(Y). From the above, and by monotonicity of u, we have

Pi(X) = pr 41 (e (X), X) = w1 (0641(X), Y) = sy i1 (0r41(Y), V) = (V).
2) = 1). Let t € T be such that t < T and consider the following set

X,

Pt4+1

={X €L’ X = ¢41(Y) for some Y € X}.

From 2), for any X,Y € X, such that ¢r1(X) = pr1(Y) and Xy = Y3, we get (X)) = (V).

Thus, using independence of the past of ¢, there exists a map ¢4 41 : Xy X LY — LY such that

Grir1(pe+1(X), Vi) = (X — 1y (X = V2)), X € X.

Next, since there exists Z € X, such that ¢;11(Z) = 0, using locality of ¢, we get that for any
X e X A e F;, there exist Y € X, so that

P41
IaX = 1A<Pt+1(Y) = 1A<Pt+1(11A t+1 Y) + :H-Acsot-i-l(]]-Ac t+1 Z) = <Pt+1(ﬂA 41 Y + Tae 41 Z)-

Thus, 14X € X,,,,,
X, X"eX,,,,, Y; € LY and A € F, we get

for any A € F, X € X

i1~ Hence, from 2) and locality of ¢, for any

(A) X > X' = ¢ 111(X,Y2) > dr1(X, Y2);

(B) 1adri+1(X,Y;) = Ladei41(1aX, V7).
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In other words, for any fixed Y; € Ly, ¢y 4+1(:,Y?) is local and monotone on Xy, ,, C LY 1. In view
of Corollary 2.2.14, for any fixed Y; € L? there exists an extension (to L?H) of ¢r141(+,Yy), say
&t,4+1(+, Yz), which is local and monotone on LY .1~ Finally, we take g1 411 : LY XX = LY defined
by

pirgy1(m, X) i= by i1 (m, Xy), XeXmelLy,.

Clearly the family ;441 is a (one step) update rule. Moreover, we get

pie,e1(m, X) = g1 (m, X7),

for m € EQH and X, X’ € X, such that X; = X]. Finally, by Proposition 3.1.8, ¢ is both
u-acceptance and p-rejection time consistent, as

oi(X) = @i (X — 1y (X — X4)) = brar1(pr11(X), Xo) = pe1(e41(X), X).

The proof of the second part of Proposition 3.3.9 is immediate. Clearly, 3) = 1) and 3) < 4), due
to Proposition 3.1.8. ]

3.3.5 Submartingales, supermartingales and robust expectations

The sub/super-martingale time consistency is defined similarly, by considering one step update
rules of the form i ¢11(m, V) = E[m|F] + V;. Similar to Proposition 3.2.18, we have that time
consistency property generated by updates rules of the form jis ¢11(m, V) = ¢s(m~+V;) are invariant
under concave/convex transformations.

Proposition 3.3.10. Let ¢ = {pi}ier be a dUM (for processes). Let a one step update rule
1= {ut}ier be given by prrr1(m, V) = ¢r(m + Vi), for {¢i}ier defined in (3.29). Then

1) if ¢ is p-acceptance time consistent, then gop = {go; }er also is p-acceptance time consistent,
for any increasing, and concave function g : R — R.

2) if ¢ is u-rejection time consistent, then go ¢ = {go v }ier also is u-rejection time consistent,
for any increasing, and convex function g : R — R.

The proof of Proposition 3.3.10 is analogous to the proof of Proposition 3.2.18.

3.3.6 Summary

The main goal of this section was to develop a unified framework for time consistency of dUMs for
stochastic processes that, in particular, comprises various types of time consistency for dynamic
risk measures and dynamic performance measures known in the existing literature. The obtained
results are summarised in the Chartflow 3.2. For convenience, we label (by rectangled numbers)
each arrow (implication or equivalence) in the flowcharts, and we relate the labels to the relevant
result from this section, along with comments on converse implications whenever appropriate.
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Figure 3.2: Summary of results for acceptance time consistency for stochastic processes
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3.4 Recursive construction on finite time horizon

As we have explained in the previous section, strong time consistency could be considered as a form
of Bellman’s principle, which is very convenient, when we want to conduct the dynamic portfolio
optimisation. In risk measure theory on L* a common tool used to construct a strongly-time
consistent dRM (from any dRM) is so called recursive construction, introduced in [36, Section 4.2]
and studied e.g. in [2, Section 4.4] or [40].'" One could also show, that any strongly time consistent
dRM could be written as a composition of (one-step) conditional RMs, so there exists duality
between those two approaches [40]. For some specific families, the dynamic risk measures obtained
using recursive construction are referred to (especially in markov coherent risk measure theory) as
multiperiod or composite dRMs and the recursive construction is called nested composition (see e.g.
[132, 129, 131, 130)).

On L*°, given a dRM (which negative is denoted by ¢ = {¢¢}teT), we can construct a mapping
© = {@t}eT, defined recursively, where o7 (X) = X and where for (t =7 —1,...,0), we set

0t(X) = pi(Pre1(X)). (3.34)

It is easy to see that ¢ will be a strongly time consistent dRM (see [2, Prop. 1.16]).

Unfortunately, for LP, when p # oo, this approach cannot be always used directly, as we might
get @y(X) & LP for some t € T. Nevertheless, one could overcome this difficulty, considering the
subset of LP or extend dRM as in Subsection 2.2.2 and then use construction (3.34). One of many
ways of doing this, is to use Robust representation and simply consider the extended conditional
expectation operator and conditional penalty function (see e.g. [40, 44]).

Let us now show how to obtain such construction for representable coherent dRMs (see [40]
for the class of representable convex dRMs). We know that any representable coherent dRM is
associated with the family of measures {D;}icT, through robust representation.

Definition 3.4.1 (Determining family of measures). We will say that D = {D; };cr is a determining
family of measures, if D; C Q}, Dy # (), D; is uniformly integrable, L'-closed and Fj-convex, for
any t € T.1?

We refer to [43, Section 2| for a discussion about determining families. It is straightforward
to check, that any determining family define a representable coherent dRM. Given a determining
family, we can also construct a dRM recursively both for random variables as well as for stochastic
processes, as will be shown in (3.35) and (5.37). We will refer to such dRM as D-composite dRM
and to it’s negative as D-composite dUM, which we will now define.

Definition 3.4.2 (D-composite dUM for random variables). Let D = {D;}ter be a determining
family of measures. We will call a family {o;}ser of mappings ¢; : L° — LY a D-composite dUM
(for random variables), if {y;}ser is defined as:

(pT(X) = X
or(X) = e&seiprif Eglpe+1(X)|F]. (3.35)

Please note that if time horizon is infinite, then the class of strongly time consistent dRMs coinccides with the
class of Dynamic Entropic Risk Measures [103]. See Remark 4.1.4.

12in the sense, that the corresponding sets of Radon-Nikodem derivatives (i.e. random variables) admit those
properties; F;-convex, i.e. for any Q;,Qz € D, and A € LY such that 0 < A < 1, we get Q3 € D;, where Qs is such

dQ: d
that 928 = \4% 4 (1 — \) &,
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Remark 3.4.3. The idea of construction (3.35) coincides with the construction (3.34). Note that
on L the essential idea is to require the map ¢(X) to admit representation

et(X) = pr(pr41(- - - pr—1(pr(X)) .. .))

for ay X € L*° and t € T, which implies strong time consistency of the corresponding dUM {p; }ie.
On a bigger space, we can consider the space of all X's, which admit the above representation, which
define the biggest space on which {¢;};eT is strongly time consistent — the reason we will consider
spaces defined in (3.39) and (3.40). See [43] for details.

Similarly, one could define a D-composite dUM for stochastic processes.
Definition 3.4.4 (D-composite dUM for stochastic processes). Let D = {D; };e1 be a determining

family of measures. We will call a family {¢;}ser of mappings ¢; : VO — L? a D-composite dUM
(for stochastic processes), if {¢;}ier is defined as:

or(V) :=Vr
pi(V) = essinf Eg[Vi + 11 (V) 2] (3.36)

The D-composite dRMs and dUMs admit simpler representation for random variables and
stochastic processes, which admit additional integrability conditions (see [43] for details). Given
the determining family D = {D; }ser, let {D; 141 Her be a family of sets of measures given by

DT,T+1 = Drf{w, (337)

d A0’
Direr = {Qe Q! | ﬁ _ E[ﬁmﬂ], for @ €D} (t<T). (3.38)

Please note that {D;;11}tet define the same composite dUM and the family {D ;41 }er is also a
determining family. Next, we define new families of measures

- dQ _ 7y dQ
D:={Qe 9} T H d]P’S’ and {Q,}2_, is such that Qg € Dy 11},
s=0
a dQ _ 7y dQ
D:={Q¢c Q} T H d]P’S’ and {Q,}._ is such that Qg € Dy 41 U {1}}.

@
Il
o

Please note that D41 C D for any t € T. The strong LL(D)-space and weak LL(D)-space for a
given set of measures (see [41, Section 2.2] for more details) are defined by

LY(D) = {X cL0: Jim sup Eo[l{xsmlX] ] = o} (3.39)
LL(D) = {X € L] inf HolX]| < oo} (3.40)

Note that if D = {Q}, then L}(D) = L. (D) = L' (2, F,Q), which justifies this notation. Moreover,
we might get L1(D) # L1 (D) (see [42] for example). Nevertheless, for many families of dUMs those
two spaces coincide.
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Proposition 3.4.5. Let D denote a determining family of measures and let ¢ denote the corre-

sponding D-composite dUM defined for stochastic processes. For Ve VO, such that V; € LY(D) for
any t € T, we get

7.

T
(V) = essinf Eg Vi
el

Moreover, there exists a minimiser for any V € V°, such that V; € LL(D) for any t € T, i.e. for
any t € T, we get o;(V) = Eg- {Zfzt Vi ]-"t} for some Q* € D.

The proof of Proposition 3.4.5 could be found in [43, Prop. 2.1].
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Chapter 4

Selected families of dynamic risk and
performance measures

In this Chapter we will introduce three families of dUMs and show some recognisable representatives
from each family.

Firstly, we will introduce the family of convex (and thus coherent) dRMs. This family of
(negatives of) dUMs has attracted significant attention in the literature recently. The need to
understand how to measure the risk, what is the risk and finally, how one can influence the risk
(e.g. through dynamic control) naturally lead to the class of convex dRMs. The axiomatic approach
to RMs initiated in [6] has attracted significant attention in Mathematical Finance (cf. [77, 7, 78]
and references therein for literature overview), as the properties like convexity (CV), monotonicity
(MD) or normalization (N) have a natural financial interpretation (see Remark 2.2.2). Apart from
selected basic facts, which we will use in the next Chapter, we will introduce three important
families of convex dUMs, often used in stochastic control problems, due to their traceability.

Secondly, we will introduce the class of dynamic performance measures, which additionally
satisfy quasi-concavity (QCC), namely dynamic acceptability indices. This class of maps was
introduced in [45], and studied (also for the dynamic case) e.g. in [126, 15, 20]. One can show very
tight connection between dRMs and dynamic acceptability indices, which justifies the importance
of this class. It it used to quantify the performance of a financial position. This class might
measure the degree of arbitrage consistency in the market, compare financial positions or present
the ratio between risk and reward (see e.g. [65, 9, 39] for details). Very often when we deal with
stochastic control problem with risk constraints, it is convenient to transform it to the problem
with single objective function. Usually such function is an acceptability index, as will be explained
in Section 5.2.

Finally, we will introduce the class of Dynamic limit growth indices. This class of maps is
designed to measure the long-run performance of a financial portfolio. Importance of measurement
of the long run growth of a portfolio is widely recognized among financial practitioners, and has been
extensively discussed in the literature (see for instance [5, 71], and references therein). Here, we
shall focus on measures that quantify the tradeoff between portfolio growth and the risk associated
with it, appropriately normalized in time. Among several such possible measures, the one which
has attracted the most attention, is the so called Risk Sensitive Criterion [142, 21, 22]. While, this
class might be in fact considered as a subclass of dynamic acceptability indices, we treat this case
separately, as they are introduced in an entirely different framework.
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4.1 Dynamic convex and coherent risk measures

The family of convex dRMs is (see page 12 for definition) is perhaps the most important class of
monetary dRMs as it allow us to use tools from convex analysis (e.g. in portfolio optimisation [3])
and in particular provide the robust representation of the form

p(X) = — @eiﬁf(m) [BolX] + o™ (Q)], (4.1)

for some penalty function o™ : M;(P) — R U {oo} (see Subsection 2.2.3 for details and the
dynamic equivalent). We will now present some subclasses of convex RMs, which are often used
in stochastic control theory and show some of their’s properties. Nevertheless, we will not present
here overview of the whole convex risk measurement theory, as this is not a main topic of this
thesis. For a general good brief survey about convex RMs see e.g. [75].

In Subsection 4.1.1, we will introduce the family of Dynamic entropic risk measures, which
are convex, but not coherent. This family is widely used in finance and other fields of applied
mathematics (cf. [46] and references therein).

Next, in Subsection 4.1.2 we will define Dynamic Tail Value at Risk, which represents a class
of coherent dRMs. Let us now explain, why this family of maps plays a crucial role in the coherent
framework. In general, we know that a representable risk measure is coherent, if the penalty
function only takes values in the set {0, 00}. Thus, every representable coherent dRM ¢ = {¢¢ heT
could be expressed as

pr(X) = — inf Fo[X|7], (4.2)
for {Q;}ser, such that Q; C QF. Of course, different families {Q;}ser could define the same
coherent dRM (for a given X'), but usually one could define the largest family of sets, for which the
representation (4.2) will hold (its called the determining family for a coherent dRM [41]). One of
the most interesting results in the theory of coherent RMs is so called Kusuoka’s Theorem, which
shows that the family of Tail Value at Risk maps could be used as a building blocks for any coherent
dRM, which admits law invariance (LI)!. Let us present this theorem for L (similar result could
be obtained for the general conditional case on LP [52]; there exists also a generalisation of this
theorem for convex dRMs, admitting (LI) [84]).

Theorem 4.1.1 (Kusuoka’s Theorem). Let X = L and let p be a coherent RM. Then p is (LI)
if and only if there exists a (compact, conver) set M of probability measures on (0,1], such that

1

p(X) =~ inf, [ p"(X)w(da), (4.3)

where p®(X) = —essinfgepo Eg[X] and D* = {Q € M;(P) : 3% <a~ '} forpe(0,1].

The family of coherent RMs {Pa}ae(0,1}7 which appears in Theorem 4.1.1 is precisely the family
of Tail Value at Risk RMs.

Finally, in Subsection 4.1.3 we will introduce the class of Weighted Value at Risk dRMs [41],
sometimes also called Spectral dRMs [4]. In the static framework, this family is obtained, choosing

!For a general non-atomic ©, we take the risk measure known as Ezptected Shortfall as a building block. Never-
theless, in our framework those two families coincide. See [4] for details.
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a singleton in (4.3), i.e. M = {v} for some fixed probability measure v on (0,1]. It is worth
noticing that this class of maps coincides with coherent risk measures which admit law invariance
(LI) and comonotonicity?. The name Spectral risk measure is justified by different representation
for this class of maps. Any Weighted Value at Risk RM admits equality

1
p(X) = - /O #(X)(p) dp, (4.4)

for some function ¢, where ¢”(X) denotes the (upper) a-quantile of X and ¢ is an admissible risk
spectrum, i.e. ¢ :[0,1) — [0,00) is a right-continous, decreasing function such that fol o(p)dp =1
(cf. [41] and references therein). The relation between risk spectrum ¢ and probability measure v

is expressed through equation

1
o(t) :/( —v(ds).
¢

]S

For other interesting families of convex dRMs see e.g. [75, Section 4].

4.1.1 Dynamic Entropic Risk Measure

Entropic Risk Measure is a classical convex risk measure, which attracted a lot of attention in the
risk measure literature [57, 141, 46, 103]. Let X = LP, for p € [1, o¢].

Definition 4.1.2 (Dynamic entropic risk measure). A Dynamic entropic risk measure is a family
07 = {p] hier of mappings p; : X — LY, indexed by v € R, and defined by

_ [ —ImElexp(yX)|F]  ify#0,
pi(X) = { _E[X|F) if v = 0.

It is straightforward to check that for any v € R, the map p? is dRM [103]. Moreover, if v < 0,
then p7 is convex (dCV). As we will be working in the concave framework (see Remark 2.2.7) we
will use ¢7 = {®] }ier to denote the negative of dynamic entropic risk measure, i.e.

ol (X) = —p/(X).

We will refer to ¢ as Dynamic entropic utility measure. Let us now recall some basic facts about
these maps.

(4.5)

Proposition 4.1.3. Let X = L' and let Y denote a dynamic entropic utility measure. Then
1) {p] her is concave (ACC) if v < 0 and conver (ACV) if v > 0.

2) {7 et is dCE.

3) {7 her is strongly time consistent.

4) {@] her is increasing with .

5) {¢] hier is supermartingale time consistent in L' if and only if v > 0.

%ie. pX +Y) = pX)+ p(Y) for comonotone X, Y, that is random variables for which
(X (w) = X (@Y (w) = V(o) 20, (dw)®P(dw)
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6) {©] }ier is submartingale time consistent in L' if and only if v < 0.

For the proof of 1) and 2), see e.g. [103]; the proof in [103] is given for the case of L>°, but can be
adapted to the case of L'. Moreover, the function defining ¢7 as (dCE) is given by

lexp(ye)
U'Y(x) = 1—exp(7y) if v ?é 0’
x ifvy=0.

For the proof of 3), we first need to recall that the dynamic entropic utility measure is upper semi-
continuous (USC) in L' (cf. [13, 37]), and then refer to [17]. For the proof of 4), we need to recall
that the robust representation of dynamic entropic risk measures holds in the L! framework [37, 3],
and then refer to [103]. Properties 5) and 6) follow directly from property 4), combined with
dynamic programming reformulation of property 3); see [2] and [57, Proposition 6], where the
proofs are done for the case of L™, but can be adapted to the case of L.

Remark 4.1.4. For X = L? (p € [1,00]) and infinite time horizon, one could show that the entropic
dRMs are the only dRMs, which admit strong time consistency. It follows from the fact, that
the class of entropic dRMs coincides with the class of dCEs which additionally admit counter
cash-additivity (dCCA). See [103] for details.

Proposition 4.1.5. Let X = L'® and let ¢ denote dynamic entropic utility measure. For any
v < 0, the map @7 is representable and admits representation

1
©7 (X) = esssup Eq[X|Fi] — —H(Q|P), (4.6)
QeM;y(P) v

where Hy(Q|P) corresponds to the conditional relative entropy of Q w.r.t. P, i.e.

dQ 1, dQ ;
H,(QIP) = E[¥mPr| vo<ep,
400 otherwise.
The proof of Proposition 4.1.5 is a direct implication of the variational principle. See e.g. [3,
Example 2.5] or [51, 77, 57] for more detailed proofs.

Remark 4.1.6. The (conditional) relative entropy introduced in (4.7), also called Kullback-Leibler
divergence, might be considered as a (non-symmetric) measure of distance between two probability
measures Q and P, which describes the information lost when Q is used to approximate P. It has
strong connections to physics, as entropy can be described in terms of the Energy dispersal. See [51]
for the connections to stochastic dynamic games and [46] for a general comment about applications
to finance and economy.

Proposition 4.1.7. Let X = L' and let 7 denote dynamic entropic utility measure. Let v < 0.
For anyt € T and X € L', such that pf(X) € R and pud(X In X) € R, the essential supremum in
(4.6) is attained for measure Qx, such that

&P EeX|F]
30One could also consider the space {X € L° | XInX € L'}. See [51] for details.

X
dQx e’ — X—e] (X)) (4.8)
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The proof of Proposition 4.1.7 is a direct extension of the proof from [51, Proposition 2.3], which
was done for the static case. See also [57, Section 4], for the conditional case in L*™ framework.

Remark 4.1.8. The transformation P — Qx introduced in (4.8) is usually called Esscher transfor-
mation (see e.g. Gerber [85]). See also [77, Section 3.2] for more details about exponential utility
and relative entropy and [46] for a general comment about problems, which involve minimisation
of the relative entropy, using Esscher transformation.

One could generalise the Dynamic Entropic Risk Measure introduced in (4.5) by making the
risk aversion parameter a non-constant adapted process, i.e. we could consider the dynamic risk
measure given by

1 (X) :{ S I Blexp(uX)| ] if e #0,
E[X‘]:t] if Yt = 0.

where {7;}ieT is such that v € L{® and X € X = L*>, t € T. Noting that the map introduced in
(4.5) is increasing with ~, it could be easily shown (see [2] for the idea of the proof) that {¢;" }ier
is strongly time consistent, if and only if {7;}teT is a constant process, middle acceptance time
consistent if and only if {7 }teT is a non-increasing process (i.e. v41 < 7y fort € T, ¢t < T) and
middle rejection time consistent if and only if {7; }1eT is non-decreasing.

(4.9)

4.1.2 Dynamic TV@R

Let X = LY. The static Tail Value at Risk is a classic example of a coherent RM. In the literature,
sometimes other names are used for this class of maps, such as Tail Value at Risk, Average Value
at Risk or Fxpected Shortfall. While the definitions coincide for random variables with continuous
distribution, they slightly differ in the general case [77].

