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ON THE GRADIENT OF QUASI-HOMOGENEOUS
POLYNOMIALS

BY ALAIN HARAUX AND TIEN SON PHAM

Résumé. Soit K le corps des réels ou des complexes et f: K® — K un
polynéme quasi-homogene de poids w := (w1, wa, ..., wy) et de degré d tel
que Vf(0) = 0. L’inégalité bien connue dite du gradient de Lojasiewicz
montre qu’il existe un voisinage ouvert U de l'origine dans K" et deux
constantes positives c et p < 1 telles que pour tout « € U on ait ||V f(z)|| >
c|f()]?. On montre que si 'ensemble Ko (f) des points ot la condition de
Fedoryuk est en dfaut est fini, 1’ inégalité du gradient de Lojasiewicz est
vérifiée avec p = 1—min; “%. On montre de plus que si n = 2, alors Koolf)
est soit vide, soit réduit {0}.

Abstract. Let K be the real or the complex field, and let f: K" — K
be a quasi-homogeneous polynomial with weight w = (w1, w2, ..., wy)
and degree d. Assume that Vf(0) = 0. Lojasiewicz’s well known gradient
inequality states that there exists an open neighbourhood U of the origin
in K™ and two positive constants ¢ and p < 1 such that for any = € U we
have ||V f(z)|| > ¢|f(z)|”. We prove that if the set Koo (f) of points where
the Fedoryuk condition fails to hold is finite, then the gradient inequality
holds true with p = 1 —min; “/. It is also shown that if n = 2, then Koo (f)
is either empty or reduced to {0}.

1. Introduction and statement of main results. Let K be the real or
the complex field, and let f: K" — K be a polynomial function with f(0) =0
and Vf(0) = 0. According to Lojasiewicz’s well known gradient inequality
(see [14]), there exists an open neighbourhood U of the origin in K™ and two
positive constants ¢ and p < 1 such that for any = € U we have

(1.1) IV @) = el f ()]
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The Lojasiewicz gradient exponent of f at the origin, denoted by p(f), is
the infimum of the exponents satisfying the Lojasiewicz gradient inequality.
J. Bochnak and J. J. Risler (cf. [2]) proved that p(f) is a rational number,
cf. also [22]. Moreover, Inequality holds with exponent p(f) and some
constant ¢ > 0. It is also known that (see, for example, [1, [6]) p(f) can be
bounded by some rational number < 1 depending on n and the degree of f
only.

As is often the case, a general estimate of the Lojasiewicz gradient exponent
can be replaced by a much simpler one in the weighted quasi-homogeneous case.

So let f be a quasi-homogeneous polynomial with weight w:= (wq, wa, ..., wy,) €
(N—{0})™ and degree d € N — {0}; that is
(1.2)

FE ey, 22y, .ty =t f (21, @0, ..., @) for all z€ K™ and ¢t >0.

Let w* := maxj—1 2. ,wj and w, := minj—; 2, w;j. Assume that Vf(0) = 0.
It was proven in [8}, [9] that p(f) > 1 — “’7* and in the case n = 2 and K =R
we have p(f) < 1— % In particular, if f is a homogeneous polynomial in two
real variables then p(f) =1 — 1.

In the present note we generalize this result to quasi-homogeneous poly-
nomial functions f: K™ — K with the property that the set Ko (f) of points
where the Fedoryuk condition fails to hold is finite. More precisely, for any
polynomial f: K" — K, we let

Kx(f) == {MeK |3k = o0, f(a¥) = X\ and || Vf(z")|| - 0}.
IfA¢g I?Oo(f), then we say that f satisfies Fedoryuk’s condition at A. We see
that this condition restricts the asymptotic behavior of Vf(z) as ||z — oo
and f(z) — A The set Koo(f) has been studied by many authors; see, for
instance, [3, @, [7, 10, 1T, 13, 15, 16, 18, 19, 20, 21].

Our main result is

THEOREM 1.1. Let f: K" — K be a quasi-homogeneous polynomial with
weight w := (w1, wa, ..., wy,) and degree d > 1. If the set K (f) is finite, then
p(f) <1—%.

REMARK 1.2. (i) Let us note that [10] for n = 1 and n = 2 the set
Koo (f) is always finite (see also Section below).

(ii) In [11], Z. Jelonek showed that the number of points of the set Ko(f) U
Koo (f) is less than or equal to (deg f — 1)™ provided that #K.(f) < oo,
where Ky(f) denotes the set of critical values of f.

