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IMPLICIT DIFFERENCE METHODS FOR NONLINEAR FIRST
ORDER PARTIAL DIFFERENTIAL EQUATIONS

BY ANNA KEPCZYNSKA

Abstract. Classical solutions of initial boundary value problems for non-
linear equations are approximated with solutions of quasilinear systems of
implicit difference equations. The proof of the convergence of the method
is based on a comparison technique with nonlinear estimates of the Perron
type for given functions.

This new approach to implicit difference methods for nonlinear equa-
tions is based on a quasilinearization method and theory of bicharacte-
ristics.

In our considerations it is important that the Courant—Friedrichs—
Levy condition is not need in convergence theorems for implicit difference
methods.

Numerical examples are presented.

1. Introduction. For any metric spaces X and Y, by C(X,Y) we denote
the class of all continuous functions from X into Y. We will use vectorial
inequalities meant component-wise
Forz,y e R", v = (x1,...,2n), ¥y = (Y1,-..,Yn), We put

n
rxoy=(x1y1,...,2pyn) and |z |= Z |z
i=1

Let £ =[0,a] x [=b,b], where a > 0, b= (b1,...,b,) and b; > 0 for 1 <i < n.
Suppose that x,0 < k < n is a fixed integer. We define the sets

8+Ei:{(t,$)€Elwi:bi}, 1 <1<k,

8*Ei:{(t,a:)€E::ci:—bi}, k+1<1<n
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and

K n
awE=Jo"Eiu |J 0B, Ey={0}x[-bl], Q=ExRxR"
i=1 i=r+1
Suppose that F': Q@ — R, ¢ : g UJgFE — R are given functions. We consider
the problem consisting of the differential equation

(1) Oz(t,x) = F(t,z, 2(t,x), 0x2(t, x))

and the initial boundary condition

(2) z(t,x) = p(t,x) for (t,x) € EyUE,

where 0,2 = (03,2,...,05,2). We are interested in the construction of a

method for the approximation of classical solutions to problem , with
solutions of associated implicit difference schemes and in the estimation of the
difference between these solutions.

We define a mesh on the set F in the following way. Let N and Z be
the sets of natural numbers and integers, respectively. Let (hg,h'), h' =
(h1,...,hys), stand for steps of the mesh. For h = (hg, ') and (r,m) € Z!*",
m = (m1,...,my,), we define nodal points as follows

t) = rhy, 2™ =mol, (M = (mgml), e ,xf{”")).

By H we will denote the set of all h = (hg,h’) such that there is N =
(N1,...,Np), N € N® with Noh' =b. Let K € N be defined by the re-
lations Khy < a < (K + 1)hg. We define the sets

R = (") M) (r,m) € Z1HY,
E,=ENR"™, Eop = Ey x Rjt, oEn=ENR™

and

I ={t":0<r<K}.
For functions w : I, — Rand z : E, — R, u: Ey, — R™, u = (u1,...,uy), we
write

w™ =wt™), 20 = 1) F()) ) = g (1) (M),

For h € H weput || h ||= ho+h1+---+hy. Let e; = (0,...,0,1,0,...,0) € R™,
1 standing in the i-th place, 1 < i < n. By §p and § = (d1,...,0,), we will
denote the difference operators defined by

1
(rm) — = ( (r+1,m) _ _(r,m)
(3) doz P (z z ),

1
(4) §;2(rm) — E(Z(T’m”") — Z(T’m)> for 1<i<k,
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1
- (z(r’m) — z(r’m_ei)> for k+1<i<n.
If kK =0, then 9§ is given by ; for kK = n, 0 is defined by .
Write

(6)

Suppose that we approximate solutions of , by means of solutions of the
difference equation

(5) 82 =

0=(61,...,0,) € R" where ;=1 for 1<i<k
and 6, =-1 for r+1<i<n.

(7) 502(7‘,777,) = F(t(r),l‘(m)7 Z(T,’m)7 6Z(T,m)>
with the initial boundary condition
(8) Z(T,m) — @Eznm) on EO.h U BOEh,

where ¢y, : FypUdyEr — R is a given function. Problem , is called the
Fuler method for , . We formulate sufficient conditions for the conver-
gence of method , (8). We need the following assumption on F'.
Assumption Hy[F|. Suppose that the function F' : Q@ — R in the variables
(t,z,p,q9), ¢ = (q1,---,qn), is continuous and

1) the partial derivatives (0y,F, ..., 04,F) =0, F exist on Q, 9,F € C(2, R")
and
(9) 0, F(t,x,p,q)00 >0 on Q,

2) there is 0 : [0,a] x Ry — Ry, Ry = [0,+00) such that
(i) o is continuous and it is nondecreasing with respect to both vari-
ables,
(ii) o(t,0) = 0 for t € [0,a] and the maximal solution of the Cauchy
problem

isw(t) =0 for t € [0,a],
(iii) the estimate
|F(tax7p7 Q) - F(t,ZL‘,T), Q)| < U(t7 |p _T))D

is satisfied on 2.

