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ALGEBRA OF OPERATORS AFFILIATED WITH A FINITE
TYPE I VON NEUMANN ALGEBRA

BY P10oTR NIEMIEC AND ADAM WEGERT

Abstract. The aim of the paper is to prove that the x-algebra of all (closed
densely defined linear) operators affiliated with a finite type I von Neumann
algebra admits a unique center-valued trace, which turns out to be, in a
sense, normal. It is also demonstrated that for no other von Neumann
algebras similar constructions can be performed.

1. Introduction. With every von Neumann algebra 2 one can associate
the set Aff(2A) of operators (unbounded, in general) which are affiliated with .
In [11] Murray and von Neumann discovered that, surprisingly, Aff(2() turns
out to be a unital x-algebra when 2l is finite. This was in fact the first example
of a rich set of unbounded operators in which one can define algebraic binary op-
erations in a natural manner. This concept was later adapted by Segal [17,18],
who distinguished a certain class of unbounded operators (namely, measurable
with respect to a fixed normal faithful semi-finite trace) affiliated with an ar-
bitrary semi-finite von Neumann algebra and equipped it with a structure of
a x-algebra (for an alternative proof see e.g. [12] or §2 in Chapter IX of [21]).
A more detailed investigations in algebras of the form Aff(2() were initiated by
a work of Stone [19], who described their models for commutative 2l in terms
of unbounded continuous functions densely defined on the Gelfand spectrum X
of 2. Much later Kadison [6] studied this one-to-one correspondence between
operators in Aff(2() and functions on X. Recently Liu [9] established an in-
teresting property of Aff(2) concerning the Heisenberg uncertainty principle.
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Namely, she showed that the canonical commutation relation, which has the
form AB — BA = I, fails to hold for any A, B € Aff(2(), provided 2l is finite.
For finite type I algebras this result is a simple corollary of a fact, more or less
known to the experts, that Aff(2() has a uniquely determined center-valued
trace, provided 2 is a finite type I von Neumann algebra. In this paper we
give a proof of this fact. Our result reads as follows:

THEOREM 1.1. Let 2 be a finite type I von Neumann algebra and let Aff(2A)
be the x-algebra of all operators affiliated with 2A. Then there is a unique linear
map trag: AfF(A) — F(AE(A)) such that
(trl) trag(A) is non-negative, provided A € Aff(2A) is so;

(tr2) trag(X -Y) =trag(Y - X) for any X, Y € Aff(A);
(tr3) trag(Z) = Z for each Z € 3(Aff(A)).

Moreover,

(1-1) J(AE(A)) = AfE(3())

and

(trd) trag(A) # 0 provided A € Aff(2) is non-zero and non-negative;

(trb) trag(X - Z) = trag(X) - Z for any X € Aff(A) and Z € F(AfF(A));

(tr6) every increasing net (As)qses of self-adjoint members of Aff(2A) which is
magjorized by a self-adjoint operator in Aff(A) has its least upper bound
in Aff(2(), and

(1-2) sup trag(Ay) = trAﬁr<sup AU) :
o€y ocEY

The above result, in a little bit different settings, was earlier established by
Berberian [1], who used totally different methods. Besides, we establish more
properties of the trace than he did. All they (as well as (1-1]), which holds
for all finite von Neumann algebras 21 and most of the content of Sections 2
and 3) are, however, more or less known to the experts and can be deduced
from the possibility of modelling Aff(2) as a direct sum of finite-dimensional
matrix algebras over corresponding algebras of bounded measurable functions
(cf. [15] for a similar result in a more general setting). Nevertheless, it is likely
that this result nowhere appears explicitly. For the reader’s convenience, we
prove most of auxiliary results here.

It is worth noting that is a natural counterpart of normality (in the
terminology of Takesaki — see Definition 2.1 in Chapter V of [20]) of center-
valued traces in finite von Neumann algebras. The existence of the l.u.b.
in item (tr6) was established by Yeadon [22] for more general algebras than
Aff(1).

It is natural to ask whether the above result may be generalised to a wider
class of von Neumann algebras (e.g. for all finite ones). Our second goal is
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to show that the answer is negative, which is somewhat surprising. A precise
formulation of the result is stated below. We recall that, in general, the set
Aff(2) admits no structure of a vector space, nevertheless, it is always ho-
mogeneous and for any T € Aff(2A) and S € 2 the operator T+ S is a (well
defined) member of Aff(2(). Based on this observation, we may formulate our
result, which appears to be new, as follows.

PROPOSITION 1.2. Let 2 be a von Neumann algebra and let Aff(2A) be
the set of all operators affiliated with 2A. Assume there exists a function
o Aff(A) — AfF(A) with the following properties:

(a) if A,B € A are such that p(A) € A, then p(aA+ B) = ap(A) + Bp(B)

for any scalars a, B € C;

(b) ¢(A) is non-negative, provided A € Aff(2) is so;

(c) if A€ Aff(A) and B € A are non-negative, and p(B) € 2, then ¢(A+B) =
¢(A) +¢(B);

©(AB) = ¢(BA) for all A,B € ;

(e) p(Z) = Z for each Z € 3(2);

(f) if A and U are members of A and U is unitary, then U*p(A)U = ¢(A).
Then 2 is finite and type I

(d)
)
)

The paper is organized as follows. In the next section we establish an inter-
esting property of finite type I von Neumann algebras, which is crucial in this
paper, since all other results, apart from Proposition [1.2] are its consequences.
Its proof involves measure-theoretic techniques, which is in contrast to all other
parts of the paper, where all arguments are, roughly speaking, intrinsic and
algebraic. In Section 3 we establish most relevant properties of the set Aff(2()
(for a finite type I algebra 1), including a new proof of the fact that Aff(2l)
admits a structure of a x-algebra. In Section 4 we introduce the center-valued
trace on Aff() and prove all items of Theorem except for (tr6), which is
shown in Section 5, where we also establish other order properties of Aff(2l).
Finally, Section 6 contains a proof of Proposition (1.2

