ON THE EXISTENCE OF A SOLUTION

TO STOCHASTIC NAVIER-STOKES EQUATIONS

Marek Capiński and Szymon Peszat

IMUJ PREPRINT 1997/32

Abstract. We consider stochastic Navier–Stokes equations on a possibly unbounded domain O ⊆ R^d, where d is equal to 2 or 3. First we prove the existence of a martingale solution for the initial value being a probability measure on the space of square integrable R^d-valued functions. Then we show the existence of a spatially homogeneous solution to the equation on the whole R^d, driven by a spatially homogeneous Wiener random field.

0. Introduction

Let O be a possibly unbounded open subset of R^d, where d is equal to 2 or 3. We assume that O is connected with the boundary ∂O of class C^2. Let us fix a bounded time interval [0, T ]. The paper is concerned with the existence of a martingal solution to the following system of stochastic Navier–Stokes equations

(0.1) ∂_tu − νΔu + ⟨u, ∇u⟩ + ∇p = F (t, u) + G(t, u)Ẇ , div u = 0

1991 Mathematics Subject Classification. Primary: 60H15, 60G60; Secondary: 35R60, 76D05, 60J25.

Key words and phrases. Stochastic Navier–Stokes equations, spatially homogeneous measures. The research was supported by KBN Grant 2PO3A 064 08

Typeset by AMS-TEX 1

considered with the Dirichlet boundary condition u|_{∂O} = 0 in case O ≠ R^d. In (0.1), u = (u_1, . . . , u_d) and p are unknown random fields on [0, T ] × O, ν is a strictly positive constant, and W is a cylindrical Wiener process on a Hilbert space H. We interpret u(t, x) and p(t, x) as the velocity and pressure of an incompressible fluid at point x at time t. Then F (t, u) + G(t, u)Ẇ is the density of the force per unit volume. The force has the deterministic and random parts which depend on u. There is an extensive literature concerning stochastic fluid mechanics. Stochastic Navier–Stokes equations in a bounded domain were investigated in a number of papers. In [3] the existence of a solution was proved for a constant diffusion coefficient and a one-dimensional Wiener process. The case of a more general diffusion term was studied using different methods in [2], [8], [9], [11], and [21]. The case of an unbounded domain, the present paper is concerned with, has only been considered in the deterministic setup. Some other problems for the stochastic Navier–Stokes equations were discussed in [12], [13], [20], [26], [33], and [34]. The one-dimensional case, the stochastic Burgers equation, was dealt with in [14] and [15]. Stochastic Korteweg–de Vries equation has been recently investigated in [5]. Two dimensional stochastic Euler equations were studied in [4], [7] and [10].

In the paper we consider two cases. First we assume that the initial value is a probability measure on the space of square integrable function on O. Then we consider the Navier–Stokes equations on R^d with homogeneous Wiener random field and homogeneous initial data. In the former case our Theorem 1.1 provides sufficient conditions for the existence of a martingale solution to (0.1). We formulate the theorem in a rather abstract and general form. Then we apply it to the problem (0.1) with F and G being Nemitskii operators, and the noise W being either an L^2(O; R^m)-valued Wiener process, or, for O = R^d, a finite system of independent spatially homogeneous Wiener random fields. In the case of the initial data being a spatially homogeneous probability measure, we assume that F and G are Nemitskii operators. The constructed solution lives in a weighted Sobolev space.

The fact that the domain is unbounded creates a difficulty. This is concerned with the embedding of the Sobolev space of functions with square integrable gradient into the L^2-space, which, unlike in the bounded case, is not compact. Compactness is crucial in proving the existence of solution and so it is necessary to introduce spaces with weights. Notice that if the initial value is a nontrivial spatially homogeneous probability measure, then it is not supported on the space of square integrable functions. This is another reason for introducing weighted spaces. This, however, brings in another difficulty. The nonlinear term ⟨u, ∇⟩u, which can be tackled as being orthogonal to the solution, has no longer this property in spaces with weights. Unbounded domain also forces some modification of the construction of a solution. The standard method for bounded domains uses Galerkin approximations obtained by solving projected equations on the finite-dimensional spaces spanned by the eigenfunctions of the Laplace operator. In our approach we adapt the Galerkin method employing special bases of spaces of square integrable functions with weights. These bases have to be Schauder bases of some weighted Sobolev and L^q spaces.

In the proof of the existence of a spatially homogeneous solution to (0.1) we employ a beautiful idea of Vishik and Fursikov from the paper [37] dealing with a statistical solution to deterministic Navier–Stokes equations in R^d with a spatially homogeneous initial value. Namely, they perturb (0.1) by adding the term ε|u|^4u, they replace the pressure by −ε^{−1}div u, and the resulting problem has a unique solution. The limit passage ε → 0 for a statistical solution is possible due to some uniform estimates, where the properties of spatially homogeneous measures play a crucial role. We combine their approach with that of [11], where a method of solving stochastic Navier–Stokes equations in a bounded domain was given. Thus we prove the existence of a spatially homogeneous solution to (0.1) by solving first the following auxiliary equation

(0.2) ∂_tu^ε − νΔu^ε + ⟨u^ε, ∇⟩u^ε + ε|u^ε|^4u^ε − 1 ε ∇div u^ε = F (t, u^ε) + G(t, u^ε)Ẇ .

In Section 5 we prove the existence of a solution to (0.2). Then, in Section 6, we prove the existence of a spatially homogeneous solution to (0.1) by making use of the weak relative compactness of {u^ε, ε > 0}.

1. Notation and formulation of the main results

Let U = (Ω, F, (Ft)_{t∈[0,T ]}, P) be a filtered probability space, and let H be a real

separable Hilbert space.

Definition 1.1. By an (F_t)-adapted cylindrical Wiener process on H we understand a mapping W : [0, T ] × H → L^2(Ω, F, P) satisfying the following conditions:

(i) for each t ∈ [0, T ], W (t, ·) is a bounded linear operator acting from H into L^2(Ω, F, P), (ii) for all t ∈ [0, T ], and ψ, φ ∈ H, E W (t, ψ)W (t, φ) = t⟨ψ, φ⟩_H, (iii) for each ψ ∈ H, {W (t, ψ)}_{t∈[0,T ]} is a real valued (F_t)-adapted Wiener process such that W (t, ψ) has covariance t|ψ|^2_H.

Let V be a separable Hilbert space. We denote by P_T (V ) the space of all B([0, T ]) × F-measurable V -valued processes σ such that:

(i) σ(t) is F_t-measurable for t ∈ [0, T ], (ii) E ∫_T 0 |σ(t)|^2_V dt < ∞. Let us denote by L_{(HS)}(H, V ) the space of all Hilbert–Schmidt operators from H into V . Let σ ∈ P_T (L_{(HS)}(H, V )), and let W be an (F_t)-adapted cylindrical Wiener process on H. Then for t ∈ [0, T ] we define the stochastic integral ∫_t 0 σ(s) dW (s) as the L^2(Ω, F_t; V, P)-limit of the series ∑ ∫_t 0 σ(s)ψ_k dW (s, ψ_k ), where {ψ_k} is an orthonormal basis of H, and each term is understood as Itô’s integral with respect to the real valued Wiener process W (·, ψ_k). Note that ∫_t 0 σ(s) dW (s), t ∈ [0, T ], is a continuous martingale in V , with 0 mean and second moment satisfying

E^|^{∫ t}_0 σ(s) dW (s)^|^2_V = E^{∫ t}_0 ||σ(s)||^2_{L(HS) (H,V )} ds.

Clearly, the stochastic integral does not depend on the particular choice of the orthonormal basis of H.

Let ρ ∈ R. We write

ϑ_ρ(x) = d∏ i=1 (1 + |x_i|^2)^{−ρ}, x = (x_1, . . . , x_d) ∈ R^d.

For brevity we denote by L^q_ρ and L^q_ρ the weighted spaces L^q(O, ϑ_ρ(x) dx) and L^q(O, ϑ_ρ(x) dx; R^d), respectively.

Let us denote by C^∞_{0,div}(O; R^d) the space consisting of all v ∈ C^∞_0 (O; R^d) such that div v = 0, and let H_ρ be the closure of C^∞_{0,div}(O; R^d) in L^2_ρ. The scalar product and norm on L^2_ρ, H_ρ and L^2_ρ are denoted by ⟨·, ·⟩_ρ and | · |_ρ. Let us define the Sobolev spaces W^1_ρ and H^1_ρ as the completions of C^∞_0 (O; R^d) and C^∞_{0,div}(O; R^d) with respect to the norm ( ∫ O (^d∑ i=1 |∂_{xi} v(x)|^2 + |v(x)|^2 ) ϑ_ρ(x) dx )_{1/2} .

Then we define W^{−1}_ρ and H^{−1}_ρ as the dual spaces (W^1_ρ )^∗ and (H^1_ρ )^∗, where the duality is given by the identification of (L^2_ρ)^∗ with L^2_ρ and (H_ρ)^∗ with H_ρ. The norm on W^r_ρ and H^r_ρ , r = −1, 1, is denoted by || · ||_{r,ρ}.

Throughout the paper we adopt the convention that if ρ = 0 then we write L^q,

L^q, W^r, H^r , and || · ||r of instead of L^q_0, L^q_0, W^r_0 , H^r_0 , and || · ||r,0. The products

on L^2, L^2, H, and R^d are denoted by the same symbol ⟨·, ·⟩. Occasionally, ⟨·, ·⟩_ρ stands for the canonical bilinear form on W^{−1}_ρ × W^1_ρ .

In the paper F and G map [0, T ] × L^2_ρ into W^{−1}_ρ and L_{(HS)}(H, L^2_ρ), respectively. They are supposed to be measurable, weakly continuous with respect to the second variable, and having linear growth. Here by the weak continuity of F and G we understand that for all t ∈ [0, T ], ψ ∈ C^∞_0 (O; R^d), and φ ∈ H, the functions u → ⟨F (t, u), ψ⟩_ρ and u → ⟨G(t, u)φ, ψ⟩_ρ are continuous. Definition 1.2. Let ρ ∈ R, and let U_0 be a probability measure on H_ρ. By an H_ρvalued martingale solution to (0.1) starting from U_0 we understand a triple (U, W, u) consisting of a filtered probability space U = (Ω, F, (F_t)_{t∈[0,T ]}, P), an (F_t)-adapted cylindrical Wiener process W on H, and a measurable (F_t)-adapted stochastic process u such that:

(i) u ∈ L^p(Ω, F, P; L^∞(0, T ; H_ρ)) for every p ∈ [1, ∞), (ii) u ∈ L^2(Ω × [0, T ], F × B([0, T ]), P× dt; H^1_ρ ), (iii) u(0) has the law U_0, (iv) for all t ∈ [0, T ] and ψ ∈ C^∞_0 (O; R^d) with div (ψϑ_ρ) = 0 we have

⟨u(t), ψ⟩_ρ = ⟨u(0), ψ⟩_ρ + ν ∫_t 0 ⟨u(s), Δ(ϑ_ρψ)⟩ ds + ∫_t 0 {^d∑ i=1 ⟨ u(s)u_i(s), ∂_{xi} (ψϑ_ρ) ⟩ + ⟨F (s, u(s)), ψ⟩_ρ } ds

+ ⟨∫ t 0 G(s, u(s)) dW (s), ψ ⟩ ρ .

Remark 1.1. In Definition 1.2 we make a specific choice of the space and the class of testing functions. The incompressibility condition div u = 0 is contained in the requirement that u belong to the divergence-free space H_ρ. Since div u = 0, the term ⟨u, ∇u_i⟩ in (0.1) has been replaced by div (uu_i).

The form of the equation appearing in (iv) is explained by the following heuristic argument. If we take the inner product in L^2_ρ of both sides of (0.1) with ψ such that div (ψϑ_ρ) = 0, then the pressure vanishes and after integrating by parts we obtain (iv). Going back, suppose that u is sufficiently regular. We move all the terms of the equation in condition (iv) of Definition 1.2 on one side and integrate by parts. Then we arrive at the relation of the form ⟨Θ(t; u), ψ⟩_ρ = 0 with a certain Θ. Since we have the following orthogonal decomposition

L^2_ρ = {∇p : p ∈ C^∞_0 (O; R^d)} ⊕ {ψ ∈ C^∞_0 (O; R^d) : div (ψϑρ) = 0},

we conclude that Θ is in the form of the gradient of a certain function. Hence formally^d_{dt} Θ(t; u) = ∇p(t), however, similarly as in the bounded domain case, Θ need not to be absolutely continuous with respect to the time variable.

The main result concerning the case of U_0 being concentrated on H = H_0 is the following theorem.

Theorem 1.1. Let U_0 be a probability measure on H satisfying ∫ H |v|^p dU_0(v) < ∞ for every p ∈ [1, ∞).

Assume that F : [0, T ] × L^2 → W^{−1} and G : [0, T ] × L^2 → L_{(HS)}(H, L^2) are measurable, weakly continuous with respect to the second variable, and satisfy ||F (t, v)||_{−1} + ||G(t, v)||_{L(HS)(H,L}2_) ≤ C(1 + |v|) with some constant C independent of u. Then there exists an H-valued martingale solution to (0.1) starting from U_0.

Remark 1.2. In the 2-dimensional case, under the condition of Lipschitz continuity of F : [0, T ] × L^2 → W^{−1} and G : [0, T ] × L^2 → L_{(HS)}(H, L^2) with respect to the second variable, we can prove that the solution is unique. Due to the estimate of Proposition 2.2(iii) we can proceed in exactly the same way as for bounded domains, see [33]. Namely, let us consider the difference z(t) = u_1(t) − u_2(t) of two solutions with the same initial value and let us apply Itô’s formula to |z(t)|^2ξ(t), where ξ(t) = exp{−C ∫_t 0 ||u_1(s)||^2_1 ds} with C large enough. Straightforward estimations lead to

E (|z(t)|^2 ξ(t)) ≤ C^{∫ t}_0 E (|z(s)|^2 ξ(s)) ds,

which by means of Gronwall’s lemma implies z(t) = 0 a.s. as P(ξ < ∞) = 1.

