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LOCAL HOMOLOGY AND SERRE CATEGORIES

BY ZAHRA BARQSOUZ AND SEADAT OLLAH FARAMARZI!

Abstract. We show some results about local homology modules when
they are in a Serre subcategory of the category of R-modules. For an
ideal a of R, we also define the concept of the condition C* on a Serre
category, which seems dual to the condition C, in Melkersson [1]. As
a main result we show that for an Artinian R-module M and any Serre

subcategory S of the category of R-modules and a non-negative integer s,
Homp(R/a,H(M)) € Sif Hf (M) € S for all i > s.

1. Introduction. Throughout this paper, R is a commutative Noetherian
ring with identity, a an ideal of R and M an R-module. Cuong and Nam [4]
defined the i-th local homology H{ (M) of an R-module M with respect to the
ideal a by

H$ (M) = lim Torf{(R/a", M).

This definition slightly differs from the Greenlees and May definition |6]. How-
ever, they are equivalent for the Artinian modules. It should be noted that this
definition of local homology modules is, in some sense, dual to the definition
of local cohomology in Grothendieck [7]. For each i > 0, the local cohomology
module HY (M) with respect to a is defined by

Hi(M) = h_n;ExtiR(R/a", M).

We refer the reader to [4], [3] and |7] for the basic properties of local homology
and local cohomology modules.

A subcategory S of the category of R-modules is called a Serre subcate-
gory if it is closed under taking submodules, quotients and extensions. In [7]
Grothendieck put forward the following conjecture: For any ideal a of R and

2010 Mathematics Subject Classification. 13D45, 13M10; 13E15.
Key words and phrases. Local homology, Serre category, Melkersson condition.
! Corresponding author



any finitely generated R-module M, the module Homg(R/a, Hi(M)) is finitely
generated for all ¢ > 0. There is a similar conjecture in local homology
theory: For any ideal a of R and any Artinian R-module M, the module
Homp(R/a,HY(M)) is Artinian for all 7 > 0. In general, neither conjectures is
true; see, e.g. [8]. It is well known that Noetherian and Artinian R-modules
are Serre subcategories of the category of R-modules. Instead of the above con-
jectures, one can raise the following general question, which is a new attitude
to the above conjectures.

QUESTION. When is Hompg(R/a, Hf(M)) in a Serre category?

The main aim of this paper is to show some properties of local homology
modules concerning the above question (see Section . The organization of
this paper is as follows:

In Section [2, we deal with the question of when local homology modules
HY(M) of an Artinian R-module M belong to S. In order to answer this
question, we achieve some results (Theorems .

In Section [3| first we define the condition C'® on a Serre category S as
follows: If M is a-separated and if GMM € S, then M € §. This definition is
dual to the condition Cy in Melkersson [1]. Next we show that if (R, m) is a
local ring, S a non-zero Serre subcategory of the category of R-modules and
satisfies the condition C® and M an Artinian R-module with Ndim M = d, then
HY(M) € S. Finally, as a main result of this section we prove the following
theorem:

THEOREM. Let (R, m) be a local ring, S a non-zero Serre subcategory of the

category of R-modules, and M an Artinian R-module. Assume that s is a non-
nagative integer such that HY (M) €S for alli > s. Then Hompg(R/a, H}(M)) €
S.

2. Local Homology and Serre Subcategory. Let a be an ideal of R
and M an R-module. The i-th local homology module Hf (M) of an R-module
M with respect to the ideal a is defined in [4] by

H2(M) = lim Torf(R/a’, M).
It is clear that H{(M) = Aq(M), where
Ag(M) = @tM/atM

is the a-adic completion of M. Denote by L the i-th left derived functor of A,.
We have Hf (M) = L{ (M) for all ¢ > 0, provided that M is linearly compact
(see |5] for more details). Moreover, if M is a finitely generated module, then
HY (M) =0 for all ¢ > 0 by [4} 2.1].



REMARK 2.1. Let M be an Artinian R-module. Then there exists a positive
integer n such that a!M = a"M for all t > n and so H(M) = Ay(M) =
M/a™M, and we also have the short exact sequence of Artinian modules

0— () a'M — M — Ay(M) = 0.
t>0
We put N := a"M and we may assume that alN = N, and so there is an
element = in a such that xN = N. Thus the two short exact sequences of
Artinian modules

0=50:y2— N3N0

and
0—-N—-M— M/N -0,

give rise to the long exact sequences of local homology modules
o+ = HY (N) = HY(0 :y o) — HY(N) S HY(N) — -

and

-+ = H} (M/N) — H}(N) = H}(M) - H}(M/N) — --- .
By |5, 3.8], Hj(M/N) = M/N and H{(M/N) = 0 for all i > 0, since M/N is
a-separated (i.e. ;o0 a’(M/N) =0). Thus for all ¢ > 1, H{(N) = H}(M) and
H{(N) = 0.