THEOREM 1.1. Suppose that Assumption|Hy|F| is satisfied and
1) h € H and for P = (t,x,p,q) € Q, there is

n

1
(10 1= ho 510, F(P) =0,

i=1

2) v: E — R is a solution of , (@ and v is of class C,
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3) zn : By, — R is a solution of @, @ and there is ag : H — Ry such
that

™) — "™ < ag(h) on EopUdeE, and lim ao(h) = 0.
Then there exist € > 0 and o : H — Ry such that for || h ||< € there is
]“{rm — Tm)] <a(h) on E, and }lgl% a(h) =0,
where vy, is the restriction of v to the set Ey,.

The above theorem may be proved by a method used in [6]-[9]; see also [5]
Chapter 5.

In this paper we consider the following modifications of the classical Euler
method.

We first approximate solutions of , by means of solutions of the
difference equation

(11) 5oz(r,m) — F(t(T), x(m)’ Z(r,m)’ 5Z(r+1,m))

With the initial boundary condition . The numerical method consisting of
) and ( is called the implicit Euler method for . In Section [2) I, we
prove that under natural assumptions on the given functlons and on the mesh,
there exists exactly one solution of , . We also give sufficient conditions
for the convergence of the implicit Euler method.

Note that Theorem does not apply to quasilinear equations. Neither
does a general result on implicit method , , presented in Section
apply to quasilinear problems. But in a separate theorem in Section (3| we
give sufficient conditions for the convergence of implicit difference methods
generated by quasilinear problems.

We wish to emphasize that the main difficulty in carrying out the implicit
Euler method for nonlinear equations is the problem of solving equation (|11
numerically. For this reason, we separate a new class of difference problems
corresponding to , . We transform nonlinear equation into a quasi-
linear system of difference equations. The method thus obtained is implicit
and it is linear with respect to the difference operator ¢ for spatial variables.
A convergence theorem and an error estimate for the method are presented in
Section [4] It is the main part of the paper. Numerical examples are given in
the last section.

2. Convergence of implicit Euler methods. Write
B, ={(t"),2™) € By \ 0By : 0<r < K — 1},
We formulate the main result on method (| ., .
THEOREM 2.1. Suppose that Assumptz'on 18 satisfied and
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1) v: E — R is a solution of , @ and v is of class C,
2) there is ag : H — Ry such that

|§0(T’m) _ Sol(lr’m)| < ao(h) on EO.h U ath

and

li h) = 0.
lim ao(h)

Then there exists exactly one solution zp : B, — R, h € H, of problem @,
and there exist a« : H — Ry and € > 0 such that for || h ||< € there holds

(12) ]v,(:’m) - z,(:’m)] <a(h) on E
and
(13) lim a(h) =0,

where vy, is the restriction of v to the set Fy,.

PROOF. We first prove that there exists exactly one solution zp, : Ej, — R
of problem , . The proof will be divided into three steps.

(I) Suppose that 0 <r < K — 1 and m € Z™ are fixed and
—N; <m; <N;—1 for 1<i<k,
—N;+1<m; <N; for s+1<i<n.
Assume also that the numbers z}(f’m), z;LTH’erei) for 1 < i< Kk and z,(:ﬂ’m_ei)

for k +1 < i <n are known. Write

r m 1 T ,m-+e 1 T yM+ex
Q( i )(Z/):(}TI(Z;(L+1 +1)—y)7---,hfn(zé+1 i )—y),

1 . (r+1,m—ext1) i . (r+1,m—en)
U ool ))
and
(14) U(y) = 2™ 4+ ho F(ED, 2™ 0™ QUralm) (),

where y € R. Then ¥ : R — R is of class C!. It follows from assumption @
that

. 1 m r,m r m
V(y) = —hoz F’aqu(t(r),gc( )72}(17 ),Q( +1, )(y))‘ <0.
j=1""7
for y € R. Therefore, the equation
(15) y="V(y)

has exactly one solution y € R.
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(IT) Suppose that 0 < r < K — 1 is fixed and that the numbers z](f’m),
—N <m < N, are known. Consider equation with U given by and

(16)  m=(N —1,No—1,....Ne—1,~Nery +1,...,—Np +1).
It follows from that the numbers
zﬁf“’m%i) for 1<i{<k and zyﬂ’m_ei) for k+1<i<n

are known. We conclude from (I) that there exists exactly one number z,(fﬂ’m)

for m given by . In the same manner, we can prove that there exists exactly

one number z}f“’m) for
m=(j,No—1,..., Ny —1,—Nuy1+1,...,— N, + 1)

and j = Ny — 2, Ny — 3,...,—Nj. Suppose now that —N; < m; < Ny —1is

fixed and

(17) m= (my,j,Ns—1,...,Ny—1,—Nyy1+1,....,—N, + 1).