Let W^Q = (W^Q_1 , . . . , W^Q_m ) be an L^2(O; R^m)-valued Wiener process with a nuclear covariance operator Q. Then, see e.g. [17], W can be viewed as a cylindrical Wiener process on the space H_Q = Range Q^{1/2} equipped with the scalar product ⟨ψ, φ⟩_{HQ} = ⟨u, v⟩_L2_{(O;R} m_), where u, v ∈ ( Ker Q^{1/2} )_⊥ ⊆ L^2(O; R^m) are such that ψ = Q^{1/2}u, φ = Q^{1/2}v. Since Q^{1/2} is Hilbert–Schmidt, it is given be an integral kernel Q, that is

Q^{1/2}ψ(x) = (^m∑ j=1 ∫ O Q_{1,j}(x, y)ψ_j (y) dy, . . . , m∑ j=1 ∫ O Q_{m,j} (x, y)ψ_j (y) dy ) .

Now let W^Q and W^{Q̃} be two independent L^2(O; R^m)-valued Wiener processes with the covariance operators Q and Q̃, respectively. We denote by Q and Q̃ the integral kernels corresponding to Q^{1/2} and Q̃^{1/2}. Let f, f_i, g_j , g̃_j : [0, T ] × O × R^d → R^d, i = 1, . . . , d, j = 1, . . . , m. Consider the following system of stochastic Navier–Stokes equations

(1.3)

∂_tu − νΔu +⟨u, ∇⟩u + ∇p = f(t, x, u) + d∑ i=1 d dx_i f_i(t, x, u)

+ m∑ j=1 { g_j (t, x, u)Ẇ^Q_j (t) + g̃_j (t, x, u)Ẇ^{Q̃}_j (t) } ,

div u = 0,

with the Dirichlet boundary condition u|_{∂O} = 0 in case O ≠ R^d. In (1.3), d/ dx_if_i(t, x, u) denotes the total derivative with respect to the x_i-variable.

Since W^Q and W^{Q̃} are independent, W = (W^Q, W^{Q̃}) is a cylindrical Wiener space on H = H_Q × H_{Q̃}. By a solution to (1.3) we understand a solution to the problem (0.1) with F and G defined for x ∈ O, v : O → R^d, and ψ = (ψ^Q, ψ^{Q̃}) = ((ψ^Q_1 , . . . , ψ^Q_m), (ψ^{Q̃}_1 , . . . , ψ^{Q̃}_m)) ∈ H by the formulas

(1.4) F (t, v)(x) = f(t, x, v(x)) + d∑ i=1 d dx_i f_i(t, x, v(x)),

(G(t, v)ψ)(x) = m∑ j=1 { g_j (t, x, v(x))ψ^Q_j (x) + g̃_j(t, x, v(x))ψ^{Q̃}_j (x) } .

In fact, we will show in Section 4 that under the conditions of the theorem below, F and G satisfy the conditions of Theorem 1.1, and consequently we will obtain the existence of a martingale solution to (1.3).

Theorem 1.2. Assume that:

(i) U_0 is a probability measure on H such that ∫ H |v|^p dU_0(v) < ∞ for every p ∈ [1, ∞), (ii) the integral kernels Q and Q̃ satisfy the estimate m∑ i,j=1 [ sup_{x∈O} ∫ O Q^2_{i,j}(x, y) dy + ∫ O ∫ O Q̃^2_{i,j} (x, y) dx dy ] < ∞,

(iii) f, f_i, g_j , g̃_j , are measurable functions of t, x and v, continuous with respect to v, and there exist a constant L and a function γ ∈ L^2 such that for all t, x, v one has

|f(t, x, v)| + d∑ i=1 |f_i(t, x, v)| + m∑ j=1 |g_j(t, x, v)| ≤ L(γ(x) + |v|), m∑ j=1 |g̃_j(t, x, v)| ≤ L.

Then there exists a martingale H-valued solution to (1.3) starting from U_0.

Remark 1.3. Let F and G be given by (1.4). Recall that O may be unbounded. Thus, in particular constant functions need not be square integrable. The reason why we have introduced the function γ is that the assumptions of Theorem 1.2 should guarantee that F and G take values in the spaces W^{−1} and L_{(HS)}(H, L^2). Now note that from (iii) we have that g_j (t, ·, v(·)) ∈ L^2 and g̃_j (t, ·, v(·)) ∈ L^∞ for any v ∈ L^2. Then, see the proof of Theorem 1.2, the condition (ii) guarantees that the multiplication operator M(v)ψ = m∑ j=1 vψ_j acts continuously from L^2 into L_{(HS)}(H_Q, L^2), and from L^∞ into L_{(HS)}(H_{Q̃}, L^2).

The remaining part of this section is devoted to the Navier–Stokes equations on O = R^d driven by an R^m-valued spatially homogeneous Wiener random field. This field can be viewed as an example of the abstract cylindrical Wiener process introduced earlier.

First we set τ_hv(x) = v(x + h) for v ∈ L^2_ρ or v ∈ L^2_ρ, and x ∈ R^d. A measure U on L^2_ρ, or L^2_ρ is said to be spatially homogeneous if and only if U = U ∘ τ_{−h} for every h ∈ R^d. For ρ > 1/2 there are nontrivial spatially homogeneous probability measures on L^2_ρ and L^2_ρ whereas for ρ ≤ 1/2 only the measure concentrated on the constant 0-function is spatially homogeneous. A random field v on [0, T ] × R^d is spatially homogeneous if for all t ∈ [0, T ], x_1, . . . , x_n ∈ R^d and h ∈ R^d the random vectors ( v(t, x_1), . . . , v(t, x_n) ) and ( v(t, x_1 + h), . . . , v(t, x_n + h) ) have the same distribution. Note that if v(t, ·) is a measurable spatially homogeneous random field such that E |v(t, x_0 )|^2 < ∞ for a certain x_0 ∈ R^d, then

E |v(t, x)|^2 = E |v(t, x0 )|^2 < ∞ for every x ∈ R^d,

and consequently, with probability one v(t, ·) belongs to L^2_ρ for any ρ > 1/2. In this case v(t, ·) is spatially homogeneous if and only if its law is spatially homogeneous.

Definition 1.3. Let U = (Ω, F, (F_t)_{t∈[0,T ]}, P) be a filtered probability space. By

an R^m-valued spatially homogeneous Wiener random field on [0, T ] × R^d we under-

stand a system W_j , j = 1, . . . , m, of independent measurable real valued spatially homogeneous random fields on [0, T ] × R^d such that each W_j is Gaussian and Wiener, that is:

(i) The random vector ( W_j (t_1, x_1), . . . , W_j (t_n, x_n) ) is Gaussian for an arbitrary finite sequence (t_1, x_1), . . . , (t_n, x_n) ∈ [0, T ] × R^d.

(ii) For each x ∈ R^d, {W_j (t, x)}_{t∈[0,T ]} is a real valued Wiener process with respect to the filtration (F_t).

Let W be an R^m-valued spatially homogeneous Wiener random field on R^d. Then, see [32], there are symmetric positive finite measures μ_j , j = 1, . . . , m, on

R^d such that for all j = 1, . . . , m, t, s ∈ [0, T ], and x, y ∈ R^d one has E Wj (t, x)Wj (s, y) = t ∧ s^1_{(2π) d2}^∫_{R d} exp{i⟨x − y, z⟩} dμj (z). We call μ = (μ_1, . . . , μ_m) the spectral measure of W. Clearly, the distribution of W is uniquely determined by its spectral measure.

Stochastic evolution equations driven by a homogeneous Wiener process were studied in [19] and [32]. In [19] the spectral measure of the noise is assumed to be absolutely continuous with respect to Lebesgue measure. In our paper we do not need this assumption. In the absolutely continuous case the typical densities are a_j exp(−b_j |x|^{rj} ), a_j , b_j , r_j > 0, and a_j (b_j + |x|^2)^{−rj} , a_j , b_j > 0 and r_j > d/2. In the case where we have no density, a simple example is obtained by taking μ_j equal to the Dirac measure δ_0. Then W_j (t, x) does not depend on x and is a one dimensional Brownian motion. Some interesting examples can be constructed by considering the combinations of the above or the measures concentrated on manifolds.

Let W be an R^m-valued spatially homogeneous Wiener random field on R^d with a spectral measure μ. Let us denote by L^2_{(s)}(R^d, μ_j ) the subspace of L^2(R^d, μ_j ; C ) consisting of all ξ such that ξ(x) = ξ(−x), x ∈ R^d. Set

H_μ = {^ξμ = ( ^ξ_1μ_1, . . . , “ξ_mμ_m) : ξ_j ∈ L^2_{(s)}(R^d, μ_j )}, where ^v denotes the Fourier transform of v. Then as each μ_j is finite we have H_μ ⊂ C_b(R^d; R^m). Clearly, H_μ equipped with the norm ⟨^ξμ, ^ημ⟩_{Hμ} = m∑ j=1 ∫

R^d

ξ_j(x)η_j (x) dμ_j(x)

is a real separable Hilbert space. Then, see [32],

(1.5) W (t, ψ) = m∑ j=1 ∫

R^d

W_j (t, x)ψ_j (x) dx, ψ = (ψ_1, . . . , ψ_m) ∈ H_μ is a cylindrical Wiener process on H_μ. Note that having a cylindrical Wiener process W on H_μ we can easily find an R^m-valued spatially homogeneous Wiener random field W with spectral measure μ such that (1.5) is fulfilled.

Let W be an R^m-valued spatially homogeneous Wiener random field. Let f, f_i, g_j : [0, T ] × R^d × R^d → R^d, i = 1, . . . , d, j = 1, . . . , m, and let us consider the system of stochastic Navier–Stokes equations on R^d driven by W,

(1.6)

∂_tu − νΔu +⟨u, ∇⟩u + ∇p = f(t, x, u) + d∑ i=1 d dx_i f_i(t, x, u)

+ m∑ j=1 g_j(t, x, u)Ẇ_j ,

div u = 0.

As in the case of (1.3), by a solution to (1.6) we understand a solution to the problem (0.1) with H = H_μ, and F and G given by the formulas

(1.7) F (t, v)(x) = f(t, x, v(x)) + d∑ i=1 d dx_i f_i(t, x, v(x)), ( G(t, v)^ξμ ) (x) = m∑ j=1 g_j (t, x, v(x)) ^ξ_j μ_j (x).

It is worth pointing out that the stochastic integral term in Definition 1.2 can be interpreted as d∑ i=1 m∑ j=1 ∫

R^d

∫_t 0 g_{j,i}(s, x, u(s, x))W_j ( ds, x)ψ_i (x)ϑ_ρ(x) dx,

where W_j ( ds, x) means that we integrate in Itô’s sense with respect to the real valued Wiener process W_j (·, x), see [32, Section 1.2] for more details.

Theorem 1.3. Assume that:

(i) U_0 is a probability measure on H such that ∫ H |v|^p dU_0(v) < ∞ for every p ∈ [1, ∞), (ii) f, f_i, g_j , are measurable functions of t, x and v, continuous with respect to v, and there exist a constant L and a function γ ∈ L^2 such that for all t, x, v one has

|f(t, x, v)| + d∑ i=1 |f_i(t, x, v)| + m∑ j=1 |g_j(t, x, v)| ≤ L(γ(x) + |v|).

Then there exists a martingale H-valued solution to (1.6) starting from U_0.

Our last result is concerned with spatially homogeneous solutions. As in Theorem 1.3 we assume that O = R^d, W is an R^m-valued spatially homogeneous Wiener random field, and F , G are given by (1.7). The initial value need not be concentrated on H. Thus we have to take ρ > 1/2 and the result is not covered by Theorem 1.1. We assume that ρ < 1 for some technical reasons, see Theorem C.1.

Theorem 1.4. Let 1/2 < ρ < 1, and let U_0 be a homogeneous probability measure on H_ρ satisfying ∫ H_ρ |v|^p_ρ dU_0(v) < ∞ for every p ∈ [1, ∞).

Assume that the functions f, f_i and g_i are measurable and independent of the x-variable. Furthermore, assume that there exists a constant L such that for all t ∈ [0, T ], and v, z ∈ R^d and i, j one has |f(t, v) − f(t, z)| + |f_i(t, v) − f_i(t, z)| + |g_j (t, v) − g_j (t, z)| ≤ L|v − z|, |f(t, v)| + |f_i(t, v)| + |g_j (t, v)| ≤ L(1 + |v|). Then there exists an H_ρ-valued martingale solution to (1.6) starting from U_0. Moreover, the random field u is spatially homogeneous.

2. Auxiliary results

For any q ∈ [2, ∞) we denote by S the semigroup on L^q_0 generated by A = νΔ with the Dirichlet boundary conditions. Then S is holomorphic on any L^q_0-space. Moreover, for arbitrary ρ ≥ 0 and q ∈ [2, ∞), S has the unique extension to a holomorphic semigroup on L^q_ρ. To see this we set i_ρv = ϑ_{−ρ/2}v. Obviously, for every q ∈ [1, ∞), i_ρ is an isometry between L^q_0 and L^q_{ρ/2}. Consider now the operator Ã given by

Ã = i^{−1}_{2ρq} Ai_{2ρq} = A + ν^d ∑ j=1 ( ϑ^ρ_q ∂_{xj} ϑ −ρ_q ) ∂_{xj} + νϑ^ρ_q Δϑ −ρ_q .

Since Ã is a uniformly elliptic operator with coefficients from C^∞_b (R^d), it generates a holomorphic semigroup S̃ on L^p_0. Let S_ρ = i_{2ρ/q}S̃i^{−1}_{2ρ/q}. Then S_ρ is holomorphic

on L^q_ρ as it is unitarily equivalent to^~S. Note that A is the generator of Sρ, and

that S_ρ is an extension of S. In what follows we will use the same symbol to denote the semigroup on L^q_0 and its extension to L^q_ρ.

It is easy to check that each H_ρ is invariant with respect to S. Consequently, the restriction of S to H_ρ is also a holomorphic semigroup. It will cause no confusion if we use the same letter for the semigroup and its restriction to H_ρ. Similarly, we denote by A the generator of S on L^2_ρ and H_ρ.

