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Abstract. The aim of the paper is to prove the following Theorem:

Let P be a non-zero polynomial of two complex variables. Put A :=
{(217Z2); P('Z17Z2) = 0}’ Ai2 = {Zl;P(ZhZ?) = 0}7 Ail = {ZQ;P(ZMZ?) =
0}. Let E1, E3 be two closed subsets of C with positive logarithmic capaci-
ties. Put X := (F1 XxC)U(Cx E»). Let f: X\ A > (21,22) — [f(21,22) € C
be a function separately holomorphic on X \ A, i.e. f(z1,-) € O(C\ A2))
for every 21 € E1, and f(-,22) € O(C\ Aiz) for every 2o € Es.

Then there exists a unique function f € O(C?*\ A) with f=fon
X \ A. Theorem remains true for all n > 2.

If E1 = E2 = R and P(z1,22) = 21 — 22, we get the result due to O.
Oktem [5].

1. Introduction. The aim of this paper is to prove the following theorem.

THEOREM 1.1. Givenn > 2, let E; (j =1,...,n) be a closed subset of the
complex plane C of the positive logarithmic capacity. Put

(*) X := (CxEox- - xXE,)U(E;1xCxE3x---xEp)U- - -U(E1 X - - X Ep,_1 XC).

Let P be a non-zero polynomial of n complex variables. Put

(**) A:={2€C"P(z) =0}, A i=1{z;€Czec A}

2152152541502

for (21, ..., 2j—1,2j41, -, 2n) EC"L j=1,...,n. Let f : X\ A C be a
function separately holomorphic on X \ A in the sense that

f(Zl, N T PRTR-7 NS P Zn) € O((C \ Agl7-~-7zj—17zj+17---7zn)’
if o€ By(k#J), j=1,...,n.
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Then f € O(C"\ A), i.e. there exists a unique function feoEnr\ A
with f = f on X \ A.

Ifn=2, E1 = B2 =R and P(z1,22) = 21 — 22, we get the result due to O.
Oktem [5]. Properties of separately holomorphic functions of the above type
were used by O. Oktem ([Bl, 6]) to characterize the range of the exponential
Radon transform (which in turn is of interest for mathematical tomography).
Theorem shows that the Main conjecture of paper [6] is true at least for a
class of special cases interesting for applications in mathematical tomographyﬂ

Let Dy and Dy be two domains in C” with Dy C D,. In the sequel we
shall say that a function f defined and holomorphic on D; is holomorphic on
Do, if there exists a unique function f holomorphic on D> such that f = f on
Ds.

We shall need the following three known theorems.

THEOREM 1.2. Let F; be a nonpolar relatively closed subset of a domain
D; on the complex zj-plane, j = 1,...,n. Let f : X — C be a function of n
complex variables separately holomorphic on the set X := Dy X Fo x---x F,, U
.. UF X --- X F,_1 X D,.

Then the function f is holomorphic on a neighborhood of the set

Di X (F2)peg X -+ X (Fn)reg U oo U (Fi)reg X -+ X (F=1)reg X Dn,

where (Fj)yeq is the set of points a of F; such that F; is locally regular (in the
sense of the logarithmic potential theory) at a.

THEOREM 1.3. Let D C C™ (resp. G C C™) be a domain with a pluripolar
boundary. Let E (resp. F') be a non-pluripolar relatively closed subset of D
(resp. G).

Then every function f : X — C separately holomorphic on the set X :=
ExG U D x F is holomorphic on D x G.

Theorems and are direct consequences of (e.g.) the main result
of [4].
THEOREM 1.4. [I] Let A be an analytic subset (of pure codimension 1) of

the envelqtze of holomorphy D of a domain D C C™.
Then D\ A is the envelope of holomorphy of D\ A.

2. Proof of Theorem [I.1l We shall show that our theorem follows from
the following Lemma.

LEMMA 2.1. There ezists a function g holomorphic on the domain C"\ A
such that g = f on Fy X --- X Fy,, where Fy x --- x F,, CC"\ A and Fj is a
non-polar subset of E; (j=1,...,n).

M. Janicki and P. Pflug [2] have shown that for n = 2 the Main Conjecture is true with
no additional assumptions.
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In order to prove Theorem it is sufficient to show that g = f on X \ A.

First we shall consider the case of n = 2. Fix (a1,a2) € X \ A. We need
to show that g(ai,as) = f(a1,az). Without loss of generality we may assume
that a1 € E1.