(iii) As we will see in the next example, the converse of Theorem |1.1{does not
hold: There exist quasi-homogeneous polynomials for which p(f) < 1—%

and the set Koo (f) is infinite.
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EXAMPLE 1.3. Let f(w,y,2) := 2%y — 2z € K[z,y,2]. Then f is a quasi-
homogeneous polynomial with weight w := (1,1,2) and degree d := 3. Define
the curve

©0:(0,1) = C3 71 (1,722 h),
We have then

lim [[p(7)[| = oo, lim f(p(7)) = —1,  lim [V f(p(7))[ = 0.

T—0 7—0

Hence, —1 € IN(OO( f). By virtue of the quasi-homogeneity of the polynomial f,
we find that K (f) = K.
On the other hand, by the definition,
Vf(l‘,y, Z) = (2$y - %, 1:23 —l‘)

~1/2 5 (0 we have

IVf (@, y, 2)l| = e(|22y — 2| + |]),

Hence with ¢ = 2

while
[ (2,9, 2)| = [Py — 22| < 202y — @z] + |2* < |20y — 2 + 2[af?,
whenever |y| < 1. Thus
(13)  |f(ey,2)l < 222y — 2|+ |2)* < (2/A)VS(z,9,2)]%
whenever |y| < 1. In particular, p(f) < 3.
On the other hand
f($,0,$) = —I‘2, Vf(a;O,x) = (—JI,$2,—LU).
Hence Inequality (|1.3) is sharp; so the polynomial f satisfies the Lojasiewicz
gradient inequality for the exponent p(f) = % <1- é.
However, we have
COROLLARY 1.4. Let f: K* — K be a homogeneous polynomial of degree
d > 1. Then the following conditions are equivalent
(i) Koo(f) is either empty or reduced to {0}.
(11) Koo(f) is finite.
(i) p(f) =1~ 1.
(iv) There exists a positive constant ¢ such that
1

IVF@)l = ellf(@)I'"a  for all = €K™

(v) The polynomial f(z) is bounded on the set {x € K™ | |V f(x)| < 1}.
(vi) Vf and f are separated at infinity, which means that there exist ¢, R > 0
and g € R such that if |f(x)| > R then ||V f(z)|| > c|f(x)]9.
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REMARK 1.5. Let K := C. It follows from the results of J. Gwozdziewicz
and A. Ploski [5] that each of conditions (i)—(vi) is equivalent to the following
condition:

(vii) The polynomial f is integral over the algebra (C[aa—lfl, ce %], which means
that there exits a polynomial P € Cly1,ya2,...,Ynt1] monic with respect

to y1 such that

P @yl =0

"Oxy T Oy

It should be noticed that, in his paper [21], S. Spodzieja proved that one
can take ¢ = —d(d — 1)"~! in condition (vi). On the other hand, by Corollary
H (iv), we may put ¢ = 1 — é, which is the best (largest) possible value of ¢
in the condition of separation at infinity (vi). One may consult, for example,
[17] for more details about the problem of separation at infinity of arbitrary
complex polynomial mappings.

REMARK 1.6. Let f: C™ — C be a homogeneous polynomial such that the
hypersurface f(x) = 0 in the projective space CP"~! has ordinary singularities
only (see [5] for exact definitions). Then, by the results of J. Gwozdziewicz
and A. Ploski [5], the set Koo (f) is finite. On the other hand, in general, as we
will see in the next example, there exist homogeneous polynomials for which
the set Koo(f) is infinite.

ExampPLE 1.7. [8, Remark 2.4] Consider the homogeneous polynomial
flx,y,2) = 2%y — 22° € K[z, y, 2] and define the curve

1
01 (0.1) 5 C 7o (%, gr ),

We have then

lim [[o(7)[| = oo, lim f(p(7)) = —%, L [[V f (e (7))]| = 0.

T7—0 7—0

Hence, —% €K oo (f). By virtue of the homogeneity of the polynomial f, we find

that Koo(f ) = K. Together with Corollary this implies that the polynomial
f does not satisfy the Lojasiewicz gradient inequality for the exponent 1 — é.

The paper is organized as follows. The proof of the results mentioned above
will occupy Section [2} In Section [3] we present a simple elementary proof of the
following result: If f: K? — K is a quasi-homogeneous polynomial then the set

Koo (f) is either empty or reduced to {0}.
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2. Proof of the main result. In the sequel for ¢ > 0, for any w :=
(w1, wa,...,w,) € (N—={0})" and x := (x1,z2,...,2,) € K" we denote

texr = (t“‘x1,txe, ..., t""xy).