Let λ belong to the resolvent set of A. Using the same methods as in [32, Section 3] one may easily show that the Sobolev spaces W^1_ρ and H^1_ρ introduced in Section 1 are identical with the domain of (−A + λI)^{12} in L^2_ρ and H_ρ, respectively.

For any positive real r we define W^r_ρ and H^r_ρ as the domain of (−A+λI)^{r2} , where A is considered as the generator of a holomorphic semigroup on L^2_ρ and H_ρ. The spaces W^r_ρ and H^r_ρ are equipped with the graph norm || · ||_{r,ρ}. Identifying (L^2_ρ)^∗ with L^2_ρ, and (H_ρ)^∗ with H_ρ we set W^{−r}_ρ = (W^r_ρ )^∗ and H^{−r}_ρ = (H^r_ρ )^∗. In the paper we write W^r, H^r , and || · ||_r instead of W^r_0 , H^r_0 , and || · ||_{r,0}.

Let ρ ∈ R and α ∈ [0, 1). Set

(2.8) J^ρ_α (v)(t) = ∫_t 0 (t − s)^{−α}S(t − s)v(s) ds, v ∈ L^1(0, T ; L^1_ρ), t ∈ [0, T ]. The following propositions play an important role in the proof of the existence of a martingale solution. Their proofs are postponed into Appendix A.

Proposition 2.1. Let 0 ≤ ρ < κ, and let J^ρ_α be given by (2.8). (i) For an arbitrary p > 1, J^ρ_0 can be extended to a compact operator acting from L^p(0, T ; W^{−1}_ρ ) into L^2(0, T ; L^2_κ).

(ii) For arbitrary α ∈ [0, 1) and p ∈ (1, ∞) such that α + p^{−1} < 1, J^ρ_α is a compact operator from L^p(0, T ; L^2_ρ) into L^2(0, T ; L^2_κ).

(iii) If 5ρ/3 < κ, then J^ρ_0 is a compact operator acting from L^{6/5}(0, T ; L^{6/5}_ρ ) into L^2(0, T ; L^2_κ).

For u ∈ C^∞_0 (O; R^d) and x ∈ R^d write

(2.9) B_0(v)(x) = (^d∑ i=1 ∂_{xi} (v_iv_1)(x), . . . , d∑ i=1 ∂_{xi} (v_iv_d)(x) ) .

Proposition 2.2. Let B_0 be given by (2.9). Then:

(i) for any ρ ∈ R, B_0 has a unique extension to a continuous mapping B acting from L^4_ρ into W^{−1}_ρ . Moreover, there exists a constant C such that

||B(v)||_{−1,ρ} ≤ C|v|^2_L4_ρ for v ∈ L^4_ρ.

(ii) B_0 has a unique extension to a continuous mapping B acting from W^1 into W^{−1}. Moreover, there exists a constant C such that

||B(v)||_{−1} ≤ C|v|^{12} ||v||^{32}_1 for v ∈ W^1.

(iii) If d = 2 then there is a constant C such that ||B(v)||_{−1} ≤ C|v|||v||_1 for v ∈ W^1.

3. Proof of Theorem 1.1

Let B be the mapping constructed in Proposition 2.2. A martingale solution to (0.1) is found using a modification of the classical Galerkin method. The idea is this: consider a sequence of equations in which F , B, and G are replaced by Π_nF , Π_nB(Π_n·) and Π_nG for a properly chosen system of projections {Π_n}. The goal is to show that the laws of the sequence of solutions are tight in a suitable space and to extract a convergent subsequence. Skorokhod’s theorem allows us to replace the convergence of laws by pointwise convergence of the stochastic processes after changing the underlying probability space. Hence we can find that the limit is a solution to our equation.

By Theorem B.1 from Appendix B there exists an orthonormal basis {e_k} of H such that {e_k} ⊂ C^∞_b (O; R^d) ∩ H^2, {e_k} is a Schauder basis of H^1, and

(3.10) sup_n ||Π_n||_{L(H}1_{,H}1_) < ∞.

Let n ∈ N. As {e_k} ⊂ H^1 = (H^{−1})^∗ we can extend each Π_n to H^{−1} putting

Π_nv = n∑ k=1 ⟨u, e_k⟩e_k, where ⟨·, ·⟩ is now considered as the dual form on H^{−1} × H. Note that ||Π_n||_{L(H} −1_{,H} −1_) = sup_{||v||−1≤1} ||Π_nv||_{−1} = sup_{||u||1≤1} sup_{||v||−1≤1} |⟨Π_nv, u⟩| = sup ||u||1≤1 sup ||v||_−1≤1 |⟨v, Π_nu⟩| ≤ ||Π_n||_{L(H}1_{,H}1_).

Hence, from (3.10), we have

(3.11) sup_n ||Π_n||_{L(H} −1_{,H} −1_) < ∞.

For t ∈ [0, T ] and v ∈ H we set F^{(n)}(t, v) = Π_nF (t, v), G^{(n)}(t, v) = Π_nG(t, v), and B^{(n)}(v) = Π_nB(Π_nv).

Let U = (Ω, F, (Ft)_{t∈[0,T ]}, P) be a filtered probability space, let W be an (Ft)-

adapted cylindrical Wiener process on H, and let u(0) be an F_0-measurable Hvalued random element with the law U_0. Consider the following stochastic evolution equation

(3.12) du^{(n)} = ( Au^{(n)} + B^{(n)}(u^{(n)}) + F^{(n)}(t, u^{(n)}) ) dt + G^{(n)}(t, u^{(n)}) dW, u^{(n)}(0) =Π_nu(0).

By a solution to (3.12) we mean the so-called mild solution, that is a measurable (F_t)-adapted process u^{(n)}, having continuous trajectories in H and such that for t ∈ [0, T ], u^{(n)}(t) = S(t)u^{(n)}(0) + ∫_t 0 S(t − s) { B^{(n)}(u^{(n)}(s)) + F^{(n)}(s, u^{(n)}(s)) } ds + ∫_t 0 S(t − s)G^{(n)}(s, u^{(n)}(s)) dW (s). It is known that, see [17], that every mild solution is also a weak solution, that is ⟨u^{(n)}(t), ψ⟩ = ⟨u^{(n)}(0), ψ⟩ + ∫_t 0 ⟨u^{(n)}(s), Aψ⟩ ds + ∫_t 0 ⟨B^{(n)}(u^{(n)}(s)) + F^{(n)}(s, u^{(n)}(s)), ψ⟩ ds + ⟨∫ t 0 G^{(n)}(s, u^{(n)}(s)) dW (s), ψ ⟩

for all t ∈ [0, T ] and ψ ∈ Dom A^∗ = Dom A. Note that C^∞_0 (O; R^d) ⊂ Dom A.

Lemma 3.1. Assume that there are constants L and K such that for all t ∈ [0, T ], and u, v ∈ L^2 we have ||F (t, v) − F (t, u)||_{−1} + ||G(t, v) − G(t, u)||_{L(HS)(H,L}2_) ≤ L|v − u|, ||F (t, v)||_{−1} + ||G(t, v)||_{L(HS)(H,L}2_) ≤ K(1 + |v|). Then for every n ∈ N there exists a unique solution u^{(n)} to (3.12). Moreover, for any p ≥ 2,

(3.13) E sup_{t∈[0,T ]} |u^{(n)}(t)|^p ≤ C(p) and (3.14) E ( |u^{(n)}(t)|^2 + ∫_t 0 ||u^{(n)}(s)||^2_1 ds ) ≤ C, the constants C(p) and C being independent of n, L, and t ∈ [0, T ]. Proof. We consider (3.12) as an equation on H with locally Lipschitz nonlinearities. Then it is easy to show that for an arbitrary probability space there exists a unique, possibly exploding, mild solution u^{(n)} of (3.12). Since u^{(n)}(0) ∈ Dom A, and B^{(n)}, F^{(n)} are continuous mapping from H into Dom A, and since G^{(n)} is a continuous mapping from H into L_{(HS)}(H, Dom A), u^{(n)} is a local strong solution to (3.12). In particular, u^{(n)} has continuous trajectories in Dom A. Set

Ψ_n(t) = Au^{(n)}(t) + B^{(n)}(u^{(n)}(t)) + F^{(n)}(t, u^{(n)}(t)).

We locally have du^{(n)} = Ψ_n dt + G^{(n)}(t, u^{(n)}) dW.

We now show (3.14) which guarantees that u^{(n)} is a global solution to (3.12). Let p ≥ 2. Applying Itô’s formula to the function H_p(v) = |v|^p we obtain

d|u^{(n)}|^p = Φ_p(t, u^{(n)}) dt + H^′_p(u^{(n)})G^{(n)}(t, u^{(n)}) dW,

where

Φ_p(t, v) := ⟨H^′_p(v), Ψ_n(t)⟩ + 1 2 Trace H^{′′}_p (v)G^{(n)}(t, v)G^{(n)}(t, v)^∗.

Then we have Φ_p(t, v) ≤ p|v|^{p−2} ( ⟨Av, v⟩ + |⟨F^{(n)}(t, v), v⟩| + |⟨B^{(n)}(v), v)⟩| + p − 1 2 ||G^{(n)}(t, v)||^2_{L(HS)(H,H)} ) .

As A is self-adjoint, for v ∈ Dom A we have ⟨Av, v⟩ = −ν||v||^2_1. Integrating by parts and using the fact that div v = 0 we obtain ⟨B^{(n)}(v), v⟩ = 0. From (3.11) we have |⟨F^{(n)}(t, v), v⟩| + p − 1 2 ||(G^{(n)}(t, v))||^2_{L(HS) (H,H)} ≤ c_1(1 + |v|)||v||_1 + c_2(1 + |v|^2) ≤ ν 2 ||v||^2_1 + c_3(1 + |v|^2).

Hence Φ_p(t, v) ≤ p|v|^{p−2} ( − ν 2 ||v||^2_1 + c_3(1 + |v|^2) ) . Now let p = 2. Then taking the mathematical expectation we get

E^(|u^{(n)}(t)|^2 + ν^{∫ t}_0 ||u^{(n)}(s)||^2_1 ds^) ≤ E |u(0)|^2 + 2c3t + 2c3 E^{∫ t}_0 |u^{(n)}(s)|^2 ds.

Applying Gronwall’s lemma we obtain (3.14).

Now let p ≥ 2. Then using the maximal inequality for martingales we obtain

E sup_{s∈[0,t]} |u^{(n)}(s)|^{2p} ≤ 3 E |u^{(n)}(0)|^{2p} + 3 ( c_3p E ∫_t 0 |u^{(n)}(s)|^{p−2}(1 + |u^{(n)}(s)|^2) ds

)_2

+ c_4 E ∫_t 0 ||H^′_p(u^{(n)}(s))G^{(n)}(s, u^{(n)}(s))||^2_{L(HS) (H,H)} ds

≤ c_5 + 3E |u^{(n)}(0)|^{2p} + c_5 E ∫_t 0 |u^{(n)}(s)|^{2p} ds, c_5 being independent of n and t ∈ [0, T ]. Hence Gronwall’s lemma gives (3.13). �

Proof of Theorem 1.1. We first prove the theorem under the additional assumption that F , G satisfy the conditions of Lemma 3.1.

For each n let u^{(n)} be the solution to (3.12). Let us fix α ∈ (1/2, 1) and p > 2 such that α + p^{−1} < 1. Recall that the operators J^ρ_α , ρ ∈ R were introduced in Section 2. In this section we write J_0 and J_α instead of J^0_0 and J^0_α . Let

Y^α_n (t) = sin(α − 1)π π ∫_t 0 (t − s)^{α−1}S(t − s)G^{(n)}(s, u^{(n)}(s)) dW (s). Then by the factorization result from [16, Proposition 1] we have ∫_t 0 S(t − s)G^{(n)}(s, u^{(n)}(s)) dW (s) = J_α(Y^α_n )(t), and consequently

u^{(n)}(t) = S(t)Π_nu(0) + J_0 ( B^{(n)}(u^{(n)}) + F^{(n)}(·, u^{(n)}) ) (t) + J_α(Y^α_n )(t).

Our first goal is to show that the laws of u^{(n)}, n ∈ N, are tight in L^2(0, T ; H_κ), where κ > 0. Let us fix such a κ. Clearly, the sequence {S(·)Π_nu(0)} converges, and it is enough to show that the laws of the remaining sequence y_n = J_0 ( B^{(n)}(u^{(n)}) + F^{(n)}(·, u^{(n)}) ) + J_α(Y^α_n ) are tight. To this end, for each δ > 0 we will find a relatively compact set Λ_δ in L^2(0, T ; H_κ) such that (3.15) P(y_n ∈ Λ_δ) ≥ 1 − δ for every n. We put Λ_δ = Λ(R) for R sufficiently large, where Λ(R) = J_0(K_1(R)) + J_α(K_2(R)), K_i(R) being balls with radius R in L^{5/4}(0, T ; H^{−1}) and L^p(0, T ; H), respectively. Note that, by Proposition 2.1(i) and (ii), Λ(R) is compact. Thus to prove that for each δ > 0 there exists an R such that (3.15) holds it is enough to show that

(3.16) sup_n E ∫_T 0 ||B^{(n)}(u^{(n)}(t))||^{54}_{−1} dt < ∞,

(3.17) sup_n E ∫_T 0 ||F^{(n)}(t, u^{(n)}(t))||^{54}_{−1} dt < ∞,

(3.18) sup_n E ∫_T 0 |Y^α_n (t)|^p dt < ∞. To show (3.16) note that, by (3.11), Proposition 2.2(ii), and (3.10) we have ||B^{(n)}(u^{(n)})||_{−1} ≤ c_1 ||B(Π_nu^{(n)})||_{−1} ≤ c_2 |Π_nu^{(n)}(t)|^{12} ||Π_nu^{(n)}(t)||^{32}_1 ≤ c_3 |u^{(n)}(t)|^{12} ||u^{(n)}(t)||^{32}_1 .