Repeated applications of (I) enable us to calculate the numbers Z,(LrH’m) for m

given by and for j = Ny —1,Ny —2...,—No.
Now suppose that we have calculated the numbers

(r+1,m1,...;mp,—Ngp1+1,...,—Np+1)
Zh )

where —N; <m; < N;—1fori=1,...,k. Put

m = (ml,...,mn,j,—Nﬁ_l'_Q—i-17...,—Nn+1).
We again apply (I) for j = —Ng41+1, —Ngt1 +2,..., Nej1.
In the same manner we can see that the numbers z,(fﬂ’m) exit and they

are unique for —NV; +1<m; < N, i=rk+1,...,N.

(ITI) It follows from initial boundary condition and from (II) that the
proof of the existence and uniqueness of a solution of , may be com-
pleted by induction with respect to r.

We next show , . Let the function I'y, : E}, — R be defined by
(501),(:’m) = F(t(r),x(m),v,(:’m), 50}(:+1,m)) + I‘E:’m).
It follows that there exists v: H — R4 such that

|T§Zr’m)| <~(h) on Ej; and }llirrbv(h) = 0.
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Write wp, = 25 — vy. An easy computation shows that
"1
(18) L) [1 +ho ) heiati(Q)}
i=1

r 1 r m ; - 1 (s m—e; r,m
= ho Y -0, F(Q) wy ) py S 0, F(Q) w{r e gy ()
i=1 i=k+1 ¢

+hg [F(t(r), x(m), z}(f’m), (51),(:“’7")) —F(t(r), x(m), v}(:’m), 5v,(lr+1’m))} —hol“gf’m),
(™), zm) ¢ Ej}, where Q € Q is an intermediate point and (61,...,6,) is

given by @ .
Let

eglr):max{\wg’m)\:—NSmSN}, 0<r<K.

It follows from condition 2) of Assumption [Hy[F]| and from (9)), that ey,
satisfies the recurrent inequality

19) "™ <max {4 hoo(tT), £l + hoy(h), a0(h)}, 0<r< K -1,
and 520) < ag(h). Consider the Cauchy problem
(20) w'(t) = o(t,w(t)) +y(h), w(0) = ag(h).

It follows from condition 2) of Assumption [Hy|F'[|that there is & > 0 such that,
for || h ||< €, there exists the maximal solution wy, of and wy, is defined
on [0, a]. Moreover, there is

}llir% wp(t) =0 uniformly on [0, al.

The function wy, is convex and then it satisfies the recurrent inequality
D > B 4 hoe (00, @) + hoy(h), 0<r < K —1.

From the above inequality and we derive 527”) < GS") for 0 <r < K. Then
we get with a(h) = wp(a). This proves the theorem. O

REMARK 2.1. Note that condition is omitted in the theorem on the
convergence of the implicit difference method for nonlinear equations. Thus the
class of implicit difference method is larger than the set of classical difference

schemes for , .
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3. Implicit Euler method for quasilinear equations. Suppose that
f:ExR—R", f=(fi,---,fn), 9g:ExXxR—R, ¢:EUHE — R

are given functions. We consider the quasilinear differential equation

(21) Oz(t,x) = Z filt,x, 2(t, )0z, 2(t, ) + g(t, x, 2(t, x))

=1

and initial boundary condition .
Suppose that we approximate solutions of , by means of solutions
of the classical difference equation

(22) G2 = 37 (80, 1) )5, g (3] ) rm)y
=1

with initial boundary condition , where ¢y, : Egp UOgE, — R is a given
function. We formulate sufficient conditions for the convergence of method ,

(22).

Assumption H|[f,g]. Suppose that the functions f and g are such that
1) feC(ExR,R"),ge C(Ex R,R) and

(23) f(t,z,p)o8 >0 on E xR,
2) there is o : [0,a] X Ry — R4 such that

(i) o is continuous, nondecreasing with respect to both variables,
o(t,0) = 0 for t € [0,a] and for each d > 1 the maximal solu-
tion of the Cauchy problem

w'(t) = do(t,w(t)), w(0)=0,
isw(t) =0 for t € [0,q],
(ii) the estimates

|| f(t7x7p) - f(tvxvﬁ) ||§ U(tv |p _Tj|)a

\g(t,x,p) - g(t,x,f))\ S U(tv ‘p —T?\)
are satisfied on F x R.

