ON THE CONTACT EXPONENT OF PLANE CURVE SINGULARITIES

Evelia R. García Barroso and Arkadiusz Płoski

IMUJ PREPRINT 2003/15 KRAKÓW

Abstract

We give an explicit formula for the contact exponent (in the sense of Hironaka) of plane curve singularities in terms of Puiseux exponents and intersection multiplicities of branches.

1 Introduction

Let (C, 0) be the germ of a complex-analytic curve in C^2 with multiplicity m(C). To calculate the number of infinitely near m(C)-fold points Hironaka (see [H] or [BK]) introduced the concept of contact exponent d(C) which, in the case of irreducible germ, is equal to the (first) Puiseux exponent. Let (C, 0) =

⋃_r i=1(C_i, 0) be a many-branched singularity. In this note we give a formula for d(C) in terms of Puiseux exponents and intersection multiplicities of branches (C_i, 0). Then we prove the inequality μ(C) ≥ (m(C)d(C) − 1)(m(C) − 1) for the Milnor number μ(C) of (C, 0) and characterize the singularities for which the equality holds true.

2 Formula for the contact exponent

Let (C, D)_0 denote the intersection multiplicity of two curves germs (C, 0) and (D, 0) in (C^2, 0). If (C, 0) and (D, 0) are irreducible curve germs (branches)

2000 MS Classification: 32S55, 14H20. Key words: Contact exponent, Milnor number.

This research was partially supported by Polish KBN Grant 2 P03A 022 15 and Spanish Projet BFM2001-2251.

then we put d(C, D) =^{(C,D)0}_{m(C)m(D)} and call d(C, D) the order of contact of branches (C, 0) and (D, 0). For any branches (C, 0), (D, 0) and (E, 0) we have:

(d_1) d(C, D) = ∞ if and only if (C, 0) = (D, 0), (d_2) d(C, D) = d(D, C), (d_3) d(C, D) ≥ inf{d(C, E), d(E, D)} with equality if d(C, E) ≠ d(E, D).

The proof of (d_3) is given in [Ch-P].

If (C, 0) =

⋃_r i=1(C_i, 0) is a reduced germ with r > 1 branches (C_i, 0) then we put d(C, D) = inf^r_{i=1}{d(C_i, D)} for any branch (D, 0).

Lemma 1 If (C, 0) =

⋃_r i=1(C_i, 0) is a germ with r branches (C_i, 0) and (D, 0) is a branch then

1. d(C, D) ≤ inf_{i,j}{d(C_i, C_j )},

2. d(C, D) ≤^{(C,D)0}

m(C)m(D) with equality if d(C, D) < infi,j{d(Ci, Cj )}.

Proof.- Let i_0, j_0 be such that inf{d(C_i, C_j )} = d(C_{i0} , C_{j0} ). Then d(C, D) = inf_{1≤i≤r}{d(C_i, D)} ≤ inf{d(C_{i0} , D), d(C_{j0} , D)} and using (d3) we get d(C, D) ≤ d(C_{i0} , C_{j0} ) which proves the first part of the Lemma. In order to check the second part let us observe that

(C, D)_0 = r∑ i=1 (C_i, D)_0 = r∑ i=1 d(C_i, D)m(C_i)m(D) ≥ r∑ i=1 d(C, D)m(C_i)m(D)

so d(C, D) ≤^{(C,D)0}

m(C)m(D) with equality if and only if d(C, D) = d(Ci, D) for

all i ∈ {1, . . . , r}.

Suppose that d(C, D) < inf_{i,j}{d(C_i, C_j }. By definition there is an i_0 ∈ {1, . . . , r} such that d(C, D) = d(C_{i0} , D), so d(C_{i0} , D) < d(C_{i0} , C_j ) for all j ∈ {1, . . . , r}. Using (d3) to C_{i0} , D and C_j we get

d(C_j , D) = inf{d(C_{i0} , D), d(C_j , C_{i0} )} = d(C_{i0} , D) = d(C, D) for all j,

so d(C, D) =^{(C,D)0}

m(C)m(D) .