Hence

E^{∫ T}_0 ||B^{(n)}(u^{(n)}(t))||^{54}_{−1} dt ≤ c3 E^{∫ T}_0 |u^{(n)}(t)|^{58} ||u^{(n)}(t)||^{158}_1 dt

≤ c_3 E |u^{(n)}|^{58}_{L∞(0,T ;H)}|u^{(n)}|^{158}_{L 158 (0,T ;H1)} ≤ c_3 (E |u^{(n)}|^{10}_L∞_{(0,T ;H)}^{) 116 (}E |u^{(n)}|^2_L 15_{8 (0,T ;H1)}^{) 1516} ,

and applying (3.13) and (3.14) we obtain (3.16).

Clearly (3.17) follows from (3.11), and (3.14). To show (3.18) note that

E^{∫ T}_0 |Y^α_n (t)|^p dt = ∫_T 0 E^|^{sin(α − 1)π}_π^{∫ t}_0 (t − s)^{α−1}S(t − s)G^{(n)}(s, u^{(n)}(s)) dW (s)^|^p dt ≤ c_4 ∫_T 0 E^{(∫ t}_0 (t − s)^{2α−2}||S(t − s)G^{(n)}(s, u^{(n)}(s))||^2_{L(HS) (H,H)} ds^{) p2} dt.

Thus (3.18) follows from (3.13).

Let L(u^{(n)}) denote the law of u^{(n)} on L^2(0, T ; L^2_κ). According to (3.15) the sequence L(u^{(n)}), n ∈ N, is tight, and hence, by the Prokhorov theorem, it is relatively weakly compact. Let H̃ be a Hilbert space such that H → H̃ with a Hilbert–Schmidt imbedding. Then since W is a process with continuous trajectories in H̃, the sequence L(u^{(n)}, W ), n ∈ N of the laws of (u^{(n)}, W ) on L^2(0, T ; L^2_κ) × C([0, T ]; H̃) is also relatively weakly compact. So there is a probability P^0 on L^2(0, T ; L^2_κ) × C([0, T ]; H̃) such that L(u^{(nl)}, W ) converges weakly to P^0 for a subsequence {n_l}, which we will denote by {n}. By the Skorokhod imbedding, see [24], there exists a probability space (Ω^1, F^1, (F^1_t ), P^1) and a sequence of random elements {v^{(n)}, W^{(n)}} on Ω^1 such that the laws of (u^{(n)}, W ) and (v^{(n)}, W^{(n)}) are the same, and (v^{(n)}, W^{(n)}) converges P^1-almost surely in L^2(0, T ; L^2_κ)×C([0, T ]; H̃) to a certain random element (ũ, W̃ ). Note that for every n, W^{(n)} is a cylindrical Wiener processes on H, and v^{(n)} is the solution of (3.12) driven by W^{(n)}. Taking a subsequence we may assume that v^{(n)}(t, x) converges to ũ(t, x), P^1 × dt × dx - almost surely. Thus, by (3.13) and Fatou’s lemma we obtain that for all p, q ∈ [1, ∞),

E^{1 (∫ T}_0 |ũ(t)|^q dt^{) pq} ≤ lim inf_{n→∞} E^{1 (∫ T}_0 |v^{(n)}(t)|^q dt^{) pq} ≤ CT^{pq} < ∞.

Hence, we have

(3.19) ũ ∈ ⋂ p∈[1,∞) L^p(Ω^1, F^1, P^1; L^∞(0, T ; H)).

Now since for every q the sequence |v^{(n)} − ũ|^q_{Lq (0,T ;H)} is uniformly integrable, we have

(3.20) E^1 ∫_T 0 |v^{(n)}(t) − ũ(t)|^q dt → 0 for q ∈ [1, ∞),

and, in particular, we may assume that ∫_T 0 |v^{(n)}(t) − ũ(t)|^2 dt → 0, P^1 - a.s..

Now, as {v^{(n)}} is bounded in L^2(Ω^1 × [0, T ], F^1 × B([0, T ]), P^1 × dt; H^1), we have (3.21) ũ ∈ L^2(Ω^1 × [0, T ], F^1 × B([0, T ]), P^1 × dt; H^1). To this end we note that the embedding H^1 → H_κ is compact, hence, see [31, Lemma 2.2], there exist an orthonormal basis {e^κ_k} of H_κ and a sequence {λ_k} such that for any v ∈ H_κ we have v ∈ H^1 ⇐⇒ ∞∑ k=1 ⟨v, e^κ_k ⟩^2_κλ^2_k < ∞,

and, if v ∈ H^1 then ||v||^2_1 = ∞∑ k=1 ⟨v, e^κ_k ⟩^2_κλ^2_k. Applying Fatou’s lemma we obtain

E^{1 ∫ T}_0^{∞∑}_{k=1}⟨ũ(t), e^κ_k ⟩^2_κλ^2_k dt ≤ lim inf_n E^{1 ∫ T}_0^{∞∑}_{k=1}⟨v^{(n)}(t), e^κ_k ⟩^2_κλ^2_k dt < ∞.

Taking into account (3.19) and (3.21) we see that ũ satisfies the regularity conditions (i) and (ii) of Definition 1.2.

For n ∈ N we write

M_n(t) = ∫_t 0 G^{(n)}(s, v^{(n)}(s)) dW^{(n)}(s), t ∈ [0, T ].

Then M_n is a square integrable martingale in H, and its quadratic variation is given by ≪ M_n ≫ (t) = ∫_t 0 G^{(n)}(s, v^{(n)}(s))G^{(n)}(s, v^{(n)}(s))^∗ ds.

From (3.20) we have

lim n,m→∞ E 1 ∫_T 0 ||G^{(n)}(t, v^{(n)}(t)) − G^{(m)}(t, v^{(m)}(t))||^2_{L(HS) (H,H)} dt = 0.

Since there is a constant C such that for all n, m,

E^1 sup_{t∈[0,T ]} |Mn(t) − Mm(t)|^2 ≤ C E^{1 ∫ T}_0 ||G^{(n)}(t, v^{(n)}(t)) − G^{(m)}(t, v^{(m)}(t))||^2_{L(HS) (H,H)} dt,

the sequence M_n, n ∈ N, converges in L^2(Ω^1, F^1, P^1; C([0, T ]; H)) to a certain martingale M. Taking if necessary a subsequence we may assume that the convergence is also P^1 - almost surely. It is easy to see that ≪ M ≫ (t) = ∫_t 0 ΠG(s, ũ(s))G^∗ (s, ũ(s))Π ds, t ∈ [0, T ], where Π is the projection of L^2 onto H. Using now the representation theorem [17, Theorem 8.2] we can find a filtered probability space (Ω̃, F̃, (F̃_t),P̃) and an (F^1_t × F̃_t)-adapted cylindrical Wiener process W on H, such that M(t, ω, ω̃) = ∫_t 0 ΠG(s, u(s, ω, ω̃)) dW(s, ω, ω̃), where M(t, ω, ω̃) = M(t, ω), and u(s, ω, ω̃) = ũ(s, ω). Clearly, the process u is adapted to the filtration (F^1_t ×F̃_t), u(0) has the law U_0, and u satisfies the conditions (i) and (ii) of Definition 1.2. What is left is to show that u satisfies the integral equation in (iv). Fix t ∈ [0, T ] and ψ ∈ C^∞_0 (O; R^d) satisfying div ψ = 0. Set v^{(n)}(t, ω, ω̃) = v^{(n)}(t, ω). Since F and G are continuous we have that P^1 × P̃ - almost surely: ⟨v^{(n)}(t), ψ⟩ → ⟨u(t), ψ⟩, ⟨Π_nv^{(n)}(0), ψ⟩ → ⟨u(0), ψ⟩, ∫_t 0 { ⟨v^{(n)}(s), νΔψ⟩ + d∑ i=1 ⟨ (Π_nv^{(n)}(s)(Π_nv^{(n)})_i(s), ∂_{xi} Π_nψ ⟩} ds

→ ∫_t 0 { ⟨u(s), νΔψ⟩ + d∑ i=1 ⟨ u(s)u_i(s), ∂_{xi} ψ ⟩} ds, ∫_t 0 ⟨F (s, v^{(n)}(s)), Π_nψ⟩ ds → ∫_t 0 ⟨F (s, u(s)), ψ⟩ ds, ⟨∫ t 0 G^{(n)}(s, v^{(n)}(s)) dW^{(n)}(s), ψ ⟩

→ ⟨ Π ∫_t 0 G(t, u(s)) dW(s), ψ ⟩ = ⟨∫ t 0 G(t, u(s)) dW(s), ψ ⟩ . Thus the desired conclusion follows from the fact that each v^{(n)} is a solution to (3.12).

Let us note that the solution constructed satisfies the estimates E sup_{t∈[0,T ]} |u(t)|^p ≤ C(p),

E^(|u(t)|^2 +^{∫ t}_0 ||u(s)||^2_1 ds^) ≤ C,

with C(p), C independent of the Lipschitz constant L for F and G.

Finally, to get rid of the Lipschitz condition, we approximate continuous F and G by Lipschitz mappings F_{(l)} and G_{(l)} with the same growth constant K. Thus we obtain a sequence of solutions u_{(l)} and using the same argument as in the first step of the proof we construct the required solution. �

4. Proofs of Theorems 1.2 and 1.3

Proof of Theorem 1.2. It is enough to show that the mappings F and G given by (1.4) satisfy the assumptions of Theorem 1.1. Clearly, F maps [0, T ]×L^2 into W^{−1}. It has linear growth, and it is weakly measurable, and hence measurable. Since f and f_i are continuous with respect to the third variable, F is weakly continuous with respect to v. Similarly, as g_j and g̃_j are measurable and continuous with respect to v, we have measurability and weak continuity of G. In order to show that G is Hilbert–Schmidt and its norm satisfies the linear growth estimate from Theorem 1.1 we take two orthonormal bases {e_k} and {ẽ_k} of (Ker Q^{1/2})^⊥ and (Ker Q̃^{1/2})^⊥, respectively. Then for T ∈ [0, T ] and v ∈ L^2 we have ∑ k ∫ O |G(t, v)(Q^{1/2} e_k, Q̃^{1/2}ẽ_k)(x)|^2 dx

= ∑ k ∫ O | | m∑ i,j=1 ∫ O { g_j(t, x, v(x))Q_{i,j} (x, y)(e_k (y))_i + g̃_j (t, x, v(x))Q̃_{i,j} (x, y)(ẽ_k (y))_i } dy | | |^2 dx ≤ C_1 m∑ i,j=1 ∫ O ∫ O { |g_j(t, x, v(x))|^2 Q^2_{i,j} (x, y) + |g̃_j(t, x, v(x))|^2Q̃^2_{i,j} (x, y) } dx dy ≤ C_2(|v|^2 + 1) m∑ i,j=1 [ sup_{x∈O} ∫ O Q^2_{i,j}(x, y) dy + ∫ O ∫ O Q̃^2_{i,j} (x, y) dx dy ] . Hence there is a constant C < ∞ such that for all t ∈ [0, T ] and v ∈ L^2 one has ||G(t, v)||_{L(HS)(H,L}2_) ≤ C(1 + |v|), which is the desired conclusion. �

Let ρ ∈ R. For ψ ∈ H_μ and a function v : R^d → R^m we write M(v)ψ = m∑ j=1 v_j ψ_j . For a proof of the lemma below see [32, Lemma 4.1(ii)].

Lemma 4.1. For every ρ ∈ R, M is a bounded linear operator acting from L^2_ρ into the space of Hilbert–Schmidt operators L_{(HS)}(H_μ, L^2_ρ).

Proof of Theorem 1.3. Using the arguments from the proof of Theorem 1.2 one can easily show that the mapping F given by (1.7) satisfies the condition from Theorem 1.1. Let G_i(t, v)(x) = ( g^i_1(t, x, v(x)), . . . , g^i_m(t, x, v(x)) ) , where g^i_j denotes the i^{th}-coordinate of g_j. Note that G = (G_1, . . . , G_d) is measurable and weakly continuous with respect to v mapping from [0, T ] × L^2 into the m-fold product L^2 × . . . × L^2. Thus the desired properties of G follows from Lemma 4.1 and the representation G(t, v)ψ = (M(G_1(t, v))ψ, . . . , M(G_d(t, v))ψ). � 5. Solution of the auxiliary equation

In this section we deal with equation (0.2) with fixed ε > 0. Recall that here

O = R^d, W is an R^m-valued spatially homogeneous Wiener random field with a

spectral measure μ, and we identify W with a cylindrical Wiener process W on H_μ. Let us fix 1/2 < ρ < 1. We assume that the nonlinear mappings F and G are given by (1.7). Since we will pass to the limit ε → 0, it is sufficient to consider ε ∈ (0, 1], which will be convenient for a technical reason. Let us first explain what we mean by a solution to (0.2).

Definition 5.1. Let U_0 be a probability measure on L^2_ρ. By an L^2_ρ-valued martingale solution to (0.2) starting from U_0 we understand a triple (U, W, u) consisting of a filtered probability space U = (Ω, F, (F_t)_{t∈[0,T ]}, P), (F_t)-adapted cylindrical Wiener process W on H_μ, and an adapted stochastic process u such that:

(i) u ∈ L^p(Ω, F, P; L^∞(0, T ; L^2_ρ)) for every p ∈ [1, ∞), (ii) u ∈ L^2(Ω × [0, T ], F × B([0, T ]), P× dt; W^1_ρ ) ∩ L^6(Ω, F, P; L^6(0, T ; L^6_ρ)), (iii) u(0) has the law U_0, (iv) for all t ∈ [0, T ] and ψ ∈ C^∞_0 (R^d; R^d), ⟨u(t), ψ⟩_ρ = ⟨u(0), ψ⟩_ρ + ν ∫_t 0 ⟨u(s), Δ(ϑ_ρψ)⟩ ds + ∫_t 0 d∑ i=1 ⟨ u(s)u_i, ∂_{xi} (ψϑ_ρ) ⟩ ds

+ ∫_t 0 { −⟨ε|u(s)|^4u(s), ψ⟩_ρ + 1 ε ⟨u(s), ∇div (ψϑ_ρ)⟩ } ds + ∫_t 0 ⟨F (s, u(s)), ψ⟩_ρ ds + ⟨∫ t 0 G(s, u(s)) dW (s), ψ ⟩ ρ . Note that if (U, W, u) is a martingale solution to (0.2) then for each ψ from C^∞_0 (R^d; R^d) the real valued process ⟨u(t), ψ⟩_ρ, t ∈ [0, T ] has continuous trajectories.

