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GENERALIZED ISOPERIMETRIC FVPS VIA CAPUTO
APPROACH

BY AMELE TAIEB AND ZOUBIR DAHMANI

Abstract. In this paper, we study several fractional variational problems
with functionals that contain n unknown functions with their higher order
Caputo derivatives and Riemann—Liouville integrals. We prove generalized
fractional Euler-Lagrange equations. We also study an isoperimetric prob-
lem with multiple constraints, and we find the optimality conditions. Some
examples are provided to illustrate the applications of the results.

1. Introduction and Preliminaries. It is known that the fractional
calculus arises in various fields of applied sciences. For more details see, 18—
20,[25,[26]. Moreover, fractional differential equations play a central role in
engineering sciences and applied mathematics in building mathematical models
of many physical phenomena. See, for instance [1,/10,(15,16,29,30,32}33]|.

The calculus of variations is concerned with finding a function for which
a given functional attains an extremum value. Books [9,/13,17, 21,22, 24|
may serve as an introduction to the calculus of variations for mathemati-
cians and scientists, and the reader can found interesting results in geometry
and differential equations therein. The calculus of variations plays an im-
portant role in problems arising in classical mechanics, economics, electrical
engineering, urban planning and other fields. For details, see [14,27, 34, 35|
and the references therein. Some researchers study different fractional vari-
ational problems and several important research results have been obtained
in [2-8,(11,/12,23,31,36]|.
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The present paper is devoted to building necessary conditions of Euler—
Lagrange type for fractional variational problem of the form:

1
J Wi, Yyn) = / (Lol’; [y1,. .- ,yn]%) (z) dx — extremum,
k

zo

where v, > 0,7 —1 < o, 8] < j; 4,k =1,2,...,n, n € N* with N* = N - {0},

Witz € S = {1, ,9a) € C ([0, 01)); vl (20) = af, ) (21) =
b,,i=0,1,...,n—1, n e N}, and

1’2 [y1,...,yn]5 = (x,yl (), yn (z),

J
k

1 2 n
Dityy(x), SDSy (x). .., SDaty (),

7 XQ ’ XQ

1 2 n
D%y, (), SDYyy (3). .., ED%ny, (2)),
1 2 n
DMty (), Dy (2),..., Dy (x),
C 1 C 2 C n
oI () oL (@) ).

We will consider the fractional isoperimetric problem that consists in maxi-
mizing (or minimizing) the above functional subject to the given boundary
conditions and m fractional integral constraints:

x1

Iq (y17'-'7yn) :/ (qul?v[yh’yn]ﬁi) (l’)d.%':lq,
zo

where ¢ = 1,2,...m, m <n, and [, € R.
Finally, we will present the optimality conditions for a functions-time pair

<(yk)k:17._.7n,T> € {(C" ([xo, x1]), [xo, x1]) : y,(:) (o) = a};} to be an optimal
solution to:

T
J (yl,...,yn,T):/ (L*Oai[yl""’y”Ddx’

x0
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where
ai[yla"'ayn] = (‘Tayl (:L'),,yn(l’)7

CDgl Y ((L’) )

©y zg

1 2
Dy (2), DRy (), ..

LA i)

CDo‘%yn (z) CDO‘%yn (),... CDo‘zyn (x) )

o T R oo i ) Ty T

We consider the both free and fixed end-point problems.

To the best of our knowledge, there are no papers dealing with this kind
of high dimensional variational problems.

Now, we present some basic definitions and lemmas that we need to prove
our main results.

DEFINITION 1. [19,25,26] The left and right Riemann-Liouville fractional

integral operators of order o > 0 for an integrable function y on [z, 1] are
defined by:

1) o I%y(2) = F(la) / @0 Ny () dt,
and
(2) LIy () = F(la) / (- o)ty (b dt,

respectively, where I (o) := [ e “u®du.

DEFINITION 2. [19,25,26] The left and right Riemann—Liouville fractional
derivative operators of order a > 0 for a function y : [zg, 1] — R are defined
as:

(n) rz
B Eme -t (5) [ e-ohoa

0

RL o 1 d (n) T 1

4 ‘D =—|[—— t—a)"" Yy (t)dt
R vl G I A i 102
respectively, for n — 1 < a < n, n € N*,

DEFINITION 3. [19,]25,26] The left and right Caputo fractional derivative
operators of order o« > 0 for a function y : [z9,21] — R, which is at least
n—times differentiable are defined as:

1

o) Sp2yta) = oy [ a0y @)
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and

(6) ngfly(x) — F(nl_a) /11 (t — $)”*a71 (—1)" y(n) (t) dt,

respectively, for n —1 < a <n, n € N*.