Notation and terminology. In this paper 2 is used to denote an arbitrary
von Neumann algebra acting on a (complex) Hilbert space H. All operators are
linear, closed and densely defined in a Hilbert space, projections are orthogonal
while non-negative operators are, by definition, self-adjoint. The algebra of all
bounded operators on H is denoted by B(H). An operator T in H is affiliated
with 2 if UTU ! = T for any unitary operator U belonging to the commutant
A" of A. Aff(2A) stands for the set of all operators affiliated with . If A is
finite, Aff(A) may be naturally equipped with the structure of a *-algebra (see
e.g. [11]). In that case we denote binary algebraic operations in Aff(2() by ‘+’
(for addition), ‘=’ (for subtraction) and ‘-’ (for multiplication). For any ring
R, 3(MR) stands for the center of R (that is, 3(TR) consists of all elements of R
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which commute with any element of fR). This mainly applies to 58 = 2, and
R = Aff(2A), provided 2 is finite. For any operator S, we use D(S), N(S) and
R(S) to denote the domain, kernel and range of S, respectively. By |S| we

denote the operator (S*S)%. For any collection {T%}ses of operators, @, g Ts
is understood as an operator with a maximal domain defined naturally; that
is, ®ses2s belongs to the domain of @, ¢ T if x, € D(T}) for each s € S, and
> ses | Tsws]|* < oo (and, of course, (P,cqTs)(Pscsts) = Bses(Tszs)). The
center-valued trace in a finite von Neumann algebra 20 is denoted by troy. The
center-valued trace on the algebra of operators affiliated with a finite type I
von Neumann algebra will be denoted by trag. All vector spaces are assumed
to be over the field C of complex numbers. For two C*-algebras €; and €5,
we write €1 = €5 when €; and €y are x-isomorphic. The direct product of
a collection {€;}scs of C*-algebras is denoted by [], g €s and it consists of
all systems (as)ses with as € €5 and sup,cg ||as|| < oo (cf. Definition I1.8.1.2
in [2]). By I we denote the identity operator on H.

2. Key result. As we will see in the sequel, all our main results depend
on the following theorem, whose proof is the purpose of this section.

THEOREM 2.1. Assume 2 is finite and type 1. Then for any T € A the
following conditions are equivalent:

(a) [|TE|| < [[E]| for each non-zero vector § € H;
(b) there is a sequence Zy,Za,... € 3(A) of mutually orthogonal projections
such that Y 22y Zy =1 and ||TZy,|| < 1 for any n > 1.

We will derive the above theorem as a combination of a classical result on
classification of type I von Neumann algebras and a measure-theoretic result
due to Maharam [10].

For any positive integer n, let M,, be the C*-algebra of all n x n complex
matrices. Whenever (X, 90, 1) is a finite measure space, we use L (X, u, My,)
to denote the C*-algebra of all M,,-valued essentially bounded measurable func-
tions on X (a function f = [fjr]: X — M, is measurable if each of the functions
fjk: X — C is measurable; in other words, L>(X, u, M) = L*(X, p)@M,).
The following result is well known and may easily be derived from Theo-
rems 1.22.13 and 2.3.3 in [16] (cf. also Theorem 6.6.5 in [7]).

THEOREM 2.2. For every finite type I von Neumann algebra 2 there are a
collection {(X;,M;, uj)}jes of probabilistic measure spaces and a correspond-
ing collection {v;};cy of positive integers such that

(2_1) o = HLOO(XjaﬂﬁMVj)'
jeJ
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We need a slight modification of (see Theorem below). To this
end, let us introduce certain classical measure spaces, which we call canonical.
Let o be an infinite cardinal and S, be a fixed set of cardinality ae. We consider
the set D, = {0,1}% (of all functions from S, to {0,1}) equipped with the
product o-algebra M, and the product probabilistic measure m,; that is, I,
coincides with the o-algebra on D, generated by all sets of the form
(2-2) Cyl(G) € {u € Do: ul, € G}
where F is a finite subset of S, and G is any subset of {0, 1}, while m,, is the
unique probabilistic measure on 9%, such that mq (Cyl(G)) = card(G)/2¢2rd(F)
for any such sets G and F'. It is worth noting that when « is uncountable and
Dy, is considered with the product topology, not every open set in D, belongs to
M. Additionally, we denote by (Do, My, mo) the unique probabilistic measure
space with Dy = {0}. For simplicity, let Card,, stand for the class of all
infinite cardinal numbers. We call the measure spaces (Dy, My, my) with a €
Cards U{0} canonical. In the sequel we will apply the following consequence
of a deep result due to Maharam [10]:

THEOREM 2.3. For any probabilistic measure space (X, u) there is a
sequence (finite or not) ai,as,... € Carde U{0} such that the C*-algebras
L®(X,p) and [],51 L*°(Da,,, Ma,) are x-isomorphic.

The above result is not explicitly stated in [10], but may simply be deduced
from Theorems 1 and 2 included there.

As a consequence of Theorems|[2.2and [2.3] (and the fact that L (X, u, M) =
L>®(X, 1)®M,,), we obtain

THEOREM 2.4. For every finite type I von Neumann algebra A there are

collections {a}jey C Cardes U{0} and {vj}jcs C {1,2,...} such that
A [[L7(Days may, M),
jeJ

The following simple lemma will also prove useful for us.

LEMMA 2.5. If T is an arbitrary member of U, then N(T) = {0} iff the
mapping
(2-3) A5 X —»TX €A
18 one-to-one.