Tail Value at Risk could be regarded as the modification of Value at Risk, when we consider
the conditional expectation, instead of a simple quantile (see [93] for details).

Definition 4.1.9. A Tail Value at Risk (TVQR) is a map p® : X — R, indexed by « € (0,1], and
defined by
“(X)=— inf EglX]. 4.10
p(X) =~ int o[ (4.10)
where D¢ := {Q € M;(P) : % <a i}

From the definition, we get that TV@R is a representable coherent RM for any a € (0, 1].
Moreover, if X has the continuous distribution, then we get

p(X) = ~B[X|X < ga(X)], (4.11)

where a € (0,1] and ¢,(X) denotes the a-quantile of X. This representation explains the name
Tail Value at Risk. See [41] for a through discussion about properties of (static) TV@R.

The dynamic version of TVQR could be obtained, modifying the set D*. For a € (0,1] let
{D¢}ier be defined by

DY :={Qec Q;: 4o <a 'L (4.12)
dP

Definition 4.1.10. A Dynamic Tail Value at Risk (ATVQR) is a family {p®}icT of mappings
P X — LY, indexed by a € (0,1), and defined by

(X)) = —essinf Eg[X|F). 4.13
P (X) o ol X |F] (4.13)
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It is straightforward to check that for any a € (0,1), the map {p{ }ier is dRM [41]. Working in
concave framework, throughout this Subsection we will use p® = {p¢},er to denote negative of

{pf }ter, i-e.
3 (X) = —pi(X). (4.14)

Proposition 4.1.11. Let X = L° and let {o%}ier denote negative of dTVQR. Then
1) {o8}er is subadditive (ASPA) and positively homogeneous (dPH).*

2) {ef bt is increasing with «.

3) {p% et is submartingale time consistent in L0

4) {@% et is not weakly acceptance time consistent in LP.

The proof of 1) is straightforward (see e.g. [41]). Indeed for a € (0,1],t € T, >0 (8 € L?) and
X,Y € LY, using Proposition 2.1.3, we get

“(X +Y) = essinf Eg[X + Y|F] > essinf[Eo[X|F] + Egl[X|F
Pr(X +Y) = cssinf FolX +V|.Fi] > css infFo[X| 7] + Fol X| 7]

> %Q?g})%f Eg[X|F] + e@g%)%f EglY|Fi] = ¢f (X) + ¢ (Y),

and
XBX) = inf Eg|8X|F] = inf SEQ|X|F] = B (X).
¢ (BX) %glpta olBX|F] ?Q?zgé ol X|F] @i (X)

Next, 2) is a simple implication of the fact, that for a; > a9 and t € T, we get D;'* C Dy2.
To prove 3), it enough to note that for ¢,s € T, such that s > t, we get D¢ C Dy. Because of
that we get®

¢ (X) = essinf Eg[X|F] < essinf Eg[X|F;] < essinf F[Eg[X | Fs]|Ft]. 4.15

w0 (X) = cssInf Fo[X[F1] < cos inf Fig[X| 7] < cgs Inf B[ X|]|74 (4.15)
Now, using the fact that D is L!-closed (see [41] for details), for any X € L) there exist Qx € DY
such that ¢$(X) = Eg, [X|Fs]. This implies

ess inf E[BolX|FJ|F] = ElBo.[X|F)1F] = Blessinf EolX|FIF] = BlS(X)|F).  (416)

Combining (4.15) and (4.16) we obtain submartingale time-consistency.
For the proof of 4) it is enough to consider the counterexample in L> framework (taken from
[7]). Take a 2-step discrete dynamics with 3 paths in each step and consider

Q = {[uul, [uml, [ud], [du], [dm], [dd]}
where P is uniform on  and F is generated by [u-] and [d-]. Take

X ([uu]) = =10, X([um]) =12, X([ud]) = 14, X ([du]) = —20, X ([dm]) = 22, X([dd]) = 22.

4i.e. p* is a coherent dRM.
®Note, that this implies that negative of dynamic TV@R is weakly rejection time consistent.
®Note that for any Z := 92 we get E[ZX|F] < E[E[ZX|F]|F].
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Then, for a = % we get

o —-20—-10+12+ 14
©5(X) = =-1

4
A O[] = =1 g 0)([d]) = 2 =
which implies —1 = ¢§ (X)) # essinfo(¢ (X)) = 1. It is also worth mentioning that {¢f };e7 is not
middle rejection time consistent.”

The lack of weak acceptance time consistency (and strong time consistency) is one of the main
drawbacks of using dTV@R. Nevertheless, using so called recursive construction (see [2] for details)
for a finite time horizon T = {0,1,...,T} (T' € N) and L* one could define a new (coherent) dRM,
which will be strongly time consistent. For a fixed a € (0,1) it will take the form:

L

7 (X) = — ess inf Eg[X|F, (4.17)
QeDy
for
T-1
DY = {Q € Qtl‘ i% = 11 dd%S, where Qs € DY, %% € L;H}
|| 28 o d0
= {Qe Qt‘ 2@ <a, fors=t,...,T —1, where Z* = @‘J’t}

See [40, Example 2.3.1] or [2, Example 36] for details.

Moreover, one could generalise the family of dTV@R maps, allowing risk-averse parameter to
be non constant, i.e. we can consider a process {a;}teT, where a; € LY and 0 < a; < 1, instead of
a € (0,1) in (4.13) or (4.17) (again see [2, Example 36] for details).

4.1.3 Dynamic WV@QR

In this subsection let us give some comment about a special family of coherent dRMs, namely
Dynamic Weighted Value at Risk, which includes also the family of TV@Rs. The class of dAWV@Rs
appears to be very convenient and analytically traceable (where portfolio optimisation problems
are considered, the reason we introduce those mappings (see e.g. [44, 43] for details).

Let us start, by recalling the definition of the (static) Weighted Value at Risk RM for X = L°

Definition 4.1.12. We say that p” : X — R is a Weighted Value at Risk, if

1
p(X) = [ () (4.18)

where v is a probability measure on (0,1] and {p}4e(0,1] is a family of TV@Rs.

To omit various technical problems, we will generalise (4.18) to the dynamic case using robust
representation. One could show (see e.g. [41]), that the map defined in (4.18) could be rewritten
as

Y(X)=— inf EglX
p'(X) =~ inf Eo[x]

"Take a 2-step discrete dynamics with 3 paths in each step and consider Fi = o({1,2,3},{4,5,6},{7,8,9}),
F=TFo=0({1},...,{9}), X(w) = —w, for w € {1,2,...,9}. Then —8 = ot/3(X) > op/*(¢1/*(X)) = —9.
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for

D~ {Q<P| E[(i% o) < B(z), Vo € R, (4.19)

where

y
®,(z):= sup [/0 - Aly(dN) dz —:Uy]

yE[O,l]

We are now ready to provide the definition of Dynamic Weighted Value at Risk.

Definition 4.1.13. We will call {p} }e1 a Dynamic Weighted Value at Risk if

Y(X) = —essinf Eg[X |7, 4.20
pi(X) = —cssinf Fo[X|74), (4.20)

where v is a probability measure on (0, 1] and

d
DY :={Q¢€ 9} | E[(d% —o)TF] < ®,(x), Vo € Ry} (4.21)
As always we will use notation {¢} };c1 to denote the negative of a dynamic Weighted Value
at Risk. We also know that the static TVQR is law invariant (LI), so there exists a functional ¢",
defined on distributions, such that ¢ (X) = ¢ (Law(X)). Let us now recall some basic properties

of this class of maps.

Proposition 4.1.14. Let v be a probability measure on [0,1). Then
1. For any X € L? and t € T we get ¢¥(X) = ¢"(Law(X|F})).
2. {pY Yier is weakly rejection time consistent in LP.

3. {@¥ et is not weakly acceptance time consistent in LY.

For the proof of 1), see [43, Lemma 2.2]. The proof of 2) is a straightforward implication of the
fact that for s > t, we get DY C Dy and the fact that {¢} }ier is local, i.e. Q could be defined locally
in (4.20). The counterezample for 3) could be constructed using the idea from [7, Section 5.2].

4.2 Dynamic acceptability indices

The family of Acceptability Indices was introduced in [45], and studied (also for the dynamic case)
e.g. in [126, 15, 20]. Let us introduce a family of regular acceptability indices, which will allow us
to show the tight connection between coherent RMs and acceptability indices.

Definition 4.2.1 (Regular acceptability index). Let a be an acceptability index.®

that « is regular if it satisfies:

We will say

1) Nonnegativity, i.e. a(X) >0 for all X € X;

2) Non-degeneracy, i.e.

8i.e. a is adapted (A), translation invariant (TT), monotone increasing (MI), scale invariant (ST) and quasi-concave
(QCC). See page 13.
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(a) a(X) =0, for some X € X;
(b) a(X) = oo, for some X € X;

Similarly, if & = {ou }ier is a dynamic acceptability index, then we will say, that « is regular if for
any t € T, the map «; satisfies 1) and 2).

Let us recall now the duality theorem from [45] for random variables on L.

Theorem 4.2.2. Let X = L™®. A map o : X — [0,00] is a regular acceptability index satisfying
Fatou property (FP) if and only if there exists a family of subsets {Dy}rer, of M1(P) such that
D, CDy forxz<y and®

= 1 >
a(X) = sup {x €R.| inf HolX]> o}. (4.22)

For the proof of Theorem 4.2.2 see [45, Theorem 1].

One could easily see that for each € RT in Theorem 4.2.2, the map ¢*(X) := infgep, Eg[X]
corresponds to negative of a representable coherent RM. Moreover, as for x < y, we get D, C D, we
know that the family {¢”},er, should be decreasing, i.e. p*(X) > p¥(X) forany X € X andz < y.
Theorem 4.2.2 could be generalized to conditional case [15] as well as to the space of stochastic
processes [20]. We don’t present the results here, as they require many technical assumptions and
are not the main topic of this thesis. Let us alone mention that for any decreasing!® family of dUMs
{¢f}er (indexed by = € Ry ; typically coherent dRMs) satisfying certain technical properties and

X:= {(xn)neN | Tn €Ry, 20 =0, Tpyr > xn}a
the dynamic map o = {ay }ter, where oy : X — LY given by
o
a(X) = ess Sup{z Lygon(x)>0y (Tn41 — n)} (X e Xx), (4.23)
(zn)eX 25

is a dynamic acceptability index'! (see [15, 20] for details). With slight abuse of notation, we could
also write that « is such that

a(X) =sup{z € Ry : ¥ (X) > 0} (X e ), (4.24)

understanding (4.24) w-by-w, and taking it’s F;-measurable version (see [20] for details). Conversly,
if o is a dynamic acceptability index, then we could recover the decreasing family of dUMs defining
for each z € R, the map ¢;: X — LY by

@p (X) =inf{lc € R: ay(X —clyy) < o} (X ed), (4.25)

where (4.25) is understood in the same way as (4.24) (again, see [20] for details).

Now, let us show, how transformations (4.24) and (4.25) preserve time consistency. The next
two results will give an important (dual) connection between cash additive measures and scale
invariant measures.

Tf (for a given z € R;) the set D, is empty, we will write infgep, Eg[X] = co. On the other hand if (for a given
X € X), there exists no x € Ry, for which the inequality in (4.22) is attained, we will write a(X) = 0. In other
words, we use convention inf ) = co and sup () = 0.

Wie. pf(X) < ¢?(X)forall X € X, t € T and x,y € Ry, such that z < y.

"Please note that for any X € X and = € Ry, we get {¢F(X) > 0} € F; so a(X) € LY. Moreover, a;(X) > 0 for
any X € X, due to the convention inf ) = co and sup ) = 0, similar to the one in (4.22).
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Proposition 4.2.3. For x € Ry, let {¢f her be a decreasing family of dUMs. Moreover, let us
assume that for each x € Ry, {f hier is weakly acceptance (resp. weakly rejection) time consistent.
Then the family {ay}ier of maps oy : X — LY defined in (4.24) is a semi-weakly acceptance (resp.
semi-weakly rejection) time consistent dUM.

Proof. The proof of locality and monotonicity of (4.24) is straightforward (see [20] for details). Let
us assume that {f }ier is weakly acceptance time consistent. Using Proposition 3.1.8 we get
Lysoyau (V) = 1{W20}(sup{x ERy Ly (V) > 0})
=z 1{%20}(81119{96 € Ry : Lyy>oy[essinfy i (V) + V] > 0})
> 1{%20}<sup{:c € Ry : Iyy, >y essinfy pp (V) > O})

= 14y, >0} essinf, (Sup{:v eRy : Lyyso1p81 (V) > 0})
= Ly, >0y essinfy g1 (V)
This leads to inequality
(V) > Ly, >0 essinfy a1 (V) + 1y, <01 (—00),
which, by Proposition 3.1.8, is equivalent to semi-weak rejection time consistency. The proof of

weak acceptance time consistency is similar. O

Proposition 4.2.4. Let {a;}er be a dUM, which is independent of the past and translation invari-
ant. Moreover, let us assume that {ay et is semi-weakly acceptance (resp. semi-weakly rejection)
time consistent. Then for any x € Ry the family {¢7 her defined in (4.25) is a weakly rejection
(resp. weakly acceptance) time consistent dUM.

Proof. The proof of locality and monotonicity of (4.25) is straightforward (see [20] for details). Let
us prove weak acceptance time consistency. Let us assume that {ay }+er is semi-weakly acceptance
time consistent. Using Proposition 3.1.8 we get

i (V) =inf{c € R: ay(V —clyyy) <}
=inf{c € R: ay(V — clyyy1y) < o}
=inf{c € R: a(V — clyyqy — Vilyy) <2} + Vi
> inf{c € R: 1p>y essinfy a1 (V — clyqny — Vilyy) + jo<oy(—00) < 2} + Vi
= inf{c € R:essinf; ap1(V — clpgry) <x}p+V
essinfy (inf{c € R: oy 1 (V — clypny) < 2}) + V
=essinfy o7 (V) +V;

Which, using Proposition 3.1.8, is equivalent to weak acceptance time consistency. The proof of
rejection time consistency is similar. O

This type of dual representation, i.e. (4.24)—(4.25), first appeared in [45] where the authors
studied static (one period of time) scale invariant measures. Subsequently, in [20], the authors
extended these results to the case of stochastic processes with special emphasis on time consistency
property. In contrast to [20], we consider an arbitrary probability space, not just a finite one.
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4.2.1 Dynamic TV@R Acceptability Index for Processes

Tail Value at Risk Acceptability Index was introduced in [45], as a scale invariance measure of
performance for the case of random variables. Using [20], we extend this notion to the case of
stochastic processes. Let X = VY and for a fixed o € (0, 1] we consider the sets {D§}ser defined
as in (4.12).

Definition 4.2.5. A Dynamic Tail Value at Risk Acceptability Index (Dynamic TV@R Accept-
ability Index) is a family {4 }ser of mappings oy : X — LY, given by

ar (V) =sup{z € Ry : pf (V) > 0}, (4.26)
where for z € R4, we define p* = {pf }er as
T
pi(V) = essinf E[Z) Vi|F], VeV, teT, (4.27)
zeD™ i=t
for (a distortion function) g(z) = lJ%x’ r € RT.

Proposition 4.2.6. Let X = VO and let {at}ter denote a Dynamic TVQR, Accep. Index. Then
1. {at}eer is a regular dynamic acceptability indez.
2. {au}ier is semi-weakly rejection time consistent.

For the proof of 1) one could notice that it is easy to show that p® is an increasing (with respect
to x) family of (negatives of) dynamic coherent risk measures for processes (see [45] and [20] for
details). Hence, the map {o;}ier given by (4.26) is an acceptability index for processes (again,
see [45] and [20]). For the proof of 2), we can use similar arguments as in Section 4.1.2, to conclude
that p® is weakly rejection time consistent, for any fixed x € Ry. Hence, by Proposition 4.2.3 we
obtain that « is semi-weakly acceptance time consistent.

On the other hand {a;}ieT is not semi-weakly acceptance time consistent. Indeed, following
similar reasoning as in the proof of duality from [20] and using Proposition 4.2.4, we get that if
« is semi-weakly acceptance time consistent, then {pf }:cr is weakly acceptance time consistency,
for any x € R,. This leads to a contradiction, since these maps are not weakly acceptance time
consistent, as stated in Example 4.1.2.

4.2.2 Dynamic RAROC for processes

Risk Adjusted Return On Capital (RAROC) is a popular measure of scale invariant measure of
performance equal (see for instance [45] for static RAROC, and [20] for its extension to dynamic
setup). We consider the space X = V! we fix o € (0,1) and set T = {0,1,...,T}.

Definition 4.2.7. A Dynamic Coherent Risk-Adjusted Return on Capital (Dynamic RAROC) is a
family {oy}ser of mappings oy : X — LY, given by

ET Vi|F :
{ % if B[}, VilR] > 0,

Oét(V) = p¢

(4.28)
0 otherwise,

where p (V) = — ess ian Eg[(XL, Vi)|F] for some family {D;}ser, such that Dy C QF. We use the
€Dy
convention oy (V') = 400, if p(V) < 0.



66

Proposition 4.2.8. Let X = V! and let {a;}ier denote a Dynamic RAROC, where the corre-
sponding family {D;}ier is such that Ds C Dy for s > t. Then

1) {au}ier is a regqular dynamic acceptability index.

2) {attier admits representation oy (V') = sup{z € Ry : of (V') > 0}, where {¢} }ieT is given by

T
i (V) = essinf Eg[(Y_ Vi)|Fl,
QeB? p

for family Bf ={Q € Q} : Q= 1J%x]P’ + 155Q1, for some Q; € D, }.
3) {aiter is semi-weakly acceptance time consistent.

The proof of 1) and 2) for the static case could be found in [45, Section 3.4] and could be easily
converted to the dynamic case (see [20, 15] for the idea of the proof). The proof of 3) follows
from Proposition 4.2.3. It is enough to note that for any x € Ry, the map {¢7 }ier is a weakly
acceptance time consistent dUM.!2 It is worth mentioning that {ay };eT might be not semi-weakly
rejection time consistent, see [20, Example 6.5] for a simple counterexample.

4.2.3 Dynamic GLR for processess

Dynamic Gain Loss Ratio (dynamic GLR) is another popular measure of performance, which
essentially overcomes the deficiencies of Sharpe Ratio by penalizing for positive returns, and is equal
to the ratio of expected return over expected losses. For various properties and dual representations
of dynamic GLR see for instance [20, 17]. Let T = {0,1,...,7} and X = V..

Definition 4.2.9. A Dynamic Gain Loss Ratio (Dynamic GLR) is a family {at}er of mappings
a;: X — LY, given by

B[y, VilF]

. T -
w(V) =4 T m P ViR >0,
0 otherwise.

(4.29)

Proposition 4.2.10. Let X = V! and let {o;}ier denote a Dynamic GLR. Then
1) {au}ier is a regqular dynamic acceptability index.

2) {at}ier is semi-weakly acceptance time consistent.

3) {au}ier is semi-weakly rejection time consistent.

The proof of 1) could be found in [20]. To prove 2), we notice that due to Proposition 3.1.8, we
only need to prove that

Oét(V) > :H‘{VtZO} €8S inft(()ét+1(V)) + ]]_{V%<0}(*OO) (4.30)

12See 3) from Proposition 4.1.11, for the idea of the proof of weak acceptance time consistency.
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Next, on the set {V; < 0} the inequality (4.30) is trivial. Because oy is non-negative and local,
without loss of generality we could assume that essinf;(az+1(V)) > 0. Moreover,

ar+1(V) > essinfy (a1 (V)),

which implies

T T
E[ Y VilFer] > essinfy(ap 1 (V) - E[( Y Vi) 7| Feral- (4.31)
i=t+1 i=t+1

Using (4.31) we obtain

T T
]l{vtzo}E[Z Vil Fi] > Ly, >0  EE| Z Vil Feya]| Fi

i=t i=t+1
T
> Lyy>oy essinfi(ar1 (V) - E[Ly,»01 E(( Z Vi) | Fga] | F2]
1=t+1
T
> Lqyz0 essinfy (a1 (V) - B[O Vi) 7| A (4.32)
1=t

Combining (4.32) with the fact that from essinf;(caz41(V)) > 0, we get H{WEO}E[Z?:t Vi| Fi] > 0,
we get 2). The proof of 3) will analogous. See also [20] for more detailed proof of 2) and 3).

4.3 Dynamic limit growth indices

This section is based on [18]. If not stated otherwise, in this subsection we will assume that X = V%
for p € {0} U[1,00]. One should look at X as the cumulative value process of some portfolio. Let
us present a main object of study in this subsection, which we will name Dynamic Limit Growth
Indices.

Definition 4.3.1. A Dynamic Limit Growth Index (ALGI) is a family {(; }ser of maps ¢; : X — LY
such that

In Yz
©t(V) = lim inf 7%( Ve )

4.33
T—oo T ’ ( )

where i : L9 — L9, and {u }er is local (dL) and monotone (dMI). Additionally, we will say that
dLGI is risk seeking, if {ju;}ser is such that py(X) = p(X+) for t € T and X € LY.

