Local approximation of analytic sets by Nash sets

Marcin Bilski^1

IMUJ PREPRINT 2004/04 21 April 2004

Abstract

We show that every analytic subset of C^m of pure dimension n can be locally approximated by a sequence of Nash sets of pure dimension n.

1 Introduction

The problem of algebraic approximations of analytic objects appears in a natural way in many areas of research. In complex geometry various results have been obtained, especially in the case where the considered objects are manifolds or mappings (see [7], [9], [12], [13], [14]).

This paper is devoted to approximating analytic sets by Nash sets. The approximation is expressed by means of the notion of the local uniform convergence. More precisely, let U be an open subset of C^n and let Y, Y_ν , for ν ∈ N, be closed subsets of U. We say that {Y_ν } converges to Y locally uniformly if and only if:

(1) for every a ∈ Y there exists a sequence {a_ν } such that a_ν ∈ Y_ν and a_ν −→ a in the standard topology of C^n, (2) for every compact subset K of U such that K ∩ Y = ∅ there exists ν_0 ∈ N such that Y_ν ∩ K = ∅ for all ν > ν_0.

Then we write Y_ν −→ Y.

For details concerning the local uniform convergence see [16].

1Research partially supported by KBN Grant no. 2P03A 015 22

It has been well known that if the set X of pure dimension k that we want to approximate is a set-theoretic complete intersection in C^n, that is there are entire functions f_1, . . . , f_{n−k} describing it, we obtain a sequence {X_ν } of algebraic subsets of C^n converging to X by approximating f_j by polynomials (see [16] Corollary 4, p. 392). Due to the Sard theorem, we may assume that X_ν are non-singular of pure dimension k (if not, we add small generic constants to the polynomials). Unfortunately, this method does not work in the case where the number of the functions describing X is greater than its codimension.

The problem of approximation of analytic sets which are not complete intersections is discussed in [2]. The main result of that paper concerning the local approximation is the following. Let D be an open connected subset of C^n and let X be an analytic subset of D × C^k of pure dimension n with proper projection onto D such that the set Σ_X is a Nash subset of D. Here Σ_X = {x ∈ D : ♯(({x} × C^k) ∩ X) < max_x′_{∈D} ♯(({x^′} × C^k) ∩ X)}. Then for every a ∈ D there exists a neighborhood V such that (V × C^k) ∩ X can be approximated by Nash sets of pure dimension n. Additionally, these sets have the same generic cardinality of the fibers of the projection onto D as X. The fact that every analytic surface can be locally approximated by two-dimensional Nash sets has been obtained as a corollary.

Let us mention that the question whether it is possible to approximate a given analytic set by Nash ones is related to the problem of the existence of a Nash variety biholomorphically equivalent to this set. In [9] (Theorem 1.2, p. 336) Lempert proved that for every compact subset of a reduced Stein space with isolated singularities there exists a neighborhood which is biholomorphic to an open subset of some algebraic variety. In view of this result and the fact that the space obtained by normalization of a two-dimensional analytic set has isolated singularities, one can easily prove that every analytic set of dimension two can be locally approximated by two-dimensional Nash sets. (For works on biholomorphic equivalence see also [1], [3], [11]).

In this paper we generalize the result for analytic surfaces showing that every analytic set can be locally approximated by Nash sets independently of its dimension and the dimension of the space in which it is contained. The main result is the following

Theorem 1.1 Let Ω be an open subset of C^m, m ∈ N and let X be an analytic subset of Ω of pure dimension n. Then for every a ∈ X there exists an open neighborhood U of a in Ω and a sequence {X_ν } of Nash subsets of U of pure dimension n such that X_ν −→ X ∩ U.

The organization of this paper is as follows. Section 2 is of preparatory nature. There we fix the notation and collect facts and definitions concerning Nash functions, Nash sets and the structure of analytic sets. In Section 3 we prove our main result.