Let f: K" — K,z — f(x), be a quasi-homogeneous polynomial function
with weight w and degree d > 1. Consider the polynomial function g: K" x
K™ — K, (z,y) — f(x). Then it follows from definitions that for m > 0

p(f)=p(9), Ko(f)=Ko(g), and Ku(f)UKo(f)=Kxl(g).

Hence, in the sequel, we may without loss of generality assume that the function
f really depends on all the variables. In this case, it is easy to check that d is
uniquely defined by (1.2)), and, in particular, we have d > w*.

PROPOSITION 2.1. Under the above conventions, the set Ko(f) of critical

values of f is either empty or reduced to {0}. Moreover, the set Ko (f) is finite
if and only if it is either empty or reduced to {0}.

PROOF. By the assumption, we have
f(tex)=1tlf(x) forall z € K" and for ¢t > 0.
Differentiating f(t e x) with respect to the variable ¢ yields

dtlf(x) = ijtwj_lxj of

T%(tox).

Jj=1

In particular, we have the generalized Euler identity

As an immediate corollary, the first assertion follows easily.
Moreover, it is worth noting that the polynomial %fj is quasi-homogeneous

with weight w and degree d — w;. Together with the assumption, this proves
the second assertion. O

PrOOF OF THEOREM [LI] Tt follows from the assumptions and Proposi-
tion [2.1] that each of the the sets K(f) and K (f) is either empty or reduced
to {0}. As a corollary,

Ko(f)NS=0 and K. (f)NS=40,

here S:={A € K| |A\] =1}.
Put

= i \V4 < 0.
c= _inf | |VF@)] <0
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We first show that ¢ > 0. Indeed, by contradiction, assume that ¢ = 0. This
means that there is a sequence of points z¥ € K" such that f(z¥) € S and

IV#(@®)]| = o.

If a sequence z* is bounded, then there is a subsequence 2% — 0. We
have
f(@%) € S and |Vf(")] = o.
This implies that f(z°) € Ko(f) N'S, which is a contradiction.
k

If a sequence z* is unbounded, then there is subsequence zFi — oo such
that f(z%) — X\ € S. Since ||V f(2%)| — 0, the value X belongs to Kuo(f),
which is a contradiction. Therefore ¢ > 0.

On the other hand, there exists a positive number § such that max |f(x)| <1

because f(0) = 0. We shall prove =
IVf @)l = ¢l ()" for all || <.
Indeed, let x € K™ be such that ||z|| < § and f(z) # 0. Then
0<|f(z) <1

Consequently, |f(tez)| =1, where t := |f(1:)|7§ > 1. Hence, by the definition
of ¢,

c<||Vf(tex).
Since the polynomial 8% is quasi-homogeneous with weight w and degree d —
wj, this gives

0
¢ < max td_wj—f(a:)
j=1.2,...n Ox;
_ of
< td_w] :td_w* .
< g [ ] =

(The second inequality follows from ¢ > 1 and w, = minj—; 2, w;.)
We obtain

IVf@)] = et™ " = | f(2)|' 4

It is clear that the above inequality also holds for all = such that f(z) = 0.
Hence, by the definition of p(f), we get p(f) < 1— “=. The proof is complete.
O

PROOF OF COROLLARY [[.4] It is trivial that (iv) = (i) = (ii). Clearly,
(v) = (iv) = (vi). By a similar argument as in [5], we get (iv) = (v). On
the other hand, it follows from Theorem 4.1 in [9] that p(f) > 1 — “’7*. But

w* = w, = 1 because f is homogeneous. Hence, in view of Theorem we
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obtain the implication (ii) = (iii). We shall show the implications (iii) = (iv)
and (vi) = (i).
(iii) = (iv): Indeed, by definition of p(f) and [2], there exist two positive
constants ¢, r such that
IV (@)l = elf@)" " for all o] <.
Let x be an element of K™, o £ 0. Let t := H%' Then it is easy to check
that ||(t @ x)|| = r. Hence
IVi(tea)]| = clf(toa)' .
This gives
|47V £ (@)]] = elt f ()]s,
Consequently,
_1
IV f (@)l > el f ()],

which proves (iv).
(vi) = (i): Let 2* be a sequence of points in C" such that

(2.1) z® = oo, f(zF) = A and ||V f(z®)|| = 0.