We will often refer to {pu }ter as a family of mappings that defines dLGI. The maps introduced
in Definition 4.33 have a natural financial interpretation. The cumulative log-return over the period
(t,T) is a common way to measure the process growth. Because it is a random variable, we use
a tUM, say p, which represents our preferences (at time ¢). Finally we divide the outcome by T
to normalize it in time. Taking the liminf as T' goes to infinity allows us to measure the long-time
efficiency of our value process. We use liminf because we want to measure the actual (worst case)
efficiency of our portfolio. It also makes this measure more robust (at least to losses). Also, note
that risk seeking dLGI ignores the losses in the sense that it substitutes all losses (negative log
returns) by 0.
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We want to use dLGI to assess performance of value processes: the greater the value of dL.GI the
better the performance of the portfolio. This is in line with the theory of performance measures. In
particular, we are interested in identifying conditions under which dLGIs are quasi-concave dPMs.
Towards this end, we provide Proposition 4.3.2 that give sufficient and necessary conditions for
dLGI to be quasi-concave dPM.

Proposition 4.3.2. Let {¢;}er be a dLGI defined in terms of {ui}ier. Then, {¢i}er is quasi-
concave dPM if and only if for anyt € T, and any V € X,
) (In V)

In ¥£
ot U2 g 22 VE) (4.34)
T—o00 T—o00 T

Proof. Let {¢:}ier be dLGI generated by {pu}ier. We know that {p}ier is (dL) and (dMI).

(<) Let {pt}eer satisfy (4.34), and we will show that {¢;}ier is a quasi-concave dPM.
(dMI) is straightforward. Let V,V’ € X, such that V > V’. We will show that (V) > ¢ (V')
for any ¢t € T. Consider ¢,7 € T, such that 7' > t. Since Vp > V., we have that InVy > In V], and

consequently £ (I;VT) > “t(l;v%), for any T > t. Hence,
lim inf 7%(111 Vr) > lim inf L(ln Vr‘;)
T—00  T—oo T .

Next we prove (dL). Let us fix t € T and A € F;. For T > t, using (tL) of y; and the convention
000 =0, we deduce

In14V; 1 In14V;
Laor(La 1 V) = 1 liming 200 2AVE) g e Tane(In 1aVr)
T—o00 T—o0 T

. 1ape(1alnlyVp) e 1ape(1alnVp+141nly)
= liminf = lim inf

T—oo T T—o0 T

1 141InV; 1 In V1

iminf 1A a0 Ve) e dannVe) o o,

T—o0 T T—o0

Finally, let us prove (dQCC). Let t € T, V,V' € X and A € &}, 0 < A < 1. Without loss of
generality, using the fact that p; is (tL), we assume that 0 < A < 1. Since log is monotone, and
V.,V >0, we get

(Aot V4 (L= A) - V') = lim g POV £ (= V7]

T—o0 T

[min {Ht(ln AVr) pe(In(1 — \)Vp) H

T ’ T
!
= min (lim inf pe(In V) ,lim inf M)

T—o0 T—o0
= SOt(V) A Sot(vl)v
which completes this part of the proof.

(=) Assume that {¢; }er is a quasi-concave dPM. Let t € T, V € X, and define V! = Vj for s # ¢,
and V/ = min (1,V;). Note that V' € X, and V > V'. As ¢, is (MI), we get

> liminf
T—o0

V/
In Yz pe(In 377)
lim inf al V2 > liminf ,
T—o0 T—o0 T
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using (tL) of ¢, we continue

vr 1 In V)
(i 3F) (e In g
tve Bt = W it
Next, since V/ =1 on the set {V; > 1}, we have
\% /
. e(IngF) . e(lpy>1yIn V)
Lvizn Hminf =772 = Lo liminf =27,
and since Vp = V. for T' > ¢, we finally conclude
. e(IngF) . pue(In V)
ez Hpnind =t 2 L lipint S

Note that 1;y,>1) ln‘% < lyy,>1y InVp for T > ¢. By (MI) of yu, we get

%)

n Vs (hl VT)

<oz nint #5

. t

iy lim inf
Combining the above inequalities, we have that equality (4.34) holds true on set {V; > 1}. The
proof for the set {V; < 1} is similar. O

Relation (4.34) says that the value of the dLGI at time ¢ is independent of the value of the
process V at time t. As mentioned above, the purpose of dLGI is to measure the long term growth
of V', which intuitively should not depend on the current state.

Remark 4.3.3. For X = V% an equivalent formulation of condition (4.34) is to require that for any

t €T, me LY and {X7}ren such that Xp € EO, we have that

lim inf M = liminf

T—00 T—o0

Mt(XT)‘

In particular, this will be satisfied if there exists a family of maps f; : LY — LY such that for all
X € L |u(X +m) — (X)) < fir(m) on the set {u(X) # oo}, and (X + m) = u(X) on
{p(X) = £oo}. For example, if u; is cash additive (tCA) then fi(m) = |m| (see also Proposi-
tion 4.3.6).

Corollary 4.3.4. Let {yt}ier be local (AL) and monotone (AMI), and let ¢ = {¢i}ieT be a dLGI
generated by {p}ier. Then

1) The family ¢ is adapted (dA), local (dL), scale invariant (dSI) and independent of the past
(dIP).

2) If {p}ier satisfies (4.34), then ¢ is quasi-concave dPM, i.e. ¢ is monotone (dMI), quasi-
concave (AQCC) and translation invariant (dTT).
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Remark 4.3.5. By Corollary 4.3.4, any dLGI that is generated by {p}ier which admits represen-
tation (4.34) fulfils all core conditions of dPMs introduced in [20] (except of time consistency and
positiveness), and for static case introduced in [45], which were the object of study in the previous
subsection (See Subsection 4.2). Thus, dLGI can be seen as a dynamic measure of performance of
a given value process and in fact a dynamic acceptability index. Similar remark applies to dLGIs
defined as [p:(V)]".Nevertheless, it should be mentioned that this class of maps is not normalized
in the sense of [45].13

Next we will show that dLGIs that are also quasi-concave dPMs could be easily generated
through dRMs or dCEs, as shown in the next two propositions.

Proposition 4.3.6. For any dRM {p;}ier defined on L0, the family {—p¢ }er is local (dL), mono-
tone (AMI) (hence generates a dLGI) and satisfies condition (4.34). Moreover, let {p;}icT be given
by pr(X) = pe(XT). Then {—pi et is also local, monotone and satisfies condition (4.54).

Proof. Let {p;}ter be dRM defined on L°. (MI) and (tL) of {—p;}er follow directly from the
definition of dRM. Let us fix ¢ € T. First we will prove that condition (4.34) is satisfied by
{=pt}ter. For V € X, we have
—pi(In Y2 (1 —1 (1
lim inf 7/%( Ve ) = lim inf pi(InVr) n Vi = lim inf 7@;( nVT).
T—o0 T T—o0 T T—o0 T

The above equality is straightforward on set {V; > 0}, since 2% — 0, T — occ. On the set {V} = 0},
we have that 1;y,—yVr = 0, and by (tL) and (N) of —p;, we get that both sides are equal to (—o0).

Next we will show that (4.34) also holds true for p, given by p:(X) = p:(X ). Let V € X. On
the Fi-measurable set {V; = 0} both sides of (4.34) are equal to 0. Due to this, and (tL) of p;, we
can assume that P[V; > 0] = 1. Then, it is easy to note that

—pe([n §FJ* —pe(1L In Yz
lim inf M — liminf pi( {Vr>Vvi} HHyy )
T— o0 T T o0 T
_ tim g —2t vy IV = Lgvroviy In V)
T—o00 T

Also, one can easily deduce the following inequalities
H{VT>1} InVp — 2‘ ant\ < ]1{VT>Vt} InVp — ]l{VT>Vt} InV, < H{VT>1} InVp + ‘ In VH

From the above, and monotonicity of dRM, we get

—p([1 21 — o (lIn Yz 1+ o N :
lim inf pe([ln Vr] 2‘n%‘)gliminf il Vt] < liminf pi([In V] +2]nV}]).

T—o00 T T—o0 T—o00 T

Since —py is (tCA), continue

- 1 + 4+ 2|1 — 1 + + 9|1 B 1 +
lim inf —2UVET £2AMVID _ g Zoelin Ve ) 22 V], e —pliin V)T
T—oo T T—o0 T T—o0 T
which concludes the proof. B

Bie. pu(V) =00, if V> 0and (V) =0, if V < 0.
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Proposition 4.3.7. Let {y et be dCE defined on L°. Then, {uu; }ser is local (AL) and monotone
(dMI) (and hence generates a dLGI). Moreover, if additionally u from (2.9) is bi-Lipschitz on R
(i.e. w and u~t are Lipschitz), then {u}ier satisfies (4.34).

Proof. Let {u}ter be a dCE, with u being a continuous an increasing function. Clearly {p}eer is
(dA).

(dMI) is straightforward. Let us fix t € T. Let X,Y € L° X > Y. Because u is increasing
transform we get u(X) > u(Y), and E[u(X)|F] > E[u(Y)|F]. Now, u~! is also an increasing
function, so u™(E[u(X)|F]) > v H(Eu(Y)|F]).

Next we prove (dL). Note that any deterministic function, in particular v and u~!, is local.
Thus, for any ¢t € T and A € F;, we have

Lap(X) = Lavw (E[u(X)|F]) = Lau (1aE[u(X)|F))
= Tau” Y(E[law(X)|F]) = Lav™ (Elu(14X)|F])
= Tau(1aX),

which proves that p; satisfies (tL).

Finally we will prove the second part of the Proposition 4.3.7. Let u be a bi-Lipschitz function
with L, € R and L,-1 € R being the corresponding Lipschitz constants. Consider ¢ € T and
V € X. On Fi-measurable set {V; = 0}, 11y,—0}Vr = 0, and hence both sides of (4.34) are equal
to —oo.

From now on we make a (reasonable) assumption that P[V; > 0] > 0, which due to (tL) of 1,
allows us to assume that P[V; > 0] = 1.

First we prove that for a fixed T' € T, we get

{v Y EunVy)|F]) = —co} = {u  (E[u(ln “//::)]ft]) = —o0}. (4.35)
As w is strictly increasing we know that (4.35) is equivalent to
{Eu(lnVy)|F] = u(—o0)} = {E[u(ln “/Z)U:t] = u(—o00)}. (4.36)

Next we consider two cases: a) u(—o00) > —oo and b) u(—o00) = —c0.

Case a) It is clear that the set {E[l{y,—oy|F:] = 1} is the subset of both sets in (4.36). Thus, it is
sufficient to show that

P{Elu(n V)| F] = u(=00)} N {E[1 0} F] > 0}| =0 (4.37)

and
P[{Elu(tn J1)IF] = u(~00)} 1 {ElL 0y 7] > 0}] = 0. (438)

Let us prove (4.37). Let
B = {E[u(ln VT)’]:t] = u(—oo)} N {E[l{VT>[)}|~Ft] > 0}.
Note that B € F;. On the contrary let us assume that P[B] > 0. Then

P[{Vr > 0} N B] = E[1pE[1{v;>0y|F]] > 0.
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Because {V >0} N B = U,en {Vr > 1} N B, we know that there exists ng € N, such that
P{Vy > nio} N B] > 0. Using that we obtain

E[IBE[u(ln VT)’]:tH = E[lBE[l{VT>L}U(1n VT) + I{VT<%}U(1H VT)‘,FtH
ng =n

1
> E[lBE[l{VT>%}U(1D ni()) + 1{VT§%}U(_OO)“T_%H

1
> E[lpu(—00)]. (4.39)

Inequality (4.39) jointly with the definition of B leads to contradiction with the assumption that
P(B) > 0, which verifies that (4.37) is true. The proof of (4.38) is analogous, since P(V; > 0) = 1.

Case b) It is enough to show that

{Elu(ln V)| 73] = —o0} = {Efu(la 11)|5i] = —o0}. (4.40)
Now, because u is Lipschitz and V; > 0, then, on the set {Vp > 0} we get
u(lnVp) — Ly | In V3| < u(ln “//::) < u(lnVp) + L,|In V4|. (4.41)
In addition, the above inequalities obviously hold true on the set {Vp = 0}, as on this set we have
u(InVr) = u(ln va) = u(—o00) = —oo. Consequently,
Elu(lnVy)|F] — L,/ InV;| < Elu(ln “//f)\]-'t] < Elu(In V)| F] + Ly|In V. (4.42)

Analogously, we obtain
VT VT
Elu(ln 7)|}}] — Ly|InV;| < Elu(InVp)|F] < Elu(ln 7)\]—}] + Ly|In V. (4.43)
t t

Combining (4.42) and (4.43), we obtain equality (4.40). So, (4.35) has been demonstrated.
Next, noting that Vp < oo, and applying similar reasoning as in the proof of (4.35), one can
show that

(= (E[u(ln V)| F]) = 400} = fu (Efu(ln ‘Z)]]—"t]) — tool. (4.44)
Now, let
K; = {u Y EulVy)|FH]) = —oo}, Ki = {u Y EulnVr)|FH]) =0}, TeT.

Combining (4.35) and (4.44) we obtain u:(In Vr) = pi(In va), on F-measurable set K UK. On
the set (K, U K;})¢ we get |u(InVr)| < oo and |p(In va)| < 00. Moreover, since u is strictly
increasing we also get |E[u(In V)| F]| < oo and |E[u(Iln ‘%)U-}H < 0o. Thus, using the fact that u
is bi-Lipschitz, then, on set (K5 U K;)¢, we get
_ % _ %
[w™ (E[u(In 7T)|ft]) —u" (Blu(ln V)| F])| < Ly-1|Elu(ln %ﬂft] — Elu(ln V)| F]]
t

< L,1Ly|InVj. (4.45)
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We are now finally ready to prove the main statement. Let
K ={fweQ: ) lg-(w) <oo}, KT i={we: > Lgehye(w) = o0}
TET TET
Using (4.45), on the set K~ N Kt we obtain

In¥r) — 4y (InV, _
liminfIm( ) — e ( T)\ShminfLuLul\lnvt\

= 0.
T—o0 T T—o00 T

which proves the equality (4.34) on this set. Using (4.35) we get the equality (4.34) on (K™)%
similarly, using (4.44) we get (4.34) on (K1)¢. This completes the proof. O

Corollary 4.3.8. By Proposition 4.3.6 and Proposition 4.3.2, any dLGI generated by py = —ps,
t € T, with {pt}ter being dRM, is quasi-concave dPM (for processes).

4.3.1 Dynamic Risk Sensitive Criterion

Dynamic analog of Risk Sensitive Criterion [21], that we study in this section, is one of the most
notable examples of dLGI. For simplicity we will assume that X = VY.

Definition 4.3.9. A Dynamic Risk Sensitive Criterion is a family {¢] }ter of maps ¢] : X — LY,
indexed by v € R, and defined by

V) = { lim infr_, %% In E[V]|F] if v#0,

4.4
bt lim infr o0 & Eln V| F) if ~ = 0. (4.46)

Remark 4.3.10. It is well known (cf. [61], and references therein) that for some processes V' that
are Markovian, the value of (] (V) is constant (independent of ¢ in particular). In such cases of
course, the analysis carried below trivialises. For example, let V' € X be such that Vy > 0 and
Vi = Voexp(32t_, Xi), where {X;}ier is adapted, X; is independent of F;_; and X; ~ A/(0,1). In
this case, ¢/ (V) = 0. See also Subsection 5.1. Nevertheless, the class of processes V, for which
¢/ (V) is a non-constant process, is quite rich; see e.g. (4.66) and (4.65).

We say that the Dynamic Risk Sensitive Criterion is risk-averse if v < 0, risk neutral if v = 0, and
risk-seeking if v > 0. Please note that with ¢ = 0 we get the standard definition of (static) Risk
Sensitive Criterion [21]; in particular, when v = 0, the Risk Sensitive Criterion is called the Kelly
criterion. We are now ready to present the main result of this Subsection. Arguably, properties 5)
and 6) stated in Theorem 4.3.11 are the most interesting ones.

Theorem 4.3.11. Let v € R and let {p] }ier be a Dynamic Risk Sensitive Criterion. Then
1) {@] }eer is dALGI generated by {—p] }rer'™;

2) {¢] her is dPM, which admits (QCC);

3) [(pZ(V)]Jr is a risk-seeking dLGI if and only if v > 0;

4) {&] her is increasing with v, in Vi ;

14{p2}t€11- denotes dynamic entropic risk measure with parameter v € R, see Subsection 4.1.1 for details.
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5) {p] her is supermartingale time consistent in Vi if and only if v > 0;
6) {p] }rer is submartingale time consistent in Vi, if and only if v < 0.

Proof. For a fixed v € R, let {¢] }+e1 be a Dynamic Risk Sensitive Criterion.
1) It is enough to show that

—oY(In Yz
o] (V) zliminfipt( Vt), teT, VeEX. (4.47)
T—o0 T
Note that on Fi-measurable set {V; = 0}, 1{y,—01Vr = 0, and hence both sides of (4.47) are equal
to —oo. Thus, due to (tL) of ¢, it is enough to consider the case P[V; > 0] = 1.
For fixed V € X and t € T we have

Y (1n YT
cpl(ngE) o InElexp(yln ¥E)|F] [1 1 y 1 o
hTIglo%f — = 117{1101;{-’ T = hTHBOIéf T In B[V | F] T InVi| = ¢/ (V).

For v = 0, we immediately get

—pd(In Y2 E[l 1
lim inf 7@/( Vi ) = liminf [In V| 73] — n Vi
T—o00 T—o0 T T

el
} = I}I“Hi:o%f TE[IDVT‘}H =@ (V).

2) It is an immediate result of Corollary 4.3.8 and 1), since {p; }1er is dRM.
3) («=) It is enough to show that for v > 0 we have (see Proposition 4.3.6)

—o1 (In Y£I)

(o7 (V)] = liminf Vil 7 (4.48)

T—o0 T

As in the previous case, without loss of generality, we can assume that P[V; > 0] = 1. For every
teTand V € X, we deduce

—p) (In Yz )+ In Elexp(y[In Y] )| F gl
liminfM = liminf ({7 Vt] 7 = liminf 11 lnE[maX (ﬁ, 1) U:t}
T—o00 T T—00 ’yT T—o0 T’)/ ‘/t
11 1
= lijﬂnigéf—;lnE HMX(‘ZT’V;)LB] = hIIi)lOI;f [f; In Fmax (Vp, V;)"|F] — T In Vt}
11
= liminf — — In F[max (Vp, V;)" | F). (4.49)
T—o0 Y
Using the above, and the fact that Vi < max (Vi, Vi), and —p] ([In ¥ ] ) >0, forall Ve X, we
have the following inequality
11 Lt = (IngE)
— < L & T .
[thL inf o nB[VZ|7]] < limint - (4.50)

Next, we will prove the converse inequality. Without loss of generality, using locality, and the fact
that the function [-]* is non-negative, we could assume that

ol ([ 7))
1 Y L. 4.51
(e 4oy
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Let X7 := E[lyy>v, Vi | Fi]. Using (4.50), (4.49), and because E[1Lgy, <y, V; | Fi] < V7, we get

Vr+
.11 11 —p/([In F]7)
- < — 24 < v s 7
thilo%f T In X7 < hm 1nf ln EV, | Fi] hniloréf T
= lim inf —1 In Elmax (Vp, V;)7|F] < hmlnf —1 ln(XT + V). (4.52)

T—o00 T"y

Due to (4.51), and the fact that v > 0, we have (X7 + V") =g 0o, and consequently X =% .

Thus,
|In(X7 + V) —In(X7)] -0, T — cc.

Using (4.52) we conclude the proof.

3) (=) For v = —1 it is enough to consider a simple example
-7 -7

= e we [0,e ],

Vir(w) = { el wele T ).

This example could be easily modified for any v < 0. For v = 0 it is enough to consider

-T? 1
= _Je w € [0, 7],
Vr(w) = { el welg, 1]

4) This is a direct result of the analogous property for negative of the dynamic entropic risk measure.
See Proposition 4.1.3.

5) (<) Let s>t >0€ T,V € V., and ms € L%. It is enough to prove that
ePAWV) > ems s (21 (V) > oBlms| 7, (4.53)
It is easy to note, that

1
cP1(V) _ Jliminfrooe 22 mBVRIE] _ liminfr e ln [Ev;1F07T |
2 % 1
_ liminf & [PVZIR1T] lim inf B[V, F,]7T
T—o00 T—o00

Using this, we conclude that (4.53) is equivalent to the following
s = E[ms|F,
lim inf E[VF|F.]77 > €™ = liminf B[V F]7T > e sl Fel (4.54)
— 00
Assume that lim infp_, E[V/]|F; ]% ™s_ Due to the tower property we have
a1 1
thi)lOr(l)f EV|FT = hTrrigoréfE [E[VA|F|F] T

1
Since, 0 < ,%T < 1, for T large enough, we get that the function f(z) = 27T, x > 0, is concave.
Consequently, by Jensen’s inequality, we continue

o ) it L
I%Fni)loréfE[ (V7| FS]|F] 7T hmlnfE[ (VA F)T | R
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Since, E[V} \.7-"3]%7“ is non-negative for every T € T, by Fatou lemma, we conclude
1 . 1
liminf B[E[V7|F]77| 7] > E[liminf B[V7|F]7T|F].