2 Preliminaries

2.1 Analytic sets with proper projection

In this subsection we collect facts concerning analytic sets with proper projection that will be useful in the proof of the main theorem.

The following mappings will denote natural projections. π : C^{n+1} × C^k −→ C^{n+1}, π_i : C^{n+1} × C_1 × . . . × C_k −→ C^{n+1} × C_i ~π_i : C^{n+1} × C_i −→ C^{n+1}.

(The subscripts will be written, if necessary, to distinguish coordinates.)

In the sequel the restrictions of those mappings to open subsets of their domains will be denoted by the same letters.

Let D be an open connected subset of C^{n+1}. For an analytic subset X of D × C^k of pure dimension n + 1 with proper projection onto D we denote X_i = π_i(X). The sets S(X), S(X_i) are by definition the sets of singular points of the projections π|_X , ~π_i|_{Xi} respectively:

S(X) = Sing(X) ∪ {x ∈ Reg(X) : (π|_X )^′(x) is not an isomorphism}, S(X_i) = Sing(X_i) ∪ {x ∈ Reg(X_i) : (~π_i|_{Xi} )^′(x) is not an isomorphism}.

These sets are analytic subsets of D × C^k, D × C_i respectively (cp.[5], p. 50) hence by the Remmert theorem π(S(X)) and ~π_i(S(X_i)) are also analytic. Moreover, the following hold (cp. [15] Theorem 2.1, p. 233):

The mapping π|_X : X −→ D is surjective and open and there exists an integer s which will be denoted by s(π|_X ) such that:

(1) ♯(π|_X )^{−1}({a}) = s for a ∈ D − π(S(X)),

♯(π|_X )^{−1}({a}) < s for a ∈ π(S(X)), (2) for every a ∈ D − π(S(X)) there exists a neighborhood W of a and holomorphic mappings f_1, . . . , f_s : W −→ C^k such that f_i ∩ f_j = ∅ for i ≠ j and f_1 ∪ . . . ∪ f_s = (W × C^k) ∩ X.

For an analytic subset X of D × C^k as above we define the sets:

σ_i(X) = ~π_i(S(X_i)), σ(X) = � {σ_i(X) : i ∈ {1, . . . , k}} which by the Remmert theorem are analytic. Note that

σ(X) = {x ∈ D | ∃_i : ♯((~π_i|_{πi(X)})^{−1}(x)) < s(~π_i|_{πi (X)})}.

In the paper D is often taken to be (Δr)^n × Δt, for some r > 0, t > 0, where Δr = {x ∈ C : |x| < r}.

Here we also use the notation Δ_i, for i ∈ {1, . . . , k}, to distinguish the coordinates.

For any analytic subset Y of an open subset of C^n by Y_{(k)} we denote the union of the k-dimensional irreducible components of Y.

The notion introduced below will be useful in Section 3. Let Y be an analytic subset of D × C_z of pure dimension n + 1 with proper projection onto D, where D is an open connected subset of C^{n+1}. It is a well known fact that for such a set Y there exists a unitary polynomial p ∈ O(D)[z] such that

Y = {(x_1, . . . , x_{n+1}, z) ∈ D × C_z : p(x_1, . . . , x_{n+1}, z) = 0};

moreover, the discriminant of p is not identically zero. (p is a Weierstrass polynomial such that max{♯(({x} × C_z) ∩ Y ) : x ∈ D} is equal to the degree of p in z.) The polynomial p will be called the optimal polynomial for Y. Any polynomial q ∈ O(D)[z] which is optimal for {q(x_1, . . . , x_{n+1}, z) = 0} will be called an optimal polynomial.

2.2 Nash sets

Let Ω be an open subset of C^n and let f be a holomorphic function on Ω. We say that f is a Nash function at x_0 ∈ Ω if there exist an open neighborhood U of x_0 and a polynomial P : C^n × C −→ C, P ≠ 0, such that P (x, f(x)) = 0 for x ∈ U. A holomorphic function defined on Ω is said to be a Nash function if it is a Nash function at every point of Ω.

