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CONVERGENCE IN CAPACITY OF THE PLURICOMPLEX
GREEN FUNCTION

BY RaAFAL CzYZ

Abstract. In this paper we prove that if Q is a bounded hyperconvex
domain in C" and if Q 3 z; — 09, j — oo, then the pluricomplex Green
function ga(z;,-) tends to 0 in capacity, as j — oo.

A bounded open connected set 2 C C™ is called hyperconvex if there exists
negative plurisubharmonic function ¢ € PSH(2) such that {z € Q : ¥(2) <
¢} cC Q for all ¢ < 0. Such 9 is called an exhaustion function for Q. It was
proved in [6] that for every hyperconvex domain there exists smooth exhaustion
function v such that lim,_, ¥ (z) = 0, for all { € 0.

Let 2 be a bounded hyperconvex domain in C™. Let z € . Recall that
the pluricomplex Green function with the pole at z is defined as follows

ga(z,w) = sup{u(w) : u € PSH(Q),u <0,|u(§) —log|{ — z|| < C near z}.

It is well known that go(z,-) € PSH(Q)NC(2\{z}), ga(z,w) = 0 for w € 00
and (ddgq(z,-))" = (2m)"0,, where 0, is the Dirac measure at z (see [7]).
Carlehed, Cegrell and Wikstom proved in [4] that for every zp € 02 there
exists a pluripolar set £ C €2 such that
lim sup ga(z,w) =0,
z2—20

for every w € Q\ E. Blocki and Pflug proved in [3] that if Q@ 3 z; — 0%
then go(zj,-) — 0 in LP for every 1 < p < 400, as j — oo. By z; — 09
we mean that dist(zj,02) — 0. This result was used in [3] to show Bergman
completeness of the hyperconvex domain. Herbort proved in [5] that if a
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bounded hyperconvex domain 2 C C™ admits a Hoelder continuous exhaustion
function then the pluricomplex Green function go(z;, -) tends to zero uniformly
on compact subsets of  if the pole z; — 2y € 9. We prove the following
theorem.

THEOREM 1. Let Q be a bounded hyperconvexr domain in C" and let >
zj — 0, j — 00. Then ga(z;, ) — 0 in capacity as j — oo.
First let us recall the definition of the relative capacity and of convergence

in capacity.

DEFINITION 2. The relative capacity of the Borel set £ C 2 € C" with
respect ) is defined in [1]

cap(E, ) = sup { / (ddu)" :u e PSH(Q), -1 <u < O}.
E

DEFINITION 3. Let uj,u € PSH(Q). We say that a sequence u; converges
to u in capacity if for any € > 0 and K CC

lim cap(K N {|u; —u| > €}) =0.
j—00

REMARK. Convergence in capacity is stronger then convergence in LP since
the Lebesgue measure (d\) is dominated by the relative capacity, i.e. there
exists constant C'(n,€2) > 0 depends only on n and 2 such that

cap(E) > C(n, QANE).

To prove the last inequality observe that there exist constants Cy,Cs > 0
depending only on € such that —1 < C1]z|?2 — Cy < 0 on Q and (dd*(Cy|z|* —
C2))" = 4™n!CTdA. Therefore the above inequality holds with C(n,Q) =
4"n!CT. Observe also that uniform convergence on compact sets is stronger
then convergence in capacity, since the following inequality holds

cap(K N {Ju; —u| > €}) < e_lcap(K) sup |uj — ul.
K

To prove Theorem |1 we will need the following lemma proved in [2].

LEMMA 4. Let Q) be a bounded domain C". Assume that u,v are bounded

negative plurisubharmonic functions such that lim,_.c v(z) = 0, for all { € 0Q.
Then

/ (o)™ (dd°u)™ < n!(sup |u)"~1 / (—u)(dd°v)".
Q Q Q

PROOF OF THEOREM [Il Let us denote u; = ga(zj,-). Suppose that u;
does not converge in capacity to 0, 7 — co. Then for some ¢ > 0 and K CC 2
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there exist a subsequence u;,, and constants ¢ > 0 and N > 0 such that for
Jr > N we have

(1) cap(K N{—uj, > ¢€}) >c.

From the definition of capacity there exists v € PSH(2) such that —1 < v <0
and

@) / (ddev)" >
Kn{—uj, >e}

Now we will show that u; — 0 on K in L™((ddv)"™). Since € is hyperconvex
then there exist ¢ a continuous exhaustion function for {2 and a constant A > 0
such that Ay < v on K. Define the following bounded plurisubharmonic
function ¢ = max (A, v). Then lim,_, ¢(z) = 0, for all { € 9 and

(dd°p)" > xk(ddv)",

e

DN

where g is the characteristic function of the set K. Observe that ¢ is an
exhaustion function for 2, which implies that p(z;) — 0 if dist(z;, 9) — 0.
Using the monotone convergence theorem and Lemma || we get

[ uraoy = [ cupyaarey = tim [ (- maxu, -0 @)

< nl(sup |@|)"" lim /!sol(ddcmaX(ua»—k))"=n!(%)”(suple)”‘llw(zg')l,
Q k—+o0 Jo Q

which means that u; — 0 on K in L™((ddv)"), since ¢(z;) — 0, as j — oo.
Observe that inequality implies that

</ (o) < [ (o)
Kn{—uj, >e} K

which is impossible since uj, — 0 on K in L™((dd°v)"™). This means that
u; — 0 in capacity as j — oo. The proof is finished. O

N o

Now we recall the definition of the multipolar Green function introduced by
Lelong [8]. Let A = {(zM), M), ... (2™ (™)} be a finite subset of Q x R
Let

ga(A,w) = sup{u(w) : u € L4, u < 0},
where L4 denotes the family of plurisubharmonic functions on Q having a
logarithmic pole with weight v®) at w®) for k=1,...,m, ie.
La={ue PSHQ): |u€)— v loglt — 20)|| < C; near 201 <j<ml.

We show that it is possible to generalize Theorem [l| for the multipolar
Green function.
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COROLLARY 5. Let Q be a bounded hyperconver domain in C" and let
A = {(z](-l),y(l)),...,(z](m),y(m))} be a subset of Q@ x Ry, for j = 1,2,...,
such that Q > zj(k) — 0Q, j — o0 forallk=1,...,m. Then ga(Aj,-) — 0 in
capacity as j — 00.

PRrROOF. Directly from the definition of the multipolar Green function we
have

m
ST v ga(, ) < ga(4;,) <.
k=1

By Theorem |[1| we have that gQ(z](k), ) — 0 in capacity as j — oo for all

k=1,...,m, so also go(A;,-) — 0 in capacity as j — oo. This ends the

proof. O
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