1
Finally, using the fact that lim infp_,o E[V}/|F]7T > €™, and by Jensen’s inequality for f(z) = e”,
we get,

E[nTminfE[vafS]ﬁ Fi] > Ele™|F,] > eElmlFi]
—00

which completes the proof.
5) (=) Let v = 1, and let {V}ren be defined by

1 1
=5 o T w € [O, T}’
ORI, (455)
For w # 0, we have
~ ~1 1 InT
1 (Vr)(w) = liminf ——1In ) = lminf{(——7) - Ijp 1)(w) +1- 1z y(w)] =1.
On the other hand
~ ~1 1 ~1 T-1 —Inl
o5 (Vr) = liTniioréf—lnE(‘?—T) = liminf — In(1 + e”") < limint g}

Thus, with m; = 1, we get
o1 (V) = mi % o5 (V) = E[ma| Fol,

which contradicts acceptance consistency. This counterexample can be easily adjusted for any
v < 0.
Similarly, for v = 0, we consider

6) (<) Let t € T, V € V] and v < 0. We want to prove that for s € T, s > ¢, and ms € LY, we
have
pI(V) <ms = ¢/ (V) < E[m|F]. (4.56)

Doing similar operations as in 5), we deduce that (4.56) is equivalent to
lim inf B[V]I|F,]77 < ™ = liminf B[V}l F]5T < eFmsF, (4.57)
T—00 T—00

Since for v < 0 and nonnegative = the function f(x) = 27 is decreasing, we have that (4.57) is
equivalent to

[liminfE[Vﬁ]:S]%T ! > M = [liminfE[V%]]:t]%T ! > VFlmsl il
T—o0 T—o0
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which is consequently equivalent to
limsup | B[V \fs]wﬂv > & = limsup [E[V] ]}“t]%T]A/ > 7EmalF],
T—o0 T—o0
From here, we conclude that (4.53) is equivalent to
limsup B[V |F|T > ™ = limsup E[V]|F]T > 1Flmsl7i, (4.58)
T—o0 T—oo

and thus we will verify this implication.
To give a better intuition of the proof of (4.58), first we will consider ¢t = 0, i.e we will show
that that for any ms € L2, we have that

lim sup E[Vr_,ﬂ}'s]% > "™ = limsup E[Vr}]% > evBlms], (4.59)

T—o0 T—o0

Assume that s > 0, ms € L, and such that

lim sup E[VT7|.7:5]% > eMs,
T—oo

Note that, there exists a set C' € Fy, such that P[C] > 0 and 1ce?™s > 1o FE[e?™]. Hence,

Lc limsup E[V]|F]T > Lo E[e™™).

T—o0

By Jensen’s inequality, we continue

Lc limsup E[V]| F]T > LaerElmsl, (4.60)

T—o0
Let € > 0, and put BS := {w € E[Vﬁfs}%(w) > ¢7Elmsl=¢1 Notice that

C C limsup BY,

T—00
which consequently implies that
P[limsup pr} > 0. (4.61)
T—o0
From here, by Borel-Cantelli Lemma, we get that > ;o P[BS] = oco. Since the last series is
divergent, there exists a subsequence {7, IS}(k:LZ...) such that
P[B%e] > 1
(T

Using this, we have the following chain of inequalities

lim sup E[Vg]% = lim sup E[E[qu\}—s”% > limsup E[ILB%E[VQYU‘EH%

T— o0 T—o0 T—o0
> lim sup E[IlBeTe(vE[mS]_G)T] T > eVElmsl=¢1im sup P[BS] T
T—o0 T—o0

3~

Te 1
> eVElmsl=¢ lim sup P[B%;]Tk > eVElmsl=¢ lim sup [(TE)Q} .
Tf—o0 Tf—o0 k

_ ewE[ms}—e‘
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Hence, taking into account that € > 0 was arbitrary chosen, implication (4.59) follows immediately.

The proof for ¢t > 0 follows similar line of ideas as for t = 0, although it is a bit more technical.
For sake of completeness we will present the proof here too. The proof is done by contradiction:
assume that (4.56) is not true for some s € T, s > ¢ . Then, since (4.56) is equivalent to (4.58),
there exists V € V, ms € L? and A € F;, P[A] > 0 such that for

lim sup E[V} |.7:]% e’ and hmsupE[V7|]:t]% eYElms|Fd, (4.62)

T—o00 T—o0

almost surely on A. Note that there exists € > 0 and As € Fy, As C A, P[Ag] > 0, such that

< 1y, eV BlmslFil=2¢ (4.63)

Sl

14, limsup E[V{f | Ft]

T—oo

Let us consider the following sets
By i={we Ay: E[Vq?]]—"s]%(w) > evE[ms\]-'t](w)—e}’

Do:={w€Ay: Y Ellp|F]<a}l, acNU{+oo}.
T=1

Note that D,, € F; forany n € N, D,, C D,, for n < m, and Dy, = UpenDy € Fi. Next we consider
two cases: a) P[Dy] > 0 and b) P[Dy] = 0.

Case a) Since P[Dy] = P[lim, o0 Dy] = lim, 00 P[D,,] > 0, there exists ng > 0 such that
P[D,,,] > 0. Consequently,

o0
> P[BEN Dyl < no.
T=1
From here, by Borel-Cantelli Lemma, we get

P[lim sup[BT N Dy,]| =0,

T—o0

which implies that

o imsup B[V |]:]% < anoevE[nﬂ”S‘]_—t]*6
T—o0

that contradicts (4.62) on some set of positive measure.
Case b) Let P[Ds] = 0. First note that,

1 1 1
limsup B[V} |F]T = limsup E[E[V]|F]|F]T > limsup E[1pe B[V | F]|F]T
T—00 T—o00 T—o0
> limsup E[1p, e(VElms| 7= 6)T|.7-"] Y ElmslFi=¢ im sup Ellp, ]]-"t]T (4.64)
T—o0 T— o0

Since Dy C A9, and P[D] = 0, we have that for (almost) every w € As there exists a subsequence
{T;7*}ken such that

E[1 By | F] (w) > T
k
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Using this, and (4.64), we conclude that for (almost) every w € As
1 _1_

lim sup E[lBe ].7-}]%( ) > limsup E[lBe ]}}]Tiiw(w) > lim sup [TQ}
T—=o0 Tp* =00 TpY =00 (Tk )

Thus, almost everywhere on As

lim sup E[V!|F] T > erElms|Fi]—e
T—o0

Combining the last inequality with (4.63), we get

14, B FI=2€ > 1 limsup E[V; | FT > 14,e7Em17 =,
T—o0

which leads to contradiction, as P[As] > 0.

6) (=) As in the previous case we will consider only v = 1 and v = 0. For v = 1, we take {XA/T}TGN
defined by

Vr(w) = { 1T6T Zg E%ﬂ (4.65)
Then, we have
1,5 InT
e1(Vr)(w )—hmlﬂf*hlVT( ) = Uminf[(1+ =) Ljg 1)(w) +0- 11 yw)] =0, w#0.
On the other hand
oo (V) = thLio%f%lnE(VT) = liTHi)ioréf%ln(eT + %) > hTrgiO%f% = 1.

Thus, with m; = 0, we get
p1(V) <mi # o5(V) < E[ma|Fol,

which contradicts rejection consistency.
Similarly, for v = 0, we consider

O
We conclude this section by presenting an example that is related to properties 4), 5) and 6).

Example 4.3.12. Let ([0, 1], B(]0, 1]), {F¢}ieny, P) be a filtered probability space, where P is the
standard Lebesgue measure, B(A) denotes the o-algebra of Borel measurable sets of A, Fy is trivial
and F; = o(K}, .. K2 ), where K} := [Q;HU, 2t+1] Let X (w) = w for w € [0, 1], and let {‘A/T}TeNO
be defined by

Vr(w) = e PEITIW), (4.66)
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We will derive explicit formula for the dynamic risk sensitive criterion ;. We start with the case
of v = —1. For fixed t € Ny, we get

©; 1(V) = lim inf -1 In E[e~ T F] = lim inf(—1) In B[(e” P 7 VT,
T—o0 T T—00
Next for w € K} and T € T, noting that E[(e”PXIFTHT| F]Y/T () is in fact a power mean, we

obtain

(=1
lim sup E[(e " FXIFTHT| FIVT () < lim supless sup(e PVTI@))) < esssup e ™ @) = ¢~ ST

T—o0 T—oo  wekK;} weK]
(4.67)
On the other hand using Jensen inequality, for any Ty € T, such that Ty > ¢, we get
lim sup E[( X|.7:T]) ’f]l/T( ) _ hmsupE[E[eiTE[Xu:T}’.FTOHE]UT(W)
T—o00 T—o0
> limsup Ele~ TEEXIFTIFR]| F1VT (1)
T—o0
= lim sup E[(e_E[X\fTO])T’E]l/T(w)
T—o0
~BIX|Fr)) _ ot ymrr).
=esssupe Tol = ¢ * 2tHT 2T0+1 (4.68)
weK;}

Letting Ty — oo, and combining (4.67) with (4.68), we conclude that for w € K7,

PN 20—y 2(i—1
pr {(V)(w) = (1) Ine” 27T = (2t+1 :

Using similar computations, it is easy to show that, for v € R and w € K}, we have

2(i—1)

R %t+1 v <0,
A7) = 25
2t+1 v > 0.

Now, it clear from the above formula that ng(‘A/) is increasing in 7y, so that property 4) is fulfilled.
In addition, one can easily check that process @Z(‘A/) is a submartingale (resp. supermartingale),
with respect to the filtration {F;}ien,, when v < 0 (resp. v > 0).

It is interesting to note that the values of @2(‘7) are separated into three regimes: risk-seeking
(v > 0), risk-neutral (v = 0) and risk-averse (y < 0).

4.3.2 Dynamic Limit log-V@R

Let X = VY,

Definition 4.3.13. A Dynamic limit logarithmic Value at Risk (Dynamic limit log-V@R) is a
family {¢¢ }se of mappings ¢ : X — LY, indexed by a € (0,1), and defined by

(]
e (V) = liminf 4T (In V)

Tooo T (4.69)

where ¢f*(X) denotes Fi-conditional (upper) o quantile of X.!°
Bie. ¢f(X) =esssup{Y € L? | Ell{x<vi|F:] < a}.
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Proposition 4.3.14. Let X = V! and let {¢o%}ic1 denote a dynamic limit log-V@R. Then
1) {¢¥}er is a dynamic acceptability inde.
2) {e¥ her is increasing with «.

The proof of 1) is a direct result of Proposition 4.3.6. The proof of 2) is straightforward

Remark 4.3.15. We have introduced this mapping to show one interesting observation. The mapping
p(X) = —¢*(X) corresponds to the conditional version of a standard Value at Risk (V@R). It is well
known that V@R in general is not quasi-convex (QCV), see e.g. [77, Example 4.41]. Nevertheless,
the corresponding dynamic limit growth index defined in (4.69) is quasi-concave (QCC) due to
Proposition 4.3.6.
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Chapter 5

Selected stochastic control problems

This chapter is devoted to the study of selected (financial) dynamic stochastic control problems
in discrete-time. We will show, how one can use dynamic risk and performance measures both as
value functions and as constraints in various optimisation problems. We have focused only on three
representative problems, which could provide a general overview in this area. In particular we hope
they will justify the need for further studies of time consistency property. For a general good survey
about dynamic stochastic control and problems which arise in this area, please see [119]. Please
also see e.g. [3, 109, 120, 136] and references therein for more problems, which involve stochastic
control and (dynamic) risk and performance measures.

This chapter is organized as follows. The first example will be connected to dynamic limit
growth indices, and will show how to solve infinite time horizon control problem for risk sensitive
criterion, under certain ergodic assumptions on the underlying dynamics.

The second example will show how to solve a finite-time, multistep dynamic portfolio selection
problem, when risk constraint is described by a strongly time consistent (coherent) dynamic risk
measure.

Finally, the last example will show how to solve an optimal stopping problem for american
options and explain why the least-square numerical approach to this problem is valid, even if the
underlyings follow a non-Markovian dynamics and the problem is multidimensional.

5.1 Risk sensitive criterion for Markov decision processess

Many stochastic control methods are used in theoretical studies of portfolio management (cf. [120]
and references therein). Among them, Risk Sensitive Criterion (RSC), introduced in Section 4.3.1
is one of the most recognised one. It has many advantages over the standard theoretical methods,
which are usually based on expected utility criterion. Let us alone mention difficulties associated
with the estimation of model parameters or traceable difficulties which arise when we try to compute
optimal trading strategies for the realistic security market models. Moreover, following [22] we
would like to stress out the fact, that risk sensitive criterion could be seen as a risk-to-reward
criterion. Applying Taylor expansion around v = 0, we get that the static version of RSC with
parameter v, denoted by ¢7, could be presented as

11 1
¢7 (V) = liminf T In E[V}] = lim inf T El[ln V] + %Var(ln Vr) +0(2,1)]. (5.1)

T—o0 Y T—o0
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This shows, that RSC could be seen as a measure of performance, which penalise expected growth
rate with asymptotic variance multiplied by risk-averse parameter « (for v < 0). Of course this only
appiles for problems, for which the last term (i.e. O(v2,T)/T) vanishes, when T goes to infinity.
Nevertheless, this assumption is satisfied for a lot of standard dynamics, as explained in [22, Section
5], so (5.1) brings out the motivation, which led to this class of maps. Also, RSC is a Limit growth
index, with gives its financial interpretation (see Section 4.3 for details). We refer to [22] for a
further discussion about economic properties of RSC.

The study of RSC is connected to the optimal control literature, mostly to Markov controlled
decision processes (see [91, 90, 58]) for infinite time horizon. The connection to portfolio optimi-
sation was showed in [21], when RSC was applied to continuous time infinite time horizon, when a
version of Merton’s intertemporal capital asset pricing model was considered [111]. The analogous
result for discrete-time market model was shown in [136].

There are many sophisticated methods used in the control theory, which guarantee the existence
of the solution to Bellman equation associated with RSC. Let us alone mention the vanishing
discount approach [89] or fixed point approach [58]. The assumptions under which the existence of
the solutions is guaranteed are related to ergodic properties of the considered process [58, 101, 90,
89]. The most recent results relate to Doeblin’s conditions [31] or Markov splitting techniques [59].
The theory of RSC is also strictly connected to Multiplicative Poisson equations [59] and Issacs
equations for ergodic cost stochastic dynamic games (cf. [89, 72, 51] and references therein).

In this example we will focus on the infinite discrete time horizon, and follow the standard fixed
point approach (also called span-contraction approach) used in [136]. We will also adapt some of
the ideas used in [60, 58, 59, 61, 51, 90]. In particular we will consider problems of the form (2.20),
with various (ergodic) assumptions imposed on set Z, which describe all admissible portfolios, and
RSC will be used as optimality criterion.

This Section is organized in follows. Subsection 5.1.1 will be devoted to the general setup in
which we will introduce the problem and make all assumptions (e.g. on dynamics, control, etc.).
Next, in Subsection 5.1.2 we will introduce the Bellman equation which naturally arise when we
study problem introduces in the previous section. We will also solve the stochastic control problem
stated before in general framework. Finally, in Subsection 5.1.3 we will show exemplary dynamics,
commonly used in practise, that could be fit to our model.

As mentioned before, most of the methods and ideas of proofs in this section is taken from [136],
and fitted to dynamic risk measurement framework.

5.1.1 General setup

In this subsection let X = V% and let T = N. For a fixed —1 < v < 0, let ¢©7 denote the
unconditional version of dynamic risk sensitive criterion introduced in (4.3.9), i.e.

.. .11
(V)= hTrgloréff; ImE[V]]. VeX (5.2)

Let 17 denote the negative of unconditional version of the entropic risk measure for random variables
introduced in (4.1.2), i.e.

) (X) = ilnE[exp(VX)}, X eIl (5.3)
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Given the set A and dynamics of V € X for any H € A, we want to solve the optimal
stochastic control problem
sup 7 (V). (5.4)
HecA
We will now present the specification of the set A and the dynamics of Vi (for any H € A) which
we will consider in this subsection.

We will assume that the market consist of m risky assets (e.g. stocks, bonds, derivative secu-
rities) and k economical factors (e.g. rates of inflation, short term interest rates, dividend yields).
Prices of m risky assets will be denoted by S = (Si)ier € X for (i = 1,...,m) and levels of k
economical factors will be denoted by X7 = (X{),er € X for (j = 1,...,k). We will use nota-
tion S := (S',...,98™) and X := (X',..., X¥). We will use A to denote the set of all U-valued
predictable processes!, where U is a compact subset of R™. Elements of A will correspond to all
admissible portfolio strategies H, where H = (H',..., H™) and H' = (H})ieT € X is a part of
capital invested in i-th risky asset (for i = 1,...,m). We will use notation V¥ = (VH)cr € X
to denote the portfolio value process, corresponding to strategy H. We will make the following
assumptions:

(A.1) The filtration {F}sc1 will be generated by a sequence of k + m stochastic processes W € X
for (i =1,...,k+m)and W := (W' ... , W) will form a sequence of i.i.d random vectors?
with law 7 (we will also use this symbol to denote the corresponding measure).

(A.2) The factor process X will be of the form
XtJrl = G(Xt, Wt) = (Gl(Xt, Wt), ceey Gk(Xt, Wt)),

where G*: RF x RF™ — R¥ is a TW-continuous® Borel measurable function (fori =1,... k).
Moreover we will assume that {X;}ser is a Markov chain*, which is uniformly ergodic, i.e.

sup sup |P[G(x,W;) € A] — P[G(y, W1) € A]| < 1. (5.5)
AeB(RF) z,ycRk

(A.3) For any H € A, we will assume that the portfolio dynamics will be of the form

VH
VH = vy, In VLH = F(Xy, Hy, W), (5.6)
t—1

where F': R¥ x U x RFt™ — R is a Borel measurable function and vy > 0°. Moreover we will
assume that F is W-continuous.%

Yie. Vi is F;—1-measurable (V € &)

Yie. Wy = (WS, ...,WF™) is independent of F;_; and Law(W;) = Law(W;_,), for t — 1 € T.

Sie. Gzn, Wi) L5 Gz, W) as £n — = (Tn, z € R¥).

“Note that Law(W;) = Law(W) for any t € T, so {P[G(z, W) € Al} aep(rr) generates transition probability of
Markov chain {X}ier.

®Note that the portfolio value process V7 must be always non-negative. Also ¢ > 1 in (5.6).

5i.e. F(xn, hn, Wt) 25 F(xz,h,W,) as , = = and hyp, = h (zp,x € RE, hp,h € U).
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(A.4) We will assume that there exist sequences of i.i.d. random variables {K;" }ier and {K; }eT
(Kt € LY), such that for any ¢ € T, we have

oo < pTUKE) < 0(KE) < p(KE) <00, @ (KEMEE)ER  (5.7)
and for any € R¥, h € U, and t € T, we have

K; < F(z,h,W;) < K. (5.8)

Remark 5.1.1. The upper and lower constraints introduced in (A.4) have a financial interpretation.
They say that the utility (or risk) measured by p” must be finite for any simple trade (in any
state) and in fact it is jointly bounded by sequences K, and K;r . As we consider the infinite-time
horizon problem, this assumption relates to ergodicity conditions. Please note, that this assumption
is rather weak, and fulfilled by standard models, which describe log-returns as processes of the form

k+m
F(x7h7Wt) = a(l‘,h, Wt) + Z b($, h)Wtiv
1=1

where W; is a random vector with multidimensional normal distribution and functions a and b
are uniformly bounded. Then, random variables K; and K, could be constructed using random
variables min(W}, ..., WFt™) and max(W}, ..., W}FT™), respectively. This is due to the fact that
for any h € U, we get
min  F(z,¢", W;) < F(z,h,W;) < max F(z,g", W}),
i€{1,....,m} ie{l,....m}

where ¢* are strategies such that we invest everything in the i-th asset. Intuitively speaking, our
growth could be bounded by maximum and minimum of n-portfolios, for which the investment is

made only in one asset. Of course when we make the investment, we don’t know which of them
will underperform/outperform us, so this bounds are theoretical.

Using the entropic representation of ¢ and (5.6), for any H € A, we get

vH
lﬂ(zzﬂ In &4 )+1HUO WS B(X H. W
@7 (V) = lim inf Vi i inf 22z F(K Hi Wa)) (5.9)

t—o0 t t—o0 t

Under the above assumptions, from (5.9), it is not difficult to see, that the optimal value of the
problem (5.4) will be finite, which is in fact the statement of Proposition 5.1.2.

Proposition 5.1.2. Under assumption (A.3) and (A.4), we get

—o00 < sup @7 (VH) < 0.
HeA

Proof. Using (A.3) and (A.4), for any H € A and t € T, we get F(X;, H;,W;) < K,". As the
entropic risk measure p7 is strongly time consistent and law invariant, we know that p7 is additive
for any two independent random variables [103]. Thus, for any t € T, we get

WK =Y W (KG) =t (K.
=1 i=1
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Consequently, using (5.9) and monotonicity of u” for any H € A, we get

V(S R(XG, H, W NS KT
'(VH) = [liminfu (2i=0 F(Xs, “WZ))] < liminfw = W (K{).

t—o00 t t—o00 t

Consequently, by (5.7)
sup o (V) < p7(K7) < oc.
HeA

The proof of the other inequality is analogous. O

Next, we will prove that under assumptions (A.1)-(A.4) there exists a Markov solution to
problem (5.4).