LEMMA 3.1. Suppose that Assumption |H|f, gl is satisfied and

1) v: E — R is a solution of @), and v is of class C* on E,
2) h€ H and

n

1—h02%

=1

fz‘(t,%]?)’ZO on E xR,
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3) zn : By — R is a solution of @, @) and there is ag : H — R4 such
that

’(p(r,m) _ 90§Lr’m)‘ < Ozo(h) on FEygp,UdyE, and lim Oé()(h) =0.

h—0

Then there exists o : H — Ry such that

v, (r.m) Eflr’m)’ <a(h) on E, and lima(h)=0,

—0
where vy, is the restriction of v to the set Ep,.

The above Lemma may be proved by the method used in [6]-[8]; see also [5],

Chapter 5.
In this paper we will approximate classical solution of problem ,
with solutions of the implicit difference equation

(24)  6pz" Zf (), (M) Zrm)y 5 rHLm) yg(g(r) gm) )y
with initial boundary condition (8)).

THEOREM 3.1. Suppose that Assumption|H|f, gl is satisfied and

1) v: E — R is a solution of (@, and v is of class C' on E,
2) h € H and there exists ag : H — Ry such that

]cp(r’m) — gogr’m)\ <ag(h) on EypUdpE, and lim ag(h) =0.

h—0

Then

1) there exists exactly one solution zp, : Ej, — R of problem (@, ,
2) there exist € > 0 and o : H — Ry such that for || h ||< € there is

(25) |v}(:’m) - z,(;’m)] <a(h) on E; and hn% a(h) =0,

where vy, is the restriction of v to the set Ey,.

PROOF. We first prove that there exists exactly one solution zp, : Ej, — R

of , . Suppose that 0 < r < K — 1 is fixed and that z; is defined on

E;, 0 (]0,t")] x R™). From we conclude that equations for z}(fﬂ’m) have
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the form
n

1 r,m
S L0 3 0,2,
i=1 "

_ (rm) - 1 T m (r,m) r+1,m+e;
(26) =z —l—ho;hifi(t(),x( ),zh )z (rHLmted)

. 1 r,m T m—e; T m r,m
i=k+1 "

From we deduce that the numbers z}(lrﬂ’m) may be computed for
m=(j,No—1,...,Ne—1,—Nyy1+1,....,—N, + 1),

where j = N1 —1, N1 —2,...,—Ni. Our next goal is to determine the numbers
(r+1,m)
2y, , Where
m = (ml,j,N3—1,...,NH—1,—NH+1—|—1,...,—Nn+1)

and — Ny <m; < Ny;—1lisfixedand j = Ny —1,No —2,...,—No. From

we conclude that, for the above m, the numbers z}(LrH’m) exist and are unique.

Suppose that the numbers z,(lrﬂ’m) are computed for —N; < m; < N; — 1,

i=1,...,k Then we consider formula for

m = (m17' '-)m/ivjv _Nfi+2 + 17---7_Nn + 1)7
where (mq,...,my) is fixed and we put j = —Ny41+ 1, —Nuy1 +2,..., Neg1.
Repeated applications of enable us to compute zgnﬂ’m) for

(D 2m)y e By \ 9gEy. It follows from (8) and from the above consid-
erations that the proof may be completed by induction with respect to r.
We next show . Let 'y, A, : E; — R be the functions defined by

Fgr,m) — 50/1)1(—:”,777,) - 8t/l}(r7m)
+ Z fi (1‘§(T)7 x(m)’ U}(Z’,m))(axjv(r,m) _ 5jvl(f+1,m))
7j=1

and
Agr,m) — g(t(”),iv(m),v,(fm)) - g(t(r)’x(m), z}(Lr,m))
37 [0, 2 o) — £y (60, ) )] gl
j=1
Write wy, = v, — 2z and

PO 2] = (60, 20m) )y,
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Then wy, satisfies the difference equation
wy ™ = Z S (P ])djuy M T AT (10,2 ) € B,
and, consequently,

(27) r+1 m)+h Z 9 fg [ ])w}(lrJrl ,m)

r,m) 1 rm r+1m+0b e rm r,m
— " +hozh7j@jfj(P(v )" 1m0 o b [ rrm 4 Alnm)]

where 6 = (61,...,0,) is given by (6). Write
52” = max{|w,(:’m)| :—=N<m<N}, 0<r<K.
Let us denote by cy € R4 such a constant that
|0z,v(t, )| <o for (t,z)€eE, 1<j<n.
It follows from Assumption H|[f, g|] that
(28) AT < (14 c)a (D, ) for (10, 2™ € B,
There exists v : H — R4 such that

(29) 0™ <~(h) on Ej and lim y(h) = 0.