LEMMA 4. [19,25,26,,28] Assume thatn —1 < a <n,n € N* and f is
of class C™ on [xg,z1]. Then its left and right Caputo derivatives of order o
are continuous on [Tg,x1] .

LeMMmA 5. [13,24] Let f : [xo,z1] — R be a continuous function such
that:

(7) | r@o@as=o

holds for every o € C™ ([zo,x1]), n > 0, satisfying o (xo) = o (x1) = 0. Then,
f(z) =0 on [zg,x1].

LEMMA 6. [28] Let a >0, p,q > 1, and } + < 1+a. If g € LP ([xo, 21])
and f € L1 ([xg,z1]), then

(8) / 0(@) 20I%F (z dﬂ:—/f 9 (x) de,

LEMMA 7. 28] Letn—1 < a <mn, f,g: [zo,z1] = R, f be of class C™,
g and . Dg g be continuous functions on [xo,z1]. Then,

/“g< ) Cpof@yde= [ f(x) B2 g (x) de

(9) + Z [REDeti=ng (z) RER=i=if (z)]"
/ Vo) Do f@ydr= [ f(x) BDg (x) da
(10) + Z [ (n+j) RLDa+j ng ($) ﬁoLDijflf (x)} T1

REMARK 8. If f(xg) = f(:):l) =0, then
(11) / g (e) SD2f () du = / " @) BDe £ (2) da

0

(12) /;g@;) ‘pe dac—/ f (@) BD2 f (2) de.

0
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2. Necessary Optimality Conditions. In this section, we present nec-
essary optimality conditions of Euler-Lagrange type for variational problems
with functional involving n unknown functions with their higher order left and
right Caputo fractional derivatives and fractional integrals.

Define the nonlinear operator Z’j (Y1, yn]ﬁj by:
k k
12[?/17,?/n]5i = (95,?/1 (I)77yn (.’IT),
1 n
x%Dglyl (.’13) PR x%Dglyl (1’) )
C 1 Cral
CC()Dgnyn (.’E) P zngnyTL (I’) ’
1 n
(13) Dty (@), ., Dy (),
1 n
eD2ryn (@), s (Dgyn (),
w20 @)y ol 2 U (@) ),

Where'y;f>0,j—1<ai,ﬂi<j,j,k:1,2,...,n,n€N*.
Define the set .S by:

(14)  Si={@r o) € C" (o, 2)): ) (w0) = af, il (21) = b},
k=1,2,...,n,i=0,1,...,n—1, n € N*,

Let J be a functional of the form:

(15) J(yl,...,yn):/jl <Lol’2[y1,...,yn]ﬁi) (z) da,

0
and consider the problem of finding functions (yx)y_; 5 _, € S that maximize
or minimize the functional J.

For the sake of convenience, we denote by d,L, p=1,..., 2n2 + 2n + 1 the
partial derivative of the function L : [zg, z1] x R2?*+2n+1 5 R with respect to
its p-th argument. Also, we assume that:

(Hy): The function L is of class C! with respect to all of its arguments.

(H2): (OpL)—pio 2 il has continuous right Riemann-Liouville frac-
tional derivative of order ai, J,k=1,2,...,n, respectively.

(Hs): (OpL) )2y, 12, 2n2 4t has continuous left Riemann-Liouville frac-

tional derivative of order Bi, 7, k=1,2,...,n, respectively.

THEOREM 9. Assume that the functional of the form given by Eq. has
an extremum in S at (Yk)g—12 - Then for all x € [xo,21], the functions
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(yk’)kzl,z,...,n satisfy the generalized fractional Euler—Lagrange equations:
n o
OpL+ Y DL 01y j1 L
j—l
(16) + Z RLD p 18 p 1)+n2+]+1L + 1117182n2+n+pl/
=0,
where p=2,...,n+ 1.
PROOF. Define S* by:
(17) §* = {ak € C™([z0, 1)) : 0 (wo) = 0\ (1) =0, i =0,1,...,n — 1} .