5.1.2 Bellman equation

Using representation (5.9), it is not hard to see that the Bellman equation corresponding to (5.4)
is of the form
v(z) + A = sup p (F(x, h, W1) + v(G(z, W1))), (5.10)
helU
where A € R, v € C(R¥)", z € R¥. To prove the existence of the solution to Bellman equation
(5.10) we will adapt here the span contraction approach used e.g. in [136].

Remark 5.1.3. Bellman equation (5.10) is strictly connected to the Multiplicative Poisson Equation
(MPE) defined for corresponding 7 (cf. [59] and references therein). Sufficient general conditions
for which there exists a solution to MPE in the classic case (i.e. using ergodicity conditions and span
norm or vanishing discount approach) could be found e.g. in [58, 101, 90, 89]. For a more general
conditions (obtained using splitting Markov techniques or Doeblin’s condition) see e.g. [59, 31].
Also using robust representation (4.1.5) of the risk measure, one could notice that equation (5.10)
corresponds to the Isaacs equation for ergodic cost stochastic dynamic game (cf. [89, 72] and
references therein).

We will also make use of the span (semi-)norm of f € C(R¥), which is given by®
1/ llspan := sup f(z) — lgff(y)

Moreover the operator 7', corresponding to Bellman equation (5.10) is given by

T, f(x) 2= sup i (Plar b, W) + £(Gla W), f € C(RY). (5.11)

The operator defined in (5.11) plays a crucial role in the proof of the existence of the solution to
Bellman equation (5.10) and it is strictly connected with the problem (5.4). We will now show
some of it’s properties.

Proposition 5.1.4. Under assumptions (A.1)~(A.4), operator T, is Feller.?

"C(R¥) denotes the set of bounded and continuous functions f : R¥ — R*.

8Notation of span norm is strictly connected to so called w-norm and in particular to the Hilbert norm (cf. [133]
and references therein).

%.e. operator T transforms the set C(R¥) of continuous bounded functions into itself.
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Proof. Let f € C(R¥). Using (A.4) and the fact that u” is cash-additive we know that for any
x € R*, we get
p(Ey) +inf f(y) < Ty f(w) < P (KL") + sup f(y),
y

which imply boundedness of T f(z). Next, let {(zn, hn)}nen be a sequence such that x, € R¥,
h, € U and (2, hy) — (z,h) (where z € R*, h € U). By assumptions (A.2) and (A.3) we know

that
Y (@nshn W)+ f(G(2n, W) 28y y[F (,h,Wi)+f(G(x,W1))]

Moreover using (A.4) we know that
0 < Y @nhn, W)+ f(Glan, W) < Ky +infy FW)] g [Ey +infy f()] ¢ pl

Thus, using dominated convergence theorem

E[67[F(zn7hn7W1)+f(G(x’ﬂ7W1))}] — E[eV[F(Ivhrwl)+f(G(I7W1))}]

)

and consequently
1 (F (2, ho, W) + f(G(an, W1))) = w7 (F (2, h, W1) + f(G(z, W1))).

Let h, := argmaxy,c; 17 (F (2, h, W1) + f(G(z,W7))), for any z € U (note that U is compact). Due
to continuity of the function (z,h) — pY(F(x, h, W1) + f(G(z, W1))), we also know that

w (F (2, hay, W1) + f(G(2n, Wh))) = @ (F(2, ha, Wh) + f(G (2, Wh))),
which imply continuity of T,. O

Proposition 5.1.5. For any t € T, the value TﬁO(Xl) correspond to the optimal value of the
problem (5.4) for a planning horizon of length t, i.e.
TWtO(Xl) W(Zgﬂ F(Xt’ Hi;, Wl))

= sup . (5.12)
HeA t

Proof. Before we prove (5.12) let us give some comments about operator T and it’s connection to
problem (5.4). We know that Law(W7) = Law(Wy), for any ¢t € N and p7 is law-invariant, so we
know that for any f € C(R¥) we get

Ty f(x) = sup W (F(z, h, W) + f(G (2, W7))). (5.13)

Moreover, as W; is independent of F,_1, we could write

T, f(x):= iszlelg wl o (F(z, h, W) + f(G(x, W))). (5.14)

where {y] }ier corresponds to dUM defined in (4.5). For t € T, let A; correspond to the set of all
Fi—1-measurable random variables, which take values in u (they could be interpreted as admissible
strategies for time step ¢). Using (5.14) we could then write

T, (2) = esssup ]y (F(Z, He, W) + F(G(Z, W), (5.15)
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for any JF;_j-measurable random vector Z, which takes values in R,
Thus, for any fixed ¢t € T, using (5.14), (5.15), strong time consistency of dynamic entropic risk
measure and Bellman principle of optimality, we get

TiO(Xt) = sup p_(F(Xy, Hi, Wy))
Hie Ay

= sup p_{(F(Xy, Hi, W),
HeA

T20(X¢—1) = sup  p o(F(Xi—1, Hi—1, We1) + sup p_ (F(G(X¢—1, Wi—1), Hi, Wy)))
Hy 1€A; 1 Hie Ay
= sup p o( sup p (F(Xe—1, Hi—1,Wi—1) + F(Xy, Hi, Wy)))
Hi 1€A1 HicAs

= sup  sup p) o(p)_(F(Xe—1, Hi—1, Wi—1) + F(Xy, Hi, Wy))).
Hy_1€A;_1 Hie Ay

= }SIU?AMZ—Q(F(Xt—lv Hy 1, Wi_1) + F(Xy, H,, W),
S

T«?O(thz) = Euaﬂz,g(F(thza Hy_o,Wi_9) + F(Xy—1, Hi—1, Wi_1) + F(Xy, Hi, Wy)),
€

t

T30(X1) = sup pg (> F(Xi, Hi, W),

HeA i—1

which completes the proof of (5.12). O

Proposition 5.1.6. Under assumptions (A.1)-(A.4), operator T, is a local contraction under
| - lspan, i-e. there exists L : Rt — (0,1), such that

HT“/fl - T’YfQHSZMm < L(M)Hfl - szszmm

for M >0, fi1, f € C(R¥), such that || fi||span < M and || f2||span < M. Moreover the function L is
independent of .

Proof. Let M > 0 and let v € (—1,0). Let (£, F1,n), be a probability space which corresponds to
random variable W. For any f € C(R¥), such that || f|lspan < M, z € R¥ and h € U we will use
the following notation

Pa,f) = arg max p (F(z, h, W1) + f(G(z, Wh))), (5.16)
cU
Qa,s,n) = argmin [E@[F(w, B W) + F(Gla, Wh)] = ~HIQ|ln) (5.17)
QeMi(n) Y

The measure Q(, ) corresponds to the minimizing scenario in the robust representation (4.1.5)
of u7. To have a unique representation of @, ) we will define it through FEsscher transformation
[85] introduced in (4.8) and given by

ev[F(vs,h,w)+f(G(ar,w))]mdw)
Q(x,f,h)(dw) = E[e[F (@ hW)+f(Gla,W))]]

(5.18)
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Using Proposition 4.1.7 and noticing that
[F (2, h, Wh) + f(G(z, Wy))]el @h W)+ (G@Wl ¢ g1

due to assumption (A.4), we know that indeed (5.18) is the minimizer of (5.17). Moreover, we will
define the measure Q (x,f,h) O R* by

b []l{G(:): Wl)GA}eV[F(‘”’h»Wl)Jrf(G(w,Wl))]]

) = ) k
Qagi)(A) = === proFrermrewmyy 0 A€ BERY. (5.19)

Step 1. Let M > 0 and f,g € C(R¥) be such that || f|lspan < M and ||g|/span < M. Using (5.16)
we get,

Ty f (@) = sup ' (F(w, h, Wh) + f(Gla, W1))
= 1 (F(@, hiz,p), W1) + f(G(z, W1)))

_ 1
= ot [BalF by, W) + 1(Gla W) = ~H(Q|]

1
< EQeu gy i [E (@ hia 5y, W) + F(G 2, W1)] = §H[Q(w,g,h(zyf))”77] (5.20)
Now, using (5.17) we get

Tyg(x) = sup ! (F (b, Wh) + g(G (2, Wh)))

> 10 (F(a, b gy, W) + (Gl W)
= it [BalF (@, W) + 9(Gl, W) - ZHIQU]
= EQugny ) [F (@ hia ), W1) + g(Glz, W1)] — iH[Q(x,g,h(z,f))Hn] (5.21)
Combining (5.20) and (5.21) we get
T,f(x) - Tyg(e) < o, [F(Glw, 7)) ~ g(Gla, 1))

< /R 1) = 9N g (d2). (5.22)
Switching f with g in (5.22), for a fixed y € R*, we get
Toaly) = T50) < [ 0:) = FQ g (02 (5.23)
Combining (5.22) and (5.23) we get
T, f(e) = Togla) = (T ) = Toa) < [ 1£) = 9] Qo) — Qi )(02)

1 _
in gHSpaHHQ xg,h(x f) Q(y,f,h(y’g))nvar- (524)
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where || - ||var is a variation norm of a measure!’. The last inequality is a result of the fact, that we
can decompose the finite signed measure Q45 @) T Qy.f.h o) into positive and negative part
(e.g. using Hahn-Jordan decomposition).

Step 2. We will now show that for any v € (—1,0), there exists function L7 : RT — (0,1),
such that for any z,y € R¥ and f, g € C(R¥) such that || f||lspan < M and ||g|lspan < M, we get

||Q($,g,h<x’f)) - Q(y,f,h(y’g))HVar < 2L7(M) (525)

On the contrary, let us assume that (5.25) is false. There exists v € (—1,0) and a sequence

(xm Yn,s fmgm An)nENu

where .,y € R¥, £, 95 € C(RF) (|| fullspan < M, |gnllspan < M) and A,, € B(R¥), such that

Q(xrugn,h(zn,fn))(An) - Q(ymfmh(yn,gn))(An) — L (526)

Due to (5.26) we know that

Q(In’gnyh(rn,fn))(Afl) — 0 a'nd Q(yn,fn,h(ynygn))(An) - 0 (527)

Next, for any x € R¥, h € U, f € C(R¥) (|| f|lspan < M) and A € B(RF), using Schwarz inequality,
we get

) B[l Wl)eA}SV[F(xvthI)JFf(G(x»Wl))]]

Qg (A) = E[enF @R W)+ (G W)
- 67||f||SpanE [:H‘{G(Z,Wl)GA}e’y[F(I,h7W1)]] E[ef'y[F(x,h,Wl)]]
= eI lspan [ [F (2.2 W0)]] EleF W]

2y lopen Z (LG ) e ape? oI e @ WT]
e span ’

E[B'Y[F(xvhvwl)]]E[e_'Y[F(wvhvwl)]]

E[1 ]
— 27 fllspan {G(z,W1)cA}
— ’ E[e’Y[F(:c,h,Wﬂ]]E[e—w[F(a:,h,Wl)]] ) (528)

Next, using assumption (A.4), monotonicity of u7 and the fact that u? is increasing with ~, we get

2911 fllcomn E[L{c(w)eay] ol f e Bl G W)}
Wl E[ev[F(x,h,w{l)](] E[e)—v[;(x,h,wl)}] z MWl ewv(zgf()ew)<—zi;) 2 oB[lgamen]

(5.29)
where a := e~2I/llspan .max{e2|u’1(K1+)|7e2|u°(K1+)|7€2|lf1(*Kf)\7€2|M°(*Kf)\}*1, Note that due to
assumption (A.4), the value « is finite and in fact independent of . Combining (5.28) and (5.29)
with (5.27) we get that

E[Lc@, weazy] =0 and  E[ligy, wiea,y) = 0.

For the general definition of total variation norm see e.g. [91]. In our framework, for two probability measures
and v on R¥ with Borel sigma algebra, we get || — v||var = 28up e pmr) |U(A) — v(A)| (again, see [91] for details).



92

Because of that
PIG(xn, W1) € Ay] — P[G(yn, W1) € A,] — 1,

which contradicts assumption (A.2), i.e. uniform ergodicity of {X;}ier. Moreover, as the value «
in (5.29) is independent of 7, and due to uniform ergodicity of {X;}ie, we know that there will
exists L : Rt — (0, 1), independent of v, such that for any v € (—1,0), we get

HQ(CE,g,h(Ij)) - Q(y,f,h(yyg)) HV&I‘ < L<M)7

for M > 0, z,y € R¥ and f, g € C(R¥) (|| fllspan < M, ||gllspan < M), which concludes the proof. [

Propositions 5.1.4 and 5.1.6 allow us to show that there exists a solution to Bellman equation
(5.10), while Proposition 5.1.5 tell us that the solution could be used to generate the Markov
strategy, which is optimal for (5.4) as well as give the explicit value of (5.4).

Proposition 5.1.7. Under assumptions (A.1)~(A.4) for sufficiently big v € (—1,0), there exist a
unique (up to an additive constant) v, € C(R¥) and Ay € R, such that vy and M\, are solutions to
Bellman equation (5.10).

Proof. Using Propositions 5.1.4 and 5.1.6 it is easy to note that for any fixed v € (—1,0) the
operator
f(z)

va(x) = ’VTWT7

is local contraction and Feller continuous. Indeed, for f1, fa € C(R¥) (|| f1lspan < M, || f2llspan < M),
we get
=~ =~ N1 f2 1 i— [
Hval — T fallspan = - HT77 — T |lspan < VL M)[[——
gl gl ol
Moreover, repeating the proof of Proposition 5.1.6 (see also [136, 137] for the exact proof), we get
that

1
llspan = L(mM)Hfl — fallspan-

Ty f1r — T follspan < LM f1 — fllspan,

where é : R™ — (0,1) is independent of ~.

As T, is a contraction, using Banach’s fixed point theorem (see e.g. [90, Appendix A]), we know
that there exists at most one fixed point of operator T 5 in C(Rk ) endowed with the span norm. The
same applies to operator T B

Let v € (—1,0) be such that |y| < 1 — L(M)'", where M := p%(K;") — p~1(K;). Using (A.4),
due to monotonicity of u?, it is easy to notice that

1T 0lspan < V(07 (K) = 17 (5;) < (O (K) = M (7)) = M < M, (5.30)

Moreover, as |y| <1 — L(M), for any n € N, we get the following two inequalities:

[y| M

= o <M

n—1
17200spen < [ D2 LD |T50]lpan <
k=0

I75+10 — 20/ span < L(M)" 1750/ span- (5.31)

"Note that the set {y € (—1,0) : |y| < 1 — L(M)} is nonempty, as L(M) < 1



93

Let us proof this statement using induction. For n = 1, using (5.30) we get

I 720 - T 7 7 M
||T720||Span < ||T,$O - T’YOHSpan + HT"/OHSpan < ||T70||Span(1 + L(M)) < ol <M,

~—1-L(M)
which implies

I, 0llspan < L(M)°[|T50]lspan < M

HTVWQO B TV’YOHSpan < L(M)HT“/OHSpan-

Next, let us assume that (5.31) holds for a fixed n € N. Then, we get
~ ~ ~ ~ n ~
T2 0l < 17770 — T30l + 1770 < [ 32 LODH] 1750 < .
k=0

175720 = T30 )lspan < LIM) TS0 = T |span < LM)" | T0l|span-

which concludes the proof of (5.31).
Thus, by (5.31) we know that there exists a unique o, € C(R¥) (up to an additive constant),
such that
1770 = U5 llspan = 0-

Moreover, vy (z) := EVT(I) is a span norm fixed point of operator T, as

1~ 2.
HT’YU’Y — Uy |lspan = ||—T71)7 - ﬁ”smn =0. (5.32)

Thus, there exists Ay, € R'?, such that v,(z) and A, are solutions to Bellman equation (5.10) for a
fixed v € (=1,1 — L(m)).
O

Proposition 5.1.8. Under assumptions (A.1)-(A.4) for sufficiently big v € (—1,0), there exist
(Markov) solution to problem (5.4). Moreover, the optimal value is equal to A\, and the optimal
strategy is defined through v.,.

Proof. The proof of Proposition 5.1.8 for v € (—1,1 — L(M)) is in fact a direct implication of
Proposition 5.1.7 and classical results (i.e. verification theorems) from the theory of Risk-sensitive
control (see e.g. [89, Theorem 2.2]). Nevertheless, we will show the proof based on properties of
dUM to show how the dynamic version of risk measure is connected to the optimal solution, and
also give some comment on the relation between infinite and finite time horizon optimal control
problems.

Let us fix v € (—=1,1 — L(M))!3. Let v, € C(RF) and A\, € R be a solution to Bellman
equation (5.10). Following the proof of Proposition 5.1.7, it is easy to note that ||vy||span < % and

I T50]span < % for any t € T, where M := p°(K;") — p~1(K; ). Indeed for any t € T, we get

_ T~ o . - -
VT30 = ATy (T3710) = V;Tw(vTé 10) = T3 (4T3 720) = ... = T3 (70) = T3(0),

Pie. Ay i= Tyv,(0) — v4(0)
13this bound correspond to the one in Proposition 5.1.7
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and we have shown in Proposition 5.1.7, that vat(O)Hspan < M. Thus, we get
1730 = Tjoyllspan < LOYIM)|T5 710 = T3~ oy + Mllspan = Ly [M)IIT 710 = T3 0y [lspan
< L(Iy[MPIT5720 = T vy + Mllspan = L(YIM)?||T5720 = 757205 [lspan
< L(|yI M) [[oylspan- (5.33)

Combining (5.12) and (5.33) we get

v v TH0(X
sup (p'Y(VH ) = sup liminf M < liminf sup V) — liminf M
HeA HecA t—=oo t t—00 preA t 300 t
Tiu (X Mt
_ ]iminfM < timing T 0 llspan _ A,
t—00 t t—00 t

On the other hand, the value ), is obtained for the optimal Markov strategy H* given by

H; (z) = argmax 17 (F (w, h, Wh) + v, (G, 1)),
heU

which implies that )\, is optimal value for the problem (5.4) and optimal strategy is defined in
terms of v,. O
5.1.3 Examplery dynamics

In this subsection let us present examples of dynamics for which assumptions (A.1)-(A.2) are
fulfilled.

Example 5.1.9. In this example we will assume that time T = R is continuous, but we can only

reshape our portfolio in discrete time moments n € N. For n € N and (z = 1,...,k + m), let us
assume that W7 denotes the trajectory of w,(t) — w,(n) (n <t < n+ 1), where {w,(t)}*=™ are

independent Brownian motions (which generates the filtration). Let us assume that the dynamics
of the risky assets and factors is given by

k+m
X3 = bj(Xn1) + D jalws(n) —wa(n — 1)), neN
z=1
dsi pasiy
Sit :ai(Xn) dt + Zaizde(t)a le [n7n+1)
t z=1

where for (i = 1,...,m), (j = 1,...,k) and (z = 1,...,k +m): a;,b; : R¥ = R are measurable
and bounded functions, b; is continuous, ¢;, € R, 0, € R and rank((042).=1,... k+m) = k. Let h;(t)
denote the part of the capital invested at time ¢ in the i-th risky asset and let!®

UZ{(hl,...,hm)E [O,I]mi zm:h121}

"“The exact strategy is given by H; = argmaxy, ¢ 4, ui_y (F(Xe, H, Wi) + vy (Xi41)).
5Note that we do not allow short selling, nor short borrowing.
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Moreover, let H: = h;(n). Using Ito’s Lemma (see [136] for details) we get function F of the form

k+m

F(Xp, Hy, W) Z/ s)ds — = Z / aiz)st
nel m k+m
—I—/ Z hi(s) Z 0 dw,(s)
n i=1 2=1

One can check that assumptions (A.1)-(A.4) will hold in this framework. See [136], where in fact
equivalents of all Propositions from Section 5.1.2 are directly proved. For clarity, let us show the
existence of the upper bound in (A.4). Following similar arguments as in Remark 5.1.1, we get

ket
F(X,, Hy, W) = ”* L HZ "+1 = In Hz ai (Xn)+22 217" oz [ws (n+1) —w= (n)]
m ‘ k+m
< ZH;L(aZ( )+ Y oilwa(n+1) —w.(n)))
i=1 z=1
’ Hsup + 1<£:n<aldc)im Oiz [’U)Z(TL + 1) wz(n)])
Thus, K,' = ||al|sup + maxi<,<pim 0iz[wz(n + 1) — w;(n)]) will satisfy (5.8). Moreover, it is easy

to check that K will satisfy (5.7), as for a Gaussian X, we get elX| € L.

Example 5.1.10. Let us assume that assumptions (A.1) and (A.2) hold and the dynamics of risky
assets is given by

1o
(X)),
G §i( X, W)

for t € N, where for (i = 1,...,m), & is a measurable vector function. Moreover the set u will be
of the form {(h1,...,hy) €[0,1]™: >, h; < 1}. Then we could define F' explicitly, as

F(X,,H,, W) Z & (X, Wh) (1—§:H;).

To get assumptions (A.3) and (A.4) we need to impose additional assumptions on W and &;. In
particular we can consider the discretized version of Example 5.1.9 by setting W}, = w;(n+1)—w;(n)

and
k+m k+m

(X, Wy) = exp{ - = Z ol + Z O'ZZW]} (5.34)
See [137] for details in general case and [60] for the case when (5.34) holds.