From (23), (27)—(29) and condition 2) of Assumption [H[f, g]] we conclude that

e, satisfies the recurrent inequality
(30) ey <max{ef) + ho(1+ co)a(t), &) + hov(h), ao(h)},

where 0 <r < K —1 and 5( ) < ap(h). Let wy, be the maximal solution of the
Cauchy problem

w'(t) = (14 co)o(t,w(t)) +~(h), w(0) = ag(h).
It follows that there is € > 0 such that for || A ||< € the solution wy, is defined
on [0, a]. Moreover, there is

}Lir% wp(t) =0 uniformly on [0, al.

The function wy, is convex; whence, recurrently

{B(TH) > {E(T) + ho(1 + co)o (1), @(T)) +hoy(h), 0<r<K-1

The above relatlon and (30) imply z—:g) < 15,(:) for 0 < r < K. Then we get
(25)) for a(h) = wp(a). ThlS completes the proof. O
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REMARK 3.1. Note that condition (10]) is omitted in the theorem on the
convergence of the implicit difference method for quasilinear equations. Thus
the class of implicit difference method is larger than the set of classical differ-

ence schemes for , .

4. Generalized implicit Euler method for nonlinear equations.
Now we define a new class of difference problems corresponding to , .
We transform the nonlinear differential equation into a quasilinear system of
difference equations. We consider implicit difference methods of the Euler
type. In our considerations, it is important that condition is omitted in
a theorem on the convergence of an implicit difference method for nonlinear
equation .

By M, «» we will denote the class of all n x n matrices with real elements.
For X € M, «, we put

n
| X ||= max{z |zi;] - 1 <i<mn},

j=1

where
X = [mijlij=1,.n-

The product of two matrices is denoted by ” x 7. If X € M, x,, then X7 is
the transposed matrix. We use the symbol ” o” to denote the scalar product
in R".
We need the following assumption on F'.
Assumption H[F|. Suppose that the function F : Q — R is such that

1) F € C(Q,R) and there exist the partial derivatives
0 F = (0p, F,...,05,F), OpF, O04F = (0gF,...,04F),
and 8, F,0,F € C(Q, R"), 9,F € C( R),

2) for P = (t,x,p,q) € Q there is

(31) 0,F(P) o8> 0.
Now we formulate a difference problem corresponding to (1), (2). For v =
(u1,...,uy), let us denote by (z,u) the unknown functions of the variables

(), (™). Write
PUMIz y] = (#7), z(M) Zrm) , (rm))

and
Soulm™ = (5gu§r’m), o oulrmy,
Sulrm) = [5ju(r’m)

o
2,0=1,...,n
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We consider the system of difference equations

(32) o2 = F(PT™) [z, u]) + ,F(PT™|z,u]) o (52<T+1’m> - umm)),

Soul"™ = 9, F(P"™) [z, u]) + 8,F (P"™ [z, u])u™
(33) T
+ 9, F(PT ™)z, u]) * [5u<r+1vm>}

with the initial condition
(34) 2(rm) = @Elr’m)’ u(rm) = ¢;(:’m) on FEypUOdyEp,

where @ Fop UdER — R, ¥y, : Egp UOgE — R™ are given functions.

The numerical method consisting of f is called the generalized
implicit Euler method for , (12)).

Difference problem , (34)) is obtained in the following way. Suppose that
Assumption is satisfied and that the derivatives (0, ¢, ..., 05, ) = Ozp
exist on Fy U dgFE. The method of quasilinearization for nonlinear equations
consists in replacing problem , with the following one. Let (z,u) be
unknown functions in the variable (¢,z) € E. First we introduce an additional
unknown function v = 0,z in . Then we consider the following linearization
of with respect to u:

Oz(t,x) =F(t,x, 2(t, z),u(t, z))

(35) +0,F(t,z, 2(t, x),u(t,x)) o (0z2(t, x) — u(t,x)).

We get differential equations for u by differentiating equation , resulting in
the following:

(36) Owu(t,x) = 0y F(t, x, z(t,x),u(t, x))

+0pF(t,x, 2(t, ), u(t, x))u(t, ) + 0, F (¢, x, 2(t, x), u(t, z)) * [&;u(t, 1‘)]T
It is natural to consider the following initial boundary condition for , :
(37) z(t,x) = @(t,x), u(t,x)=0p(t,x) on EyUOdE.
Difference problem f is a discretization of 7.

The above method of quasilinearization and the theory of bicharacteristics
were first considered by S. Cinquini [2] and M. Cinquini Cibrario [3]. Existence
results for generalized or classical solutions for nonlinear systems with initial
or initial boundary conditions are based on this process.