LEMMA 2.2. |4, 3.7] If M is an Artinian R-module and R is the completion
of R in the a-adic topology, then

HY(M) = HIR(M)
for all i > 0.

Now we recall the concept of Noetherian dimension by using the terminol-
ogy of Kirby [9].

DEFINITION 2.3. The Noetherian dimension of M denoted by Ndimp M,
is defined inductively as follows: when M = 0, put Ndim M = —1. Then by
induction, for any integer d > 0, we define Ndimr M = d if Ndimp M < d is
false, and for every ascending sequence My C M; C --- of submodules of M,
there exists a positive integer ngy such that Ndim(M,,+1/M,,) < d for all n > ny.
Thus M is non-zero and finitely generated if and only if Ndimr M = 0. Also
Ndimp M < oo if M is an Artinian module (see [9] and [14]).

THEOREM 2.4. Let (R,m) be a local ring and M an Artinian R-module.
Assume that s is a non-negative integer such that a C Rad(Ann(Hf(M))) for
alli > s. Then H{(M) =0 for all i > s.
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ProOF. We prove the statement by induction on d := Ndim M. For d = 0,
HY (M) =0 for all i > 0 by [5, 4.8]. Now let d > 0 and assume that the claim
holds for all R-modules of Noetherian dimension less than d. With the notation
of Remark we have H{ (M) = H}(N) for all 4 > 0 and there is an element
x € a such that xN = N, there also exists a positive integer k£ such that
¥ HY(N) = 0 for all i > s by our assumption. The short exact sequence

k
0-50:y2F > NEZS N0
induces a short exact sequence of local homology modules
0— HE (V) — HHO0 :x 2F) — HY(N) = 0

for all i > s. Thus a C Rad(Ann(H%(0 :x 2*¥))) for all i > s. It should be
noted that by [5, 4.7] Ndim(0 :y 2*) < d — 1. By the inductive hypothesis
HY(0 :y ) = 0 for all i > s. Hence H}(N) = 0 for all i > s. O

THEOREM 2.5. Let (R,m) be a local ring, S a non-zero Serre subcategory
of the category of R-modules and M an Artinian R-module. Assume that s is a
non-negative integer. If HY (M) € S for all i < s, then HY(M)/mH(M) € S.

PROOF. We prove the statement by induction on s. Let s = 0. Since M is
Artinian, there exists a positive integer n such that a‘M = a™M for all t > n.
So we have

HY (M) =2 Ag(M) = l'&ltM/atM = M/a" M.

Thus Hi(M) is Artinian and so H (M) /m Hi (M) has finite length. By |2} 2.11],
H§(M)/mH§(M) € S. Let s > 0. From Remark [2.1] we have H}(M) = H}(N)
for all © > 0, where N := a™M. Thus the proof will be completed if we show
that HY(V)/mHE(N) € S. Now the short exact sequence

0=50:yz2—>N3N=O
induces the long exact sequence of local homology modules
<= HY(N) B HY(N) = H 1 (0:y 2) = H(N) S HE (N) — - .
It follows from the hypothesis that H(0 :x z) € S for all i < s — 1. Hence

¢ 1(0:ny2)/mHS_(0:5 z) € S. From the long exact sequence we have the

following short exact sequence
0 — H(N)/xHG(N) — Hg_1(0:n 2) = 0 :pa_ 3y & — 0.
Now we have the following exact sequence
Torf*(R/m,0 He (V) T) = HY(N)/mHY(N) - HS_1(0:5 2)/mH;_{(0:y ).
By (2, 2.1], Torf/(R/m,0 :ya_ () ) € S. Thus HY(N)/mHY(N) € S O
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3. A Condition on Serre subcategories. In this section we introduce
the concept of C® condition on a Serre category of R-modules, which is dual to
the Melkersson condition Cy. In connection with this condition we also prove
some results on local homology modules. Recall that a Serre subcategory S of
the category of R-modules satisfies the condition:

(Cq) if M =T4(M) and if 0 :py ais in S then M isin S (|1]).

DEFINITION 3.1. Let S be a Serre subcategory of the category of R-modu-
les, a an ideal of R and M an R-module. We say that S satisfies the condition:

M

ct if a"M =0 and if — € S, then M € S.
() nrjo aM

ExaMPLE 3.2. The following classes of modules are Serre subcategories
that satisfy the condition C°.
(i) The class of Noetherian R-modules, when R is a complete ring with respect
to the a-adic completion [5] 5.1].
(ii) The class of coartinian Noetherian R-modules, when R is a complete local
ring.