Let us recall some basic properties of Nash functions (see [15], p. 232):

Theorem 2.1 Let Ω be an open subset of C^n. The family of Nash functions on Ω is a subring of the ring O(Ω) of holomorphic functions on Ω.

A holomorphic mapping f = (f_1, . . . , f_m) : Ω −→ C^m is said to be a Nash mapping if each of its components is a Nash function on Ω.

Theorem 2.2 Let Ω, U be open subsets of C^n, C^m respectively. Let f = (f_1, . . . , f_m) : Ω −→ U be a Nash mapping. Then for every Nash function g : U −→ C the composition g ∘ f : Ω −→ C is also a Nash function.

Let us turn to Nash sets. A subset Y of an open set Ω ⊂ C^n is said to be a Nash subset of Ω if and only if for every y_0 ∈ Ω there exist a neighborhood U ⊂ Ω of y_0 and Nash functions f_1, . . . , f_r on U such that

Y ∩ U = {y ∈ U : f_1(y) = . . . = f_r(y) = 0}.

We present two facts from [15] concerning the structure of Nash sets (Proposition 2.6, Theorem 2.11, pp. 235, 237):

Theorem 2.3 The union of a locally finite family of Nash subsets of an open subset Ω ⊂ C^n is a Nash subset of Ω.

Theorem 2.4 An irreducible analytic component of a Nash subset of an open Ω ⊂ C^n is a Nash subset of Ω.

3 Proof of the main result

Let X be as in Theorem 1.1 and let a ∈ X be the point in a neighborhood of which we want to approximate X. We may assume that X is of codimension at least 2. Otherwise it is locally principle and the problem is trivial. The first step in the proof will be to find a neighborhood U of a and an analytic subset ~Y of U of pure dimension n + 1 such that X ⊂ Sing( ~Y ). Then X is a union of some of the irreducible components of Sing( ~Y ). Next we shall approximate ~Y by Nash sets ~Y^ν of pure dimension n + 1 in such a way that some n-dimensional Nash subsets of ~Y^ν will be converging to X.

At this place we mention that the problem of the construction of an analytic set with a prescribed set of singular points have already been discussed in [6]. One of the results of that paper is that for a given analytic subset X of C^n of codimension at least two there exists an irreducible hypersurface H such that Sing(H) = X.

We shall start with the following Proposition 3.1. The version of its proof that we present below is due to P. Tworzewski.

Proposition 3.1 Let Ω be an open subset of C^m and let X be an analytic subset of Ω of pure dimension n, m ≥ n + 2. Then for every a ∈ X there exists a neighborhood U of a in Ω and an analytic subset Y of U of pure dimension n + 1 such that X ⊂ Sing(Y ).

Proof. Since the problem is local we may assume that X is an analytic subset of Δ^n × Δ_1 × . . . × Δ_k with proper projection onto Δ^n, where n + k = m. Let ϱ_1 : Δ^n × Δ_1 × . . . × Δ_k −→ Δ^n × Δ_2 × . . . × Δ_k, ϱ_k : Δ^n × Δ_1 × . . . × Δ_k −→ Δ^n × Δ_1 × . . . × Δ_{k−1}

be natural projections and let A_1, A_k denote ϱ^{−1}_1 (ϱ_1(X)), ϱ^{−1}_k (ϱ_k(X)), respectively.

Now, observe that A_1, A_k are analytic subsets of Δ^n × Δ_1 × . . . Δ_k of pure dimension n + 1 and moreover, A_1 ∩ A_k is of pure dimension n and X ⊂ A_1 ∩ A_k thus X ⊂ Sing(A_1 ∪ A_k).

We shall require that ~Y we want to obtain will additionally satisfy some extra conditions that will be stated precisely in the sequel. First we shall prove the following technical lemma that will be useful to us.