Now we put for any reduced plane curve germ (C, 0):

d(C) = sup{d(C, W ) : (W, 0) runs over all smooth branches}

and call d(C) the contact exponent of (C, 0) (see [H], Definition 1.5 where the term characteristic exponent is used). We say that a smooth germ (W, 0) has maximal contact with (C, 0) if d(C, W ) = d(C). Observe that d(C) = +∞ if and only if (C, 0) is a smooth branch.

Let (C, 0) be a branch with characteristic (β_0, β_1, . . . , β_g) (see [Z]). Recall that β_0 = m(C) and β_1 = sup{(C, W )_0 : (W, 0) runs over all smooth branches} (the supremum is attained). Clearly d(C) =^{β1}_{β0} (the first Puiseux exponent) and a smooth branch (W_0, 0) has maximal contact with (C, 0) if (C, W_0)_0 = β_1. Therefore we have

Lemma 2 Let (C, 0) be a branch. Then there exists a smooth branch which has maximal contact with (C, 0).

Using the order of contact we can tell if for two branches (C, 0) and (D, 0) there is a smooth branch which has the maximal contact with (C, 0) and (D, 0).

Lemma 3 Let (C, 0) and (D, 0) be two branches. Then

1. If there exists a smooth branch which has maximal contact with (C, 0) and (D, 0) then d(C, D) ≥ inf{d(C), d(D)} with equality if d(C) ≠ d(D).

2. If there does not exist such a branch then d(C, D) is an integer and d(C, D) < inf{d(C), d(D)}.

Proof.- If there exists a smooth branch (W, 0) such that d(W, C) = d(C) and d(W, D) = d(D) then we get the first part of the lemma by using Property (d3) to the branches (C, 0), (D, 0) and (W, 0). In order to check the second part suppose that such a branch does not exist. Let (U, 0) and (V, 0) be smooth branches such that d(U, C) = d(C) and d(V, D) = d(D). By hypothesis d(C, V ) < d(C) = d(C, U) and d(D, U) < d(D) = d(D, V ). According to (d3) we get d(U, V ) = inf{d(C, V ), d(C, U)} = d(C, V ) and d(U, V ) = inf{d(D, U), d(D, V )} = d(D, U) thus

d(C, V ) = d(D, U) = d(U, V ) (1)

Without lost of generality we can suppose that d(C) ≤ d(D). Therefore d(C, V ) < d(C) so d(C, V ) < d(D) and using (d3) we get

d(C, D) = inf{d(C, V ), d(D, V )} = d(C, V ) (2)

From (1) and (2) it follows that d(C, D) = d(U, V ) which is an integer because U and V are smooth branches. Moreover d(C, D) < inf{d(C), d(D)} and we are done.

Our main result is

Theorem 1 Let (C, 0) =

⋃_r i=1(C_i, 0) be a reduced germ with r > 1 branches (C_i, 0). Then

d(C) = inf{inf_i{d(C_i)}, inf_{i,j}{d(C_i, C_j )}}.

Moreover, there exists an i_0 ∈ {1, . . . , r} such that if a smooth branch (W, 0) has maximal contact with the branch (C_{i0} , 0) then it has maximal contact with the germ (C, 0).

The proof of the above theorem is given in the third section of this Note. It is based on Properties (d1), (d2), (d3) of the order of contact and on Lemma 2. This allows to prove the stability of contact exponent (see [H], Main Theorem 1.7) without appealing to the Newton diagrams (see Remark 1 in this Section).

Using Theorem 1 and Lemma 3 we get

Proposition 1 Let (C, 0) =

⋃_r

i=1(C_i, 0) be a reduced plane curve germ with r branches (C_i, 0). Then d(C) is a rational number greater than or equal to 1. Moreover

1. d(C) = 1 if and only if (C, 0) has at least two tangents.

2. d(C) < inf^r_{i=1}{d(C_i)} if and only if d(C) is an integer.

Proof.- The first part follows immediately from Theorem 1. In order to check the second part suppose that d(C) ∈ N. Then d(C) ≠ inf_i{d(C_i)} and by Theorem 1 we get the inequality d(C) < inf_i{d(C_i)}.