We recall some concepts and definitions to clarify the example. Let T be a

multiplicatively closed subset of R and M an R-module. In [11], Melkersson
and Schenzel called the module M = Hompg(rR, M) the co-localization of
M with respect to T and Cosgr(M) = {p € Spec(R)|,M # 0} the co-support
of M. Next, Yassemi [15] defined the co-support of an R-module M, denoted
by Cosuppr(M), to be the set of primes p such that there exists a cocyclic
homomorphic image L of M with Ann(L) C p. Yassemi showed Cosg(M) =
Cosupp(M ), when M is an Artinian R-module.
In [12], Nam defined the a-coartinian module M as follows: An R-module M is
said to be a-coartinian if Cosupp(M) C V(a) and Tor?(R/a, M) is an Artinian
R-module for each i. This definition is in some sense dual to the concept of
a-cofinite modules, which was first introduced by Hartshorne (see [8]).

PROPOSITION 3.3. Let (R,m) be a local ring and S a non-zero Serre sub-
category of the category of R-modules such that it satisfies C™ condition. If M
1s a Noetherian R-module, then M € S.

PRrROOF. Since M is a Noetherian R-module, (Y{m"M = 0. Also mMM is

Noetherian and m% = 0. Thus % is an Artinian module and so is of finite
length. Hence M. € S by ([2], 2.11). Since S satisfies the C™ condition,
M e S. ]

THEOREM 3.4. Let (R, m) be a local ring, S a non-zero Serre subcategory
of the category of R-modules such that it satisfies the condition C* and let M
be an Artinian R-module with Ndim M = d. Then Hj(M) € S.
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PROOF. We prove the statement by induction on d. If d = 0, then
M is a finitely generated, and a-separated R-module. By [5, 3.8], Hj(M) =
Ag(M) =2 M. Thus Hi(M) is of finite length and by [2, 2.11], H{(M) €
S. Let d > 0; from Lemma we have H§(M) = HY(,ooa'M). If
Ndim((,oqa'M) <d, then Hj(M) = 0 by [5, 4.8] and then there is noth-
ing to prove. Let Ndim(("),.,a’M) = d. We can replace M by (,., a’M and
we may assume that there is an element x € a such that xtM = M. Now from
the short exact sequence of Artinian modules

0=50:yx—M3IM-=0

we get an exact sequence of local homology modules
HY(M) & HY(M) 5 HE_ (0 2).

Note by [5, 4.7] that Ndim(0 :ps z) < d—1. It follows by the inductive hypoth-
esis that Hj (0 :ps ) € S. On the other hand, we have H(M)/x Hj(M) =
Imé§C HY (0 :p ). Thus HY(M) /2 Hj(M) e S. Therefore H}(M)/aH(M) €
S and this implies that Hj(M) € S, since Hj(M) is a-separated by [4} 3.3] and
S satisfies the condition C°. O

THEOREM 3.5. Let (R,m) be a local ring, S a non-zero Serre subcate-
gory of the category of R-modules, and M an Artinian R-module. Assume
that s is a non-negative integer such that H} (M) € S for all i > s. Then
Homp(R/a,HS(M)) € S.

ProoOF. We prove the statement by induction on d := Ndim M. For d = 0,
HY(M) = 0 for all i > 0 by [4] 4.8] and also H}(M) € S by Theorem Now
let d > 0 and assume that the claim holds for all R-modules of Noetherian
dimension less than d. By the same argument as in the proof of Theorem
there is an element z € a, such that there is an exact sequence of Artinian
modules

0=50:yz—>M3M—0.

We get the following exact sequence of local homology modules
c- = HE (M) - HF(0:pp ) > Hf (M) — -+,

which implies that H{(0 :ps ) € S for all ¢ > s. Thus by the induction
hypothesis Hom(R/a,H(0 :3s )) € S. Now consider the exact sequence

o Y (M) S HA0 1y ) D HY(M) S HY(M) — -

From this exact sequence, we deduce the following two exact sequences

0—ime — HI(0 :ps ) — imyp — 0
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and
0 — imey — HY(M) & zHY(M) — 0.
The above exact sequences induce the following exact sequences
-+ — Hompg(R/a, HY(0 :ps z)) — Homp(R/a,im) — Exth(R/a,im ) — - -
and
0 — Hompg(R/a,im ) — Hompg(R/a, H*(M)) & Hompg(R/a, H (M)) — - -

By [2, 2.1] Exty(R/a,im ¢) €S, since H?, ; (M) €S. Hence Hompg(R/a,im ) €
S. Since z € a, we have Hompg(R/a,im¢) = Hompg(R/a, HY(M)). It follows
that Homp(R/a, H(M)) € S. O
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