For e, > 0, o, € S*, let yi + €0y, be the variation of y;, with (yk)k:1,2,...n es
is solution for the functional in Eq. .
Then,

1
(18) J(el,...,em:/ (Lo”f;-[yl+qal,...,yn+enan]ﬁi> (x) de.
T Yk

0

Since J (€1,...,€,) attains an extreme value at (e1,...,€,) = (0,...,0), we
get:

oJ
(19) ()(EkZO):O,k=1,2,...,n

Oep

. . c ai C 5% . .
We know that the linearity of ;D" and ;D] implies

J J J
(20) D2* (yi + €xor) (x) = SDe ye + €5 oD ok (x),
and
(21) CDB vV (yk + exor) (z) = CDa:’fyk + € Dxlffk( )

Consequently, Eq. (19)) implies

T n aj
/ <8pLO'p_1 (SU) + Z 8n(p71)+j+1L xCO’-D:Ep_IO-p_l (SU)

0 j=1

n .
Bl _
(22) + 3 Onpryineajar L SDE 0p 1 (@) + O gL aold 01 (@) )
j=1
=0, p=2,...,n+ 1.
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Integrating by parts as in Eqgs. , @ and , we get

1 n RL o,
/ (6pLop_1 (@) +opr (€)Y B0 Onpryain L
xo le

n

By -
(23) +op-1(2) Y D" Ongpnypn2rjr L+ opo1 (@) w13 1(927z2+n+pL)d95
=1
=0, p=2,...,n+ 1.

Thus,

1 n J
/ (3pL+ > DR Ougpetyrja L

zo =1
(24) +) 0 D Oy enz g L+ zfzf7152n2+n+pL> op-1(x) dz

=0, p=2,...,n+ 1.

It follows from Lemma 5 that

n .
ol
OpL + Z BED2l ™ Opptyj1 L

j—l
—07 p=2,...,n+ 1.

Equation is the fractional Euler—Lagrange equations for the variational
problem considered. This completes the proof. O

ExaMpPLE 10. Consider the following problem:

1 2 \2 1 Lo\2
J (y1,2) :/ (2% +yf + 205 + <_1CD§ yl> t3 <_1CD§ yl)
—1

cend 1\’ cni \? Cps Cp3
(26) +3 (_1Dc?y2> +2 <_1D§)y2> - <1D12y1> - <xD12y1>

o3 o8 4 10
+ <xD15@/2 + <xD151J2) + 1Ly +2 P yp)de,

n (_1) = 17 yll (_1) = \/57 Y1 (1) = 2\/57 yll (1) = _L

y2 (1) =0, p(-1) =2 y2 (1) = -1, y2 (1) =

Wl
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L =22+ yi + 23

o2 2 1 ot 2 o2 2
+ <_1Dx3y1> +2<_1D:§y1> +3<_1D§3y2>
c

5\ 2 1 3
(28) +2 <_1CD52’y2> - (;;ny1> - (ng?n)
o3 o8 7 10
+ (me?ﬂ) + <xD15?J2) + Iy +2 412 ye.

The extremes for J must satisfy the fractional Euler—Lagrange equations given

in Eq. . So, we get

2 2 4 4
2y1 + 2 D} <—?D§’ Z/1> + Ds <—?D§’ y1>

(29)
1 3 7
— Bpz )y — Bpz (1) 4+ 12 (1) =0,
and
3 3 5 5
dyo + 6 D> (_ng y2> +4 BEps (_?Dg y2)
(30)

3 8 10
+ fpz (1) + Bpp (1) + LI (2) =0.

3. Generalized Isoperimetric Problems. We are now interested in
finding the functions (yx) k=12,.n €S for which the functional given by Eq.

(15)), subject to the following fractional isoperimetric constraints:

Tl
I (Y1, Yn) :/ <F1 ol’i[yl,...,yn]ﬁi) (x)dx =14,
)
1
B = [ (Feo ey ) (@) o=t
(31) "

1

L) = [ (ool ) (@) do =
x Y k

0
lyeR, g=1,2,...,mm<n.
has an extremum.

Similarly, for all ¢ = 1,2,...m, we denote by 0,Fy, p=1,..., 2n2 +2n+1
the partial derivative of the function F : [z, x1] X R27*+2n+1 s R with respect
to its p-th argument.

We also suppose that:
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(Hy): For each ¢ = 1,2,...m, the function F, is of class C' with respect
to all of its arguments.
(Hs): (Gqu)p:n 49, n24n1 Das continuous right Riemann-Liouville frac-

tional derivatives of order ai, J,k=1,2,...,n, respectively.