The method of quasilinearization is used in [I] for numerical solving of an
initial problem on the Haar pyramid.

We formulate next assumptions on given functions.

Assumption Ho|. Suppose that the function o : [0,a] x R4+ — Ry is con-
tinuous and
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1) o is nondecreasing with respect to both variables and o(¢,0) = 0 for
t €10,al,

2) for each ¢ € Ry and d > 1, the maximal solution of the Cauchy problem
w'(t) = cw(t) + do(t,w(t)), w(0)=0,

is w(t) =0 for t € [0,al.
Assumption HI[F, ¢|. Suppose that Assumption [H[F is satisfied and
1) there is L € R, such that

0pF' (2, p,q)], || OF (t,2,p,q) [S L on €,

2) there is o : [0,a] x Ry — Ry such that Assumption H[o]| is satisfied
and the terms

H BIF(t7xap> Q) - 8xF(t,$,]3,6) H? ’apF(t7$>p7 Q) - apF(t,.f,T?,Q)L

|| 8qF(t,l‘,p, Q) - 8qF(t7$7Tja q) ||
are bounded from above by o(t,[p —D|+ || ¢ — 7 ||),

3) ¢: EgUdE — R is of class C*.
We formulate the main result on the implicit difference method for nonlinear
equations.

THEOREM 4.1. Suppose that Assumption |H|F, ¢| is satisfied and

1) v: E — R is a solution of , (@ and v is of class C? on E,

2) there exists ap : H — Ry such that

[ = Gl 1 D™ — ™ (1< ao(h) o Eop U doE

and
lim ag(h) = 0.
g 2olh)
Then there exists exactly one solution (2, up): Ep — RY™ up = (up1, .- Unn),

of difference problem (@f and there exist a number € > 0 and a function
a: H — Ry such that, for || h ||< €, there hold

(38) p(rm) z,(:"’m)H | 8pv™) — ug’m) < a(h) on E,
and

li = 0.
hli%a(h) 0
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PrROOF. We ﬁrst show that there exists exactly one solution (zp, uh By —

R of (32 . . We deduce from assumption (31)) that system (32 . is

equivalent to the followmg one:

n

1
Z(r+tm) {1 +ho Y -
i=1 "

~ 1
= (M) 4 Z aniF(P(r’m) (2, u]) 2T TLmten)
i=1""

(Pl

qi

n 1 .
—hg Y Oy F(POM [, u]) )
i=k+1
+ hoF(P"™ [z, u]) — hody F(P™™)[z, u]) 0 u™™

and

u§r+1,m) |:1 + hO

f(aqu (P[5, u])”

rym 1 rm r+1,m+e;
=U§~ )+h02;3ti(P( ’ )[z,u])ug FLm-te:)
i=1""

n
1 e
—ho D -0 PP el T 4o, F(PC 2, u))
j=r41 "
+ hodp F(P"™)]z, u])u§r’m), j=1...,n
It is clear that the existence and uniqueness of a solution of the above system
may be deduced by the method used in the proof of Theorem [3.I] Details are
omitted.
We next show (38). Write w = d,v, w = (w1, ..., wy), and
vp =v|E,, wn=wlg,, wp= (Wi ..., Wnh)
Let us consider the errors
A7y = max {|(z — 0) "] : =N < m < N},
M) = max {]| (un —wp) ™ |: =N < m < N,

where 0 < 7 < K, and A" = A"} 4+ A" for 0 < r < K. We will write a
difference 1nequahty for the functlon Ah-
We first examine A . Let the functions I'y, o, Ay : Ej, — R be defined by

£ = a7

+0,F <P(T’m) [vh,fwh]) o [&Cv(“m) — (51},&”1’7")
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and
Ay =F <P ) [, wh]) —F (P(””) [Zh,Uh])

_8qF(P(T’m) [vn, wh]) ° w}(f’m) + 0y F (P(T’m) [2h, uh]) o ug’m)

+ [aqF (PU™ o, wn]) = 0y F (PC™) [z, uh]>] o 6u{T ™)
It follows easily that the function (v, w) satisfies (35]), (36]). We thus get
20 So (v — zp,) ™) = 0, F (p(r,m) 2, uh]) o §(up — ) HLM)
v AT @) e B
and, consequently,

“ 1
(40) (vp — zp,) "1™ [1 + ho Z iﬂjaqu<P(T,m) [2n, Uh])}
j=1""