Suppose that d(C) < inf_i{d(C_i)}. We have to check that d(C) ∈ N. By Theorem 1 we get d(C) = inf_{i,j} {d(C_i, C_j )} = d(C_{i0} , C_{j0} ) for some i_0, j_0. Thus d(C) is an integer by Lemma 3 because d(C_{i0} , C_{j0} ) < inf{d(C_{i0} ), d(C_{j0} )}.

Proposition 2 Let (C, 0) = ∪^r_{i=1}(C_i, 0) be a reduced plane curve germ. A smooth branch (W, 0) does not have maximal contact with (C, 0) if and only if (C, W )_0 < d(C)m(C). Moreover in this case (C, W )_0 ≡ 0 (mod m(C)).

Proof.- Let us suppose that (W, 0) is a smooth branch which does not have maximal contact with (C, 0). We will check that (C, W )_0 < d(C)m(C) and^{(C,W )0}_{m(C)} ∈ N. By Theorem 1 we get d(C, W ) < inf_{i,j}{d(C_i, C_j)} since d(C, W ) < d(C). According to the second part of Lemma 1 we can write d(C, W ) =^{(C,W )0}_{m(C)} , thus (C, W )_0 = d(C, W )m(C) < d(C)m(C). We claim that^{(C,W )0}_{m(C)} = d(C, W ) is an integer. Indeed, we have the following property: if d(C, W ) ∉ N then d(C, W ) = d(C).

The above property is obvious if (C, 0) is a branch. In the general case d(C, W ) = inf_i{d(C_i, W )} = d(C_{i0} , W ) for some i_0 ∈ {1, . . . , r}. If d(C, W ) ∉ N then d(C_{i0} , W ) ∉ N and d(C_{i0} , W ) = d(C_{i0} ) since C_{i0} is a branch. Consequently, we get d(C, W ) = d(C_{i0} ) which implies, by Theorem 1, d(C) = d(C_{i0} ) = d(C, W ).

Now, suppose that (C, W )_0 < d(C)m(C). Then by the second part of Lemma 1 we get d(C, W ) ≤^{(C,W )0}_{m(C)} and consequently d(C, W ) < d(C) which means that (W, 0) does not have maximal contact with (C, 0).

Remark 1 Let (C, 0) be the proper image of a reduced unitangent germ (C, 0) under blowing up the point 0 ∈ C^2. Then the following hold (i) if 1 < d(C) < 2 then m(C) < m(C), (ii) if d(C) ≥ 2 then d(C) = d(C) + 1.

To prove (i) and (ii) we check the above properties in the case of branches and then we use Theorem 1. Using (ii) and the Max Noether formula for the intersection multiplicity we get (iii) if d(C) ≥ 2 and (D, 0) is a branch then d(C, D) = d(C, D) + 1. Properties (i), (ii) and (iii) imply the stability of maximal contact (see [H] and [BK] Chapter III).

3 Proof of the result

Let (C, 0) be a reduced plane curve germ in (C^2, 0). For every non-empty family of branches B we put

d(C, B) = sup{d(C, W ) : (W, 0) ∈ B}.

Note that d(C, B) = +∞ if (C, 0) ∈ B. We will prove the following

Theorem 2 Let (C, 0) =

⋃_r

i=1(C_i, 0) be a reduced germ with r > 1 branches (C_i, 0) and let B be a family of branches such that for every i ∈ {1, . . . , r} there exists a branch (W_i, 0) ∈ B for which d(C_i, B) = d(C_i, W_i). Then

d(C, B) = inf{inf_i{d(C_i, B)}, inf_{i,j}{d(C_i, C_j )}}.

Moreover, there exists an i_o ∈ {1, . . . , r} such that for every (W, 0) ∈ B with d(C_{i0} , W ) = d(C_{i0} , B) one has d(C, W ) = d(C, B).

Proof.- Set d^∗(C, B) = inf{inf_id(C_i, B), inf_{i,j}d(C_i, C_j )}.

The inequality d(C, B) ≤ d^∗(C, B) follows from the first part of Lemma 1 and from the definition of d(C_i, B). Thus to prove the result let us consider two cases:

First case: inf_i{d(C_i, B)} ≤ inf_{i,j}{d(C_i, C_j )}.