(Hg): (0qu)p:n2 +nt2.... on24ns1 Bas continuous left Riemann-Liouville frac-
tional derivatives of order ﬁi, j.k=1,2,...,n, respectively.

THEOREM 11. Suppose that (yi),_q 2, € S is an extremizer of the

functional given by Eq. (.) such that I (yl,...,yn) =l qg=12...,m,
m < n. If (Yr)p_19 ., %5 not an extremzzer of 1,, then there exist constants

(Wg)y=12... .m satz’sfying

n .
aj_
3pE+Z RLD p 18 (p 1)+j+1E

(32)
Z RLD 2 "On(p-1)+n2 41 B+ alal Qo2 sy p B = 0,

forallz € [:Uo,xl], where p=2,...,n+1, (de:LfZ;n:l wqFy.

PROOF. Suppose that (yk)k:172,4_.,n € S is a solution to the functional
given in Eq. , such that I, (y1,...,yn) =13, ¢ =1,2,...,m, m < n, and
(Yk)r=12,. n is not an extremizer of I,.

Let € > 0,0t € S*, k=1,2,...,n,t =1,2,...,om+1, m < n, and
Y + Z?:{l 6};0‘}; be the variation of y;. Then, we consider

J(e%,...,e}”.. GTH,...,ean)
z1 m+1 m+1
(33) = / (Lo y1 + Z oty + Z eioé] ]-) (z) dx,
o =1 Pr.
and
I (e%,...,e,ll,... emH,...,emH)

T m+1 m—+1
(34) :/ (qu 1+26101,...,yn+26;(7;] j) (x)dx — 1.
o t=1 ﬁk

The assumption that (yx),_, 4, is not an extremizer of I, means that there

exists a family of functions (02)2::2127”:1 , where
or*

(35) B . # 0,
€p—1 (e%* ~7e;"+1:0,...,e}b* 7621-’_170)

foreacht=2,....m+1,k=1,...,n,p=2,...,n+ 1.
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Also, by Eq. , we get 17 (0,...,0) =0, ¢ =1,2,...,m, for all e =0,
k=1,2...,n,t=1,2,... , m+ 1.

Since I; (0,...,0) =0, ¢ = 1,2,...,m, applying implicit function theorem,
there exists a family of functions (ek) (), k=12,...,n,t=2,...,m+1,
defined in a neighborhood of zero, where

(36) I; (ehrer (€1) s €™ (er)) = 0.

By the Lagrange multiplier rule, there exist constants (wg),_; 5, such that
m
(37) \Y Z I3 (0,...,0) | =(0,...,0).

Forallp=2,...,n+ 1, we have

aJ 1 " RL Ot‘;71
5| 00 = (BpL+ > BDLE Oup1yijial
p— T

0 ‘7_1

(38) +Z RLD P oty inz a1 L

+ J:I:Z:f_lazn2+n+plz) oy () dz,

and
or* z1 n BRI
g, )OO :/ (8qu + 2 B0l Onpry i Fy
p_l xo j_l
(39) Z RLD ot n 41 Fo

+ xIZf‘ 82n2+n+qu) ol | (z)da.
Taking E = L — /" | wyF, we obtain

/ (8 E+Z RLDwf O (p— 1)+g+1E+Z RLD 1y (p—1)n24jr1E
o =

(40) + xI;f_laganrnerE)U;,l (x)dx
=0, p=2,....,n+1.
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Using Lemma 5 of the calculus of variations, we can obtain:
n .
o)
8pE + Z Ij:,LDxf 18n(p_1)+j+1E
j 1
+ Z RLD - Onp-1)4n2 i1 B A 2 Ia T 0oy B

=0, p =2,...,n+ 1.
This ends the proof. O

ExaMPLE 12. Now, we present an example of a fractional isoperimetric
problem to illustrate the above theorem.

1
J (y1,y2,y3) = Lo™y,...,ynly | (z)dz
-1 X Pr

1
=/ (2w2+y%+y§+y§
~1

i cnd N 1 ept )
(41) - 71ny3 +3 ,1-ny3 +Z 71Dx Y3

6 9 15
- foy - Cny1 NS
14
—2CD15y2+3CD15y2+CD1 2
1 1
_§D18y3_§:pD18y _51D18y3

1 5 7 9
+- iy +2 L2y + —1Ia?y3>d$,

subject to the boundary ?():onditions:
y1(—1) =0, W1y =1, y?(-1) =1,
m (1) = V2, y (1) =2, W2 () =2,
(agy =77 w (-1 =0, o (1) = 2v3,
2 ()=1, W)=, W2 (1) = -1,
ys (—1) = 2V5, ys! (1) = -2, y? (-1) =2,
ys (1) = % ys! (1) =0, ) (1) =2,
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and the fractional isoperimetric constraints:

1

Il (y17y27y3): / (Flozz;[ylaayn]gi> (.fl,')da?
1 2

1
Z/ (33—291 92"‘3/3
1

1 3 5 o
- (—?ngi'n) + 5 <_1CDac3y2> - <_?D§y2>

3 5 \2
(43) +2 (_?Déys)) + (_?Déys,) - (

9 15

+20D17y1—25 Ty + foyl
7

- fow— D}y + fDl Y2

T

3 11 17
+ $Dfys — 3D ys —4 D P ys

4

I (y1, 92, y3) = /1 (FQO ~[y1,...,yn]gi> (z) dx
(-

= —yi+y5 + 23
—1
1 3
+ (?Da??ﬂ) +2 <1CD§Z/1> - <1
ol 2 Ol
(b (o)
2
3 1 5
(44) - <—1CD£193> -5 <—?D§y3> + <—1
6 9 1 . 15
+35D7y1 — DTy + < SD
2 7 14
—2SDfys — ngszr CDf Y2
11
c

3 1
— Diys+ CDP 1/3 - D18 Y3

T

5
+2 Iy — —IIx Y2 — _1I£y3>d
= 3.

1 5 7 9
o L2y —2 IZyp+3 _1I£y3)d:c



— — — 1 _ 1 2 _ 3 3 _ 7 1 _ 1
Here, n =3, m =2, 0 = -1, 11 =1, a5 = 3, a] = 5, o} 3, Oy = 3,
2 _ 5 3_9 1 _ 3 2 _ 5 3 _ 11 1_6 2 _ 9 3 15 1 _ 2
042—5,042—1,043—1,043—1,043 5 1_7751_77 1_77/82_37
2 _ 7 p3 _ 14 1 _ 3 2 __ 11 3 17 _ 5 _ 7 _9
ﬂ2*§7ﬂ2*§7ﬁ3*§7ﬁ3*§7 3 @771*57’72*5772*57811(1
(45) E:L—wlFl—WQFQ.

By applying Eq. , we get the following fractional Euler—Lagrange equations:
RLpy3 Cn3
2y1 + dwiyr + 2woyn + DY (4 _1DZy1 + 2wy — WZ)

3 3 7 T
— BIp:2 (2 Dzyr +wi + 2w2> + Alp3 (ng y1 — dwy + w2>

6 9
(46)  — FIDI (142w + 3w2) + BEDI (=1 4 2w; + wy)
15 1 3 /1 1
— }E%D:J <1 +wi + 3W2> + zIf <3 - Zwl - 2W2> = 07

1 1 1 1
22 + 2w1y2 — 2wayp + D3 <6 “Diys+ 201 D3y — 2w D3 y2)

5 5 3 9 9

+ BLps (ng? Y2 — oW1 — w2> + Dt (2 _{Diys +wr ~ 2‘*’2)
2 T

(47) + PEDF (=24 w1 + 2w2) + FEDF (3 + w1 +wo)

14 7
+ BIDS (1 —wi —wa) + 217 (24 2wi +w2) =0,

and
2y3 — 2w1ys3 — dways + @LDE (—2 _?D§y3 — 2w + w2>
+ IQELD? (6 ,?Da%y?, — 2w ,?Da%y:s + wo ?Dgy:s)
(48) + ZLDl% (; _?Da%y:a + 2wy _?Da%y{% — 2w _fD;?lyg >

o
+ BIDB (=1 —wi +wy) + BIDs (-2 + 3w — w2>
RLnE (1 5
+ D8 <—2 + 4wy —|—w2> + xff (1 — 3wy —|—CU2) =0.

4. Optimal Time Problem. Our aim here is to find the optimal time T'
as well as the functions (yx);_; o, that maximize or minimize the functional
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of the form:
T

J*(yl7"'aymT):/ L*(x,yl(:r),...,yn(x),

0

(49) CDQC n (x),...,ngm y1(z), ...,
Dy, (), ..., Dy, () )dm,
where

(W)hcr,on T) € B = {(C" (lz,1)) [0, 1)) : 9 (w0) = a.,
(50) i=0,1,...,n—1, ne N}
We consider the both free and fixed end-point problems.