K 1 ,
= (Uh — Zh)(r,m) + ho Z hj(“)qu(P(”’m) [Zh, uh]> (Uh — Zh)(r—&-l,m—&-e])
j=1

n 1 »
~ho Y Faq]-F<P(r’m)[zh,uh])(Uh—Zh)(”l’m 3)
j=r+1"7

ho [ A+ TEV]L (10,20 € B,

It follows easily that there is 79 : H — R4 such that
(41) T <70(h) on Ej and  limo(h) = 0.
Let cg € R+ be such a constant that

| Ozv(t, ) |<co and || Oggv(t,z) ||[<co on E.
It follows from Assumption H[f, ] that
(42) AT < 2[LA§[“> + oo (t, Agp)], (0, 2 ¢ B
According to the above estimates and , , there is
(43)  1(zn = o) "] S AT+ 2h0 [LA] + oo (K7, A7) + hovo(h),

where (t(r), x(m)) € E;. Now we write a difference inequality for \j 1. Let the
functions

Ap = (Ah-17 s 7Ah.n) : Ellz - an 'y = (Ph.h ce. 7Ph.n) : El/z - Rn7
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be defined by
T
anm) = 50“’5:77”) — ™) 4 O F' (Pmm) (VR wh]) * [&gw(r’m) - 5w§f+1’m)}

and
Ag”’m) =0, F <P(T’m) [V, wh]) — 01 <P (rim) [Ziuuh])

+apF(P(r’m) [vh,wh])w,(f’m) — OpF (P(T’m) [2hs uh]>ug’m)

+ [8qF (P(T’m) [Uhawh]) — O4F <P(T’m) [Zh,Uh]):| * Pwﬁfﬂ?m)r

Then the function wy, — uy, satisfies the difference equation
T
(44)  do(wn —un)"" = O F (P 1) [z, uh]> * [5(wh — Uh)(rJer)]

_'_Agl‘,m) + anm), (t(T)7x(m)) c E]/l
This gives

n

1
(wn.s — upq) "™ [1 +ho' Y 004, F (PO [z, uh])]
J

=1

= (wni = un) "™ + ho Z 8ng(P(T ™ [z, Uh]> (wh.i — upg) T

—ho Z hfaqu(P(rm)[zh,uhD(whz—uh )(THm ej)
Jj=r+1

+ho [A( ™) +P§” ’], 1<i<n, (tM,2M)e B
According to assumption (3 ,

1
5) 1 =) L0 S 050, F (POl )|
Rl

qw%ﬂw”W+%Zh%F(WW%mew—WW%W@n
7j=1

n 1 .
~ho 32 o 0n F (PO ] ) [ (o =) |
J=r+1

ho| IAT™ [+ 1T ], (¢0,20m) € B,
It follows from Assumption [H|F), || that
6) AU < (14 2c0)a (0T, Ay + LA (1D, 2t € B,
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and there is v : H — Ry such that

47 rirm <v(h) on E, and lim~y(h)=0.
h h h=0

From f we conclude that
(48) | (un — eon) T I AT+ o1+ 200)r (60, A7) + Lhoy + o (),
where (t(’"), x(m)) € Ej. Adding inequalities and we get
(49) N < max {ao(h), U ]}, 0<r< K -1,
where

U ) = A7+ ho(1 4 4eo)o (17, A7) 4+ 3L A + ho(v0(h) + 7 (7).
Consider the Cauchy problem
(50) w'(t) = (1 +4eo)o(t, w(t)) + 3Lw(t) + yo(h) + v(h),

w(0) = ag(h).

It follows from condition 2) of Assumption |H|o|| that there is € > 0 such that
for || h ||< € there exists the maximal solution wy, of and wy, is defined on
[0, a]. Moreover,

%ir% wp(t) =0 uniformly on [0, al.

It is easily seen that wy, satisfies the recurrent inequality

@y = @) + ho(1+ deo)o (8, @)

+3ho L") + ho(yo(h) +~(h)), 0<r<K —1.
By the above relation and , there is
)\g) < @,(:) for 0<r<K.
Thus we get for a(h) = wp(a). This proves the theorem. O

REMARK 4.1. Suppose that all the assumptions of Theorem[4.1|are satisfied
with
o(t,p) = Lop for (t,p) € [0,a] x Ry, where Ly € Ry and

1) the solution v : E — R of , is of class C3,

2) there is C' > 0 such that for h € H there is

hi <Chj, i,j7=0,1,...,n.



161

Then there exist Cy,C1 € R, such that we have the following error estimate
holds:

|v(r,m) _ Z](;‘,Tn)|_’_ I axv(r,m) _ u;:’m) < Coao(h)+Cy | | on Ep.
We obtain the above inequality by solving problem and using the estimate
Y0(h) +y(h) <C | A
with some C € R,

In the above result the error estimate we need estimates for the derivatives
of the solution of problem , . One may obtain them by the method of
differential inequalities. Comparison results for initial problem presented in
[10], Chapter 7, can be extended on the initial boundary value problem.