Definition 5.2. Let U_0 be a probability measure on L^2_ρ. We say that equation (0.2) has a unique martingale solution starting from U_0 if for any two L^2_ρ-valued martingale solutions (U, W, u) and (Ũ, W̃ , ũ) to (0.2) starting from U_0, and for all t ∈ [0, T ] and ψ ∈ C^∞_0 (R^d; R^d) the random variables ⟨u(t), ψ⟩_ρ and ⟨ũ(t), ψ⟩_ρ have the same distribution.

The main existence result of this section is Theorem 5.1. Let U_0 be a probability measure on L^2_ρ such that ∫ L2_ρ

|v|^p_ρ dU_0(v) < ∞ for every p ∈ [1, ∞).

Assume that the functions f, f_i and g_j appearing in (1.7) satisfy the condition from Theorem 1.4. Then there exists a unique L^2_ρ-valued martingale solution (U, W, u) to (0.2) starting from U_0.

As in the proof of Theorem 1.1 we shall use a modification of the Galerkin method. Let us denote by S^l the space of all v ∈ C^l(R^d; R^d) such that

sup_{|α|≤l} sup_{x∈R d} |(1 + |x|^2)^n∂^αv(x)| < ∞ for all n ∈ N.

By Theorem C.1 from Appendix C, there exists an orthonormal basis {e_k} of L^2_ρ, such that {e_k} ⊂ S^3, and {e_k} is a Schauder basis of all spaces L^q_ρ, 2 ≤ q ≤ 6, and W^1_ρ . Let Π_n be the orthogonal projection onto the spaces span {e_1, . . . , e_n}. Then by Lemma C.1 we have

(5.22) sup_n ( ||Π_n||_{L(W} 1_{ρ ,W} 1_{ρ )} + ||Π_n||_{L(L}^q_{ρ ,L}^q_{ρ )} ) < ∞, for any 2 ≤ q ≤ 6. Thus, see the proof of (3.11) we also have

(5.23) sup_n ||Π_n||_{L(W} −1_{ρ ,W} −1_{ρ )} < ∞.

Using the arguments from the proof of Theorem 1.3 one can easily prove the following lemma.

Lemma 5.1. Assume that f, f_i and g_j satisfy the condition in Theorem 1.4. Then there is a constant K such that for all t ∈ [0, T ] and v, u ∈ L^2_ρ one has ||F (t, v) − F (t, u)||_{−1,ρ} + ||G(t, v) − G(t, u)||_{L(HS)(Hμ ,L}2_{ρ )} ≤ K|v − u|_ρ, ||F (t, v)||_{−1,ρ} + ||G(t, v)||_{L(HS)(Hμ ,L}2_{ρ )} ≤ K(1 + |v|_ρ). Let (Ω, F, (F_t)_{t∈[0,T ]}, P) be a filtered probability space. Assume that W is an (F_t)-adapted cylindrical Wiener process on H_μ, and that u(0) is an F_0-measurable random variable in L^2_ρ with the law U_0. For v ∈ C^3_b(R^d; R^d) we write

(5.24) D(v) = 1 ε ∇div v and K(v) = −ε|v|^4v.

Write B^{(n)}(·) = Π_nB(Π_n·), K^{(n)}(·) = Π_nK(Π_n·), D^{(n)}(·) = Π_nD(Π_n·), F^{(n)} = Π_nF , and G^{(n)} = Π_nG.

Consider the following stochastic evolution equation

(5.25) du^{(n)} = ( Au^{(n)} + B^{(n)}(u^{(n)}) + K^{(n)}(u^{(n)}) + D^{(n)}(u^{(n)}) + F^{(n)}(t, u^{(n)}) ) dt + G^{(n)}(t, u^{(n)}) dW, u^{(n)}(0) =Π_nu(0).

Lemma 5.2. For every n ∈ N there exists a strong solution u^{(n)} to (5.25). Moreover, for any p ≥ 2,

(5.26) sup_n E sup_{t∈[0,T ]} |u^{(n)}(t)|^p_ρ < ∞ and

(5.27)

E^(|u^{(n)}(t)|^2_ρ +^{∫ t}_0 ||u^{(n)}(s)||^2_{1,ρ} ds +^1_ε^{∫ t}_0 |div Πnu^{(n)}(s)|^2_ρ ds + ε ∫_t 0 |Π_nu^{(n)}(s)|^6_L6_ρ ds ) ≤ C ε^2 exp ( C ε ) , the constant C being independent of n, ε and t ∈ [0, T ].

Proof. Using the arguments from the proof of Lemma 3.1 we can obtain the existence of a local strong solution u^{(n)}. Thus it is enough to show (5.27). In the proof of the theorem we adopt the convention that all constants c_1, c_2, . . . are independent of n and ε. Applying Itô’s formula to the function H(v) = |v|^2_ρ we obtain

(5.28)

|u^{(n)}(t)|^2_ρ = |u^{(n)}(0)|^2_ρ + ∫_t 0 Φ(s, u^{(n)}(s)) dt + ∫_t 0 2 ⟨ u^{(n)}(s), G^{(n)}(s, u^{(n)}(s)) dW (s) ⟩ ρ. where

Φ(s, u^{(n)}) = ||G^{(n)}(t, u^{(n)})||^2_{L(HS)(Hμ,L}2_{ρ )} + ⟨ (Au^{(n)} + B^{(n)}(u^{(n)}) + D^{(n)}(u^{(n)}) + K^{(n)}(u^{(n)}) + F^{(n)}(s, u^{(n)})), u^{(n)} ⟩ ρ. Now, let v ∈ Dom A. Then ⟨Av + D^{(n)}(v), v⟩_ρ = ⟨ νΔv + 1 ε Π_n∇div Π_nv, v ⟩ ρ ≤ −ν||v||^2_{1,ρ} + c_1|v|_ρ||v||_{1,ρ} − 1 ε |div Π_nv|^2_ρ + c_2 ε |div Π_nv|_ρ|Π_nv|_ρ.

Clearly, −ν||v||^2_{1,ρ} + c_1|v|_ρ||v||_{1,ρ} ≤ − ν 2 ||v||^2_{1,ρ} + c_3|v|^2_ρ, and − 1 ε |div Π_nv|^2_ρ + c_2 1 ε |div Π_nv|_ρ|Π_nv|_ρ ≤ − 1 2ε |div Π_nv|^2_ρ + c_4 ε |v|^2_ρ. Hence ⟨Av + D^{(n)}(v), v⟩_ρ ≤ − ν 2 ||v||^2_{1,ρ} − 1 2ε |div Π_nv|^2_ρ + c_5|v|^2_ρ

By Proposition 2.2(i) we have

⟨B^{(n)}(v) + K^{(n)}(v), v⟩_ρ ≤ c_6|Π_nv|^2_L4_ρ ||Π_nv||_{1,ρ} − ε|Π_nv|^6_L6_ρ

≤ c_7|Π_nv|^4_L6_ρ + ν 8 ||v||^2_{1,ρ} − ε|Π_nv|^6_L6_ρ . Using now the elementary inequality

c_7r^4 − ε 2 r^6 ≤ c_8 ε^2 , r ∈ R, we get ⟨B^{(n)}(v) + K^{(n)}(v), v⟩_ρ ≤ c_8 ε^2 + ν 8 ||v||^2_{1,ρ} − ε 2 |Π_nv|^6_L6_ρ .

From Lemma 5.1 and (5.22) we have |⟨F^{(n)}(t, v), v⟩_ρ| + ||(G^{(n)}(t, v))||^2_{L(HS) (Hμ,L}2_{ρ )} ≤ c_8(|v|^2_ρ + ||v||_{1,ρ}|v|_ρ + 1) ≤ c_9|v|^2_ρ + ν 8 ||v||^2_{1,ρ} + c_9. Adding up, we obtain Φ(t, v) ≤ − ν 4 ||v||^2_{1,ρ} − 1 ε |div Π_nv|^2_ρ − ε 2 |Π_nv|^6_L6_ρ + c_{10} ε |v|^2_ρ + c_{10} ε^2 . Thus taking the mathematical expectation in (5.28) we get

E^(|u^{(n)}(t)|^2_ρ +^ν_4^{∫ t}_0 ||u^{(n)}(s)||^2_{1,ρ} ds +^1_ε^{∫ t}_0 |div Πnu^{(n)}(s)|^2_ρ ds + ε 2 ∫_t 0 |Π_nu^{(n)}(s)|^6_L6_ρ ds ) ≤ E |u(0)|^2_ρ +^{c10}_ε^{∫ t}_0 E |u^{(n)}(s)|^2_ρ ds +^{c10}_{ε2} t.

Applying Gronwall’s lemma we obtain (5.27).

Proceeding as above, but using Itô’s formula to the function |v|^p_ρ for p ≥ 2 one can obtain (5.26), see the proof of (3.13). �

Proof of Theorem 5.1 - existence. The proof is based on the same idea as the proof of Theorem 1.1. For each n let u^{(n)} be the solution to (5.24). The first step is to show that the sequence L(u^{(n)}), n ∈ N, of the laws of u^{(n)} is tight in L^2(0, T ; H_κ) for a fixed κ > 5ρ/3. Write

y_n(t) = S(t)u^{(n)}(0) + ∫_t 0 S(t − s) { B^{(n)}(u^{(n)}(s)) + F^{(n)}(s, u^{(n)}(s)) } ds + ∫_t 0 S(t − s)G^{(n)}(s, u^{(n)}(s)) dW (s), z_n(t) = ∫_t 0 S(t − s) { D^{(n)}(u^{(n)}(s)) + K^{(n)}(s, u^{(n)}(s)) } ds = J^ρ_0 (D^{(n)}(u^{(n)}))(t) + J^ρ_0 (K^{(n)}(u^{(n)}))(t).

Then u^{(n)} = y_n + z_n. Using the arguments from the proof of Theorem 1.1 we can show the tightness of the laws L(y_n), n ∈ N, and it remains to prove the tightness of L(z_n), n ∈ N. Recall, see Proposition 2.1 (i) and (iii), that J^ρ_0 is a compact operator acting from L^2(0, T ; W^{−1}_ρ ) into L^2(0, T ; L^2_κ), and from L^{6/5}(0, T ; L^{6/5}_ρ ) into L^2(0, T ; L^2_κ). Thus it is enough to show that

(5.29) sup_n E ∫_T 0 ||D^{(n)}(u^{(n)}(t))||^2_{−1,ρ} dt < ∞,

(5.30) sup_n E ∫_T 0 |K^{(n)}(u^{(n)}(t))|^{65}_{L 65ρ} dt < ∞.

From (5.22) and (5.23) there is a constant c such that for every n, ||D^{(n)}(u^{(n)}(t))||_{−1,ρ} = 1 ε ||Π_m∇div Π_nu^{(n)}(t)||_{−1,ρ} ≤ c ε ||u^{(n)}||_{1,ρ}, and (5.29) follows from (5.27). Similarly,

|K^{(n)}(u^{(n)}(t))|^{65}_{L 65ρ} = ε^{65} |Π_n { |Π_nu^{(n)}(t)|^4Π_nu^{(n)}(t) } |^{65}_{L 65ρ} ≤ cε^{65} |Π_nu^{(n)}(t)|^6_L6_ρ ,

and (5.30) follows from (5.27). Having the tightness of {L(u^{(n)})} in L^2(0, T ; L^2_κ), and using the Skorokhod imbedding and the arguments from the proof of Theorem 1.1 we may construct a filtered probability space (Ω^1, F^1, (F^1_t ), P^1), and a sequence (v^{(n)}, W^{(n)}) such that for any n, W^{(n)} is cylindrical Wiener process on H_μ defined on Ω^1, v^{(n)} is a solution to (5.24) driven by W^{(n)}, and v^{(n)}, n ∈ N, converges

P^1 × dt × dx - almost surely to a certain u. Then u is adapted, and u(0) has the

law U_0. Using now Fatou’s lemma we obtain

u ∈ L^p(Ω^1; F^1, P^1; L^∞(0, T ; L^2_ρ)) for p ∈ [1, ∞).

The uniform integrability of |v^{(n)} − u|^q_{Lq (0,T ;L2ρ )}, n ∈ N, gives that

(5.31) lim_{n→∞} E^1 ∫_T 0 |v^{(n)}(t) − u(t)|^q_{L2ρ} dt = 0 for q ∈ [2, ∞).

Note that lim_{n→∞} E^1 ∫_T 0 |Π_nv^{(n)}(t) − u(t)|^2_ρ dt = 0.

Thus taking if necessary a subsequence we may assume that Π_nv^{(n)} → u, P^1 × dt × dx − almost surely.

Consequently, (5.27) and Fatou’s lemma yield u ∈ L^6(Ω^1, P^1, F^1; L^6(0, T ; L^6_ρ)).

Moreover, as for any 2 ≤ q < 6 the sequence |Π_nv^{(n)} − u|^q_Lq_ρ , n ∈ N, is uniformly integrable we have (5.32) lim_{n→∞} E^1 ∫_T 0 |Π_nv^{(n)}(t) − u(t)|^q_L q_ρ dt = 0 for 2 ≤ q < 6.