Proor. If N(T') = {0} and TX = 0, then R(X) C N(T) = {0} and hence
X = 0. For the converse, let E: B(R) — B(H) be the spectral measure of |17,
defined on the o-algebra B(R) of all Borel subsets of R. Then E(c) € 2 for
any Borel set 0 C R. Since TE({0}) = 0, we conclude from the injectivity of

that E({0}) = 0 and thus N (T') = N(|T]) = {0}. O
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PROPOSITION 2.6. Let 2 be a finite type I von Neumann algebra. Let
{aj}jes and {vj}jes be two collections as in the assertion of Theorem [2.4]
Further, let &: A — HjeJ L*(Dq;, Moy, My,) be any x-isomorphism. For an

arbitrary operator T in A and (f;)jcs def ®(T), the following conditions are

equivalent:

(a) [|T¢|| < [[E]| for each non-zero vector & € H;
(b) for each j € J, the set {x € Dq,: | fj(z)l| <1} is of full measure maq,.

PROOF. Assume first that (b) holds. Observe that then ||T'|| = ||®(7T)] < 1
and ®((I — T*T)S) = (1 — ®(T)*®(T))®(S) # 0 for any non-zero operator
S € 2. So, Lemma ensures that I — T*T is one-to-one. Consequently, (a)
is fulfilled.

Now assume that (a) is satisfied, or, equivalently, that I — T*T > 0 and
the mapping A > X — (I — T*T)X € 2 is one-to-one. This means that

(2-4) 1 — ®(T)*d(T) >0
and (1—®(T)*®(T"))g # 0 for each non-zero g € £ &f I1
Suppose, on the contrary, that

(2-5) Moy, ({2 € Do+ [l fr(2)] <1}) <1

for some k € J. To get a contradiction, it is enough to find a bounded measur-
able function u: Do, — M,, such that u is a non-zero vector in L*°(D,,, mq,, M,,)
and (1 — f7fr)u = 0 (because then it suffices to put g = v and g; = 0

jes L (Do, may, My;).

for j # k in order to obtain a non-zero vector g o (9j)jes € £ for which
(1 —=(T)*®(T))g = 0). It is now that we will make use of the form of the
measurable space (Dq,, My, ). If ap = 0, the existence of u is trivial. We
therefore assume that oy is infinite. Since fi: {0,1}%% — M,, is measurable
and IM,, is the product o-algebra, we conclude that there exist a countable
infinite set F' C S,, and a measurable function f: {0,1}¥" — M,, such that

(2-6) felm) = f(nl )

for any 7 € {0,1}%%. For simplicity, we put Q = {0,1}, M = {G
Q: Cyl(G) € My, } (cf. (2-2)) and define a measure A\: M — [0,1] by
MG) = mq, (Cyl(G)) for any G € 9. Note that the probabilistic measure
space (£2,91,\) is naturally isomorphic to (Dy,, My,, my,) and hence it is a
standard measure space (which is relevant for us). It suffices to find a mea-

surable bounded function v: Q@ — M, such that v is a non-zero vector in
L>(Q, A, M,,) and

(2-7) (- fr=0
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(because then u may be defined by u(n) d:efv(n‘ )). Let G e {weQ: ||fw)]=
1}(e Mm). It follows from (2-4), (2-5)) and (2-6) that

(2-8) A(G) > 0.
Since we deal with (finite-dimensional) matrices, we see that
(2-9) Vwe G: N(I— f(w) f(w)) # {0}

Now we consider a multifunction ¥ on € which to each w € () assigns the
kernel of I — f(w)*f(w). Equipping the set of all linear subspaces of C"™ with
the Effros-Borel structure (see [3,4] or §6 in Chapter V in [20] and Appendix
there), we conclude that ¥ is measurable (this is a kind of folklore; it may
also be simply deduced from, e.g., a combination of Proposition 2.4 in [5] and
Corollary A.18 in [20]). So, from Effros’ theory it follows that there exist
measurable functions hq, ha,...: Q@ — C” such that the set {hy(w): k> 1} is
a dense subset of ¥(w) for each w € § (to convince oneself of that, consult e.g.
subsection A.16 of Appendix in [21]). We infer from that there is k > 1

such that the set D &' {w € G: hi(w) # 0} has positive measure . Finally,

we define v: Q — M, as follows: for w € D, v(w) is the matrix which (in the
canonical basis of C") corresponds to a linear operator

(&, hi(w))
(hi.(w), hi(w))
(where (-, —) denotes the standard inner product in C"), and v(w) = 0 oth-
erwise. It is readily seen that v is measurable and bounded. Moreover, since
A(D) > 0, we see that v is a non-zero element of L>(Q2, A\, M,,). Finally, (2-7)
holds, because h(w) € ¥(w) = N (I — f*(w)f(w)) for each w. This completes
the proof. O

C'a¢&— hi(w) € C"

Now we are ready to give

PRrROOF OF THEOREM 11 It is clear that (b) is followed by (a). Now
assume (a) holds. Let collections {a;};je; and {v;};cs and a *-isomorphism

©: A — [[ L®(Day, ma;, My,)
jedJ
be as in Proposition Define (fj)jes € £ &t [[jcs L (Day,may, My;) as
®(T"). We infer from Proposition that for any j € J,
(2-10) ma,; ({2 € Doy [If5(2)] <1}) = 1.
We put Wi, = {& € Do, 1—=2"" < ||fj(z)] < 1—27"} and let wj, €
L*(Dq;, Ma;, My,) be (constantly) equal to the unit v; x v; matrix on W,

and 0 off Wj,,. Observe that w,, def (wjn)jes is a central projection in £ and
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Yol wy =1 (thanks to (2-10)). Further, it follows from the definition of the
sets Wjp, that ||®(T)wy| <1 —27" for any n > 1. Thus, it remains to define
Z, as @~ 1(wy,) to finish the proof. O

For simplicity, let us introduce

DEFINITION 2.7. A partition (in 21) is an arbitrary collection {Z;}ses of
mutually orthogonal projections such that » ¢ Zs = I and Z, € 3(2) for any
ses.