5.2 Portfolio optimisation with WV@R constrains

The stochastic control problems related to portfolio optimisation have a long history and have been
studied intensively over the last 60 years. A major contribution, which could be regarded as the
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birth of modern portfolio analysis was done by H. Markowitz in 1952 [108]. Markowitz introduced
the mean-variance optimisation problem

E[X] — maz
Var(X) <c (5.35)
XeA

where the random variable X is related to the (final) return of some financial portfolio, Var(X) is
it’s variance, ¢ € Ry denotes the risk constraint and the set A describes all admissible values of X.
One could also reformulate this problem, using portfolio Profits and losses instead of returns. The
problem (5.35) was reformulated in many ways [79, 3, 120], mostly due to the fact that variance is
not a good risk measure, as it penalizes profits in exactly the same way as losses.

We will focus on the problem, which substitutes the classical variance, with different dUM,
namely a strongly time consistent coherent dynamic risk measure (on finite time horizon). We
will use a family of dynamic WV@R as building blocks, due to their high analytical traceability.
See [44] for a more detailed description for this class of maps.

Quasi-convex and coherent risk measures are used commonly in portfolio selection problems
[3, 109], as they allow the use of many methods from the convex analysis and dynamic stochastic
control. While the methods for static (one step) case are well studied, the dynamic selection model
often cause a lot of problems. Bellman’s principle of optimality is a crucial property, when we
consider problems in a dynamic framework. Thus, a strong time consistency is a desired property,
as explained in [7]. Moreover, the assumption about coherence of risk measure is very convenient as
it often allows to reshape the problem in such a way, that we only need to maximize one objective
function, instead of dealing with risk constraints (in a standard framework, one might say that
Sharpe Ratio [66] could be used to solve problem 5.35).

This section is organized as follows. Subection 5.2.1 will be devoted to the general setup in
which we will introduce the problem and make all assumptions (e.g. on dynamics, control, etc.).
Next, in Subection 5.2.2 we will use the dynamic programming approach to completely solve prob-
lem introduces before.

This section is based on [44], written by A. Cherny. While we tried to shed some new light
into problem presented in this paper, all results in this Section could be considered as counterparts
of results from [44].

5.2.1 General setup

In this Section we will assume that the time horizon is finite, i.e. T = {0,1,...,T} for a fixed T € T
and X = VY. Let v be a fixed probability measure on (0, 1] and let p” denote a corresponding static
WV@R (for random variables on L°) defined in (4.18), i.e.

1
P (X) ::/0 p*(X)v(da) = —Qiengu EolX], X eI’ (5.36)

where p® is TVQR defined in (4.10) and DV is defined in (4.19). Moreover let {p}}icT denote
the D”-composite dRM for stochastic processes defined in (5.37), where D denote the family of
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measures defining dWV@R in (4.21), i.e. for (t =T —1,...,1) we define recursively

pr(V) = =Vr
pi (V) :== —essinf Eg[V; — ¢ (V)| F]. (5.37)
QeDy

Given the set A and dynamics of V € X for any H € A, we want to solve the optimal
stochastic control problem
E|\YE, VlH] — max
(Vi) <e (5.38)
HeA

for a fixed ¢ € Ry. Process VH will correspond to the stream of dividend payoffs related to
portfolio strategy, so the cumulated value at time ¢ is given by Zle VZH . As we will work in
concave framework, we will use ¢ to denote the negative of p” and {¢} }:cr to denote the negative
of {p¥}ier, and deal with constraints (V) > —c, rather than p§(VH) < c.

We will now present the specification of the set A and the dynamics of Vi (for any H € A)
which we will consider in this Section.

Similarly as in Subsection 5.1.2, prices of d risky assets will be denoted by S* = (S{)ier € X
for (i = 1,...,d) and we will use notation S := (S%,...,59%). We will use A to denote the set of
all R-valued, d-dimensional predictable processes. Elements of A will correspond to all admissible
portfolio strategies H, where H = (H',..., H?) and H' = (H});eT € X is a part of capital invested
in 4-th risky asset (for i = 1,...,d). We will use notation V¥ = (V;#),c1 € X to denote the
portfolio cash-flows, corresponding to strategy H. We will make the following assumptions:

(A.1) The filtration {F;};er will be generated by a sequence of d stochastic processes W' € X for
(i=1,...,d)and W := (W', ... , W%) will form a sequence of i.i.d integrable random vectors
with continuous distribution. Moreover, we will assume that E[WW;] > 0.16

(A.2) The price process S = {S;}+=o,... 7 will be of the form
t
So € Ri, Sy = Sp + ZUiWia (5.39)
i=1

where o is a non-degenerate F;_j-measurable d x d matrix for ¢ € T. Moreover, we will
assume that E[X;] # 0'7, where X; := (S; — S;_1) denotes the stream of cash-flows associated
with S.

(A.3) For any H € A, we will assume that the portfolio dynamics will be of the form
Vo' =0, Vi =(H;, Xy), (5.40)

where (-, -) denotes a standard scalar product and ¢ € T (¢ > 0).

Y5We will use the notation E[W:1] = (E[W{],..., E[W{]).
Yie. (E[X{],..., E[X{]) # (0,0,...,0).



98

(A.4) We will assume that for any » € R\ {0} and t € T we get
—o00 < ¢”((h, Xy)) <0, (5.41)
where ¢” is negative of a map given in (5.36).

Remark 5.2.1. In (A.2) the assumption F[X;] # 0 ensures that there exists a trade with strictly
positive reward. On the other hand in (A.3), the inequality (5.41) tell us that any simple trade has
finite, strictly positive risk (negative utility). This assumption relates to no-arbitrage property (see
e.g. [42, 44] for so called no good deal bounds) and is strictly related to the space L(D") defined in
(3.39), as for the family of dAWV@Rs, we get LL(D¥) = L. (D") (see [42, Proposition 2.6]). Please
also note that (5.41) implies that the probability of (Hy, X;) being negative is always positive (for
all t € T and H; # 0).

Remark 5.2.2. Tt is worth mentioning that the dynamics introduced in (5.39) cover the class of
multidimensional GARCH models, which are a common tool used by practitioners to model prices
(or log-returns) of assets [11].

5.2.2 Dynamic programming equations

In this Subsection we will consider the simplified problem (5.38). We will assume that ¢ = 1 and
ot = g for any t € T, where I; denotes the d-dimensional unit matrix, i.e. we will consider the

problem
E [ ZiT:1 (H;, WJ} — max
Ph((H,W)) > ~1 (5:42)
HeA

Let us note that the problem (5.42) is scalable, in the sense, that if we consider ¢H instead of H
(for ¢ € Ry) in (5.42), then both the risk and the reward will be rescaled linearly. Because of that
we can use normalized notation, which will be convenient, when we will define Bellman equations.

Remark 5.2.3. Tt is worth mentioning that because (5.42) is scalable, we might consider the related
problem!®
o FIZE (11772
HeA *QO(V]«H’ W>> ’
for which the optimal value will be the same as in problem (5.42). The map introduced in (5.43)
is in fact a RAROC PM, which we have introduced in Section 4.2.2. For more information about
general risk-reward ratios, see [39].

(5.43)

As we know {pf }er is a strongly time consistent dUM. Because of that we might want to use
Bellman’s principle of optimality to define the corresponding Bellman equation and then decompose
problem (5.38) into a series of conditional problems. We will use here the 'forward’ approach. Let
us define recursively the sequence of real numbers (for ¢ € N)

Uy :=0,
U; := SEEEK}I, W1> + Ut_1(<h, W1> — a(h))*], (5.44)

8Note that ¢f ((H, X)) < 0, due to assumption (A.4), as will be proved later.
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where

a(h) :=inf{z e R: ¢"((h,W1) Ax) > —1}, (5.45)
H:={heR%: o ((h,W,)) > -1} (5.46)

The value U; will correspond to the optimal value in problem (5.42) for time horizon of length
t. Let us now present some heuristics which will give insight on the financial and mathematical
interpretation of (5.44).

Remark 5.2.4. In the proof of Proposition 5.2.5 we will exploit the fact, that {¢} }ier is strongly
time consistent dUMs.' Note that the conditional expectation also admits tower property, which
is a form of strong time consistency. Indeed, the inequality (5.47) is a direct result of the Bellman
principle of optimality together with scale-invariance nature of the problem. Those properties allow
us to consider the conditional problem at time 1 and bound it by the optimal solution computed
at time 0, for time horizon 7' — 1 (which is expressed by U;_1). From strong time consistency we
also get that this bound is attained, and the optimal solution exists, as will be proved later.

Proposition 5.2.5. The optimal value for the problem (5.42) with time horizon T is equal to Up.

Proof. For clarity, we will present only the general overview of the proof of Proposition 5.2.5, which
will explain, why the optimal value is expressed through (5.44). For more details see [44, Theorem
3.1], where the detailed proof is provided for the general problem (5.38).20

We know that for 0-step problem, the optimal value Uy equals to 0 , as VOH =0 for any H. We
will use induction to prove the thesis. Let us assume that the optimal value of the problem (5.42)
for (¢ — 1)-time horizon equals to U;—; and consider problem (5.42) for time horizon of length ¢.

Using Bellman’s principle of optimality and looking at the problem (5.42) at time 1 (i.e. for
a fixed first step), it is easy to notice, that the remaining strategy (and thus the optimal value)
should be the same (up to a non-negative constant?!) as the strategy for the problem (5.42) with
time horizon ¢ — 1. In other words, as the problem is scalable, assuming U;_; is optimal value for
(t — 1)-step problem, and knowing that ¢V ((H, X)) — (Hi, W1) < 0 (due to assumption (A.4), see
[44, Lemma 3.3] for the proof), we should have the property

E ZiT:1<Hi7Wi>|f1] — (H1, W)
—[ ((H, W)) — (H1, Wh)]

< U1, (5.47)

where the interpretation of risk-reward ratio in (5.47) could be found in Remark 5.2.3. The detailed
proof of (5.47) could be found in [44, Lemma 3.5]. Next, inequality (5.47) could be rewritten as

T
E[Z(E,Wiﬂ]ﬁ} < (Hy, Wh) + U1 ((H1, Wh) — o7 ((H, W))).
i=1

90n the space of stochastic processes described by all admissible strategies, defined in (5.40).

20The definition of the D-composite dUM in [44] is slightly different, i.e. the map {@}}:ier of the form
o7 (V) = @[ (V) — V4 is considered. Nevertheless, all the results could be translated directly.

21This non-negative constant will be responsible for the risk control (amount of risk we can take), as the problem
is scalable. We will show that it is indeed equal to ((h, W1) — a(h))™ later.
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Taking expectation on both sides we get

T
B " (H, W) < B|(Hy, Wi) + Upa (Hy, WA)) = (W) (5.48)
i=1

Thus, the good candidate for the optimal value U; (with fixed control H;) could be computed
solving the problem
EZ+U;_1(Z -Y(H))] —» max
Z-Y(H)>0
(Y (H)) > —1
Y(H) e L

(5.49)

where Z = (Hy, W) is fixed and Y(H) = % ((H,W)) is a function of H.??> The first constraint
in problem (5.49) is the result of assumption (A.4), while the second follows from the fact that
{¢} }teT is constructed recursively as in (5.37) and due to the initial risk constraints, i.e. we get

(PV((PT(<H7X>) = (Q?élg'/ EQ 0+9011/(<Hﬂ W>) = 6(<H7 W>) > -1

Moreover, please note that we are only interested in Zs, such that ¢”(Z) > —1 (otherwise, the first
constraint will not be fulfilled, due to monotonicity of ¢”). For such random variables, problem
(5.49) could be solved explicitly using Proposition 5.2.6.

Proposition 5.2.6. Let Z € L° be such that @’(Z) > —1. Then the optimal value in problem
(5.49) is attained for Y(H) = Z A a, where a = inf{z e R: ¢"(Z Ax) > —1}.

The proof of Proposition 5.2.6 could be found in [44, Lemma 3.2]. Using this Proposition for any
7 = (Hy,Wy) such that ¢”(Z) > —1,2% and taking the supremum, we get the formula for the global
optimal value U; (formally it is only the global upper bound, the proof that it is indeed attained
could be found in [41, Lemma 3.7]), which will take the form

U, = EEEEKh, W) 4 U1 ((h, W1) — (h, W1) A a(R))]

= sup E[(h, W1) + Us_1({h, W1) — a(h)) "],
heH

which is precisely the optimal value U; defined in (5.44). Moreover, due to the fact that the set H is
convex compact, which easily follows from (A.4), we know that the supremum in (5.44) is attained
and can be substituted by maximum. O

Using similar arguments as before, one could also find the optimal control for problem (5.42).
Indeed, It has been proven in [41, Theorem 3.1] that the optimal strategy H* for problem (5.42)
will be given by

Hf = Ci1h*(Ur—141), (5.50)

22This problem is related to the maximisation of the right side in inequality (5.48). We assume that H; in H is
fixed as well.
23The space of all such Zs coincide with the space H, defined in (5.46).
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where h*: Ry — R? is defined as

h*(x) := argg{axE[(h, W1) 4+ z((h, W1) — a(h))*],

and the adapted process {Cy, }ier is defined recursively, setting Cy = 1 and

Cr = Coo1 (W (Ur—t41), Wa) — a(h* (Ur—s+1))) "

One could interpret the value C; as the amount of risk (in particular scenario) we can take at time
t € T for the problem considered over the period (¢ + 1,T).

Let us now go back to the original problem (5.38). We know that this problem could be easily
transformed to problem (5.42) using simple change of variables. Thus, let us now provide the
formulas for optimal value and optimal control for general problem (5.42).

Proposition 5.2.7. The optimal value for the problem (5.38) with time horizon T' equals cUr and
the optimal strateqy H* is given by

Hf = cCys [(ag)—l : h*(UT_t+1)], (5.51)

fort € T, where of is the transpose of o.

The exact proof of Proposition 5.2.7 could be found in [41, Theorem 3.1]. It also follows easily
from Proposition 5.2.5. As for any ¢, the matrix oy is non-degenerate (and thus invertible). The set
A consists of all predictable processes, so we know that by setting H = c[(o7)"LH] for any H € A,
we can transform problem (5.38) into problem (5.42). The optimal strategy in (5.51) is exactly
such transformation of optimal strategy introduced in (5.50).

5.3 American option pricing — the least square approach

For over a decade several variants of the so called least-squares method of American option pricing
have been widely used by financial practitioners and at the same time studied by researchers. The
origins of the method can be found in the work of Carriere [30], Tsitsiklis, Van Roy [139] (see also
[138]), Longstaff, Schwartz [106] and Clément, Lamberton, Protter [48]. Basically the method seeks
a way of approximating conditional expectations needed in the valuation process either directly as
in [106] and [48], or indirectly through the value function as in [139)].

While the problem of optimal stopping for american options has been completely solved from
the mathematical point of view with the help of Snell envelopes [104], the practical implementa-
tions still cause a lot of problems. The main reason is essentially the fact that the information
space for conditional expectation, or in other words its range, is in many interesting cases infinite
dimensional. Inevitably, in these cases any approximation of conditional expectations, or value
functions depending on conditional expectations, has to involve significantly restrictive extrinsic
assumptions to make practical computations possible. Due to this fact, one has to look for various
algorithms, which approximate the optimal value.

In this Section we will extend the methods proposed by Clément, Lamberton and Protter [48],
so that they cover the case of American style options with path dependent pay-offs, with a non-
Markovian multidimensional underlying and with a very general approach to regression.



102

For possible practical applications of the results proposed in this Section, please see [99], where
three computational examples are provided. First example concerns the pricing of a one year
Eurodollar American put and call options, which (under the standard risk-neutral measure) are
based on non-Markovian dynamics. The second example focuses on multidimensional options.
Finally, the last example shows how to numerically price american options, when the underlying
instruments follow the Heston-Nandi GARCH(1,1) model (see [99] for more details).

This Section is organized as follows. In the end of the introduction we provide more detailed
discussion about least-square method, to connect our result with the existing literature. Subsec-
tion 5.3.1 is devoted to the short review of consequences of the classic Dobrushin-Minlos theorem,
which can lead to viable numerical approximations of conditional expectations. Next, in Subsec-
tion 5.3.2 we give a short overview of Snell envelopes and comment on the relation to American-style
option pricing. Finally, in Subsection 5.3.3 we extend the methods proposed by Clément, Lamber-
ton and Protter [48] for American style options.

This Section will be based on [99].

Additional remarks

Let us now provide some more detailed insight about the least square approach to american option
pricing. Several papers on this subject have been published — we will mention just a few of them.

A modification of the algorithm from [106] was studied in [48] from the point of view of the
convergence of the method.

Glasserman and Yu [87] investigated in 2004 the convergence of the least-squares like methods,
where — basically — the necessary conditional expectations are approximated by finite linear com-
binations of approximating functions. More specifically they look into the problem of accuracy of
estimations when the number of approximating functions and the number of simulated trajectories
increase. They assume that the underlying is a multidimensional Markov process. The rather
pessimistic outcome, from the practical point of view, is that for polynomials as the approximating
functions and for conventional (resp. geometric) Brownian motion as the underlying, the num-
ber of required paths may grow exponentially in the degree (resp. the square of the degree) of
the polynomials. Glasserman and Yu remark that similar property may hold also for more gen-
eral approximating functions (with the number of approximating functions replacing the maximal
degree).

Also in 2004 Stentoft [135] analyzed and extended the convergence results presented in [48]. In
particular he has considered the problem of choosing the optimal number of regressors in relation
to the number of simulated trajectories.

In 2005 Egloff [64] proposed an extension to the original Longstaff-Schwartz [106] as well as
Tsitsiklis — Van Roy ([138], [139]) algorithms by treating the optimal stopping problem for multidi-
mensional discrete time Markov processes as a generalized statistical learning problem. His results
also improve those from [48]. Egloff comments that despite very good performance of least-squares
algorithms in some practical calculations, precise estimates of the statistical quantities involved in
these procedures may be difficult, leading to some less impressive performance in other cases.

Zanger [144] proposed in 2009 another extension to the least-squares method by considering
fairly arbitrary subsets of information spaces as the approximating sets. He has also produced
some new and interesting convergence results showing in particular that sometimes the exponential



103

dependence on the number of time steps can be avoided.

Two features seem to be common to the articles mentioned above. Firstly, the underlying is
assumed to be Markovian. Secondly, the convergence rates of the method, in all its incarnations, are
not encouraging from the computational point of view. In the present paper, we extend the Clément,
Lamberton, Protter approach [48] to show that the method converges even if the underlying is not a
Markov process and if the pay-offs are path-dependent, with a fairly general setting for the regression
approximating conditional expectations. Obviously by giving up the Markov property and aiming at
better approximation of conditional expectation, the potential computational complexity increases
considerably. However, the main advantage of relaxation of the assumptions is the increase in
freedom to customize the method. Moreover, we would like to argue that the least-squares methods
should be seen as a general framework leading to a variety of specific implementations.

The main reason is essentially the fact that the information space for conditional expectation,
or in other words its range, is in many interesting cases infinite dimensional. Inevitably, in these
cases any approximation of conditional expectations, or value functions depending on conditional
expectations, has to involve significantly restrictive extrinsic assumptions to make practical compu-
tations possible. While general convergence results are necessary to motivate the overall approach
and some computational complexity may be addressed along the lines of [128], it is most likely that
the future developments will evolve closer to simplified time-series models. It is quite conceivable
that an alternative source of realism and numerical efficiency could exploit the advances in both
time-series analysis and frame theory (see e.g. [98]). The empirical basis for such speculations
comes from the fact, that in many real problems even taking only a few non-linear regressors, and
sometimes ignoring lack of the Markov property, often leads to satisfactory results from the prac-
tical point of view. There seem to be much anecdotal evidence coming from the financial industry
supporting the last statement.

It should be mentioned that the least squares approach can be also seen as part of the stochastic
mesh framework proposed by Broadie and Glasserman ([27], [28]; see also [105] and [86]).

5.3.1 Approximation of conditional expectation

In the L? framework, dealing only with random variables of finite variance, we can rely on the
Hilbert space geometry in addressing the issues of interest (see [134]). A closed subspace S C L?
is said to be probabilistic if it contains constants and is closed with respect to taking the maximum
of two of its elements, i.e. if X,Y € S, then X VY € S. For any non-empty set X C L?, its lattice
envelope Latt(X) is defined as the smallest probabilistic subspace of L? containing X. Obviously,
even if X consists of just one random variable, Latt(X) can be infinite-dimensional. Moreover, if
X ={Xi,...,X,} and B,, denotes the o-algebra of Borel sets in R", then it is not difficult to prove
that
Latt(X) = L*(0(X)) = L*((X1,. .., Xn) " (By)).

The latter will be referred to as the information space generated by X1, ..., X,. Since this is also the
range of the orthogonal projection E[- | X1,..., X,], it would be desirable from the numerical stand-
point to be able to approximate such projections, with projections onto smaller finite-dimensional
vector spaces using available least-squares algorithms.

To this end one could use the following theorem, which is a slight reformulation of a result of
Dobrushin and Minlos [62].
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Theorem 5.3.1. Let a > 0. Let P, denote the space of all polynomials of n real variables. If
X1,..., X, are random variables such that e!Xil € L® for j =1,...,n, then:

(a) P(X1,...,X,) € LP for any polynomial P € P, and p € [1,00);
(b) the vector space {P(X1,...,Xn) : P € Py} is dense in LP for every p € [1,00).%4
It should be noted that the converse to part (a) is false as shown in the following example.