Let us observe now that the martingales M_n(t) = ∫_t 0 G^{(n)}(s, v^{(n)}(s)) dW^{(n)}(s), t ∈ [0, T ], n ∈ N, converge in L^2(Ω^1, F^1, P^1; C([0, T ]; L^2_ρ)) to a martingale M satisfying ≪ M ≫ (t) = ∫_t 0 G(s, u(s))G(s, u(s))^∗ ds, t ∈ [0, T ]. Taking into account the representation theorem we may assume that M is of the form M(t) = ∫_t 0 G(s, u(s)) dW(s), t ∈ [0, T ], where W is a cylindrical Wiener process on H_μ. Let us now fix ψ from C^∞_0 (R^d; R^d). It remains to note that (5.31) and (5.32) guarantee the convergence of each term appearing in the weak form of (5.24) to the corresponding term in (iv) from Definition 5.1. � Proof of Theorem 5.1 - uniqueness. We prove pathwise uniqueness, which by [24, Section 4.3] implies uniqueness in law. Take two solutions u^ε and v^ε with the same initial value and write w^ε = u^ε − v^ε. As in the proof of the existence we fix an orthonormal basis {e_k} of L^2_ρ, such that {e_k} ⊂ S^3 and {e_k} is a Schauder basis of all spaces L^q_ρ, 2 ≤ q ≤ 6, and W^1_ρ . Let Π_n be the orthogonal projection onto the space spanned on {e_1, . . . , e_n}. Using Itô’s formula and integrating by parts we get 1 2 |Π_nw^ε(t)|^2_ρ = ν ∫_t 0 ⟨ Δ(ϑ_ρΠ_nw^ε(s)), w^ε(s) ⟩ ds + 1 ε ∫_t 0 ⟨ ∇div ( ϑ_ρΠ_nw^ε(s) ) , w^ε(s) ⟩ ds + ∫_t 0 d∑ i=1 ⟨ ∂_{xi} ( ϑ_ρΠ_nw^ε(s) ) , u^ε_i (s)u^ε(s) − v^ε_i (s)v^ε(s) ⟩ ds

− ε ∫_t 0 ⟨ Π_nw^ε(s), |u^ε(s)|^4u^ε(s) − |v^ε(s)|^4v^ε(s) ⟩ ρ ds + ∫_t 0 ⟨ Π_nw^ε(s), F (s, u^ε(s)) − F (s, v^ε(s) ⟩ ρ ds + 1 2 ∫_t 0 ||Π_n(G(s, u^ε(s)) − G(s, v^ε(s)))||^2_{L(HS) (Hμ,L}2_{ρ )} ds + ∫_t 0 ⟨ Π_nw^ε(s), ( G(s, u^ε(s)) − G(s, v^ε(s)) ) dW (s) ⟩ ρ. We can again integrate by parts, and due to the regularity properties of solutions and since we deal with a basis which is a Schauder basis in all relevant spaces we may pass to the limit with n → ∞. Then the first term on the right hand side of the resulting equation can be estimated by − ν 2 ∫_t 0 ||w^ε(s)||^2_{1,ρ} ds + C_1 ∫_t 0 |w^ε(s)|^2_ρ ds. The second term is equal to − 1 ε ∫_t 0 ∫

R^d

div (ϑ_ρ(x)w^ε(s, x))div w^ε(s, x) dx ds

and hence can be estimated by C_2ε^{−1} ∫_t 0 |w^ε(s)|^2_ρ ds. We estimate the third term by − ν 4 ∫_t 0 ||w^ε(s)||^2_{1,ρ} ds + C_3 ∫_t 0 ∫

R^d

|w^ε(s, x)|^2(|u^ε(s, x)|^2 + |v^ε(s, x)|^2)ϑ_ρ(x) dx ds

≤ − ν 4 ∫_t 0 ||w^ε(s)||^2_{1,ρ} ds + C_4 ε ∫_t 0 |w^ε(s)|^2_ρ ds + ε 2 ∫_t 0 ∫

R^d

|w^ε(s, x)|^2(|u^ε(s, x)|^4 + |v^ε(s, x)|^4)ϑ_ρ(x) dx ds.

The fourth term is equal to − ε ∫_t 0 ∫

R^d

{ |u^ε(s, x)|^6 + |v^ε(s, x)|^6 − (|u^ε(s, x)|^4 + |v^ε(s, x)|^4)⟨u^ε(s, x), v^ε(s, x)⟩ϑ_ρ(x) } dx ds and due to the inequality a^6 + b^6 ≥ 2^{−1}(a^4 + b^4)(a^2 + b^2) this term is less or equal to − ε 2 ∫_t 0 ∫

R^d

(|u^ε(s, x)|^4 + |v^ε(s, x)|^4)|w^ε(s, x)|^2ϑ_ρ(x) dx ds. So the sum of the first four terms is less or equal to C(ε) ∫_t 0 |w^ε(s)|^2_ρ ds − ν 4 ∫_t 0 ||w^ε(s)||^2_{1,ρ} ds, C(ε) being independent of t. For the next two terms we make use of the Lipschitz condition on F and G, and we easily estimate them by

C_5 ∫_t 0 |w^ε(s)|^2_ρ ds + ν 4 ∫_t 0 ||w^ε(s)||^2_{1,ρ} ds. Therefore, putting the above together and taking the mathematical expectation we get E |w^ε (t)|^2_ρ ≤ (C(ε) + C5)^{∫ t}_0 E |w^ε (s)|^2_ρ ds,

and consequently by Gronwall’s lemma, w^ε = 0 a.s., which is the desired conclusion. �

As a consequence of the uniqueness of the solution to (0.2) and the fact that the coefficients of (0.2) do not depend on the space variable we have Proposition 5.1. Assume that the conditions of Theorem 5.1 are fulfilled. Additionally, we assume that the initial measure U_0 is spatially homogeneous. Then the solution is a spatially homogeneous process.

Proof. Let U_0 be a spatially homogeneous measure on L^2_ρ, and let (U, W, u^ε) be a solution to (0.2) starting from U_0. Since we have the uniqueness in law, it is enough to observe that for any h ∈ R^d, (U, τ_hW, τ_hu^ε) is a solution to (0.2) starting from U_0 ∘ τ_h = U_0. Clearly, τ_hW(t), t ∈ [0, T ], is an R^m-valued spatially homogeneous Wiener random field with the spectral measure μ. Thus τ_hW = τ_hW is a cylindrical Wiener process on H_μ. Since F and G do not depend on x-variable, one has τ_hF (s, u^ε(s)) = F (s, τ_hu^ε(s)), and τ_h ∫_t 0 G(s, u^ε(s)) dW (s) = ∫_t 0 G(s, τ_hu^ε(s)) d(τ_hW )(s). From this, and from the fact that ⟨τ_hu^ε(t), ψ⟩_ρ = ⟨u^ε(t), τ_{−h}(ϑ_ρψ)⟩ one can easily deduce the desired conclusion. �

6. Limit passage

The limit passage requires some estimates, uniform with respect to ε, for the solution u^ε to (0.2), see Lemma 6.2. In their proof we will make use the fact that for any t the law of u^ε(t) is a spatially homogeneous probability measure. For further references we present the following lemma, whose proof is given in [38], see Théoréme 2.1, p. 537.

Lemma 6.1. Let z ∈ C(R^{(d+1)d}; R), ρ > 1/2, and let U be a spatially homogeneous probability measure on W^1_ρ . Let Z(u)(x) = z(u(x), ∇u) for u ∈ W^1_ρ , x ∈ R^d. Suppose that Z(u) ∈ L^1_{loc}(R^d) for every u ∈ W^1_ρ , and assume that the mappings u → ∫

R^d

Z(u(x))ψ(x) dx, u → ∫

R^d

|Z(u(x))|ψ(x) dx are U-integrable for any ψ ∈ C^∞_0 (R^d). Then there is a constant C such that for any ψ ∈ L^1(R^d) one has ∫ W 1_ρ ∫

R^d

Z(u(x))ψ(x) dx dU(u) = C ∫

R^d

ψ(x) dx. Lemma 6.2. Assume that the conditions of Theorem 5.1 are fulfilled. Additionally, we assume that the initial measure U_0 is spatially homogeneous. Let ε ∈ (0, 1], and let u^ε be a solution to (0.2) starting from U_0. Then there is a constant C independent of ε such that for any p ≥ 2, (6.33) E sup_{t∈[0,T ]} |u^ε(t)|^p_ρ ≤ C and (6.34) E ( |u^ε(t)|^2_ρ + ∫_t 0 ||u^ε(s)||^2_{1,ρ} ds + 1 ε ∫_t 0 |div u^ε|^2_ρ ds + ε ∫_t 0 |u^ε|^6_L6_ρ ds ) ≤ C. Proof. Using Itô’s lemma and limit arguments, see the proof of the uniqueness, we get 1 2 |u^ε(t)|^2_ρ = 1 2 |u^ε(0)|^2_ρ − ν d∑ i=1 ∫_t 0 ⟨ ∂_{xi} (ϑ_ρu^ε(s)), ∂_{xi} u^ε(s) ⟩ ds

− 1 ε ∫_t 0 ⟨ div (ϑ_ρu^ε(s)), div u^ε(s) ⟩ ds − ∫_t 0 {^d∑ i=1 ⟨ u^ε(s), ∂_{xi} ( u^ε_i (s)u^ε(s) )⟩ ρ − ε|u^ε(s)|^6_L6_ρ } ds

+ ∫_t 0 {⟨ u^ε(s), F (s, u^ε(s)) ⟩ ρ + 1 2 ||G(s, u^ε(s))||^2_{L(HS) (Hμ,L}2_{ρ )} } ds + ∫_t 0 ⟨ u^ε(s), G(s, u^ε(s)) dW (s) ⟩ ρ.

The first integral on the right hand side is estimated by − ν 2 ∫_t 0 ||u^ε(s)||^2_{1,ρ} ds + C_1 ∫_t 0 |u^ε(s)|^2_ρ ds. The second is equal to

− 1 ε ∫_t 0 ∫

R^d

{ |div u^ε(s, x)|^2ϑ_ρ(x) + u^ε(s, x)div u^ε(s, x) d∑ i=1 ∂_{xi} ϑ_ρ(x) } dx ds. Integrating by parts we can show that the first term of the third integral is equal to 1 2 ∫_t 0 ∫

R^d

{ div u^ε(s, x)|u^ε(s, x)|^2ϑ_ρ(x) − |u^ε(s, x)|^2 d∑ i=1 u^ε_i (s, x)∂_{xi} ϑ_ρ(x) } dx ds, and next we use the Schwartz and Young inequalities to get | | | ∫

R^d

|u^ε(s, x)|^2div u^ε(s, x)ϑ_ρ (x) dx | | | ≤ 1 2ε |div u^ε(s)|^2_ρ + ε 2 |u^ε(s)|^6_L6_ρ + C_2|u^ε(s)|^2_ρ.

By the linear growth of F and G we estimate the forth integral by

C_3 + C_4 ∫_t 0 |u^ε(s)|^2_ρ ds + ν 4 ∫_t 0 ||u^ε(s)||^2_{1,ρ} ds. Thus taking the mathematical expectation we have

(6.35) E ( |u^ε(t)|^2_ρ + ∫_t 0 { ν 4 ||u^ε(s)||^2_{1,ρ} + 1 2ε |div u^ε(s)|^2_ρ + ε 2 |u^ε(s)|^6_ρ } ds )

≤ E |u^ε (0)|^2_ρ + C5 + C6 E^{∫ t}_0 |u^ε(s)|^2_ρ ds

− E^{∫ t}_0^∫_{R d}^{d∑}_{i=1}^{{ 1}_2 |u^ε(s, x)|^2u^ε_i (s, x) +^1_ε div u^ε(s, x)u^ε_i (s, x)^}∂x_i ϑρ(x) dx ds.

By Proposition 5.1, the laws L(u^ε(s)) of u^ε(s), s ≥ 0, are spatially homogeneous. Taking into account the regularity of u^ε we see that each L(u^ε(s)) is supported on W^1_ρ ∩ L^6_ρ. Hence, by Lemma 6.1 we have

E^∫_{R d}^{d∑}_{i=1}^{{ 1}_2 |u^ε(s, x)|^2u^ε_i (s, x) +^1_ε div u^ε(s, x)u^ε_i (s, x)^}∂x_i ϑρ(x) dx

= C ∫

R^d

d∑ i=1 ∂_{xi} ϑ_ρ(x) dx = 0,

and (6.35) and Gronwall’s lemma give (6.34). Applying Itô’s formula to the function u → |Π_nu|^p_ρ, and then letting n → ∞ one can prove (6.33). Almost all calculations in the proofs of (6.33) and (6.34) are the same. However in the case of (6.33) one should apply a maximal inequality for the stochastic term, as in the proofs of (3.13) and (5.26). �

Proof of Theorem 1.4. Let κ > 5ρ/3, α ∈ (1/2, 1), and let u^ε be a solution to (0.2). The estimates in Lemma 6.1 enables us to show the tightness of L(u^ε), ε ∈ (0, 1] in the space L^2(0, T ; L^2_κ). For, we have the equivalence between mild and weak solutions to stochastic evolution equations, see [17]. Thus u^ε is also a mild solution to (0.2), and

u^ε(t) = S(t)u(0) + J^ρ_0 ( B(u^ε) + F (·, u^ε) ) (t) + J^ρ_0 ( D^ε(u^ε) + K^ε(u^ε) ) (t) + J^ρ_α (Y^α_ε )(t),

where: D^ε(u^ε) = ε^{−1}∇div u^ε, K^ε(u^ε) = −ε|u^ε|^4u^ε, and J^ρ_0 and J^ρ_α are defined in Section 2, and

Y^α_ε (t) = sin(α − 1)π π ∫_t 0 (t − s)^{α−1}S(t − s)G(s, u^ε(s)) dW (s). Using estimates (6.33) and (6.34) and arguments from the proof of Theorem 1.1 one can show the tightness of J^ρ_0 (B(u^ε) + F (·, u^ε)), and J^ρ_α (Y^α_ε ), ε ∈ (0, 1]. Using the same estimates and arguments from the proof of Theorem 5.1, see (5.29) and (5.30) one can show the tightness of the remaining sequence J^ρ_0 (D^ε(u^ε) + K^ε(u^ε)), ε ∈ (0, 1]. Thus by Prokhorov’s and Skorokhod’s theorems there exist a filtered probability space (Ω^1, F^1, (F^1_t ), P^1), and sequences ε_n ↓ 0, (v^{(n)}, W^{(n)}), such that every v^{(n)} is a solution to (0.2) with ε = ε_n, driven by a cylindrical process W^{(n)}. Moreover, there is a process u such that

v^{(n)} → u, P^1 × dt × dx - almost surely and (6.36) lim_{n→∞} ∫_T 0 |v^{(n)}(t) − u(t)|^p_ρ dt = 0 for p ∈ [2, ∞).