We will need the following corollary, which is a strengthening of Theo-
rem 2.1} Since its proof is a slight modification of the argument used in the
proof of Theorem [2.1 we skip it and leave it to the reader.

COROLLARY 2.8. Let A be a countable infinite set of indices and {ay: X €
A} be a set of positive real numbers such that

(2-11) sup{ay: A€ A} =1.
For T € U, the following conditions are equivalent:

(a) |ITE||l < ||&]| for every mnon-zero vector & € H,;
(b) there exists a partition {Zx}xen such that ||TZy\|| < ay for every A € A.

3. Algebra of affiliated operators. The aim of this part is to show the
following result.

THEOREM 3.1. Let A be finite and type I, and {c\}rep be a countable and
unbounded set of positive real numbers. For any operatorT in H the following
conditions are equivalent:

(a) T € Aff(A);
(b) there are S € A and a partition {Zx}ren for which T =3 ") eASZ).

The above result can be deduced from Sait6’s [15]. Here we present an
alternative proof.

To make the above result more precise (and understandable), let us intro-
duce the following

DEFINITION 3.2. Let {Z)}ca be a partition and {S) }rea be any collection
of operators in 2. An operator )y, SxZ) is defined as follows:

DY hz) E{cen: DIzl < oo}
AEA

AEA

and (D yep SAZN)E = D ren(S2Z5€) (notice that Sy Z)& = Z)5)§ and thus the
vectors SyZ)§, A € A, are mutually orthogonal).

The following simple result will find many applications in the sequel.



47

LEMMA 3.3. Let (Z))aea be a partition. Denote the range of Zy by Hy.
Then there exists a unitary operator U: H — @ cp Ha such that for any
collection {Sx}ren C 2,

U(Y 52 )0 =@ Sl

AEA AEA
PROOF. For each £ € H, it is enough to define U¢ as @rca Z)E. U

Now we list only most basic consequences of Lemma Below {Z)}xea
is a partition in A, {S\}reca is an arbitrary collection of operators in 2 and £
stands for the linear span of (J,c, R(Z)). Notice that £ is dense in H.

Y1) D sea SaZy is closed;
¥2) £ CD(Y yerSxZy) and € is a core of ), . SrZy;
) X oaen AZN)" = D oxen SAn;
) Doxea SnZx € AfE();
) if S\ = e\ S with ¢y > 0 for each A € A, then )y, SxZ) is self-adjoint
(resp. non-negative; normal) iff S is so.

(
(
(23
(34
(35

In the proof of Theorem [3.1] we will make use of a certain transformation
which to any closed densely defined operator assigns a contraction. In the
existing literature there are at least two such transformations. The first was
studied e.g. by Kaufman [8] and with every closed densely defined operator T' it

1

associates the operator T'(1 +7*T) 2. The second, quite similar to the first, is
the so-called b-transform introduced in [13] and given by b(T) = T'(I +|T|)~L.
We will use the following properties of the latter transform.

LEMMA 3.4. Let T and Ts, s € S, be closed densely defined operators in H
and Hs, respectively. Then:

(bl) the b-transform establishes a one-to-one correspondence between the set
of all closed densely defined operators in ‘H and the set of all bounded
operators S on H such that || SE|| < ||£]| for each non-zero vector & € H;
the inverse transform is given by S +— ub(S) &t S(I—1S)7Y;

(62) T is bounded iff ||6(T)| < 1; conversely, if S € B(H) and ||S|| < 1, then
ub(S) € B(H);

(b3) T € Aff(A) < b(T) € A;

(b4) b(UTUY) = UB(T)U? for any unitary operator U: H — K;

(b5) b(@ses TS) = @sES b(TS)

Below we use the b- and ub-transforms also as complex-valued functions
defined on C, given by appropriate analogous formulas.

ProoOF oF THEOREM Bl Property (X4) shows that (a) is implied by (b).
Now assume that 7" € Aff(2A). Then b(T) € A and ||b(T)¢]| < ||€]| for each
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€ # 0 (see (b1) and (b3)). Using Corollary with ay dof b(cy) = ﬁ—t), we
obtain a partition {Z)}xea such that ||[6(T)Z,] < ax < 1. We now infer from
(b2) that there exist operators Sy € B(H), A € A, such that

(3-1) b(:Sx) = b(T") 2,

We can express Sy directly as Sy = b(T)Z\(I — |b(T)Z,\|)_1 and this formula
clearly implies that Sy € 2. It is a well-known property of the functional
calculus for self-adjoint (bounded) operators that |[ub(A)| = ub(]|A|) = 1EIIL|1J“1||
for any non-negative operator A of norm less than 1. We will apply this
property to A = |b(T")S\|. We have:

(32)  S32x = b(T)Z(I — [6(T)Z)" = b(T)Zx(I — [6(T)Zx]) " = S,

and

(33)  ISill = I6(D)ZA(1 (D) Za) 7"
= |ib(m) a1 = 6Ty )7
= |[ub(j6(T)Z:))]| = ub ([ [6(T) 2|} < blar) = ex.