Example 5.3.2. Let n = 1 and let F = 0(X;). Define an atomic probability measure P on the
real axis via its probability mass function

MNx—
St gt
Zfr?:l mlﬁ 7
where §(2) = L.—qy. If ¢ > 1, then >0 —m’_ < 50. On the other hand, for any a > 0, we get

mlnm
00 eam
Zm:l mln m o0.

f ) = P[X1 = m] =

If the probability measure P has a bounded support, in R", then the assumption of the
Dobrushin-Minlos theorem 5.3.1 is trivially satisfied. In fact, in this special case the conclusion of
the theorem follows directly from the Stone-Weierstrass Theorem. It is also easy to see that if X
is Gaussian, then elX| € L!. However, if X is lognormal, then its moment generating function does
not exist in the interval (0,00) and hence e*X| ¢ L* for all a > 0.

In concrete applications, the condition e/ X! € L® can sometimes be achieved by changing the
probability distribution of “very large” values of | X|. For instance, this can be accomplished by
truncation of probability distribution or some direct attenuation of the random variable X. Another
possibility is the use of suitable weight functions. In this context the Dubrushin-Minlos theorem
5.3.1 can be used to justify the density part in the construction of several classic polynomial bases in
spaces of square integrable functions, associated with the names of Jacobi, Gagenbauer, Legendre,
Chebyshev, Laguerre and Hermite (see e.g. [47]).

Let V be an information space generated by random variables Xi,...,X,. Suppose that
one can furnish a sequence of Borel functions ¢, : R — R, with m € N, such that the set
{gm(X1,...,X,) : m € N} is linearly dense in V (e.g. with the help of the Dobrushin-Minlos
theorem). Then the conditional expectation operator E[- | X1,. .., X,,] is the pointwise limit of the
sequence of projections onto linear spaces V'™ = {qr(X1,...,X,) : 1 <k <m} as m / oo. This
observation leads to an auxiliary concept of admissible projection systems.

Given a discrete time filtration {0,Q} = Fy C F; C ... C Fp C F in the probability space
(Q, F,P), we define an admissible projection system as a family of orthogonal projections

{Ptm . LX(Q, F,P) — L2(Q, F, JP’)} (5.52)

t=1,...,T
m e N

with ranges V" = P/ (LQ(Q,}", IP)), such that for all t =1,...,7 and m € N we have

V;m C V;erl

24Note that we assume F = o(X1,..., X,) in LP = LP(Q, F,P).
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and

U vk =%, 7, P).
keN

Note that for any such system and for any fixed ¢, we get pointwise convergence of the projections
P/ to E[- | F]. However, this is not a norm convergence unless the underlying sequence of subspaces
becomes constant after finitely many steps.

5.3.2 Approximation of Snell envelope

We consider the optimal stopping problem (2.22) for a fixed Z = (Z;)L_; € V1, i.e.

sup ¢(Zy) (5.53)

vect

where CI' denote the set of all stopping times with values in T = {0,1,...,7}. As we have
mentioned in the introduction (see Theorem 2.3.2), the dynamic programming principle for the
problem (5.53) could be also rewritten in terms of the series of stopping times (7), defined by
recursion

T = T,

Tt = tYz>Ez.,  |F) T Tl z<EZ,, | R t=1,....,T -1

In particular, we get U; = E[Z,,|F;] and consequently, 7y is optimal for (Z).

The key element in any numerical implementation of Snell envelopes is the ability to approximate
the conditional expectation operator. Except for the finite case, one has to deal with infinite-
dimensional spaces of random variables. Some elucidation seems to be in order here.

Given an admissible projection system (P/"), as in (5.52), for a fixed m € N we define the

stopping times Tt[m] by recursion:

Tj[wm] = T,

[m]

7" = e ey =1 T L (5.54)

Z_m]
t+1 t+1

The following theorem generalizes a result due to Clément, Lamberton and Protter (see Theorem
3.1 in [48]):

Theorem 5.3.3. If (P/") is an admissible projection system, then

lim E [ZTt[m] ’ Ft:| =E[Z, | F]

m—r 00

fort=1,...,T, where the convergence is in L*. In particular

lim E [Z [m]} — E[Z,)]

m—00 Ty

in L2.
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Proof. Despite a much more general setting we have adopted here and slightly different notation,
we can proceed as in [48]. Since the case t = T is obvious, we can use induction on ¢. Assume that
the formula is true for t + 1. Let E;[ - | = E[ - | F¢]. Define five subsets of Q as collections of points
satisfying the following inequalities:

CL={Ziz P (Zp)} . G=0\0,
03:{ Zt ZEt[ZTH_l] } ) 0429\035

| = P"(Z )

Ti4l

Cs = { | Zt =Bt Zr )| < [EZ

Tt+1

3

Obviously, for t < T we have the formulas

Tt[m] = tlg + Tt[:nilcz,
T = tloy + my1lcy.
Observe that
E; |:Z‘r[m] — Z.,.t:| = E; |:Zt1C’1 + ZT[m] 102 — Ztlc3 — Z"'t+1104:|
t t+1

t+1

= Zi(1lc, — loy) + E [ZT[W]] lc, — B¢ [Zn,] 1c,

= Zt(101 - 103) + E; [ZT[m]] 1o, — Et[ZTt+1](1cl +1c¢, — 103)

t+1
= E [ZTm — Zml] 1, + (Ze — E¢ [ Zr,,,]) (Le, — 1cy)
= Lk |:ZT[m] - ZTt+1:| 102 + L;n'
t+1

The first component of the sum in the last equality goes to zero by the induction hypothesis and
the fact that E;E;11 = E;. We need to estimate the last term. To this end note that

|1CI - 103‘ S ’101004 - ]-Czﬁ03‘ S 1057

because (C1 N Cy) U (CaNC3) C Cs. Hence

Lt < ‘Zt — By [ZTtH] ‘ lcs
< |ElZr ] = P"(Z _pm)|, by the definition of Cs,
t+1
< ‘Et[ZTtJrl] - F)tm (Et[ZTtJrl])‘ =+ Ptm (Et[ZTtJrlD - Ptm(Z [m])‘

Ti+1

t+1

= ’Et[Z‘I’t-H] - Ptm (Et[Z‘I’t-H])‘ + Ptm (Et[ZTt-HD - Ptm(Et[ZT[m]])‘

)

< ‘Et[ZTH—l] - Ptm (Et[ZTH—l])‘ + Et |:Z7'z+1 -7 [m]:|

Ti+1
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because of the tower property of projections and the fact that the norm of a projection is at most
one. The last term goes to zero by the induction hypothesis. The second last one because of the
L? density of the union of ranges of the projection forming the admissible projection system. [

It is straightforward to check, that Theorem 5.3.3 is also true for vector valued stochastic
processes.

5.3.3 The general case of the least squares method of option pricing

In what follows we will denote the set of all real (m x n)-matrices by R”*™ with the convention that

R™ = R™™_ Throughout the section we will use notation and methods similar to those introduced
in [48] but adapted to our less restrictive assumptions.

Suppose that (Xt)fzo is a discrete time d-dimensional stochastic process, with Xg being a
constant. This process is meant to represent the prices of the underlying assets for an American
style option we wish to valuate.

Let

X =(Xy,...,X7): Q — R>T

and let 7y =0 (Xo,...,Xt) =0 (Xy1,...,Xy) for t =1,...,T. Given a family of Borel functions
fo:RED R ¢=0,...,T,

we define
Zt:ft(X07-~'aXt), t:O,...,T.

This sequence represents suitably discounted intrinsic prices of the option we want to consider.
Such a general choice of functions f;, expands the potential applicability well beyond American put
options.

Our goal is to to calculate Uy, where Uy is the Snell envelope of Z; and since Uy = max(Zy, E[Z7,]),
we basically want to approximate numerically E[Z,,]. Let us now give some comments on the al-
gorithm which does that and present the corresponding notation.

Step 1 - The setup

First of all, to use Theorem 5.3.3 we need to chose an admissible projection system for the filtration
associated with X. This is equivalent to choosing for each ¢ € {1,...,T} a suitable sequence of
Borel functions

@ R>T S R, k€N,

which depend only on the first ¢ column variables, and are such that the sequence {qF(X)}ren is
linearly dense and linearly independent in the space L?(Q2,0(X1,...,X;),P). Then, we can select
an increasing sequence of integers (k,)men, such that the spaces

Vi =Lin{¢"(X) : k=1,...,kn},

and the orthogonal projections P/™ : L?(2,0(X),P) — V;™ have all the right properties. The
symbol “Lin” denotes the linear envelope of the given set of vectors.
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If the stopping times 7™ are defined as in (5.54), then for some o € R¥n*1 we have
P (2,) = v Coar
Ti41

where the mapping ej” is given by the formula
em RT3 4 (qtl(m), . .,qu($)> € Rkm,

In view of our assumptions, the Gram matrix of the components of e]”(X) (with respect to the
inner product (Y1, Y2) — E[Y1Y3]), that is the matrix

Ap = [B|gi(x)d (x)] | & Rhnxhn,

1<4,§<km

is invertible and hence

E [ZTM qtl(X)] _

t+1

_ E [ZTM Qf’"(X)] _

t+1
Next, we want to use Monte-Carlo simulation, to approximate aj" and Tt[m}. To do so we need
to introduce the notation for the sample handling (i.e. independent trajectories) and to all the

corresponding estimates of the functions.

Step 2 - Monte-Carlo simulation

Given a number N, let
X0 = (x{",.., x{") e RIXT

denote independent trajectories of the process X, for n = 1,2,..., N. Each simulation has the
fixed starting point Xén) = X, € R, Define

zZM .= §, (Xé”), . ,Xt("))

and let
7z
Zi=| | eRN*L
zN)
This column vector consists simply of the values at time ¢ of all simulated trajectories of the process

Z . Define also 3 .
qt (X( ))

v,V = Lin : ch=1,... ky p C RV
gt (X))

and
F)t(m,N) _ Projv(m,N) . RNX1 — RNX1
t
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<9§(}’>, where (x,y) denotes the standard scalar product. Note

with respect to the inner product

that
e (XM)
c RNka
e (X))
and
e (xM)
V;(m’N) = Lin ¢ the columns of : C RVXL,
e (X))

Next, we want to approximate stopping times Tt[m} defined similarly as in (5.54). To do so, we

define the approximative stopping times, 7" N by the formula

n,m,N
T, ) ) l ,

n,m,N n,m,N
Ty =t

1 N + T 1 N ,
{Zt(mznn {pt(m,N)(ZTn,TW)] } t+1 {Zz(n><H" {Pt(m’N)(ZT"’m’N)] }
t+
fort=1,...,T—1,

where
x1
[[:®™'s] : |—aeRr
n TN

(m,N)

Then, for some «; € RF»x1 we have

70
T
Pt(mvN) : = (m,N) .

Z(]IX,)m,N e%n (X(N))
Ti41

Let Agm’N) be the (kp, X kp,)-Gram matrix associated with the columns of the matrix

€t (X(l))
€t (X(N))
that is
ey (X)) e (XM)
AmN) 1 . )
t =N : :
ey (X)) ey (X))

This is simply the Gram matrix estimator for the given sample.
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We know that agm’N) is a solution of the equation

om) oy _ 1| s

At 9 at 3 :N : .
e (X) AN

Tev1

a.s.

By the Law of Large Numbers Agm’N) — A" as N — oo, and hence for sufficiently large N the

matrix Agm’N) is invertible (almost surely). In this case

4| & Tt1
(m,N) _ L ma) . .
=L (|
e (X (V) Z(]J\\PmN
Te+1
For convenience we shall write
o= (', 0y, alm) = (o™ afm))
Both objects are ky, x (T' — 1)-matrices.
Step 3 - Showing the convergence
Before showing that agm’N) converges to «;" and consequently, %27]1\[:1 Z(:?m,N converges to
T

E [Zf[m]], we will introduce some additional notation. Let
t

By :={(a™ z,2) : 2 <ef'(x)af'} C RFT- 5 RT x R

fort=1,...,T -1, where a™ = (aT",...,a' ), 2 = (z1,...,27), and & = (z1,...,z7). By Bf we
will denote the complement of B;. We define an auxiliary function

Fy : REnXTD 5 RT 5 ROT R,

by recursion:

FT(ama 2, $) = 2T,
Ft(am, Z,:L’) = ZtlBtC + Ft+1(am, 2, l‘)lBt, t=1,...,T—1.
Since 1cnp = 1¢1p for any two sets C' and D, it is easy to see that
T—1
Fy(a™, z,x) = z1pe + Z zs1p,n..nB,_inBe + 211BN..NBr_;
s=t+1
fort=1,...,T7 — 1. Moreover
Fy(a™,z,z) is independent of ai,..., a{";
F(a™ Z,X) = Z_m;

Fy(amM zm x®)y = z0
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Fort =2,...,T, we define also three other auxiliary functions:
Gi(a™, z,x) = F(a™, z,2)ef" (x);
o(a™) = E[F(a™, Z,X)];
(™) = E[G(a™, Z, X)].
Using this notation one can see that for t =1,...,7 — 1:
af' = (A7) M (@™); (5.55)
N
m m — 1 m n n
o™ = (A" TN G (@l V), 20, X ). (5.56)
n=1

The following estimate is a higher-dimensional counterpart of Lemma 3.1 in [48].

Lemma 5.3.4. With the above notation, we get

T T—1
|Fi(a, z,x) — Fy(a, z,z)| < Z |25 Z L |os—em (2)is|<|em ()| [lds—as||} | - (5.57)
s=t s=t

where 1 <t < T —1, a = (a1,...,ar—1) € RFmx(T—1) " g — (@1,...,a7-1) € RFmx(T=1) = > ¢ RT
and x € RXT

Proof. Let B; = {z < e*(x)as}. Note first that

1p, — 1]_§t| = 1Bgm§t + leég

IN

Lijei—ep (@)l <le (@) e —ar }-

Moreover

|1A1QA2 - ]-ClﬂCg| = |1A1 1A2 - ]-Cl 1C2|

|1A1 14, —1a,1c, +14,1c, — 1¢ 102|
1141’1142 - 102| + 1C2|1A1 - 1C’1|

<
< |1A1 - 101‘ + ’1142 - 102‘7

for any Ay, As, C1,Cy. Consequently

s—1
1Bin..nBoinBs = 1pn B, iniel < Z 1p, —1p,[+ 1 — 15|
u=t
S
= > |1p, -1z,
u=t

because [1p: —1 Bg’ =1penpe = lp.ap, = 1p, — 13 |, where A denotes the symmetric difference

of sets. Similarly
T-1

1Bn.nBr s — g0 B, | < Z g, — 13 |,

u=t
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Therefore
Fi(a,2,2) = Fi@, @) = |a(ls, —1p)
T-1
+ Z 2s(1B,n..nB,1nBs — 13,0 nB, 1nBe)
s=t+1
+2r(Iin.nBry — 1g,n 0By ,)
T T—1
< () (S mn 1),
s=t s=t
as needed. O

The next lemma is a direct extension of Lemma 3.2 from [48].

Lemma 5.3.5. Let Plej"(X)af" = Z] =0, fort € {1,...,T — 1}. With the above notations and

assumptions

. (m,N) a.s. m
Jim o

forte{l,...,T —1}.

Proof. We know that Agm’N) 23 Agm) because of the Law of Large Numbers. Hence, in view of
(5.55) and (5.56), we need to prove that:

N
1 a.s. (m
NZGt(a(m7N)aZ(n)>X(N)) —>’(7Z)t( ))

n=1

We use induction on ¢ starting at 7'— 1. For t = T'— 1, we have Gy41(a™, 2z, z) = zrel'_(z), so the
statement is true as the Law of Large Numbers implies that

— Z ZSWem(x (M) &% B[ Zpep (X)),

which is what we need. Assume that the statement is true for £. The Law of Large Numbers implies
that

*ZGt ,ZM) x M)y L2 (™),

so it suffices to prove that limN_>Oo G ~ = 0, where

N

1 m,N n n m n n

Gy = N,; (Gilalm™), 20, X®) — Gy(am, 2, X))

We have
N
Gn| < Z ey (X[ R (™) 2 X)) — Ry (o™, 2™, X))

]?f T T—1

< NZ e 1 (X)) (Z’ZS(TL)O (Z 1W1(8,N)> )
n=1 s=t s=t
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where
Wi(s, N) = {|Z{") — e (XM)] < [al™N) — o] |er (X ™)}

Fors=t,...,T—1

almN) L5 gm N — oo.
Let
Wii(s,e) = {{I12{" = al'e(X™)] < ele (X™)|}},
Wiii(s,e) = {1Zs — af'el'(X)] < eles"(X)[}-
SoVe>0

N T T—-1
. a.s. 1 n n
thUP|GN| < limsup — § [|€t 1 ( )>‘ (E |Zs( )|> (E ]‘WII(S,E))]
s=t s=t

n:l

T-1
|€?11(X)‘ <Z ’Z§n)’> (Z 1W111(s,e)>] )
s=t s=t

The last equality follows from the Law of Large Numbers. If ¢ — 0, we get convergence to zero,
because of the probability assumption: if A, B,Y > 0 and P(A = 0) = 0, then as € N\, 0

/ YdP / YdP = / YdP = 0.
{A<eB) NesofA<eB) {A=0}

O]

Finally, we are ready to present Theorem 5.3.6, which is a direct extension of Theorem 3.2 from
[48].

Theorem 5.3.6. Let Ple}*(X)of" = Z] =0, fort € {1,...,T — 1}. With the above notations and
assumptions

N

1

> VAR o [Zn[m]} . as N — oo,
n=1 t

fort=1,...,T, provided that
P(e"(X)a* = Z;) = 0.

Proof. The thesis is equivalent to the statement
1N
2 Fam ), 2, X M) 2% gy (al™).

As before we use induction on t starting at T — 1. For t =T — 1, we have Fyy1(a™, z,z) = 27,
so the statement is true as the the Law of Large Numbers implies that

N
1 n a.s.
~ Sz 5 Bz,
n=1
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which is what we need. Assume that the statement is true for £. The Law of Large Numbers implies
that

~ Z Fy(a™, 2™ x M)y 225 4, (a™),

so it suffices to prove that limy_,oo Fy = 0, where

N
N:%Z(Ft(&mm,%m X0) — o™, 200, x™)).
n=1

We have
1 N
Fy| < = Fi(amN) zm) x(M)y _ F, 7z x(n)
N
n=1

A
2|~
M=
/—\
M=
E
\/
VS
™Mz
—

=
5
N———

Now for any ¢ > 0

s LN T T—1
limsup |[Fy| < limsup Py Z [(Z |Z§n)|> (Z 1Wu(s,6)>]
n=1 s=t s=t

T—-1
“ R [(Z |Z§n)> (Z ]'WIII(Sve))] ’
s=t s=t

The last equality follows from the Law of Large Numbers. If ¢ — 0, we get convergence to zero,
which is precisely what the conclusion of the theorem asserts.
O

Theorems 5.3.3 and 5.3.6 provide a recipe for approximation of E[Z,,] and hence also
Uy = max (Zy, E[Z,]),

as required.



Appendix A

Appendix

A.1 Proofs deferred to the Appendix

Proof of Proposition 2.1.3. Let s,t € T, s > t. Using the convention 0 - 00 = 0 and by
Beppo-Levi monotone convergence theorem for X,Y € LY such that X, Y > 0 and A € LY such
that A > 0 we get

EDX|F] = MEX|F); (A1)
EX|FR] = E[E[X|F]|F]; (A.2)
EX|F]+ E[Y|F] = E[X+Y|F] (A.3)

Moreover we know that for any A € F; and X € LY we get

The last inequality is the result of the convention co — co = —oco.! Now let X, Y € L9,
1) Let A € LY. If A > 0 then using (A.1) we get

ENX|F] = E[(AX)"|F] - E[((AX)"|A] = EPXT|R] - ENXT|F] =
= AE[XT|F] — AE[X " |F;] = \E[X|F].

Now for general A € LY using (A.4) we get

EMX|F] = E[lpsg X + 1pcopAX | F] = 1pso AE[X]F] + Lpcoy (A E[= X[ F] <
< Ipsop AB[X|F] + 1oy AB[X | F] = AE[X|F].

3) On the set {E[X|F| = —oo} U{E[Y|F;] = —oo} the inequality is trivial due to the convention
00—00 = —00. On the other hand the set { E[X |F;] > —oo}N{E[Y|F;] > —o0o} could be represented
as the union of the sets { E[X|F;] > n} N{E[Y|F;] > n} for n € Z on which the inequality becomes
the equality.

'"We know that co < —(—o00) and on the set {E[—X|F;] # oo} inequality in (A.4) is trivial.
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2) Using 1) and 3) we get
E[E[X|F]|Fi] = E E[X+|]"] [X_\]" JI 7]

The proof for X € L°; could also be found in [44, Lemma 3.4]. O

Proof of Proposition 2.2.4. Let X = L™ and f: X — LO.
1) Let X, Y e X, Ae X (0<A<1). We get

FOX + (A =N)Y) = FOAX) + f(1 = )Y) = Af(X) + (1 = A)f(Y).