We have to show now that u is a divergence free process. This is a consequence of that fact that the sequence 1 ε E^{1 ∫ T}_0 |div v^{(n)}(t)|^2_ρ dt, n ∈ N,

is bounded, see (6.34). For, we first note that the divergence operator acts from L^2_ρ into W^{−1}_ρ . It is easy to see that H_ρ is its kernel, and that H^1_ρ = W^1_ρ ∩ H. Hence it is enough to observe that for every ψ ∈ C^∞_0 (R^d; R^d),

E^{1 ∫ T}_0 ⟨div u(t), ψ⟩^2_ρ dt = E^{1 ∫ T}_0 ⟨u(t), ∇(ψϑρ)⟩^2 dt

≤ lim sup n→∞ E^{1 ∫ T}_0 ⟨v^{(n)}(t), ∇(ψϑρ)⟩^2 dt ≤ lim sup n→∞ ε_n sup_m 1 ε_m E 1 ∫_T 0 ⟨v^{(m)}(t), ∇(ψϑ_ρ)⟩^2 dt = 0.

Thus u satisfies the desired regularity properties from Definition 1.2. Clearly u(0) has the law U_0. Using now the representation theorem we may assume that ∫_t 0 G^{(n)}(s, v^{(n)}(s)) dW^{(n)}(s) → ∫_t 0 G(s, u(s)) dW(s), where W is a cylindrical Wiener process on H_μ, and the convergence is in the space L^2(Ω^1, F^1, P^1; C([0, T ]; H_ρ)).

It remains to show that the integral equation from Definition 1.2(v) is fulfilled for any ψ ∈ C^∞_0 (R^d; R^d) such that div (ψϑ_ρ) = 0. We have to show the convergence of seven terms. Five of them are very similar to those listed at the and of the proof of Theorem 1.1. The differences are that now we have no projections, and that the scalar product on H is replaced by the scalar product on L^2_ρ. Obviously, (6.36) guarantees the convergence of these terms in L^2(Ω^1, F^1, P^1). What is left is to show that for the two remaining terms we have:

(6.37) lim_{n→∞} 1 ε_n E 1 ∫_T 0 ⟨∇divv^{(n)}(t), ψ⟩_ρ dt = 0 and (6.38) lim_{n→∞} ε_n E^1 ∫_T 0 ⟨|v^{(n)}(t)|^4v^{(n)}(t), ψ⟩_ρ dt = 0.

Since div (ψϑ_ρ) = 0 we have ⟨∇divv^{(n)}(t), ψ⟩_ρ ≡ 0, and consequently (6.37). Now we prove (6.38). Since ψ is bounded it is enough to show that

lim_{n→∞} ε_n E^1 ∫_T 0 |v^{(n)}(t)|^5_L5_ρ dt = 0.

To this end for p ∈ [2, ∞) set

L_p = L^p(Ω^1 × [0, T ] × R^d, F^1 × B([0, T ]) × B(R^d), P^1 × dt × ϑ_ρ(x) dx; R^d).

We have to show that ε^{15}n |v^{(n)}|_{L5} → 0 as n → ∞. By (6.34), the sequence ε^{16}n |v^{(n)}|_{L5},

n ∈ N is bounded. Since Lp is an L^p-space with respect to a finite measure, there

is a constant c such that

lim sup n→∞ ε^{15}_n |v^{(n)}|_{L5} ≤ c lim sup_{n→∞} ε^{15}_n |v^{(n)}|_{L6} ≤ c lim sup_{n→∞} ε^{15 − 16}_n ε^{16}_n |v^{(n)}|_{L6}

≤ c sup_n ε^{16}_n |v^{(n)}|_{L6} lim sup_{n→∞} ε^{15 − 16}_n = 0,

which completes the proof. �

A. Appendix We precede the proof of Proposition 2.1 by a sequence of lemmas. Recall, see Section 2, that the operator i_ρ given by i_ρv = ϑ_{−ρ/2}v is an isometry between L^q

and L^q_{ρ/2}. In fact we have something more.

Lemma A.1. Let ρ ≥ 0. Then for any r ∈ R the mapping i_ρ is an isomorphism between W^r = W^r_0 and W^r_ρ .

Proof. First let r = 2 and introduce the semigroup S̃(t) = i^{−1}_ρ S(t)i_ρ on L^2, where S is considered on L^2_ρ. Clearly, the generator of S̃ is equal to i^{−1}_ρ Ai_ρ. On the other hand, it is a uniformly elliptic operator with coefficients from C^∞_b (O). Therefore, i^{−1}_ρ (W^2_ρ ) = W^2. Considering the powers of A we can show in the same way that i_ρ is an isomorphism between W^r and W^r_ρ for even r. Finally, using standard interpolation argument we may extend the result to an arbitrary r. �

Further we will need the following result on Sobolev imbeddings. Lemma A.2. (i) For all 0 ≤ κ < ρ and r < s the imbedding W^s_κ → W^r_ρ is compact. (ii) Let ρ ≥ 0, q ∈ [2, ∞), and let r ∈ [0,^d_2 ) be such that^d_2 − r ≤^d_q . Then W^r_ρ is continuously imbedded into L^q_{ρ/2}.

Proof of (i). Drawing on Lemma A.1 we may assume that κ = 0. Take a sequence {v_n} bounded in W^s. Employing Sobolev’s compact imbedding theorem for bounded domains we can extract from {(−νΔ + I)^{s/2}v_n} a subsequence convergent almost everywhere. Since each sequence bounded in L^2 is uniformly integrable

in L^2_ρ the proof is complete. �

Proof of (ii). It is well known, see [1, Lemma 5.14], that W^r is continuously imbedded into L^q. The required result follows now from Lemma A.1. � The lemma below is a version of the result formulated and proved in [16] as Lemma 2, see also [18, Proposition A.1.1].

Lemma A.3. Let ρ ∈ R, and let α ∈ [0, 1) and p ≥ 1 be such that α + p^{−1} < 1. Then for each γ ∈ [0, 1−α−p^{−1}), J^ρ_α is a bounded linear operator from L^p(0, T ; L^2_ρ) into C^γ([0, T ]; L^2_ρ).

For the convenience of the reader we recall Dubinsky’s criterion for compactness. Its proof can be found in [38, Theorem 4.1, p. 132].

Lemma A.4. Let E_0, E_1 and E be reflexive Banach spaces such that the imbeddings E_0 → E → E_1 are continuous and the imbedding E_0 → E is compact. Let p ∈ (1, ∞) and let M be a bounded set in L^p(0, T ; E_0) consisting of equicontinous functions in C([0, T ]; E_1). Then M is relatively compact in L^p(0, T ; E) and C([0, T ]; E_1).

Proof of Proposition 2.1.

Proof of (i). Clearly we may assume that 1 < p < 2. Let r > 0 be such that 1 p (r + 1) < 1. Then since the semigroup S is analytic on L^2_ρ, there exists a constant c_1 such that, see [29], ∫_T 0 ||J^ρ_0 (v)(t)||^2_{r,ρ} dt = ∫_T 0 ‖ ‖ ‖ ∫_t 0 S(t − s)v(s) ds ‖ ‖ ‖^2_{r,ρ} dt ≤ c_1 ∫_T 0 (∫ t 0 (t − s)^{− r+12} ||v(s)||_{−1,ρ} ds )_2 dt. Now using twice Jensen’s inequality we get ∫_T 0 ||J^ρ_0 (v)(t)||^2_{r,ρ} dt ≤ c_2 ∫_T 0 (∫ t 0 (t − s)^{− r+12} ||v(s)||^p_{−1,ρ} ds ) 2_p dt ≤ c_3 (∫ T 0 ||v(t)||^p_{−1,ρ} dt ) 2_p . Hence J^ρ_0 has an extension to a bounded operator acting from L^p(0, T ; W^{−1}_ρ ) into L^2(0, T ; W^r_ρ ). By Lemma A.3 for any γ ∈ [0, 1 − p^{−1}), J^ρ_0 is a bounded linear operator from L^p(0, T ; W^{−1}_ρ ) into C^γ([0, T ]; W^{−1}_ρ ). Now note that both spaces L^2_κ and W^{−1}_ρ are continuously and densely imbedded into W^{−1}_{2ρ−κ}. Thus Lemma A.2(i) and Dubinsky’s criterion applied to the triple E_0 = W^r_ρ , E = L^2_κ, and E_1 = W^{−1}_{2ρ−κ}, give the desired conclusion. �

Proof of (ii). By Lemma A.3, J^ρ_α is a bounded operator from L^p(0, T ; L^2_ρ) into C^γ([0, T ]; L^2_ρ), where γ < 1−α−p^{−1}. Proceeding as in the proof of (i) one may easily show that for r sufficiently small but strictly positive, J^ρ_α is a bounded operator from L^p(0, T ; L^2_ρ) into L^2(0, T ; W^r_ρ ), and consequently the desired conclusion follows again from Dubinsky’s criterion applied to E_0 = W^r_ρ , E = L^2_κ, and E_1 = L^2_κ. �

Proof of (iii). Assume that r̃ < −1. Recall that in the present paper the dimension d is equal to 2 or 3. Thus by Lemma A.2(ii) we have W^{−r̃}_{ρ/3} → L^6_ρ, and consequently by the duality we have L^{6/5}ρ → W^{r̃}_{ρ̃} where ρ̃ = 5ρ/3. Hence the proof of (iii) will be completed as soon as we find an r̃ < −1 such that J^ρ_0 is has an extension to a compact operator acting from L^{6/5}(0, T ; W^{r̃}_{ρ̃} ) into L^2(0, T ; L^2_κ). By Lemmas A.3, A.2(i) and A.4 it is enough to show that J^ρ_0 is a bounded operator from

L^{6/5}(0, T ; W^{r̃}_{ρ̃} ) into L^2(0, T ; W^r_{ρ̃} ) for a certain r > 0. Take r > 0 and r̃ < −1 such that^5_6 (r − r̃) < 1. Then, as S is analytic, there exists a constant c_1 such that ∫_T 0 ||J^ρ_0 (v)(t)||^2_{r,ρ̃} dt = ∫_T 0 ‖ ‖ ‖ ∫_t 0 S(t − s)v(s) ds ‖ ‖ ‖^2_{r,ρ̃} dt ≤ c_1 ∫_T 0 (∫ t 0 (t − s)^{− r−r̃2} ||v(s)||_{r̃,ρ̃} ds )_2 dt. Applying now Jensen’s inequality we get ≤ c_1 ∫_T 0 ((∫ t 0 (t − s)^{− r−r̃2} ds ) 1_3 (∫^t 0 (t − s)^{− r−r̃2} ||v(s)||^{65}_{r̃,ρ̃} ds ) 5_3 ) dt ≤ c_2 ∫_T 0 (∫ t 0 (t − s)^{− r−r̃2} ||v(s)||^{65}_{r̃,ρ̃} ds ) 5_3 dt, and again by Jensen’s inequality ≤ c_2 ∫_T 0 (∫ t 0 (t − s)^{− 5(r−r̃)6} ||v(s)||^{65}_{r̃,ρ̃} ds )(∫ t 0 ||v(s)||^{65}_{r̃,ρ̃} ds ) 2_3 dt ≤ c_3 (∫ T 0 ||v(t)||^{65}_{r̃,ρ̃} dt ) 5_3 , which completes the proof. �

Proof of Proposition 2.2.

Proof of (i). First note that for each ρ ∈ R there exist a constant c_ρ > 0 such that |∂_{xi} ϑ_ρ(x)| ≤ c_ρ|ϑ_ρ(x)| for x ∈ R^d, i = 1, . . . , d. Now let v, u ∈ C^∞_0 (R^d; R^d). Then integrating by parts and using Hölder’s inequality and the estimate above we find a constant C independent of v and u such that |⟨B_0(v), u⟩_ρ| ≤ C|v|^2_L4_ρ ||u||_{1,ρ}, which easily gives the desired conclusion. � Proof of (ii). Since d = 2, 3, Lemma A.2(ii) yields that W^{34} → L^4. Hence the desired conclusion follows from (i) and the following interpolation inequality ||v|| 3_4 ≤ c|v|^{14} ||v||^{34}_1 for v ∈ W^1. � Proof of (iii). By Lemma A.2(ii) we have W^{12} → L^4_ρ. Thus the desired conclusion follows from (i) and the interpolation inequality ||v|| 1_2 ≤ c|v|^{12} ||v||^{12}_1 for v ∈ W^1. �

B. Appendix This appendix deals with the existence of an orthonormal basis of H which is a Schauder basis of H^1. This result is needed in the proof of Theorem 1.1. Theorem B.1. There exists an orthonormal basis {e_k} of H such that:

(i) {e_k} ⊂ C^∞_b (O; R^d) ∩ H^2, (ii) for every v ∈ H^1, the sequence {Π_nv} converges in H^1 to v, (iii) there exists a constant C such that for every n, ||Π_n||_{L(H}1_{,H}1_) ≤ C.

Proof. Let A be the Stokes operator, that is the generator of S on H, and let E( dλ) be the spectral projection corresponding to I − A. Set X_m = Range E([m, m + 1)), m ∈ N.

Then X_m, m ∈ N are closed subspaces of H. For very m let {e_{m,l}} be an orthonormal basis of X_m. Put the set {e_{m,l} : m, l ∈ N} into a sequence {e_k}. We will show that {e_k} has the desired properties. First it is an orthonormal basis of H as X_m is orthogonal to X_m′ if m ≠ m^′, and as X^{def}= ⋃ m∈N X_m is dense in H. Then {e_k} ⊂ C^∞_b (O; R^d) ∩ H^2 because X ⊂ ⋂ r∈[0,∞) H^r ⊂ C^∞_b (O; R^d).