Define § ' Y oreA éS,\. From and we infer that the series con-
verges in the strong operator topology. Consequently, S € 2. Moreover,
cSZy = S\Z)y. In order to prove that T = Z)\GA c\SZy, it is enough to show
that b(T) = b(3_,cp c2SZy). Using Lemma a unitary operator U and sub-
spaces ‘H) appearing there, properties (b4) and (b5) formulated in Lemma

and , we get
6(" x52y) = U (P s(ers]y,))U = U (D6(Sh]y,) )V

AEA AEA AEA

_1(@ [’(SA)‘H ) @b |7{A b(T)

AEA AEA
and we are done. O

As the first application of Theorem [3.1] we obtain

COROLLARY 3.5. Let 2 be finite and type I, and A dof {v=(v1,...,vp):

Vi,...,v, = 1}. For any collection Th, ..., T € Aff(2) there exist a partition
{Z,}ven in A and operators Sy, ..., Sk € A such that for each j € {1,...,k},
(3-4) T;=> viSiZ,.

veEA

Proor. Using Theorem write each T} as > 7, nS’jZT(Lj) and put Z, =
70 k) O
D e Dy
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REMARK 3.6. Corollary gives an alternative proof of the Murray—von
Neumann theorem [11] that Aff(2() can be naturally equipped with the struc-
ture of a *-algebra provided 2 is finite and type I (the assumption that 2 is
type I is superfluous; however, our proof works only in that case). Indeed, if
Ti,..., T} are arbitrary members of Aff(2(), and {Z,},cp and S1,..., S, € A
are as in , then for any polynomial p(z1, ..., z,) in n non-commuting vari-
ables we may define p(11,...,Ty) as Y, cp (151, - .., vkSk)Z,. With such a
definition, the linear span of (J,., R(Z,) is a core for each operator of the
form p(T1,...,T). Furthermore, the representation enables us to prove
briefly that T7 = T, provided 17 C T5. It is now easy to conclude from all
these observations that Aff(A) admits the structure of a x-algebra (in partic-
ular, all algebraic laws for an algebra, such as associativity, are satisfied). We
leave the details to interested readers.

4. Trace. We now turn to the concept of a center-valued trace on Aff(2l).
In this section 2l is assumed to be finite and type I. We recall that ‘+’,
‘—" and ‘-’ denote the binary operations in Aff(2(). Our main goal is to prove
all items of Theorem except for (tr6), which will be shown in the next
section.

We begin with the following result, which is well known for arbitrary finite
von Neumann algebras.

PrOPOSITION 4.1. Aff(3(A)) = 3(AfF(A)).

Proor. Take T' € Aff(3(A)) C Aff(2). Since 3() is also finite and
type I, it follows from Theorem that 7 has the form T'= Y >° | nSZ, with
S, Z, € 3(A). Similarly, any X € Aff(2) has the form X =Y ~° , nYW,, with
Y € Aand W,, € 3(A). Then SY = Y S and it follows from Remark[3.6]that for
A={v=(vi,»): vi,roe=21}and Z, = Z, W,,, T- X =3 \v11nSYZ, =
Yene1YSZ, = X - T, which shows that T € 3(Aff()). In particular,
5(20) < 3(AR()).

Conversely, take T' € 3(Aff(2)) of the form T'= >, nSZ, (with S € A
and Z,, € 3()). Then SZ, = 1T Z, belongs to 3(Aff(A)) N2A C 3(A) and
thus S = Y 2,57, € 3(A). Applying Theorem again (this time to the
von Neumann algebra 3(2()) we obtain T' € Aff(3(2)). O

LEMMA 4.2. Let {Zx}xen and {Wy}ter be two partitions in A and let
{T\}ren and {Sy} er be two collections of operators in A such that

(4-1) Z T\Zy\ = Z S, W,
AEA ~el

Then
Z tro(Th) 2\ = Z trg[(S,y)W’y.

AEA ~yel’
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PRrROOF. For Py, def Z\W,, by (4-1), we have, T\Py, = S,P,, for any
A€ A and v € T'. Consequently, try(Th) Py, = tra(ThPry) = tra(S,Pay) =
trgl(SA/)PAﬁ. So,

Z tI‘Q((T,\)Z)\ = Z Ztl‘gl(’_r)\)‘l:))\;y = Z Z tI‘Q[ P)\’Y = Ztrm

AEA AeA~el yel' A\eA ~vel

and we are done. O
Now we are ready to introduce
DEFINITION 4.3. The center-valued trace in Aff() is a mapping
trag: AfF(A) — 3(AfF(A))
defined as follows. For any partition {Z)}aca in 2 and a collection {Sy}xep C 2,

trAff(Z S/\Z/\) = Z tra(Sh) 2

AEA AEA

Theorem [3.J] and Lemma[.2] ensure that the definition is full and correct, while
Proposition [4.1] (and its proof) shows that indeed trag(7T") belongs to 3(Aff(A))
for any T € Aff(2A).

For transparency, let us isolate the uniqueness part of Theorem in the
following

LEMMA 4.4. Iftr': Aff(A) — 3(AfE(A)) is a linear mapping which satisfies
azioms (trl)—(tr3) (with trag replaced by tr'), then tr’ = trag.

ProOOF. Fix a partition {Z,}°°; in 2 and consider the map

FiA3 S tr’(E nSZn) : (i %Zn) € 3(Af(2)).
n=1

It is clear that f is linear. Moreover, for any Si, S € 2, using (tr2), we get
o0 1
=t E Z ) . ( E —Zn)
f(Slsg T nSng "

= tr’ ZfSIZ Zfsgz

3

(3 )-(
tr’(ZfSQZ Zfslzn) (

(

— g:lnstlz) (iizn) £(S251).

n=1

00
n=1
00
n=1
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Further, if S € 2 in non-negative, then T def > oo, nSZ, is non-negative as

well (by (£5)). Consequently, tr’(T") is non-negative and, therefore, so is f(.9).
Also for C' € 3(A) we have Y 2, nCZ, € Aff(3(A)) = 3(Af(A)) (cf. the proof
of Proposition [4.1)), thus, thanks to (tr3),

£(C) :inczn.iiz _Y ez, -0
n=1 n=1 n=1

Finally, we claim that f(.S) is bounded for any S € 2(. (This will imply that
F() C 3(Aff(A)) N2A = 3(A).) To see this, it is enough to assume that S € A
is non-negative. Then the operator ||S||I — S is non-negative as well and hence
both f(S) and f(||S||[I — S) are non-negative. But f(S)+ f(||S||I —95) =
FfUISIT) = ||S||I. Consequenty, f(S) is bounded, as we claimed.