THEOREM 13. Assume that <(yk)k:1 _“n,T) € B is an extremizer of J

defined by Fq. . Then, ((yk)k:1 s T) 1s a solution of the Euler—Lagrange
equations:

n o
(51) 0L+ > DI Oty LT =0, p=2,...,n+ 1,
j=1
for all x € [x0,T)], and satisfies the following transversality conditions:
1.

L (T, g, (T T),SD%y, (T),...,CD% gy (T
yl( )77yn( )7;3 Tyl( )7 Tyl( )

52
- : CDT Yn (T), ... CDT Yn (T )>:07

n—1 n j
+i—n
(53) R;L p ! 8n(p 1)+]+1L ( ) 0, at t="1T.
=0 j=1

PROOF. Define

B = {ox € C" ([zo,21]) s o (w0) =0, k=1,...,m,

54
(54 i=0,1,...,n—1}.

Let o € B* and yi + €0 be variation of yg, for all K = 1,2,...,n, and let
T + eAT be variation of T, such that ¢ > 0, AT € R.
Consider

*

(55) J(&)=J (y1+e€01,...,Yn+€on, T + eAT).
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Assume that <(yk)k:1,...,n’T) € B is an extremizer of J . Then, we get:

(56) (%‘f) (e=0) =0.

Applying Leibniz integral rule, Eq. (56)) implies that

T
/ (a L*op1 ( +Za o1ysja1 L SO Up_l(ac))dx
xg j=1

Oél am
(57) + ATL* (Ta Y1 (T) yer s Yn (T) 7g’DT1y1 (T) PR 7§DT1 Y1 (T) )

DGy (T) . SDF g (1) )
=0, p=2,...,n+1.

Integrating the second term by parts as in Eq. @D given in Lemma 6, we
get:

(58)

T n J
/ apL* + Z fLD;p_lan(p,1)+j+1L* Up—l (.’E) dw
x j=1

0

n—1 n
+i—n * n—i— n—i—
+ZZ RLD p- (8n(p71)+j+1L )(37) (—1)( b ‘71(9—1 Y (z) .
1= Oj 1 xr=

1
+ AT (Ty1 (T) oy (1), EDF 1 (T) - DG 1 (1),

Dy (1), S g (T) )
=0, p=2,...,n+ 1.
By fixing 0p—1 =0, p = 2,...,n+1, and by the arbitrariness of AT, we obtain
the first transversality condition. Then, the second transversality condition is

proved by choosing 0,1 to be equal to zero on [zg,T) and O'(n i-1) ( ) # 0,

p=2,...,n+1,:1=0,1,....n—1.1f forallp=2,... , n+1, z—O,l,.. n—1,
(n—i—1) (n—i—1)

0p1 is free on [a,T) and o, (T) = 0, we obtain Euler-Lagrange
equation . This ends the proof. O

ExaMPLE 14. Consider the following optimal time problem:

* Ty 1, 1, Cnr3
J (y1,y2) = / (295 + P + SY2 +2 (_1D§’y1>
(59) -

ol ol 2
+3< ny1> _ <_1D§y2> 49 (_1D§y2> )dﬂc,
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with the boundary conditions:

n(-=1 M )=v2, p(D=-2 B (1)=-1

We have: n =2, 29 = —1, 21 = 1, :%7a%:§,a%:%,a%:g,and
1 1 2
L* = <2x2+2y%+2y§+2<_?D§y1

5 \2 1 70\ 2
- <_?D;y1) - _?D5y2+2<_?D5yQ> )da.

By applying Eqgs. , and , we obtain the following fractional Euler—
Lagrange equations:

win

2 5 5
y1+ D3 (2) —2 BEDL ( _$Diy, | =0,
(60) RLp)3 RLp: [ Cps
yo — BLDZ (1) +4 BED2 ( _$D2ys | =0,

and for the transversality conditions, we get:

2 5 2
. a1+ L)+ Lg (T)+2<?D§y1> <T>—(?D;;y1) (7)

ol
- ,1D£ +2< myQ) T): )
4 ERYa 1 RinL ([ ol
[ A7 (2) =2 414 < D£y1> + 217 (2) =2 "D (_1D£y1>] =0,
(62) e=T
3 c 3 RLA: [ Opt
II%()+4 I5 Di?y? 72“(1)+4xDT 71Dzy2 =0,
=T
where RLDZ} = I7% for k <O0.
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