2) Let A = 3. We get

f(X+Y)—2 F(X+Y)=2f(

w\ixj
e

) < f(X)+ f(Y).
3) From (MI), (tCA) and (tA), for any X € L™, we get f(X) € X}, so

FOX + (1= NY) = M(X) + (1= VFY) + FOX = (X)) + (L= N = f(V))
< AF(X) + (1= NFOY) + [F(X = FX))V F(Y = (V)
— M) + (L= VY.

4) Let A € F;. We get
]lAf(]lAX) = ]lAf(]lAX+ 1 ge essian) < ]lAf(X) < ]lAf(]lAX—i— 1 ge esssupX) = ]lAf(]lAX).
5) Let A € Fr and X € X. We get

Laf(X)=1a(laf(X)+1acf(0)) = Laf(1aX 4+ 140) = Laf(1aX)
]lAf(X) = ]lAf(]lA(ﬂAX) + ]lAcX) < IlAf(]lAX) + ﬂAmAcf(X) = IlAf(:[lAX).

O
Proof of Proposition 2.2.13. We will show the proof for ¢. Let t € T.
(Adaptivity) It is easy to note that for any X € L% and A € F; we get
[]1 A essinf @ (V)41 Ac(oo)} e V. (A.5)

YeYh(X)

Indeed, for any X € L°, essinf of the set of F;-measurable random variables {‘Pt(y)}Yeyj (X) is
Fi-measurable (see [97, Appendix A]), which implies (A.5) for any A € F;. Thus, ¢, (X) € LY.
(Monotonicity) If X > X’ then for any A € F; we get V1 (X) C Vi (X’). Thus, for any A € F; we
get

T4 essinf (V) > 14 essinf @p(Y),
YeVI(X) Yeyi(x)
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which implies ¢; (X) > ¢ (X7).
(Locality) Let B € F; and X € L. In (2.10) it is enough to consider A € F, such that Vi (X) # 0,
as otherwise we get ;" (X) = oo. For any such A € F;, we get

Lanp essinf @i(Y) =1anp essinf  i(Y). (A.6)
YeyE(X) YEVinp(X)

Indeed, let us assume that Y (X) # 0. As Y1 (X) C Vi 5(X), we get

Ianp essinf @i(Y) > 14np  essinf (V).
Yeyi(x) YeYip(X)

On the other hand for any Y € Vi 5(X) and any fixed Z € YV} (X) (note that Vi (X) # 0), we
get
15Y + 15:Z € Y (X).

Thus, using locality of ¢, we get

Lang essinf  @(Y)=1anp essinf 1pei(lgY + 1pcZ) > lanp essinf (YY),
YeVi 5(X) YeVi z(X) Yeyi(X)

which proves (A.6). Next, it is easy to see that YV} 5(X) = Vi 5(1pX) and thus

14 essinf @(Y)=14 essinf ¢ (Y). (A.7)
YeVi5(X) YeVinp(1pX)

Combining (A.6), (A.7) and the fact that Y1 (X) # 0 implies YV} (15X) # 0, we get

1pe; (X) = 1pgessinf _]lA essinf (V) + ]lAc(OO)i|
AcF L yeyh(x)

= lgessinf —]1 essinf Y)+ 14 oo}
pessinf | AmBYeyj,(X)%( )+ Lacnp(o0)

= 1pessinf -11,4 B essinf Y)+ 1 geqnB oo}
er AN Yeyij(X)%( ) nB(0)

= lpgessinf |1gnp  essinf ¢ (Y) + ]lAcmB(oo)]
AerFy L Yeyi p(1sX)

= lgessinf —]lA essinf Y) 4+ 14 oo}
inf [La essint ai(¥) + 1ac()

= 1py; (1pX).

(Extension) If X € X, then for any A € F, we get X € Y4 (X). Thus,

of (X) = essinf [IIA essinf ¢ (Y) + ]lAC(OO)j| = essinf [IlAgpt(X) + 1 4c(00)| = pr(X).
AeF; Yeyi(X) AeF;

As above results are true for any ¢ € T, we have proved that ¢™ is an extension of ¢. The proof
for ¢~ is analogous. Let us now show (2.12) for ¢T.
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Let @ be an extension of ¢. Let X € LY and ¢ € T. Due to monotonicity and locality of @y, for
any A € F; and Y € Y1 (X) we get 145:(X) < 145:(Y). Thus, recalling that essinf) = oo, we
get

Pr(X) <14 essinf @p(Y) + Lge(oo) = 14 essinf (YY) + 1ge(00). (A.8)
YeVi(X) Yeyi(X)

As (A.8) is true for any A € F;, we get

?1(X) < essinf []1,4 essinf ¢ (Y) + ]lAc(oo)} = ¢ (X).
AEF: Yeyi(X)

The proof of the second inequality is analogous. O

Proof of Proposition 2.2.15. Let ¢, : L° — LY be tUM. We will show 1) and 2) just for ;.
The proof for ¢, is analogous, knowing that @, satisfies 1) and 2).

1) For any X € X and n € Z, we get X Vn € X, so the map is properly defined. The properties
(tTI) and (tIP) are always satisfied, as X C L°. (tA) and (MI) follows immediately. Let us prove
(tL). Let A € F;. Without loss of generality, we could assume that n < 0. We get

LaGy(1aX) =14 ng@w%((h)() Vn) =14 lim got(llA(X \/n)>
= lim ILAgot<]lA(X\/n)) = lim lAcpt(X\/n> =1, lim cpt<X\/n)
n——00 n——0o0 n——0o0

= ]lA@t(X%

where we use appropriately the convention (2.4), if needed.

2) Assume that ¢y is (tCA) and let X € X. First, we will prove cash additivity of @; for m € A;.
Without loss of generality, we could assume that n < 0. We know that

(X +m) = lim got((X+m)\/n): lim @t(Xv(n—m)+m)
n——oo n——00
= lim got(Xv(n—m)) +m.
n——oo
Thus, it is enough to show that

PuX) = lim ¢ (X vV (n— m)). (A.9)

n——00

For any k£ € N, we have that
Ly k<m<k} [X V(n— k)} < T pcm<k) [X V(n— m)} < I pcm<k) [X Vv (n+ k)]-
Thus, using the fact that ¢, is (tL), we get
L kemeryPr(X) = L pamery Hm ¢ (X Vi(n— m))-

Since m € X; and X C L%, we have that P[{—k < m < k}] — 1 as k — oo which proves the equality
(A.9).
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Now, let m € X. Using the above result, the fact that @ is (tL) and because for any k € Z we
get Lipspym € &i, we deduce that

Lims—oc} Pt(X +m) = L ooy (#e(X) +m).
On the other hand

IL~{m=—oo}9/51t()( +m) = ]l{m:—oo} ngriloo ¢t((—o0) Vn) = ]l{m:—oo} ngr_noo((pt(o) +n)

= ]]_{m:,OO}(—OO) = ]]-{mzfoo}(;o\t(X) + m).

Combining those above two equalities, (tCA) of ¢; follows immediately.
3) We know that L>° C X. If X € L*, then there exists n,m € Z such that mA(XVn) = mAX = X
which concludes the proof both for ¢; and @;. Now, let X € X and let us assume that ; satisfies
(FP). Put X,, := X Vn for n € Z. The sequence {X },ez is X-dominated by X. Moreover
X,, 2% X. Hence, we have that
(X)) = lim ¢y(Xy) < limsup i (Xn) < @(X) < lim (X)) = Gr(X),
n——00 n——00 n——00

where the last inequality is the consequence of the fact that for any n € N we have X < X,,, which
implies ¢ (X) < o (Xp).

Now, let us assume that ¢, satisfies (LP). We know that (LP) implies (FP), so for X € X we
could write

5i(X) = lim_ (X Am).

m—00

Put X,, := X Am, for m € N. The sequence {X,,}men is X-dominated by X and X,, =2 X,
which implies @;(X) = @i (X).
[

A.2 Classical definition of time-consistency

The unifying approach of time consistency for dynamic monetary risk measures, based on so called
benchmark set, was suggested in [140] and used e.g. in [2, 7, 36, 57]. The reformulation for processes
can be found e.g. in [1, 36, 17]. For simplicity, in this subsection (if not stated otherwise) we will
assume that X = L°°. Before introducing time-consistency, we need to recall the definition of
benchmark set, which will define a specific subset of financial positions (test set) to which we could
compare our position (see [2] for more details).

Definition A.2.1. We will call Y = {V:}er (Ve € X) a benchmark set if for any ¢ € T we get
0e€)y and Yi+R=).
We are now ready to present the definition of (benchmark) time consistency.

Definition A.2.2. Let ¢ be dUM and let Y be a benchmark set. We will say that ¢ is acceptance
(resp. rejection) time consistent with respect to the benchmark set ), if

0s(X) > ps(Y) (resp. <) = @(X)>¢(Y) (resp. <), (A.10)
forall X e X and Y € Y.
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Similar definition could be obtained for the space of adapted stochastic processes with additional
assumptions that values of X and Y must coincide up to time ¢ (see [1] for details).

Intuitively, the more elements in the family {);}ser the stronger the degree of time consistency
of ¢. Let us now introduce various types of time-consistency, which were studied in the literature:

Definition A.2.3. Let ¢ be dUM. We say that ¢ is:

o Weakly acceptance (resp. rejection) benchmark time consistent, if it it acceptance (resp.
rejection) time consistent with respect to Y = {); h1et, where )V, = R.

e Middle acceptance (resp. rejection) benchmark time consistent, if it it acceptance (resp. re-
jection) time consistent with respect to Y = {); }ier, where )V, = A&;.

e Strongly benchmark time consistent, if it is acceptance (or rejection) time consistent with
respect to YV = {J; }ter, where V) = X2

In L*° framework, there are many equivalent reformulations for time consistency. Let us mention
those, which are connected to the dynamic programming.

Proposition A.2.4. Let ¢ be a monetary dRM and let X = L. Then ¢ is

o Weakly acceptance (resp. rejection) benchmark time consistent, if and only if for s,t € T,
s>t, X e X,
0s(X) >0 (resp. <) = ¢(X)>0 (resp. <);

e Middle acceptance (resp. rejection) benchmark time consistent, if and only if for s,t € T,
s>t, X e X.

pi(—ps(X)) = pi(X)  (resp. <);
o Strongly benchmark time consistent, if and only if for s,t € T, s >t, X € X.
pi(—ps(X)) = @r(X);

fors,teT,s>t, X € X.

A.3 Some results from convex analysis

We will present here some results from a functional (and convex) analysis. For a good general sur-
vey about LP-spaces, definition of locally convex topological spaces, Banach spaces, Hahn-Banach
theorem, etc., see [77, Appendix A.7]. Moreover, we will also present here results for a static case,
i.e. we will consider maps of the form f : X — R. For the F;-conditional equivalents of results
from this section, cf. [68, 67, 82| and references therein.

Definition A.3.1. Let X be a topological vector space (on R). We will call
X*:={l: X - R | is continuous and linear}

a (topological) dual space of X.

2Note that in this case, the inequality is symmetric, so acceptance and rejection time consistency are the same.
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Remark A.3.2. In Definition A.3.1 we have assumed that X is embedded with a certain topology
and the dual space is defined wrt. to this topology. Note that with different topologies, we could
obtain different dual spaces of X. For example L*™ (with topology induced by || - || norm) is
the dual of L', but the converse is generally not true. However, if we endow L> with the weak*
topology?, then L! is the dual of L™ [77].

Remark A.3.3. For p € [1,00), the dual of LP space embedded with | - ||, norm is the L9 space
(with || - ||; norm), where ¢ denotes the conjugate index of p (i.e. % + % =1).

Definition A.3.4. The Fenchel-Legendre transform of a function f : X — RU{+o0} is the function
f* on X*, defined as
fH(1) = sup (I(X) — f(X))
XeXx
Remark A.3.5. The function f* is proper (P2), convex (CV) and lower semi-continuous (LSC) as
the supremum of affine functions. Moreover, if f is (CV) and (P2), then we call f* the conjugate
of f. Note that in concave framework, for —f we obtain the similar result.

Theorem A.3.6. [Fenchel-Moreau Theorem] Let X be a locally convex vector space. Let f be
adapted (A), proper (P2), convex (CV) and lower semi-continuous (LSC) wrt. weak™ topology.
Then f = f**, where f** denote biconjugate of f.

Again, we refer to [77, Appendix A.7] and references therein for more classical results about
dual spaces, etc. (Banach Alaoglu Theorem, James Theorem, Dunford-Pettis Theorem, etc.)

A.4 Subsidiary results

Example A.4.1 (Construction of X-extension for any tUM and dUM defined on X). Let X, X CLO
lze such that X C X. Let ¢; : X — LY be tUM. We will show, how to construct the exemplary
LP-extension of ;.

Proof. We will show, how, for a given ¢; : X — L? tUM, construct the exemplary LV-extension of
¢4 (note, that such extension will be valid for any X C L?). In fact we will show how to construct
two LY-extensions, which usually do not coincide. For X € LY, let

AX):={Ae F| 14X € X, P[4] > 0}.

First, let us show that If A;(X) # 0, then for any X € X and n € N, there exists A,, € Ay, such
that

sup  P[A\ A] <
Ae A (X)

(A.11)

3=

On the contrary let us assume that (A.11) is not true for some n € N. Let A% € A; (any element
from Ay). There exists A € Ay(X) such that P[4\ A%] > 1. We put A} = AQUA. It is easy to note
that AL € A;(X). Again, There exists A’ € A; such that P[A"\ Al] > 1. We put 42 = A} U 4’

3ie. o(L%, L"), the initial topology with respect to the dual space X* see [77] for details



122

and again note that A2 € A;(X). Doing similar operations we could obtain the set ATl € A;(X).
Because the family {A7}7"1]! is ascending, we get

n+1
PIARTY] = PlART \ A7) + P[A7] = ... = > P[A, \ A1+ P[A7] > 1.
i=1

This contradicts the assumption that P is a probability measure. Thus, (A.11) must by true.
Now let {4, }nen be a family of sets A,, € A;(X) satisfying (A.11). It is easy to see that

sup P[A\ | ] An] =0, (A.12)
Ae A (X) neN

Let A} := Ay and A}, := (Ap \ U,<p_1 Am) for n > 2. Let K = {n € N|P[A}] > 0}. For any
k € K, we get Ay € Ay(X) and for any ki, ks € K, such that k; # ko, we get P[Ay, N Ag,] = 0.
Moreover, if A;(X) # 0, then 1 € K and consequently, using (A.12), we get

sup P[A\ | ] 44] =0 (A.13)
Ac Ay (X) kK

Thus, we have shown that for any X € L°, such that A;(X) # 0, there exists a family {AX }Z]\L’i,
where Nx € NU {oco}, such that for 7,5 € N, i < j < Nx, we get

Nx
AN e AX), AXnAY =0, sup PA\ ] AL =0. (A.14)
Ac A (X) k1

Moreover, for X € LY such that A;(X) = (), we put Ny = 1 and A = (). Let
Nx
BY =[] A (A.15)
i=1
We know that for any X G_EO, the set B;X is F; measurable (note that we might get B;X ¢ A;).
Let o} : L° — LY and ¢? : L° — LY be defined by

Y Luxp(lax X)(w)  ifwe BY
P (X)) =1 —oo if w e BX"\BY, (A.16)
o0 otherwise,

Y Lyxp(lyx X)(w)  ifwe BY
P (X)) = ¢ oo if we BX\BY, (A.17)

—00 otherwise,

Let us show that ¢! is an L%extension of .

(Monotonicity) Let t € T and X,Y € L°, be such that X > Y. We will prove that

el (X) > (V) (A.18)
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First of all, it is easy to see*, that for any Z;, Zy € L°
Ai(Z1) € Ay(Zs) = B+ C B> (A.19)

Indeed, using (A.15), if A(Z1) € A¢(Z2), then for i =1,2,..., Nz, we get AiZ1 € Ay(Z3). Now,
by (A.14) we get P[AZ' \ B/*] = 0 for any i = 1,2,..., Nz,, so P[B* \ Bf*] = 0.

Due to locality of ¢ we get (A.18) on Bi¥ N B). Next, it is easy to see that A;(X) C A (X™)
(note that LP is the Frechet lattice [13] for p € {0,1,00} and 0 € X). Thus, using (A.19), we
get B,;X - B;tXJr. Moreover, using the same arguments, we get BtX+ - BtY +, and consequently
BX C BY". Because of that, and the fact that inequality (A.18) is trivial on the set BY ~\ BY,
we get (A.18) on B;¥ \ B}, and consequently on B;*.

Next, is is easy to note, that for any ¢ < NX" and j < NX, using the fact that X > Y, we get

Thus, BX" \ BX € BY "\ BY, and consequently (A.18) is true on B .
Combining it with the fact, that (A.18) is trivial on Q\ BX", we obtain monotonicity.

(Locality) Let t € T, A € F; and X € LY. Tt is easy to note that A;(X) C A¢(14X). Using (A.19),
we get BX C B}AX. On the other hand if only P[AN A}AX] > 0, then AN A}AX € A(X), so we
could state that AN A} aX ¢ B(X). Combining those observations, we get

Nx Nax) Nx p Ny x) N N
1 1 1
AnBY = JAnA¥ = | UJAnATna¥ = | ) Ana¥ —AnBMY (A20)
i=1 j=1 i=1 j=1

Thus, using the fact that ¢ is local and (A.20), we get

Nx N(uX) NX
=1
N 4x)
1
Z ﬂAmA;“X)SO(]lA;ﬂAX)X> = Lynpxe; (1aX). (A.21)
j=1

We also get
Lano X9t (X) = Lansxt\sx) (—00) + 140 g g+ (00)
= HAQ(BEIAX)+\B§1AX))(_OO) + HAO(Q\BEIAX)+)<OO)
= 1 no\ 53y 2t (14 X). (A.22)
Combining (A.21) and (A.22), we obtain locality.

(Extension) Of course if X € LP, then we get B = Q and in fact it is enough to consider A = .
Thus, we get i (X) = ¢4(10X) = ¢;(X). This concludes the proof, that ¢! is the extension of ¢.
The proof for ? is analogous.

O

“We shall write A C B, if P[A\ B] = 0.
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(t-), t- The prefix ¢ denotes the F-conditional version of the property, family, etc. (see e.g. page 10)
(d), d- The prefix d denotes the dynamic version of the property, family, etc. (see e.g. page 14)

Acronyms - properties

(A) 10 Adapted

(SBA) 10 Subadditive

(SPA) 10 Superadditive

(AD) 10 Additive

(N) 10 Normalized

(M) 10 Monotone

(MI) 10 Monotone increasing
(MD) 10 Monotone decreasing
(P) 10 Proper

(P1) 10 Proper (in concave framework)
(P2) 10 Proper (in convex framework)
(F) 10 Finite

(L) 10 Local

(IP) 10 Independent of the past
(TT) 10 Translation invariant
(CA) 10 Cash additive

(CCA) 10 Counter cash additive
(QCC) 10 Quasi-concave

(CC) 10 Concave

(QCV) 10 Quasi-convex

(CV) 10 Convex

(SI) 10 Scale invariant

(PH) 10 Positively homogeneous
(LP) 12 Lebesgue Property
(FP) 12 Fatou property

(LI) 12 Law-invariant

(USC) 10 Upper semi-continous
(LSC) 10  Lower semi-continous
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Acronyms - families of maps

UM
RM
PM
Al
LGI
CE

13
13
13
13
67
13

Utility measure

Risk measure
Performance Index
Acceptability Index
Limit Growth Index
Certainty Equivalent

Mathematical notation

essinf; X
essinf;cr X;
essinf,ca X
XVvYy
XAY
LO(Q Gg,P)
19,6, P)
LP(Q Gg,P)

Lf

Projy,
Latt(X)
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JFi-condiitonal essential infimum of X

essential upper bound (essential infimum) of family {X;}ier
unconditional essential infimum of X on set A

max(X,Y)

min(X,Y)

the set of all G measurable RVs with values in (—oo, 00)
the set of all G measurable RVs with values in [—o0, 00]
{X e L°(Q,G,P) | (X AO0) € LP(Q,G,P)}

LP(, G, P); the same applies to LP(G) and LP(G)

LP(Q, F;,P); the same applies to LY and Eff

{(Veer | Vi€ LY, t € T}

{(Vi)ter | mVa € LY, V; >0, t € T}

{Vter | Vi € LY, Vi >0, and V; = Vy v, t € T}, 7V i=inf{t € T | V; = 0}
liminf, ,_~ f(X Vn)

liminf,, oo ]?(X Am)

upper L%-extension of ¢

lower L°-extension of ¢

linear envelope of Z

standard scalar product

projection into V

lattice envelope of X

o-algebra of Borel measurable sets of A

the set of all bounded and continuous functions f: A — A.
span norm of function f

total variation norm of measure p

relative entropy of measures y and v

Fi-cond. relative entropy of measures p and v

closure of set A

M (2, F); the set of all probability measures on (€2, F).
M (Q, F, P); the set of all pr. meas. on (2, F), which are abs. cont. wrt. P
{@ € Ml( ) dP € Lq}

{Qe My(P) | Q€ ba(F)}

the set of all finitely additive signed measures on o-algebra F.
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