For a fixed z9 € Fy the functions f(-, z2) and g(-, z2) are holomorphic in
the domain C \ A, and identical on the nonpolar subset Fy. Therefore

f(z1,22) = g(21,22), 21 €C\ Al 29 € Iy,

299

Let G2 be a non-polar subset of Fy such that P(aj,z2) # 0 for all z; €
Gy. Then a1 € C\ A,, for all zo € Go9. Hence f(a1,22) = g(ay, z2) for all
zo € Go. The functions f(ai,-) and g(a1,-) are holomorphic on the domain
C\ Agl and identical on the nonpolar subset Gy of the domain. Therefore
f(a1,22) = g(a1,z) for all zp € C\ A2 . In particular, f(a1,az) = g(a1,a2)
because as € C\ A2 .

Now consider the case of n > 2 and assume that Theorem is true in CF
with 2 <k <n-1. Fix a = (a1,...,a,) € X \ A. Without loss of generality
we may assume that a1 € Ey. Put a = (a1, d’) with o/ = (ag,...,a,). Observe
that Agzln) = {2 € C"L; P(ay,2) = 0} £ Cn L.

It is clear that f(z1,2') = g(21,2') if 21 € C\ AL, and 2/ € Fy x -+ x F,.
Let G; (j = 2,...,n) be a non-polar subset of F; such that P(ai,z") # 0 for
all 2/ = (29,...,2,) € Gg X -+ X Gy. Then the function g(aq,-) is holomorphic
in C"1 \A((fl""’n), and

fla,2") =g(a1,7"), 2 €Gax- xGpCEyx- - xE,\ A((fl"“’”).
Put
X' =CxE3x---xE,U---UEyx---x E,_1 xC.
)

Then the function f(aq,-) is separately analytic on X'\ A((fln , and the func-

tion g(aq,-) is holomorphic on
Crh\ AR
Moreover, f(a1,z’) = g(ay,2’) for all 2/ € Gy x -+ x G,,. By the induction

assumption we have f(ai,2’) = g(ay, ') for all 2/ € C*~! \Afl"“’n). It is clear

that ' € C"1\ A((fln) Therefore f(a) = g(a). The proof is concluded.

3. Proof of Lemma [2.1} For each k with 1 < k < n the polynomial P
can be written in the form

d.
(*) P(Z) = Zpkj(zlww72k7173k+17‘--72n)2£7
7=0

where dj, > 0 and pgq, # 0(k =1,...,n). It is clear that dj = 0 iff P does not
depend on zj. If P = const # 0 then A = ).
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Put
AR = {z € C";pra, (21, 21, Zhit1s-- -5 2n) =0}, k=1,...,n.

Then the set B = AUA'U...u A"

is pluripolar. We know that the set (E;)cq is not polar. Therefore the cartesian
product (E1)reg X -+ X (Ep)reg is not pluripolar, and hence

(Bt )reg X -+ X (Ep)reg \ B # 0.
Fix
22 =(27,...,20) € (E1)reg X - -+ X (En)reg\(AuAlu---uA”).

Then there exists r, > 0 such that

(%x) (B(2,2r0) x -+ x B(22,2r,)) N (AU A  U--- U A™) = 0),

where B(27,2r,) 1= {zj_E C;lzj — 22| < 2r_0}. In particular, pgq, (21, . -, 2Zk—1,
Zhi1y-- o 2n) # 0 on B(27,2r,) X - x B(27_,2r0) X B(27,1,2r,) X -+ X
B(22,2r,).

We shall show that Lemma follows from the following Main Lemma.
MAIN LEMMA 3.1. Given 6 with 0 < 0 < min{1,7¢}, put
Oy = B(27,0) x -+ x B(2{_1,0) x Cx B(241,0) X --- x B(2p,6) 1<k<n.
If § is sufficiently small then for each k = 1,...,n there exists a function fi
holomorphic on Qi \ A such that fr(z) = f(z) on the set Fy x --- x F,,, where
Fj:=E;NB(z},6), j=1,...,n

In order to prove Lemma let us observe that by (xx) f;
the non-pluripolar subset Fy x - - - x F;, of the domain (€2; N§Yy)

the function

fo 3:f1U"'Ufn
is well defined and holomorphic on Q\ A with Q := Q; U--- U Q,,. Moreover
fo=fon I} x---x F,. The set € is a Reinhardt domain with centre z° whose
envelope of holomorphy is C™. Therefore by the Grauert-Remmert Theorem
1.4 there exists a function g holomorphic on C™\ A such that g = f, on Q\ A;
in particular ¢ = f on F} x --- x F,. The proof of Lemma 2.1 is finished.