Lemma 3.2 Let W be an open connected subset of C^{n+1} and let Y be an analytic subset of W × Δ^k of pure dimension n + 1 with proper projection onto W. Let y be an arbitrary point from Y. Then there exist an open connected subset U of W and a polynomial biholomorphism Φ : C^{n+1} × C^k −→ C^{n+1} × C^k for which y ∈ U × C^k, Φ(y) = y and Y^′ = Φ(Y ) ∩ (U × C^k) has the following properties:

(a) Y^′ is an analytic subset of U × Δ^k with proper projection onto U, (b) s(π|_Y ) = s(π|_Y ′ ) = s(~π_i|_Y ′_i ) for every i ∈ {1, . . . , k}, (c) there exists an analytic subset T of U such that dimT < n and ~π_i|_{S(Y} ′_{i )−(T ×Ci)} : S(Y^′_i ) − (T × C_i) −→ ~π_i(S(Y^′_i )) − T is injective for every i ∈ {1, . . . , k}.

Proof. Note that passing to the image of Y by (u, v) → (u, L(v)), where u ∈ C^{n+1}, v ∈ C^k and L : C^k −→ C^k is an appropriately selected linear isomorphism we obtain s(π|_Y ) = s(~π_i|_{Yi} ) for every i ∈ {1, . . . , k}.

Now we prove the lemma for W = (Δr)^n × Δr, where r > 1 and for y = 0. (Recall that Δr = {z ∈ C : |z| < r}.) We also assume that σ(Y ) is contained in (Δr)^n × Δt for some 0 < t < 1 (which implies that σ(Y ) is with proper projection onto (Δr)^n).

One easily checks that the image of Y by the biholomorphism

Φ_{w,i} : C^n × C × C^k −→ C^n × C × C^k

given by the formula Φ_{w,i}(x, y, z_1, . . . , z_k) = (x, y + w(z_i), z_1, . . . , z_k), where w(z_i) is a polynomial such that sup_{z∈Δ2} |w(z)| < ϵ, has the following properties. If ϵ is small enough then

Y_w = Φ_{w,i}(Y ) ∩ ((Δr^′)^n × Δr^′ × Δ^k)

is with proper projection onto (Δr^′)^n × Δr^′ where r^′ =^{r+1}_2 and

s(π|_{Yw} ) = s(π|_Y ) = s(~π_j |_{(Yw )j} )

for every j ∈ {1, . . . , k}. Moreover, σ(Y_w) is contained in (Δr^′)^n × Δt^′, where t^′ =^{t+1}_2 , and

l_{w,j} = max{♯(({x} × Δr^′) ∩ σ_j (Y_w)) : x ∈ (Δr^′)^n} ≥ max{♯(({x} × Δr) ∩ σ_j (Y )) : x ∈ (Δr)^n}

for every j ∈ {1, . . . , k}. The inequality follows, by the Rouche theorem, from the fact that σ_j (Y_w), σ_j (Y ) are the zero-sets of the discriminants of the optimal polynomials for (Y_w )_j , Y_j respectively so it is sufficient to keep ϵ small enough (then by s(~π_j |_{(Yw )j} ) = s(~π_j |_{Yj} ) the optimal polynomials are of the same degree).

On the other hand, observe that if ϵ is small then l_{w,j} is bounded from above by the degree of the Weierstrass polynomial in y obtained by applying the Weierstrass preparation theorem to the discriminant of the optimal polynomial for Y_j .

Now, denote T_i =

{x ∈ (Δr)^n : ♯(({x} × Δr) ∩ σ_i(Y )) < max_{x∈(Δr)}n (♯(({x} × Δr) ∩ σ_i(Y )))}

and put T = (

�_k

i=1(T_i × Δr)) ∩ σ(Y ).