Let i_0 ∈ {1, . . . , r} be such that d(C_{i0} , B) = inf_i{d(C_i, B)}. Then, we have d(C_{i0} , B) = d^∗(C, B). (3) Let W ∈ B be a branch such that d(C_{i0} , W ) = d(C_{i0} , B). We claim that d(C_{i0} , W ) ≤ d(C_i, W ) for all i ∈ {1, . . . , r}. (4) To obtain a contradiction suppose that (4) does not hold. Thus there is an i_1 ∈ {1, . . . , r} such that d(C_{i1} , W ) < d(C_{i0} , W ). (5) Using Property (d_3) to the branches (C_{i0} , 0), (C_{i1} , 0) and (W, 0) we get d(C_{i1} , W ) = d(C_{i0} , C_{i1} ). (6) On the other hand, in the case under consideration we have d(C_{i0} , B) = inf_i{d(C_i, B)} ≤ d(C_{i0} , C_{i1} ). (7) Therefore by (7),(6) and (5) we get d(C_{i0} , B) ≤ d(C_{i1} , W ) < d(C_{i0} , W ) which contradicts the definition of d(C_{i0} , B). Now, using (4) and (3), we calculate d(C, W ) = inf{d(C_{i0} , W ), inf_{i≠i0} d(C_i, W )} = d(C_{i0} , W ) = d(C_{i0} , B) = d^∗(C, B) which proves the theorem in the first case. Second case: inf_i{d(C_i, B)} > inf_{i,j}{d(C_i, C_j )}.

Let i_0, j_0 be such that d(C_{i0} , C_{j0} ) = inf_{i≠j} d(C_i, C_j) = d^∗(C, B). Let (W, 0) be a branch such that d(C_{i0} , W ) = d(C_{i0} , B). We claim that d(C_{i0} , C_{j0} ) ≤ d(C_i, W ) for all i ∈ {1, . . . , r} with equality for i = j_0. (8) First observe that in the case under consideration we have d(C_{i0} , C_{j0} ) < d(C_{i0} , B) = d(C_{i0} , W ). (9) Fix an i ∈ {1, . . . , r}. If d(C_{i0} , W ) ≤ d(C_i, W ) then (8) follows from (9). If d(C_i, W ) < d(C_{i0} , W ) then by Property (d_3) applied to the branches (C_i, 0), (C_{i0} , 0) and (W, 0) we get d(C_i, W ) = d(C_i, C_{i0} ) ≥ inf_{i,j}{d(C_i, C_j )} = d(C_{i0} , C_{j0} ). In particular for i = j_0, d(C_{j0} , W ) = d(C_{j0} , C_{i0} ) = d(C_{i0} , C_{j0} ). Now, we get by the definition of d(C, W ) and properties (8) and (9):

d(C, W ) = inf{d(C_{i0} , W ), d(C_{j0} , W ), inf_{i≠i0,j0} d(C_i, W )} = d(C_{j0} , W ) = d(C_{i0} , C_{j0} ) = d^∗(C, B) which proves the theorem in the second case.

Proof of Theorem 1 Theorem 1 follows immediately from Theorem 2 and Lemma 2 by taking B to be the set of all smooth branches.

4 Bound for the Milnor number

Let μ(C) be the Milnor number of the germ (C, 0) (for basic properties of the Milnor number see [M] and [Ph]). In this section we give a lower bound for μ(C) and characterize the singularities for which the bound is exact.

Proposition 3 Let (C, 0) =

⋃_r i=1(C_i, 0) be a singular reduced germ with r branches (C_i, 0). Then μ(C) ≥ (d(C)m(C) − 1)(m(C) − 1) with equality if and only if the following two conditions are satisfied: (e_1) d(C_i, C_j ) = d(C) for all i ≠ j, (e_2) if the branch (C_i, 0) is singular then (C_i, 0) has exactly one Puiseux pair (i.e. the characteristic of (C_i, 0) has exactly two terms) and d(C_i) = d(C).