As f: 2 — 3() satisfies all axioms of the center-valued trace in 2 (cf. e.g.
Theorem 8.2.8 in |7]), we have f = trg and consequently for each S € A:

tr’(i nSZn) = f(5)- inZn = try(9) - inZn
n=1 n=1 n=1

= intrm(S)Zn = trAﬁ‘(i nSZn>.
n=1 n=1

Since the partition was arbitrary, an application of Theorem completes the
proof. O

Proor oF THEOREM [LIl As we announced, property (tr6) will be estab-
lished in the next section. The linearity of trag follows from Corollary
and the very definition of trag (see also Remark and Lemma {4.2)). Con-
ditions (trl) and (tr4) are immediate consequences of (X5). Property (tr3)
follows from the fact that each C' € 3(Aff(2()) may be written in the form
C =5 ,nWZ, where W € 3() and {Z,}°2, is a partition (see the proof
of Proposition . Further, (tr2) and (tr5) are implied by suitable proper-
ties of trg and the way the multiplication in Aff(2) is defined (below we use
Corollary with A = {v = (vi,10): v, 2 1}): T = > 21152,
and X = )  AYZ, (with Y € 3(), provided X € 3(Aff(A))), then
T-X =73 ,a112SYZ, and hence

trag(T-X) = Z vy try(SY)Z, = Z g trg(YS)Z, = trag(X - T);

veA veA

and if X € 3(Aff(2A)), we get

trag(T-X) = Z viva trg(S)Y Z, = Z " trgl(S)Zl,-Z Y Z, = trag(T)- X.
veEA veA veA
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Finally, uniqueness of trag has already been established in Lemma [£.4] and
(1-1)) is just the assertion of Proposition O

It is worth noting that trag(S) = try(S) for each S € 2, the proof of which
is left as a simple exercise.
As an immediate consequence of Theorem [1.1], we get the following

COROLLARY 4.5. Suppose that 2 is finite and type I. There are no X,Y €
Aff(A) such that X-Y =Y - X =1.

PROOF. Apply the trace to both sides. O

The above result for arbitrary finite von Neumann algebras was proved
in [9].

5. Ordering. Throughout this section, 2l continues to be finite and type I;
and (-, —) stands for the inner product of H. Similarly as in C*-algebras, we
may distinguish real part of Aff(2) and introduce a natural ordering in it. To
this end, we introduce

DEFINITION 5.1. The real part Aff;(2) of Aff(2) is the set of all self-adjoint
operators in Aff(2(). Additionally, we put s = AN Aff;(2A). For A € Aff ()
we write A > 0 if A is non-negative (that is, if (A€, &) > 0 for each £ € D(A);
or, equivalently, if the spectrum of A is contained in [0, 00)). For two operators
Al, A2 S Affs(Ql) we write Al < A2 or A2 > A1 if A2 — A1 > 0.

The least upper bound (in Aff4(2()) of a collection {Bs}ses C Affs(A) is
denoted by sup,cg Bs, provided it exists.

The following simple result gives another description of the ordering defined
above.

LEMMA 5.2. Let A and B be arbitrary members of Aff(21).

(a) If both A and B are non-negative, so is A+ B.
(b) The following conditions are equivalent:

(i) A< B;

(i) (A¢,€) < (BE,§) for any & € D(A) N D(B).

Proor. All properties follow from the fact that D(A) N D(B) is a core of
the self-adjoint operators B— A and A+ B. O

It is now readily seen that the ordering ‘<’ in Aff(2A) is reflexive, transitive
and antisymmetric (which means that A = B, provided A < B and B <
A), and that it is compatible with the linear structure of Aff;(2A). Another
property, well known for arbitrary von Neumann algebras, is for finite type I
algebras established below.
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ProposITION 5.3. If A, B € Affs() are non-negative and A- B = B+ A,
then A+ B is non-negative as well.

Proor. By Corollary and (X5), we may express A and B in the forms
A =3 caviSZ, and B = ), 1vTZ, where S,T € 2l are non-negative.
Moreover, we know that then

(5-1) A-B =Y 111nSTZ,
veEA

and B- A = Zue Aer1TSZ,. From these connections and the assumption
we now deduce that ST = T'S and, consequently, ST > 0. Now the assertion
follows from (5-1)) and (X5). O

For transparency, we isolate a part of (tr6) (in Theorem below. It was
proved in a more general setting by Yeadon [22].

LEMMA 5.4. Let A= {A;}sex € Aff(A) be an increasing net (indezed by
a directed set X), bounded above by A € Aff;(A). Then A has a least upper
bound in Aff4(2A).