= fr=[f on
A. Therefore

4. Proof of the Main Lemma. Fix integer k£ with 1 < k < n. We shall
consider two cases.

Case 1°. The polynomial P depends on zg, i.e. di > 1.

Without loss of generality we may assume that k& = 1. Let {ai,...,as} :=
{z1 € C; P(21,23,...,25)= 0} be the zero set of the polynomial P(-, 29, ..., 29

By @ the number m given by
2m = min{|p1q, (z)|; |2 — 2| <ro(j =2,...,m)}

is positive.
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Let R, > max{1,r,} be so large that B(a;,2) C B(0,R,) (j=1,...,s)
and
(4.0)  |P(2)| > m|z1|® forall |z1] > R,, |z — 2| <ro(j =2,...,m).
Fix € with 0 < € < 1 so small that
B(29,7,) N (szlé(aj,e)) =0, B(aj,e)NBla,e)=0 (G#1)

Without loss of generality we may assume that r, is so small that P(z) # 0
for all z with |21 —a;j| > § (G =1,...,8), |z =2} <1 (j=2,...,n).
Now given R > R, there exists ¢ such that 0 < 2§ < r, and f is bounded and
holomorphic on the set

{zeChe<|z—qj|<3R (j=1,...,8), |a—2|<dé(l=2,...,n)}
Indeed, f is separately holomorphic on the set
() DixFyx- - xF,U---UF} X--- X F,_1x Dy
with Iy = Ey N B(2$,7,), Fj == E; N B(zf,10) (j =2,...,n), Dy :=C\
(B(al,i)u---UB(as,i)), D; = B(z}’,ro) (j = 2,...,n). For each j the

set Fj is locally regular at z7. Hence by Theorem there exists § such that
O <26 < r, and f is holomorphic on the domain

(1) {z€C§<|e1—aj| <2R(j=1,...,8), |ze—27|<26({=2,...,n)}.
Observe that the function
P(w,2") — P(z,2

W(w,z) == p——

’ d1
L S T w4 )
=1

is a polynomial of n 4+ 1 variables w, z1, ..., ;.
It is clear that for every j € Z the function

fw,2")
P(w, z")i+!

is holomorphic on the set {(w, z) € C"“;% <|w—a;| <2R(j=1,...,s), 21 €
C, 2/ € B(29,20) x --- x B(22,20)}.
Therefore the function

(4.1) ci1j(z) == 21m/ Qi (w, z)dw
C(0,R)

is holomorphic on the set C x B(z9,20) x - - - x B(22,20); here C(0, R) denotes
the positively oriented circle of centre 0 and radius R. Moreover, by for
every compact subset K of C there exists a positive constant M = M (K, R)
such that

(4.2) le1j(2)] < MV
for all j € Z and z € K x B(29,0) X -+ x B(22,0).

(&) Pj(w,2) :=W(w,z2)



14

For a fixed 2’ € Fyx- - x I, with Fj := E;NB(27,6) the function ®;(-, -, 2')
is holomorphic on {w € C; P(w,2’) # 0} x C. Hence, by the Cauchy residue
theorem,

1
(4.3) c15(2)

" 2mi

/ Qi(w,2)dw, z€Cx(Fyx--xF,),
8D+(Z’,p)

where p is any positive real number and

Dy (7, p) = {21 € C;|P(21,2")| < p}.
In the formula (4.3)) the integration is taken over the positively oriented bound-
ary of the open set D, (2, p) (the interior of the lemniscate on the z;-plane).

We claim that the required function f; may be given by the formula (a
generalized Laurent series)

fi(z) = chj(z)P(z)j, ze )\ A,

where ¢y is defined by . It remains to show that the series is convergent
locally uniformly in 7 \ A, and f; = fon F} x --- X F),.