Proof.- First let us suppose that (C, 0) is a branch with characteristic (β_0, β_1, . . . , β_g). Then the inequality takes the form μ(C) ≥ (β_1 − 1)(β_0 − 1) and Proposition

3 follows from the well-known formula μ(C) = g∑ k=1 (l_{k−1} − l_k)(β_k − 1) where

l_k = gcd(β_0, . . . , β_k) for k ∈ {0, . . . , g}.

Now suppose that the germ (C, 0) has r > 1 branches (C_i, 0) and let n_i = m(C_i) for i ∈ {1, . . . , r}. From Theorem 1 we get d(C_i) ≥ d(C) and d(C_i, C_j ) ≥ d(C) for all i, j ∈ {1, . . . , r}. By the first part of the proof μ(C_i) ≥ (d(C_i)n_i − 1)(n_i − 1) for the singular branches with equality if and only if (C_i, 0) is a singular branch satisfying condition (e_2).

Let I := {i : C_i is singular}. Now, we get μ(C) + r − 1 = r∑ i=1 μ(C_i) + 2 ∑ 1≤i<j≤r

(C_i, C_j )_0

= r∑ i=1 μ(C_i) + 2 ∑ 1≤i<j≤r

d(C_i, C_j )n_in_j ≥ ∑ i∈I (d(C_i)n_i − 1)(n_i − 1) + 2 ∑ 1≤i<j≤r

d(C_i, C_j )n_in_j

≥ r∑ i=1 (d(C)n_i − 1)(n_i − 1) + 2 ∑ 1≤i<j≤r

d(C)n_in_j

= d(C)(m(C)^2 − m(C)) − m(C) + r with equality if and only if the conditions (e_1) and (e_2) are satisfied.

Lemma 4 Let (C, 0) be a germ with exactly one tangent. We have:

1. d(C) ≥ 1 +^1_{m(C)} . Moreover d(C) = 1 +^1_{m(C)} if and only if (C, 0) is a branch of characteristic (m(C), m(C) + 1).

2. μ(C) ≥ m(C)(m(C) − 1) with equality if and only if d(C) = 1 +^1_{m(C)} . Proof.- Let {(C_i, 0)}_i be the set of the branches of (C, 0). To check the first part of the Lemma we may assume that d(C) is not an integer. Then by Theorem 1 and the second part of Proposition 1 there is an i_0 such that d(C) = d(C_{i0} ). The contact exponent d(C_{i0} ) is a fraction with the denominator less than or equal to m(C_{i0} ). Therefore we get d(C) = d(C_{i0} ) ≥ 1 +^1_{m(Ci0 )} ≥ 1 +^1_{m(C)} and the equality d(C) = 1 +^1_{m(C)} implies m(C_{i0} ) = m(C) and consequently C_{i0} = C. Moreover (C, 0) is of characteristic (m(C), m(C) + 1) since m(C) and m(C) + 1 are coprime.

In order to prove the second part we get, by Proposition 3 and the first part of this Lemma,

μ(C) ≥ (d(C)m(C) − 1)(m(C) − 1) ≥ ((1 + 1 m(C)

)m(C) − 1)(m(C) − 1) = m(C)(m(C) − 1).

If μ(C) = m(C)(m(C) − 1) then from the above calculation it follows that d(C) = 1 +^1_{m(C)} .

On the other hand if d(C) = 1 +^1_{m(C)} then by the first part of this lemma C is a branch of characteristic (m(C), m(C) + 1). According to Proposition 3 μ(C) = (d(C)m(C) − 1)(m(C) − 1) = m(C)(m(C) − 1).

Let t = t(C) be the number of tangents to the germ (C, 0).

Proposition 4 For every germ (C, 0) = ∪^r_{i=1}(C_i, 0) we have μ(C) ≥ m(C)(m(C)− 1) − t(C) + 1 with equality if and only if the branches of (C, 0) are pairwise transverse (i.e. d(C_i, C_j ) = 1 for i ≠ j) and for every singular branch (C_i, 0) of (C, 0) one has d(C_i) = 1 +^1_{m(Ci )} .