PROOF. First of all, we may and do assume that A, > 0 for any o €

Y. (Indeed, fixing o9 € ¥ and putting X' def {oc € ¥: 0 > oo}, A def

{Al }oresy with A def A, — Ay and A’ def 4 — Agy, it is easy to verify that

A’ is an increasingg net of non-negative operators upper bounded by A’, and
Sup,cx Ae = Aoy +sup,csy AL,.) Using Theoremand (335), we may express
A in the form A = Y, nBZ, where B € 2 is non-negative and {Z,}7 is
a partition in 2. Fix k£ > 1. It follows from Proposition that the operators
(A—A,)-Zy and A, Zy, are non-negative for any o € ¥. So, 0 < A, 2 < A-Zy.
Since A- Zy = kBZj, is bounded, we now conclude (e.g. from Lemma that
Ay - Zy, is bounded as well. Moreover, the same argument shows that the net
{As + Z}oex C 2 is increasing and upper bounded by A - Z; € ;. From a
classical property of von Neumann algebras we infer that this last net has a

least upper bound in 2, say Gi. We now put G def > rey Gk Zi. Note that
G e Aﬁs(gl) (see (24) and (25)). Since 0 < Ap-Z1 < G, < A-Zy, = (A-Zk)Zk,
we have Gy = GpZi(= G- Zy) and A, - Z, = (Ay - Zk) Z, and thus A, - Z, <

G-Zp, < A-Zp for any 0 € X2 and k > 1. These inequalities imply that
(5-2) A, <G<KA (ceX)

(because for X € {A,,G, A}, X = > 72 ,(X - Zy)Z) in the sense of Defini-
tion then apply Lemma . We will check that G = sup,cy, A5. To
this end, take an arbitrary upper bound A" = Y 2 nB'Z] (where B’ € 2
is self-adjoint) of A. It remains to check that G < A’. In what follows, to
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avoid misunderstandings, ‘sup®’ will stand for the least upper bound in 2, of
suitable families of bounded operators.

For an arbitrary positive n and m we have 0 < A,-(Z,Z,) < A'-(Z,Z])) =
mB'Z, 7] € As, which yields

G- (ZnZ;n) = GnZ;n = [Supm(Ao : Zn)}Zrln = SUPQ[[(AU : Zn)Zrln]

ocEX gEY
= sup?[Ay - (Z,Z),)] < A+ (ZnZ),).
oED
Now, as before, it suffices to note that X = >, > (X - (Z,Z,,))Zn 2],
for X € {G, A’} and then apply Lemma O

The argument presented above contains a proof of the following convenient
property.

COROLLARY 5.5. If T is an increasing net in s which is upper bounded
in As, then its least upper bounds in As and Affs(A) coincide.

We need one more simple lemma.

LEMMA 5.6. Let T be any member of Aff(A) and {Z)}ren be a partition

in A, If T defp. Zy s a bounded operator for any X € A, then T \Zy =T for

all A€ N and T =3 o)\ ToZy.

PROOF. Since T) is bounded, we get ThZy = Th-Z)y = T - Z\ = T).
Express T in the form 7' = ">, nSW,, with S € 2 and W,, € 3(). Then
Tn= 3202 DiWa = 3200 (T2 20)- W = 3200 (T W) Zy = 3207 nB(WnZy)
and hence

Y ThZy=>Y nB(WnZy) =Y > nB(WnZ))=» nBW,=T

AEA AeA n=1 n=1 €A n=1
and we are done. O

Now we are ready to give

PROOF OF ITEM (tr6) IN THEOREM [L.1 We already know from Lemma

and (trl) that both A of Supyex Ay and A’ of SUpyex trap(Ay) are well
defined. As in the proof of Lemma[5.4] we may and do assume that each oper-
ator A, is non-negative. As usual, we express A in the form A =37, nBZ,
where B € 2(. Then, from the very definition of trag we deduce that trag(A) =
oo ntry(B)Zy,. Further, the proof of Lemma combined with Corol-

lary yields

oo

A= Z[sup(A(, - Z)| Zn.
n—1 0€Z
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Consequently, nBZ, = A+ Z, = sup,cx(A4s - Z,). Now the normality of try
implies that n try(B)Z,, = sup,ey, tra (Ao Zy). But try(As-Zy,) = trag(As)-Zy,
(see (tr5)). We claim that sup, ¢y, (trag(4s)-Z,) = A’-Z,. (To convince oneself
of that, first note that inequality ‘<’ is immediate. To see the reverse inequality,
denote by A} and A}, respectively, sup,ex (Ao - Zy,) and sup,ex (Ao - (I — Zy,)),
and observe that A, < A} + A), and consequently A" < A} + A}, from which
one infers that A’ - Z,, < A} - Z, + A, - Z,,, but A, < A" (I — Z,,) and thus
Al - Z, = 0.) These observations lead us to A’ - Z,, = ntry(B)Z, € A. So,
Lemma [5.6 yields A" = >">° | ntry(B)Z, = trag(4). O

As we have noted in the introductory part, condition (tr6) is a counterpart
of normality (in the terminology of Takesaki; see Definition 2.1 in Chapter V
of [20]) of center-valued traces in finite von Neumann algebras. Thus, the
question of whether it is possible to equip Aff(2) with a (naturally defined)
topology with respect to which the center-valued trace trag is continuous nat-
urally arises. This will be a subject of further investigations.

6. Trace-like mappings in Aff(2) and the type of 2. As Propo-
sition shows, finite type I von Neumann algebras may be characterised
(among all von Neumann algebras) as those whose (full) sets of affiliated op-
erators admit mappings which resemble center-valued traces. The aim of the
section is to prove Proposition [[.2], which we now turn to.

PRrROOF OF PROPOSITION [[.2l First observe that if A € 2, then p(A) is
bounded and consequently ¢(A) € A. Indeed, it is enough to show this for
non-negative A € 2. Such A satisfies ||A||I — A > 0; therefore, ¢(||AlI — A)
and ¢(A) are non-negative (by (b)). But it follows from (e) and (a) that

eUIA[L = A) = e([AlI1) — ¢(A) = [|AIlL = ¢ (A),

which means that 0 < ¢(A) < ||A]|I and hence ¢(A) is bounded. As ¢p(A)
commutes with each unitary operator in 2 (by (f)), we conclude that ¢(A) €
3(2) for each A € A. So, P = cp‘m: 2A — 3(2A) is linear (thanks to (a)) and
satisfies all axioms of a center-valued trace (see (b), (d) and (e)), hence 2 is
finite. Note also that p(X) = try(X) for each X € .