We show that if there exists i ∈ {1, . . . , k} such that

~π_i|_{S(Yi )−(T ×Ci)} : S(Y_i) − (T × C_i) −→ ~π_i(S(Y_i)) − T

is not injective then for every ϵ > 0 there exists a polynomial w such that sup_{z∈Δ2} |w(z)| < ϵ and the following hold. The set Y_w = Φ_{w,i}(Y ) ∩ ((Δr^′)^n × Δr^′ × Δ^k), for r^′ =^{r+1}_2 and Φ_{w,i} as before, has all the properties described above and, furthermore,

l_{w,i} ≥ 1 + max{♯(({x} × Δr) ∩ σ_i(Y )) : x ∈ (Δr)^n}.

(w will be such that w(0) = 0. Then Φ_{w,i}(y) = y.)

Next we repeat the procedure starting with Y_w. Since l_{w,i} are bounded from above this process must stop after finite number of steps (denoted by m) and the obtained set Y^′ = (. . . ((Y_{w1} )_{w2} ) . . .)_{wm} satisfies (a), (b) and (c).

One observes that if at every step we take ϵ ≪ 1 then Φ defined as the superposition of the mappings Φ_{w,i} is a biholomorphism satisfying the assertion of the lemma.

The polynomial w is chosen as follows. Let (x, y) ∈ ~π_i(S(Y_i)) − T be such that (x, y, z), (x, y, z^′) ∈ S(Y_i), z ≠ z^′. Then

♯(({x} × Δr) ∩ σ_i(Y )) = max_{x∈(Δr)n}(♯(({x} × Δr) ∩ σ_i(Y )))

thus it is sufficient to take w with very small norm and such that in a small neighborhood of (x, y) there are two points (x, y_1), (x, y_2), y_1 ≠ y_2 such that (x, y_1), (x, y_2) ∈ ~π_i(S((Y_w )_i)). One easily checks that for every ϵ > 0 there exists a polynomial w such that sup_{z∈Δ2} |w(z)| < ϵ and w^′(z) = w^′(z^′) = w(z) = w(0) = 0 and w(z^′) ≠ 0 (if z^′ = 0 we transpose z and z^′). We complete the proof by observing that (x, y + w(z)), (x, y + w(z^′)) ∈ ~π_i(S((Y_w )_i)).

The proof in the case where W is an arbitrary open connected subset of C^{n+1} is an easy consequence of the proof presented above.

Now, let Y be an analytic subset of Δ^n × Δ × C^k, of pure dimension n + 1 with proper projection onto Δ^n × Δ such that σ(Y ) ⊂ Δ^n × Δt, 0 < t < 1. Moreover we assume that:

(i) s(π|_Y ) = s(~π_i|_{Yi} ), for i = 1, . . . , k, (ii) there exists an analytic subset T of Δ^n × Δ such that dimT < n and ~π_i|_{S(Yi)−(T ×Ci)} : S(Y_i) − (T × C_i) −→ ~π_i(S(Y_i)) − T is injective for i = 1, . . . , k.

If we show that every X of pure dimension n for which there exists Y satisfying the conditions above and such that X ⊂ Sing(Y ), can be locally approximated then by Proposition 3.1 and Lemma 3.2 every X of pure dimension n can be locally approximated.

By ~Y we denote the set

{(x, y, z_1, . . . , z_k) ∈ Δ^n × Δ × C^k : p_1(x, y, z_1) = . . . = p_k(x, y, z_k) = 0},

where p_i(x, y, z_i) = z^s_i + z^{s−1}_i a_{i,1}(x, y) + . . . + a_{i,s}(x, y) ∈ O(Δ^n × Δ)[z_i] is the optimal polynomial for Y_i = π_i(Y ), i = 1, . . . , k.

Now define E( ~Y ) =

{(x, y, z_1, . . . , z_k) ∈ ~Y :

∂p_1 ∂z_1

(x, y, z_1) = . . . =

∂p_k ∂z_k

(x, y, z_k) = 0}

and observe that E( ~Y ) =

{(x, y, z_1, . . . , z_k) ∈ ~Y : π_i(x, y, z_1, . . . , z_k) ∈ S( ~Y_i), i = 1, . . . , k} and that, by (i), S(Y ) ⊂ E( ~Y ).