Proof.- We can write (C, 0) =

⋃_t i=1(C̃_i, 0) where {(C̃_i, 0)}_i are germs with one tangent and pairwise transverse. Let ñ_i = m(C̃_i). Then by Lemma 4

μ(C) + t(C) − 1 = t∑ i=1 μ(C̃_i) + 2 ∑ 1≤i<j≤t

(C̃_i, C̃_j)_0

≥ t∑ i=1 ñ_i(ñ_i − 1) + 2 ∑ 1≤i<j≤t

ñ_iñ_j

= m(C)^2 − m(C)

with equality if and only if μ(C̃_i) = ñ_i(ñ_i − 1) for all i ∈ {1, . . . , t} which by the first part of the proof means that for every singular germ (C̃_i, 0) one has d(C̃_i) = 1 +^1_{m(C̃i)} . We use Lemma 4.

Remark 2 Let ((C_1, 0_1), . . . , (C_t, 0_t)) be the proper image of the germ (C, 0) under blowing up the point 0. Then we could get the Proposition 4 from the well-known formula μ(C) + t(C) − 1 = m(C)(m(C) − 1) +

∑_t

k=1 μ(C_k).

5 Polar invariants and the contact exponent

Let (C, 0) be a reduced plane singular germ and let (P (C), 0) be the germ of a generic polar of C. Then (P (C), 0) is a reduced germ of multiplicity m(P (C)) = m(C) − 1. Let (P (C), 0) =

⋃_s j=1(D_j , 0) be the decomposition of (P (C), 0) into branches (D_j , 0).

We put Q(C, 0) = {^{(C,Dj )0}_{m(Dj )} : j ∈ {1, . . . , s}} and call the elements of Q(C, 0) the polar invariants of (C, 0). They are topological invariants of (C, 0) (see [T1], Théorème 6, p. 275). Let us consider the minimal polar invariant α(C) := inf Q(C, 0).

Proposition 5 For any singular reduced germ (C, 0) we have α(C) = m(C)d(C).

Proof.- See [L-M-P].

One could prove Proposition 5 by using Theorem 1 and the explicit formulae for the polar invariants given in [GP] (see Theorem 1.3) and [E].

We say that (C, 0) is an Eggers singularity if Q(C, 0) has exactly one element.

Proposition 6 Let (C, 0) be a singular reduced germ. Then μ(C) = (d(C)m(C)− 1)(m(C) − 1) if and only if (C, 0) is an Eggers singularity.

Proof.- By [T2] Proposition 1.2 we get

μ(C) = (C, P (C))_0 − m(C) + 1 = s∑ j=1 (C, D_j )_0 − m(C) + 1

≥ α(C)m(P (C)) − m(C) + 1 = α(C)(m(C) − 1) − m(C) + 1 = (α(C) − 1)(m(C) − 1)

with equality if and only if (C, 0) is an Eggers singularity. We use Proposition 5. If (C, 0) is an Eggers singularity then the pair (m(C), m(C)d(C)) determines the equisingularity class of (C, 0). More specifically, we have:

Proposition 7 (cf [E], Korollar 3, p. 16) Let (C, 0) be a reduced plane singular germ. Then (C, 0) is an Eggers singularity if and only if one of the following three conditions hold

1. d(C) ∈ N. All branches of (C, 0) are smooth and intersect pairwise with multiplicity d(C).

2. d(C) ∉ N and m(C)d(C) ∈ N. The germ (C, 0) has

r = g.c.d.(m(C), m(C)d(C)) branches, each of one of characteristic (^{m(C)}_r ,^{m(C)d(C)}_r ), intersecting pairwise with multiplicity^{m(C)2 d(C)}_{r2} .

3. m(C)d(C) ∉ N. There is a smooth germ (L, 0) such that (C, 0) = (L, 0) ∪ (C^′, 0) where (C^′, 0) is a germ of type (2) with d(C^′) = d(C) and m(C^′) = m(C) − 1. The branch (L, 0) has maximal contact with any branch of (C^′, 0).

Proof.- We use Proposition 6. If one of conditions (1), (2) or (3) is satisfied then a direct calculation shows that μ(C) = (d(C)m(C) − 1)(m(C) − 1). Suppose that (C, 0) = ∪^r_{i=1}(C_i, 0) is an Eggers singularity. Then by Proposition 6 and Proposition 3 the conditions (e_1) and (e_2) are satisfied. Let us consider three cases:

Case 1: All branches (C_i, 0) are smooth. Then (C, 0) is of type (1) by (e_1).