Let Π_n be the projection onto the space span {e_1, . . . , e_n}. Then, since on every X_m the norms | · | and || · ||_1 are equivalent we have ||Π_nv − v||_1 → 0 for every v ∈ X.

Hence, since X is dense, the proof will be complete as soon as we can show that sup_{n∈N} ||Π_n||_{L(H}1_{,H}1_) < ∞.

Let v ∈ X. Then

||Π_n||^2_1 = ⟨(I − A)Π_nu, Π_nu⟩ = ∞∑ m=1 ∫_{m+1} m λ⟨E( dλ)Π_nu, Π_nu⟩

≤ ∞∑ m=1 (m + 1)|E([m, m + 1))Π_nu|^2 = ∞∑ m=1 (m + 1)|Π_nE([m, m + 1))u|^2

≤ ∞∑ m=1 m + 1 m ∫_{m+1} m λ⟨E( dλ)u, u⟩ ≤ 2||u||^2_1, which gives the desired conclusion. �

C. Appendix

In the proof of the existence of a solution to (0.2) we fix 1/2 < ρ < 1, and we project the equation onto the spaces span {e_1, . . . , e_n}, n ∈ N, generated by the elements of a Schauder basis of W^1_ρ , L^2_ρ and L^q_ρ, 2 ≤ q ≤ 6. Its existence follows from the following theorem.

Recall that S^l denotes the space of all v ∈ C^l(R^d; R^d) such that

sup_{|α|≤l} sup_{x∈R d} |(1 + |x|^2)^n∂^αv(x)| < ∞ for every n ∈ N.

Theorem C.1. For all l ∈ N and ρ ∈ (1/2, 1) there is an orthonormal basis Ψ_ρ of L^2_ρ(R^d) such that Ψ_ρ ⊂ S^l and Ψ_ρ is an unconditional Schauder basis of the spaces W^1_ρ (R^d) and L^q_ρ(R^d), q ∈ [2, ∞).

Proof. We prove the theorem for d = 1. Then taking tensor products one can generalize the result to the case of d ≥ 1. As in the whole paper we write L^q, L^q_ρ, and W^1_ρ instead of L^q(R^d), L^q_ρ(R^d), and W^1_ρ (R^d). We divide the proof into two steps. First we show the existence of an orthonormal basis Ψ of L^2 such that Ψ ⊂ S^l and Ψ is an unconditional Schauder basis of the spaces W^1 and L^q_κ, where

(C.1) 1 < q < ∞ and 1 2 − q 2 < κ < 1 2 . We construct this basis using the theory of wavelets. Recall, see [28, p. 21 and p. 71] that an l-regular multiresolution approximation of L^2 is an increasing sequence V_j , j ∈ Zof closed linear subspaces of L^2 such that:

(i)^∞ ⋂ j=−∞ V_j = {0} and^∞ ⋃ j=−∞ V_j is dense in L^2,

(ii) for all v ∈ L^2 and j ∈ Z, x → v(x) ∈ V_j ⇐⇒ x → v(2x) ∈ V_{j+1}, (iii) for all v ∈ L^2 and k ∈ Z, x → v(x) ∈ V_0 ⇐⇒ x → v(x − k) ∈ V_0, (iv) there is a function φ ∈ V_0 ∩ S^l such that the sequence φ(· − k), k ∈ Zis an orthonormal basis of V_0.

Let {V_j } be an l-regular multiresolution approximation of L^2. We denote by W_j the orthogonal complement of V_j in V_{j+1}.

According to [28, Theorem 1, p. 72] for any l-regular multiresolution approximation {V_j } of L^2 there is a function ψ ∈ W_0 ∩ S^l such that ψ(· − k), k ∈ Z, is an orthonormal basis of W_0. For our purposes we take V_0 being the space of l-splines

on R, that is the space of all v ∈ L^2 ∩ C^{l−1} such that the restriction of v to each

interval (k, k + 1), k ∈ Z, is a polynomial of degree ≤ l.

Let N0 = N ∪ {0}. For j ∈ N0, k ∈ Z, and x ∈ R we write ψ_{(j,k)}(x) =

2^{j/2}ψ(2^j x − k). Note that the family {ψ_{(j,k)}, k ∈ Z} is an orthonormal basis of W^j . The following orthonormal basis of L^2, Ψ = {φ(· − k), k ∈ Z} ∪ {ψ_{(j,k)}, j ∈ N_0, k ∈ Z} in called a wavelet basis arising from {V_j }.

Our goal is to show that Ψ has the required properties. The fact that it is an unconditional Schauder basis of W^1 follows from [28, Theorem 2, p. 172]. Let q and κ satisfy (C.1). Then, as ϑ_κ is an A_q-basis, see [35, Chapter 5], [22, Theorem 4] yields that Ψ is an unconditional Schauder basis of L^q_κ.

Let ρ ∈ (1/2, 1), let i_{ρ/2}v = ϑ_{−ρ/2}v, and let Ψ_ρ = {j_{ρ/2}v, v ∈ Ψ}. Since i_{ρ/2} is an isometry between L^2 and L^2_ρ, and an isomorphism between W^1 and W^1_ρ , see Lemma A.1, we have that Ψ_ρ is an orthonormal basis of L^2_ρ, and Ψ_ρ is an unconditional basis of W^1_ρ . Note that i_{ρ/2} is an isometry between L^q_κ and L^q_{κ+qρ/2}. Thus to show that Ψ_ρ is an unconditional basis of the spaces L^q_ρ, q ∈ [2, ∞), it is enough to observe that for an arbitrary q ∈ [2, ∞) there is a κ such that (C.1) holds true and ρ = κ + qρ/2. �

Lemma C.1. Let E be equal to either W^1_ρ , or L^p_ρ for a q ∈ [2, ∞), and let {e_k} be an orthonormal basis of L^2_ρ and a Schauder basis of E. Let

Π_nv = n∑ k=1 ⟨v, e_k⟩_ρe_k and Π_{n,n+m}v = n+m∑ k=n ⟨v, e_k⟩_ρe_k.

Then:

(i) For every v ∈ E, |Π_nv − v|_E → 0 as n → ∞. (ii) sup_{n,m} ||Π_{n,n+m}||_{L(E,E)} < ∞. Proof. By the Banach–Steinhaus theorem (ii) follows from (i). Let v ∈ E, and let {v^k} be the coefficients of v in the basis {e_k}. Write,

Π̃_nv = n∑ k=1 v^ke_k and Π̃_{n,n+m}v = n+m∑ k=n v^ke_k.

Then |Π̃_nv − v|_E → 0 as n → ∞. Moreover, the uniqueness of the coefficients in an orthonormal basis implies that Π_nv = Π̃_nv and Π_{n,n+m}v = Π̃_{n,n+m}v for v ∈ E. Thus the proof of (i) will be complete as soon as we show that Π̃_n and Π̃_{n,n+m} are continuous linear operators on E. This follows from the facts that under the identification (L^2_ρ)^∗ = L^2_ρ we have {e_k} ⊂ E^∗, and e_k[e_l] = ⟨e_k, e_l⟩_ρ is equal to 0 for k ≠ l and 1 for k = l. �

Acknowledgements

We would like to thank Professors Z. Brzeźniak and S. Naboko for their help in the proof of Theorem B.1, and Professors Z. Ciesielski, A. Kamont and P. Wojtaszczyk for their help in the proof of Theorem C.1.

References

[1] R. A. Adams, Sobolev Spaces, Academic Press, New York-San Francisco, 1975. [2] A. Bensoussan, A model of stochastic differential equation in Hilbert space applicable to Navier–Stokes equation in dimension 2, in Stochastic Analysis, Liber Amicorum for Moshe Zakai (E. Mayer–Wolf, E. Merzbach, and A. Schwartz, eds.), Academic Press, 1991, pp. 51–73.

[3] A. Bensoussan and R. Temam, Equations stochastiques du type Navier–Stokes, J. Funct.

Anal. 13 (1973), 195–222.

[4] H. Bessaih, Martingale solutions for stochastic Euler equations, Preprint 22, Scuola Normale Superiore di Pisa, Pisa, 1997.

[5] A. de Bouard and A. Debussche, On the stochastic Korteweg–de Vries equation, Preprint 71, Université de Paris-Sud, Paris, 1996.

[6] Z. Brzeźniak, M. Capiński and F. Flandoli, Stochastic partial differential equations and turbulence, Mathematical Models in Applied Sciences 1 (1991), 41–59.

[7] Z. Brzeźniak and S. Peszat, Stochastic two dimensional Euler equations, in preparation. [8] M. Capiński and N. J. Cutland, Stochastic Navier–Stokes equations, Acta Appl. Math. 25 (1991), 59–85.

[9] M. Capiński and N. J. Cutland, Navier–Stokes equations with multiplicative noise, Nonlinearity 6 (1993), 71–77.

[10] M. Capiński and N. J. Cutland, Stochastic Euler equations on the torus, Preprint 3, School of Mathematics, University of Hull, Hull, 1997.

[11] M. Capiński and D. Ga̧tarek, Stochastic equations in Hilbert space with application to Navier- Stokes equations in any dimension, J. Funct. Anal. 126 (1994), 26–35.

[12] P. L. Chow, Stochastic partial differential equations in turbulence, in Probabilistic Analysis and Related Topics vol. 1 (A.T. Bharucha–Reid, ed.), Academic Press, New York, 1978, pp. 1–43.

[13] J. F. Clouet, A diffusion-approximation theorem in Navier–Stokes equation, Stoch. Anal.

Appl. 14 (1996), 33–46.

[14] G. Da Prato, A. Debussche and R. Temam, Stochastic Burgers equation, NoDEA 1 (1994), 389–402.

[15] G. Da Prato and D. Gatarek, Stochastic Burgers equation with correlated noise, Stochastics Stochastics Rep. 52 (1995), 29–41.

[16] G. Da Prato, S. Kwapień and J. Zabczyk, Regularity of solutions of linear stochastic equations in Hilbert spaces, Stochastics 23 (1987), 1–23.

[17] G. Da Prato and J. Zabczyk, Stochastic Equations in Infinite Dimensions, Cambridge University Press, Cambridge, 1992.

[18] G. Da Prato and J. Zabczyk, Ergodicity for Infinite Dimensional Systems, Cambridge University Press, Cambridge, 1996.

[19] D. A. Dawson and H. Salehi, Spatially homogeneous random evolutions, J. Multivar. Anal.

10 (1980), 141–180.

[20] F. Flandoli and D. Gatarek, Martingale and stationary solutions for stochastic Navier–Stokes equations, Probab. Theory Relat. Fields 102 (1995), 367–391.

[21] H. Fujita Yashima, Equations de Navier–Stokes Stochastiques non Homogenes at Applications, Scuola Normale Superiore, Pisa, 1992.

[22] J. García-Cuerva and K. S. Kazarian, Spline wavelet bases of weighted spaces, Proceedings of the International Conference on Fourier Analysis and Partial Differential Equations, Miraflores de la Sierra, June 1992 (J. García-Cuerva, E. Hernández, F. Soria and J-L. Torrea, eds.), CRN Press, Boca Raton, 1995.

[23] D. Gatarek and B. Goldys, On weak solutions of stochastic equations in Hilbert spaces, Stochastics Stochastics Rep. 46 (1993), 41–51.

[24] N. Ikeda and S. Watanabe, Stochastic Differential Equations and Diffusion Processes, North- Holland, Amsterdam, 1981.

[25] K. Itô, Foundations of Stochastic Differential Equations in Infinite Dimensional Spaces, SIAM, Philadelphia, 1984.

[26] P. Kotelenez, A stochastic Navier–Stokes equation for the vorticity of a two-dimensional fluid, Ann. Applied Probab. 7 (1995), 1126–1160.

[27] M. Metivier, Stochastic Partial Differential Equations in Infinite Dimensional Spaces, Scuola Normale Superiore di Pisa, Pisa, 1988.

[28] Y. Meyer, Wavelets and Operators, Cambridge University Press, Cambridge, 1992. [29] A. Pazy, Semigroups of Linear Operators and Applications to Partial Differential Equations, Springer-Verlag, New York, 1983.

[30] S. Peszat, Existence and uniqueness of the solution for stochastic equations on Banach spaces, Stochastics Stochastics Rep. 55 (1995), 167–193.

[31] S. Peszat, Sobolev spaces of functions on an infinite-dimensional domain, Stochastic Processes and Related Topics Stochastic Monographs Vol. 10 (H. J. Engelbert, H. Föllmer and J. Zabczyk, eds.), Gordon and Breach Publishers, Amsterdam, 1996, pp. 103–116.

[32] S. Peszat and J. Zabczyk, Stochastic evolution equations with a spatially homogeneous Wiener process, Stochastic Processes Appl., to appear.

[33] B. Schmalfuss, Measure attractors of the stochastic Navier–Stokes equations, Report 285, Institute für Dynamische Systeme, Universität Bremen, Bremen, 1991.

[34] B. Schmalfuss, Qualitative properties for the stochastic Navier–Stokes equation, Nonlinear Analysis, Theory, Methods Appl. 28 (1997), 1545–1563.

[35] E. M. Stein, Harmonic Analysis: Real-Variable Methods, Orthogonality, and Oscillatory Integrals, Princeton University Press, Princeton, 1993.

[36] R. Temam, Navier–Stokes Equations, North-Holland, Amsterdam, 1979. [37] M. I. Vishik and A. V. Foursikov, Solutions statistiques homogènes des systèmes paraboliques et du système de Navier–Stokes, Ann. Scuola Norm. Super. Pisa 4 (1977), 531–576.

[38] M. I. Vishik and A. V. Foursikov, Mathematical Problems of Statistical Hydromechanics, Kluwer Academic Press, Dordrecht-Boston, 1988.

Marek Capiński: Institute of Mathematics, Jagiellonian University, Reymonta 4, 30-059 Kraków, Poland

E-mail address: capinski@im.uj.edu.pl

Szymon Peszat: Institute of Mathematics, Polish Academy of Sciences, Św. Tomasza 30/7, Kraków 31-027, Poland

E-mail address: napeszat@cyf-kr.edu.pl