Suppose that 2 is not type I. Then one can find a non-zero projection

Z € 3(2A) such that 2o Cr oz is type II;. Recall that trm|% coincides with
the center-valued trace trg, of 2lo.

Every type II; von Neumann algebra 20 has the following property: for
each projection P € 20 and an operator C' € 3(20) such that 0 < C' < trog(P)
there exists a projection Q € 20 for which @ < P and try(Q) = C (to
convince oneself of that, see Theorem 8.4.4 and item (vii) of Theorem 8.4.3,
both in [7]). Involving this property, we by induction define a sequence (P,,)5°
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of projections in 2y as follows: P; € 2 is arbitrary such that try,(P1) = %Z ;

and for n > 1, P, € Qg is such that P, < Z — 22;11 Py, and tre, (P,) = 2%2.
Observe that the projections P,, n > 1, are mutually orthogonal and for any
N > 1,

N N
tI'Q[ (; 2kPk) = % 2k tI'Q[O (Pk) =NZ.

Now for N > 0, put Tx def ZZO:N—l—l 28 Py, (the series understood pointwise,

similarly as in Definition . As each P, belongs to 2ly, we see that Ty €
Aff(p). Moreover, T is non-negative and we infer from axiom (c) that

N N
o(To) = @(Z 2kpk> + ¢(Ty) = tra <Z 2kPk> +9(In) = NZ + ¢(Tn).
k=1 k=1

Therefore, for £ € D(p(1h)) = D(p(TnN)), we get:
(P(To)€, €) = NI ZEI* + (o(Tw)&, &) = N1 Z¢]”

(here (-, —) denotes the inner product in H). Since N can be arbitrarily large,
the above implies that Z¢ = 0 for every € D(¢(Tp)). But this is impossible,
because Z # 0 and D(¢(Tp)) is dense in H. The proof is complete. O

References

1. Berberian S. K., Trace and the reqular ring of a finite AW*-algebra, Proc. Amer. Math.
Soc., 80 (1980), 584-586.

2. Blackadar B., Operator Algebras. Theory of C*-algebras and von Neumann algebras (En-
cyclopaedia of Mathematical Sciences, vol. 122: Operator Algebras and Non-Commuta-
tive Geometry IIT), Springer-Verlag, Berlin—Heidelberg, 2006.

3. Effros E.G., The Borel space of von Neumann algebras on a separable Hilbert space,
Pacific J. Math., 15 (1965), 1153-1164.

4. Effros E. G., Global structure in von Neumann algebras, Trans. Amer. Math. Soc., 121
(1966), 434-454.

5. Ernest J., Charting the operator terrain, Mem. Amer. Math. Soc., 171 (1976), 207 pp.

6. Kadison R.V., Algebras of unbounded functions and operators, Exposition. Math., 4
(1986), 3-33.

7. Kadison R. V., Ringrose J. R., Fundamentals of the Theory of Operator Algebras. Volume
II: Advanced Theory, Academic Press, Inc., Orlando—London, 1986.

8. Kaufman W.E., Representing a closed operator as a quotient of continuous operators,
Proc. Amer. Math. Soc., 72 (1978), 531-534.

9. Liu Z., On some mathematical aspects of the Heisenberg relation, Sci. China, 54 (2011),
2427-2452.

10. Maharam D., On homogeneous measure algebras, Proc. Natl. Acad. Sci. USA, 28 (1942),
108-111.

11. Murray F., von Neumann J., On rings of operators, Ann. Math., 37 (1936), 116-229.

12. Nelson E., Notes on non-commutative integration, J. Funct. Anal., 15 (1974), 103-116.



13.

14.

15.

16.
17.

18.

19.

20.

21.

22.

57

Niemiec P., Unitary equivalence and decompositions of finite systems of closed densely
defined operators in Hilbert spaces, Dissertationes Math. (Rozprawy Mat.), 482 (2012),
1-106.

Rudin W., Functional Analysis, McGraw-Hill, Inc., New York, 1991.

Saité K., On the algebra of measurable operators for a general AW ™ -algebra. II, Téhoku
Math. J., (2) 23 (1971), 525-534.

Sakai S., C*-Algebras and W*-Algebras, Springer-Verlag, Berlin, 1971.

Segal I.E., A Non-Commutative Extension of Abstract Integration, Ann. Math., 57
(1953), 401-457.

Segal I. E., Correction to the Paper “A Non-Commutative Extension of Abstract Integra-
tion”, Ann. Math., 58 (1953), 595-596.

Stone M. H., A general theory of spectra. I, Proc. Natl. Acad. Sci. USA, 26 (1940), 280-
283.

Takesaki M., Theory of Operator Algebras I (Encyclopaedia of Mathematical Sciences,
Volume 124), Springer-Verlag, Berlin—Heidelberg-New York, 2002.

Takesaki M., Theory of Operator Algebras II (Encyclopaedia of Mathematical Sciences,
Volume 125), Springer-Verlag, Berlin—Heidelberg-New York, 2003.

Yeadon F.J., Convergence of measurable operators, Proc. Cambridge Phil. Soc., 74
(1973), 257-268.

Received February 10, 2016

Institute of Mathematics

Faculty of Mathematics and Computer Science
Jagiellonian University

Lojasiewicza 6, 30-348 Krakow

Poland

e-mail: piotr.niemiec@uj.edu.pl

Faculty of Applied Mathematics

AGH University of Science and Technology
al. Mickiewicza 30

30-059 Krakéw

Poland

e-mail: |a_wegert@o2.pl


mailto:piotr.niemiec@uj.edu.pl
mailto:a_wegert@o2.pl

	1. Introduction
	2. Key result
	3. Algebra of affiliated operators
	4. Trace
	5. Ordering
	6. Trace-like mappings in Aff(A) and the type of A
	References