Case 2: All branches (C_i, 0) are singular. Then the branches {(C_i, 0)}_i have the same characteristic (β_0, β_1) and according to (e_2) d(C_i) = d(C) for all i ∈ {1, . . . , r}. Clearly, we have m(C) =

∑_r i=1 m(C_i) = rβ_0 and m(C)d(C) = m(C)d(C_i) = rβ_1. Thus m(C)d(C) ∈ N, r = g.c.d.(m(C), m(C)d(C)) and it is easy to see that (C, 0) is of type (2).

Case 3: Neither Case 1 nor Case 2 holds, thus r > 1. We may assume that (C_1, 0) is smooth and (C_2, 0) is singular. If r > 2 then all branches (C_i, 0) for i ≥ 3 are singular. In fact, we have by (e_1): d(C_1, C_i) = d(C_2, C_i) = d(C_1, C_2) = d(C) and by (e_2): d(C) = d(C_2) ∉ N. Thus d(C_1, C_i) ∉ N and (C_i, 0) are singular for all i ≥ 3. Let (L, 0) := (C_1, 0) and (C^′, 0) := ∪^r_{i=2}(C_i, 0). Then (C, 0) = (L, 0) ∪ (C^′, 0) and we check using Theorem 1 that (C, 0) is of type (3).

6 Puiseux series and the contact exponent

Let (C, 0) be a reduced plane curve germ with multiplicity n = m(C) > 1. Let us take a system of coordinates x, y such that the axis x = 0 is transverse to the germ (C, 0). Then (C, 0) has the minimal equation f(x, y) = 0 where f(x, y) = y^n + a_1(x)y^{n−1} + · · · + a_n(x) is a Weierstrass polynomial.

Let C{x}^∗ = ⋃ N>0 C{x^{1/N} } be the ring of Puiseux series. Write f(x, y) = ∏_n

i=1(y − y_i(x)) in C{x}^∗[y].

Proposition 8 Let us keep the notation introduced above. Then d(C) = inf_{i,j}{ord(y_i(x) − y_j(x))}.

Proof.- If (C, 0) is irreducible then d(C) =^{β1}_{β0} and the formula follows from the definition of the characteristic (see [Z]). Suppose that (C, 0) =

⋃_r k=1(C_k, 0) is a germ with r > 1 branches and let f = f_1 · · · f_r be a factorization of f ∈ C{x, y} into irreducible factors such that f_k = 0 is the minimal equation of (C_k, 0).

Let R(f_k) be the set of all roots of the equation f_k(x, y) = 0 in C{x}^∗[y]. Write y_i = y_i(x) for i ∈ {1, . . . , n}. Lemma: With the notation introduced above

1. If there exists a smooth branch which has maximal contact with branches (C_k, 0) and (C_l, 0) then

inf{ord(y_i − y_j ) : y_i ∈ R(f_k) and y_j ∈ R(f_l)} ≥ inf{d(C_k), d(C_l)}

with equality if k = l.

2. If there does not exist such a branch then ord(y_i − y_j) = d(C_k, C_l) for all y_i ∈ R(f_k) and y_j ∈ R(f_l).

Proof of the Lemma: Let (C_k, 0) be a singular branch. Then for every y_i ∈ R(C_k) there is a unique polynomial Y_k in x of degree less than d(C_k) and a constant c_i ≠ 0 such that

y_i = Y_k + c_ix^{d(Ck )} + · · · (terms of order > d(C_k)).

We will check the Lemma for two singular branches (C_k, 0) and (C_l, 0) (if one of the branches is smooth then the proof needs an obvious modification). We may assume than k ≠ l. Let y_i, y_j be such that y_i ∈ R(f_k) and y_j ∈ R(f_l).

If there exists a smooth branch which has maximal contact with the branches (C_k, 0) and (C_l, 0) then Y_k = Y_l and the order of y_i − y_j = (c_ix^{d(Ck )} + · · · ) − (c_j x^{d(Cl )} + · · · ) is greater than or equal to inf{d(C_k), d(C_l)}.