We already know that the functions ci; are holomorphic on €; := C x
B(28,0) x -+ x B(z2,6). Passing to the proof of our claim let us observe that,
given 2’ € Fy x --+- x F, and 0 < r < 1, we have

1 ! 1
f(z) = / de, 2 €D(,r) == {z € C;r < |P(z1,2)] < ~}.
oD(2',r) r

271 w — 21
Hence
1 / 1 /
fz) = = Flw.2) - / fw.2),
2mi 3D+(2/7%) w—2z 2mi OD_(z'r) w—2z1

for all zy € D(2',r), where Dy (2, 2) := {z; € C;|P(z1,7)| < 1}, D_(¢,r) :=
{z1 € C;|P(21,2")| > r}.
Observe that

flw,?))  Pw,?') = P(z1,%) ' fw, 2"
(

w—2 w—2 P(w, ) — P(z1,2") -

e .
> ®j(w,2)P(2)
§=0

for all w € C with |P(w,2)] = % and all 2y € Dy(2,2) , the series being
uniformly convergent with respect to w € 9D, (2, %)

Similarly,
oo

HZ) S (w2 P(2)
j=1

w — 21

for all w € 9D_(2',r) and all 21 € D_(Z',r), the series being uniformly con-
vergent with respect to w € 9D_(2',r).
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By (4.3)) it follows that

o0
(4.4) f(z) = Z c1j(2)P(2)!, 21 € D(2,0), 2 € Fyx - x F,.
j=—00
Moreover, for every p > 0, for every 2’ € Fy x --- x Fy,, and for every

compact subset K of C there exists M = M (p,z’, K) > 0 such that
le1j(2)| < Mp™, jeZ, =znekK, 2ZeFyx---xF,
Hence for all7 >0, 2z € C, 2z € Fy x---x F, one gets the inequalities
1 ,
|Clj(zlﬂzl)| < M(fazla {Zl})rj7 Jj=0,
r

|Clj(zlvzl)| < M(T‘, Zl) {Zl})rm’ 7 <1

By the arbitrary nature of r > 0 it follows that

1
limsupmlog]clj(z)\ =-00, 2n1€C, ZeFRx - xF,

lj]—o00

By the sequence { |71| log |c1]} is locally uniformly upper bounded on
Q. Put u(z) := limsup ﬁ log |c15(2)|, 2 € ©1. Then the upper semicontinuous
regularization u* of u is plurisubharmonic in €2y, and by the Bedford-Taylor
theorem [3] on negligible sets the set {z € F} X -+ x Fp; —00 = u(z) = u*(2)}
is non-pluripolar. Therefore u* = —oo in ;.

Given a compact subset K of Q) \ A, there exists r = r7(K) with 0 <r < 1
such that r < |P(z)| < L for all z € K. Fix k > 0 so large that 1e™* < 1. By
the Hartogs Lemma there exists j, = jo(k, K) such that

1 . 1
mlog|clj(z)P(z)j] < —k+log o ze K, |j| > Jo,
i.e.

e ()P | <270 ze K, [j] > jo

It follows that the series 322 c1;(2)P(z)? is uniformly convergent on
every compact subset of €1 \ A. Its sum f; is holomorphic on Q; \ A. By (4.4)
fi=fon F} x--- x F,. The proof of Case 1° is completed.

Case 2°. The polynomial P does not depend on zj.

Without loss of generality we may assume that £ = n. Now the function f is
separately holomorphic on the set @) with D; := B(z;?, o), Fj = Ej ﬂB(z}’, To)
(j=1,....,n—1,D, :=C, F, := E,NB(22,7,). Given R > 0, by Theorem
there exists sufficiently small § > 0 such that f is holomorphic on the domain

(1) {zeClz 271 <25 (j=1,...,n—1),|za] <2R.
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The function

. _ (Y o 1 f(z’,w) -
(a) Cnj(2) = cnj(2) = 55 /C(O,R) il dw, j =0,
with 2":= (z1,...,2n—1), is holomorphic on the set B(z{,20)x: - -xB(28_4,28)x

C. Moreover, for every compact subset K of C there exists a positive constant
M = M (K, R) such that

() enj(2)| S MR, >0, z€Q,:=DB(27,8) x...B(z2_1,6) x K.
It is clear that for every p > 0
‘ _ 1 f(Zw) .

(c) cnj(2) = 5 /C(o,p) R dw, z€F x- -+ X F,_1xC,
where Fj := E; N B(z7,6). Moreover,

e .
(d) f(z)= chj(z)z%, z€Fy x -+ x F,_1 xC.

j=0
Put u;(z) = %log\cnj(z)]. The sequence {u;} is locally uniformly upper
bounded on ,, , and limsup;_, ., u;(z) = —oc for all z € F1 x -+ x F},_1 x C.

Hence by the Hartogs Lemma and by the Bedford-Taylor theorem on negligible
sets, the series D72 ¢y (2)z1, is locally uniformly convergent on ,, and its
sum fp, is identical with f on F; X --- x F},. The proof of case 2 is finished,
and so is the proof of the Main Lemma.
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