REMARK 4.2. The stability of difference equations generated by quasilinear
first order partial differential equations or systems is strictly connected with
Courant—Friedrichs-Levy (CFL) condition ([4], Chapter III). Assumption ((10)
can be considered as the (CFL) condition for nonlinear equations. In our
considerations, it is important that we have omitted the (CFL) condition for
implicit difference methods generated by quasilinear equations. Note also that
we do not need the (CFL) condition for nonlinear problems and generalized
implicit Euler method.

5. Numerical examples.

EXAMPLE 1. For n =1 we put
(51) E =10,1] x [-1,1], By ={0} x [-1,1], 0oE =[0,1] x {—1}.
Consider the quasilinear differential equation
(52) Oz(t,x) = [ — 1+ zsin (z(t,x))}@xz(t,x) + f(t,x),
where

f(t,z) = 2% [1:2 — 14z —2%sin (th(m‘Q - 1))],
with the initial boundary condition
(53) 2(0,z) =22 — 1, z € [-1,1],
z(t,—1) =0, t €[0,1].

The solution of the above problem is given by v(t,z) = e?(z? — 1). Write
t) = rhy, 0 < r < K, and 2™ = mh;, =N < m < N, where Khy = 1 and
Nhi = 1. Let us denote by zp, : E;, — R the solution of the implicit difference
problem corresponding to (52)), (53]). We also consider the function z, : E, —
R which is the solution of a classical difference equation corresponding to ,
(53)). It follows from Lemma that the classical difference method is stable
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for 2hy < hy. We consider the implicit difference method and the classical
difference scheme with 2hg > h;. Below we give information on errors of the
methods. Write

N
T 1 r,m r.m
(54) ﬁ;(l):ﬁ Z \Z;(L - )\7
m=—N+1
1 N
(5) W=y 2 ATt
m=—N+1

The numbers 77,(:) and ?]ﬁ)

t("). The values of the functions 7, and 7, are listed in the table. We write
" %7 for it > 100.

are the arithmetical means of the errors with fixed

ho = 0.01,  hy =0.01 ho = 0.001, Ay = 0.001
t=020  0.021965  0.000374 x 0.000036
t=040  0.084962  0.001622 x 0.000164
t = 0.60 x 0.003584 x 0.000364
¢ =0.80 x 0.005868 x 0.000587
¢ =1.00 x 0.009583 x 0.000929

TABLE 1. Table of errors (1, nn)

ho = 0.002, h1 = 0.001
t=0.20 X 0.000044
t =0.40 X 0.000211
t = 0.60 X 0.000516
t=0.80 X 0.000948
t=1.00 X 0.001512

TABLE 2. Table of errors (7, nn)

Note that (") < 77(") for all values (). Thus the class of implicit difference
method is larger than the set of classical difference schemes.
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EXAMPLE 2. Suppose that F, Ey, 0gF are given by . Consider the
nonlinear differential equation

(56) Oz(t,x) = —0y2(t, x) + zsin ((%z(t,x)) + z(t,x) + f(t,x),

where
f(t,z) = xe! — xsin (e'z),
with the initial boundary condition
2(0,z) = 327, x € [-1,1],

(57) At =de, el

The solution of the above problem is given by v(t,z) = 0.5¢‘22. Let us denote
by zp : B, — R the solution obtained by the generalized implicit Euler method
corresponding to , . We also consider the solution zj, : Fp, — R of a
classical difference scheme for the above problem. The numbers 77;? and ﬁy)
are the arithmetical mean of the errors defined by and , respectively.
It follows from Theorem [I.T] that the classical difference method is stable for
2hg < hi. We consider the generalized Euler method and the classical differ-
ence scheme for 2hg > hy. The values of the functions 7, and 7, are listed in

the table. We write ” x 7 for n}(Lr) > 100.

ho=0.01, hy =0.01 ho = 0.002,  hy = 0.002
t=020  0.027676  0.001760 x 0.000725
t=040  1.237993  0.003941 X 0.001667
t=0060  1.551493  0.006564 x 0.002847
t=080  2.635383  0.009701 x 0.004288
t=1.00  3.435612  0.013681 x 0.006064

TABLE 3. Table of errors (7, nn)

Thus we see that the implicit difference method is stable with arbitrary
steps.

Methods described in Theorems [3.1] and [4.1] have the potential for applica-
tions to solving of mixed problems for first order partial differential equations
numerically. In our method we approximate the spatial derivatives of the un-
known function in by solutions of difference equations which are generated
by the original problem. In the classical schemes we use previous values of an
approximate solution to calculate the difference expressions corresponding to

Oz7 in .
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