Let ¢ be a positive number such that t|\| > R. Then |f(tex*)| = t¢|f(2*)] > R
for k large enough. Hence, condition (vi) implies that

IVF(t ozl = clf(toa®)|" = ct¥| f(z")|.
Let us note that the polynomial 887’; is a quasi-homogeneous polynomial with
weight w and degree d—w);. This, together with || implies that klggo IV f(te
7¥)|| = 0. Therefore,
0> ct¥|\|9,
which yields A = 0. This proves condition (i). O

3. The Fedoryuk condition for quasi-homogeneous polynomials
in two variables. The main result of this section is the following:

PROPOSITION 3.1. Let f: K2 — K be a quasi-homogeneous polynomial.
Then Koo (f) is either empty or reduced to {0}.

In the first step, it suffices to study the proposition for the case K = C.

LEMMA 3.2. If Proposition [3.1] holds in the case K = C then it also holds
in the case K =R.
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PROOF. Indeed, let f: R? — R be a quasi-homogeneous polynomial. Let
fc: C? — C be the complexification of the polynomial f. Then it follows from
definitions that

Koo(f) C Kool fc)-

This relation proves the statement. ]
We next prove Proposition [3.1]in a special case.

LEMMA 3.3. Let f: C? — C be a homogeneous polynomial of degree d.
Then Ko (f) is either empty or reduced to {0}.

PROOF. Suppose that Ko (f) # 0. Let A € Koo(f). We shall show that
A = 0. By definition, there exists a sequence of points (z,yx) € C? such that

lim |[(@k, yr)|| = co, lm f(zg,ye) = A, lim |V f(zg, yx)| = 0.
k—o0 k—o0 k—o0

Without loss of generality we may assume that x; — oo.
There are two cases to be considered.
CASE 1: The sequence yj is bounded. In this case, we have

On the other hand, since f is a homogeneous polynomial of degree d, we
may write
f(@,y) = v (@13 — bry) (agz — boy) -+ (aa—1z — bg_1y),

where [ € N,q;,b; e Cand a; #0 fori =1,2,...,d— L.
If | =0 then

Fap, ) = 2! <CL1 - b1yk> (az - b2yk> e <adl - bdlyk> — 00 as k — oo,
T T, T,

which contradicts the fact that f(xg,yx) — A € C. Thus [ > 0.
On the other hand, it is easy to see that we may also expand
of -1
87/(% y) =y (o1r — Bry)(a2r — Bay) - - - (g1 — Ba—1y),

where a;, 3; € Cand a; #0 fori =1,2,...,d— 1.
We may then rewrite, for x # 0,

flz,y) = yla® (al - bl%) (CLQ - bz%) (ad—z - bd—l%) :

gjyc(%y) =yl ! (al - 51%) (Oéz - 52%) o <ad—l - 5d—l%> :
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This implies that

o of <a1 - b1%ﬁ> <a2 - bzg—];) (ad,l - bd—l%ﬁ)
F(@r y) = e (2, Ye) (al - 61%:) (a2 - 52%> (ad_z - ﬁd_z%’;) :

An immediate consequence of this representation is

A= lim f(zy,yx) =0
k—oco

because y;, is bounded and

0

NS ChoYE) ... b Yk
i (a1 by xk) (a2 b zk> (ad*l bd*l xk) a1as . .. a4
1m = .
k a1 ...0q—
e (Oél - 51%2) <a2 - ﬁ2%’;) e (Old—l - ﬁd—l%) 1582 Gd=l

CASE 2: The sequence y is unbounded.
Having selected a subsequence, we may assume that limy_, o yr = oo.
Since af is homogeneous polynomial of degree d — 1, we may write

gi(% y) = (12 — Bry)(cer — fay) - - - (g—12 — Ba-1Y),

where oy, ; € C and (a4, 8;) # (0,0) fori =1,2,...,d— 1.
Since limy_yo0 %(l‘k, yr) = 0, there exists ig € {1,2,...,d — 1} such that

lim QT — ﬁioyk =0.
k—o0

In particular, we have that 3;, # 0 because limy_, o x} = 00.
We change the coordinates in the following way:

T=2, U= ;T — Biy.

Flaou) = f ( aﬁ-) .