If there is not such a branch then Y_k ≠ Y_l and ord(y_i −y_j) = ord(Y_k −Y_l). By Zeuthen’s rule we get (C_k, C_l)_0 = ∑ i,j ord(y_i − y_j) = m(C_k)m(C_l)ord(Y_k − Y_l) and the lemma follows.

Indeed, using the Lemma and Theorem 1 we get for any roots y_i, y_j of f: ord(y_i − y_j ) ≥ inf{inf_k{d(C_k)}, inf_{k,l}{d(C_k, C_l)}} = d(C). If d(C) = d(C_k) for a k ∈ {1, . . . , r} then, by the one branch case there exists y_i, y_j ∈ R(C_k) such that ord(y_i − y_j) = d(C_k) = d(C) and Proposition follows. If d(C) < inf_k{d(C_k)} then d(C) = d(C_k, C_l) for some k ≠ l and by Lemma 3 there is no a smooth branch with maximal contact with (C_k, 0) and (C_l, 0). Thus ord(y_i − y_j) = d(C_k, C_l) = d(C) for y_i ∈ R(C_k) and y_j ∈ R(C_j ) by the Lemma.

Proposition 9 Let (C, 0) be a singular germ. Then μ(C) = (d(C)m(C) − 1)(m(C) − 1) if and only if there is a d > 0 such that ord(y_i(x) − y_j(x)) = d for all i ≠ j.

Proof.- Let Δ_f (x) = ∏ 1≤i<j≤n(yi − yj)

2 be the discriminant of the polynomial f(x, y) ∈ C{x}[y]. Then ordΔ_f (x) ≥ n(n − 1)inf_{i,j}{ord(y_i − y_j)} = n(n − 1)d(C) by Proposition 8 with equality if and only if the orders {ord(y_i − y_j)}_{i,j} do not depend on i ≠ j. It suffices to recall that ordΔ_f (x) = μ(C) + n − 1 .

References

[BK] E. Brieskorn, H. Knörrer, Plane algebraic curves, Birkhäuser Verlag 1986.

[Ch-P] J. Chadzyński-A. Płoski, An inequality for the intersection multiplicity of analytic curves, Bulletin of the Polish Academy of Sciences Mathematics, Vol. 36, No 3-4, (1988), 113-117.

[E] H. Eggers, Polarinvarianten und die Topologie von Kurvensingularitäten, Bonner Mathematische Schriften, Vol. 147, 1983.

[GP] J. Gwoździewicz-A. Płoski, On the polar quotients of an analytic plane curve, Kodai Math. Journal, Vol. 25, 1, (2002), 43-53. (1995) 199-210.

[H] H. Hironaka, Introduction to the theory of infinitely near singular points, Memorias del Instituto Jorge Juan 28, Madrid 1974.

[L-M-P] A. Lenarcik, M. Masternak, A. Płoski, Factorization of the polar curve and the Newton polygon, Kodai Math. Journal. To appear.

[M] J. Milnor, Singular points of complex hypersurfaces, Ann. of Math. Stud. 61, Princeton, 1968.

[Ph] F. Pham, Courbes discriminantes des singularités planes d’ordre 3, Singularités à Cargèse 1972, Asterisque 7-8 (1973), 363-391.

[T1] B. Teissier, Varietés polaires.I. Invariants polaires des singularités des hypersurfaces, Invent. Math. 40, (1977) 267-292.

[T2] B. Teissier, Cycles évanescents, sections planes et condition de Whitney, Astérisque 7-8, (1973) 285-362.

[Z] O. Zariski, Le problème des modules pour les branches planes (Hermann, Paris, 1986), x+212 pp.

Evelia Rosa García Barroso Departamento de Matemática Fundamental Facultad de Matemáticas, Universidad de La Laguna 38271 La Laguna, Tenerife, España e-mail: ergarcia@ull.es

Arkadiusz Płoski Department of Mathematics Technical University Al. 1000 L PP7 25-314 Kielce, Poland e-mail: matap@tu.kielce.pl