Then f is homogeneous polynomial of degree d. Moreover, it is easy to check
that the following conditions hold

Let

(i) limg_o0 zp = o0 and limy_,o0 u, = 0, where uy, := qigzk — BigYk;
(1) Timg oo f(h, ur) = limg oo f(@k, yk) = A;
(ii) limyp_s o0 aﬁz (@, wp) = limyo0 3L (iﬂk, yx) = 0; and
)

(iv) limg oo 35 (T, up) = limg 00 [ B 35 (iﬂk,yk)} =0.
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Hence, by applying Case 1 to the homogeneous polynomial f and the sequence
of points (zx,ux) € C?, we obtain A = 0. a

Now we can pass to a proof of Proposition [3.1

Proor orF ProposITION Bl By Lemma[3.2] it suffices to prove the claim
in the case K = C.

Let f: C> — C be a quasi-homogeneous polynomial with weight w :=
(wy,wy) and degree d. If w; = we (i.e., if the polynomial f is homogeneous),
then Lemma [3.3] applies and there is nothing to prove. Thus, with no loss of
generality, we may as well assume that w; > ws.

Suppose that Koo (f) # 0. Let A € Koo(f). We need to show that A = 0.
By definition, there exists a sequence of points (zy,yx) € C? such that

(3.1) lim |[(@k, yx)|| = 0o, Hm f(xg,yx) = A, Hm ||V f(zg, yx)| = 0.
k—o0 k—o0 k—o0

There are two cases to be considered.

CASE 1: The sequence yy is bounded. Note that f(x,0) = cx™ for some
¢ € C and m € N. Hence, if y; = 0 for k large enough, then from it is
easily seen that A = ¢ = 0 and there is nothing to prove. Thus, with no loss
of generality, we may as well assume that y;, # 0 for large k. Let (uy,vi) € C?
be such that

w

't = Ty,
w

V2 = Y-

Then limy_,o uy, = 0o and the limit limy_, o g—’; is finite (= 0).

Note that
0 0
df(ﬂ?, y) = UJ13787£(1', y) + w2ya£<q’.7 y)

Hence, it follows from (3.1)) that

.z Of _
klggo ug O (e, 1) =0,
.y Of
1 _ =0.
Jm By (g, yx) =0

We next need to introduce an auxiliary polynomial function ¢g: C> — C by

g(u,v) = f(u™r,v"?).
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Clearly, the polynomial g is homogeneous of degree d and limy_,o g(ug, v) =
A. Moreover, it is not hard to show that

lim @(uk,vk) = lim w1mg£($kvyk) =0,

k—o0o OU k—o0 Uk

. Og . yr Of

1 ZJ =1 Z 2 =0.
Jim = (ug, vk) Jm wzvk 2y (Tks )

In other words, A\ € f(oo(g). By Lemma we get A = 0.
CASE 2: The sequence yi, is unbounded. Having selected a subsequence,
we may assume that limy_,. yr = 0o. Assume that we have proved:

LEMMA 3.4. There exists a homogeneous polynomial function h: C?> — C
of degree d such that

h(u, v™) = [f (u, v*2)]"".

This, of course, implies that

oh wl—li

%(1% ,le) = w1 [f(u7 vw2)] o
gZ(u, 1) = waf(u, vw2)]w1*1vw2*“” g"g};(u, v'?).

Let (ug,vx) € C? be such that

(u, 0*2),

U = Tk,
w2 __
V" = Yk-

Then it is easy to check that limy .o ||(ug, vp")|| = 00, limy o0 h(ug, vy') =
A¥1 and

. 0Oh w . wi— of
klglgo %(Ulmvkl) = klglgowl [f @k, yi)] 1%(%7%) =0,

: ah w1y 7 wi—1 wg—wlaf
Jim %(ukuvk ) = lim wa[f (zg, ye)] v M

(2, yx) = 0.
(Note that wy > we and limg_e0 |vg]| = limg_00 |yk|%2 = 00.) In other words,
A1 € K (h). Therefore, by Lemma Al = 0 and hence A = 0. This
completes the proof.

So we are left with proving Lemma [3.4. Let us define the polynomial
f:C2 = C,(u,v) — f(u,v), by

f(u,v) = [f(uvaQ)]wl'
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So f is quasi-homogeneous with weight (w1, 1) and degree wid. Then we may
write (cf. Proposition 2.1 in [9])

f(u,v) = Z aju'v! = Zajuszl -9,

wii+j=wid
Let h(u,v) := Y a;ju’v(). Then the polynomial h satisfies the conditions of
the lemma. This completes the proof of the lemma and hence of Proposition
B.1 O

REMARK 3.5. Proposition is actually a consequence of a result of Ha
Huy Vui [10] (see also [3}, [7, 12}, 18]). We give the present proof in order to
keep our paper self-contained.
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