Assume that dim S(Y ) = n and put L = (π(S(Y )))_{(n)}. The following lemma explains the purpose of the condition (ii).

Lemma 3.3 In the situation described above assume that L_0 is an irreducible component of L. Then ((L_0 × C^k) ∩ E( ~Y ))_{(n)}

is an irreducible analytic subset of Δ^n × Δ × C^k.

Proof. (L_0 × C^k) ∩ E( ~Y ) is n-dimensional as S(Y ) is n-dimensional and S(Y ) ⊂ E( ~Y ). Suppose that there exist E_1, E_2 which are distinct irreducible analytic subsets of E( ~Y ) of dimension n such that π(E_1) = π(E_2) = L_0. Then there exists a set A such that int_{L0} A ≠ ∅ and such that for every (x, y) ∈ A there are z, z^′ ∈ C^k, z ≠ z^′ and (x, y, z), (x, y, z^′) ∈ E( ~Y ). But then there are i ∈ {1, . . . , k} and A^′ ⊂ L_0, int_{L0} A^′ ≠ ∅ such that for every (x, y) ∈ A^′ the fiber of ~π_i|_{(A′×Ci)∩πi(E(}~_{Y ))} above (x, y) contains at least two elements which contradicts

the condition (ii) as π_i(E( ~Y )) ⊂ S( ~Y_i) = S(Y_i).

Note that by the fact that S(Y ) ⊂ E( ~Y ) and by Lemma 3.3 for every ndimensional irreducible component A of S(Y ) there exists L_0 which is an irreducible component of L such that A = ((L_0 × C^k) ∩ E( ~Y ))_{(n)}.

We now turn to approximating the coefficients of the polynomials p_i. Let dc_s ∈ C[u_1, . . . , u_s] denote the polynomial such that for every b_1, . . . , b_s from C the complex number dc_s(b_1, . . . , b_s) is a discriminant of z^s + z^{s−1}b_1 + . . . + b_s.

By the Weierstrass preparation theorem we have

dc_s(a_{i,1}(x, y), . . . , a_{i,s}(x, y)) = H_i(x, y)W^{αi,1}_{i,1} (x, y) . . . W^{αi,ri}_{i,ri} (x, y)

on Δ^n × Δ where W_{i,j} ∈ O(Δ^n)[y] are irreducible optimal polynomials pairwise distinct for a fixed i, whereas H_i is a holomorphic function non-vanishing on Δ^n × Δ.

Next consider the system of polynomial equations

dc_s(u_{i,1}, . . . , u_{i,s}) − t_iv^{αi,1}_{i,1} . . . v^{αi,ri}_{i,ri} = 0,

for i = 1, . . . , k in variables u_{i,j} , v_{i,l}, t_i. Moreover the equations

v_{i,j} = v_{k,l}

are included in the system if W_{i,j} = W_{k,l} for any i, j, k, l.

In the process of approximation of the coefficients of the optimal polynomials we shall use the following theorem which is due to Lempert (see [9] Theorem 3.2, pp. 338, 339).

Theorem 3.4 Let K be a holomorphically convex compact subset of C^n and f : K −→ C^k a holomorphic mapping that satisfies a system of equations Q(z, f(z)) = 0 for z ∈ K. Here Q is a Nash mapping from a neighborhood U ⊂ C^n × C^k of the graph of f into some C^q . Then f can be uniformly approximated by Nash F : K −→ C^k satisfying Q(z, F (z)) = 0.

Since we consider the approximation locally we may assume that the optimal polynomials p_i extend to slightly bigger sets in such a way that by Theorem 3.4 we obtain Nash functions a^ν_{i,j} , H^ν_i , W_{ν,i,j} defined on Δ^n × Δ, converging uniformly to a_{i,j} , H_i, W_{i,j} respectively and satisfying the conditions

dc_s(a^ν_{i,1}, . . . , a^ν_{i,s}) = H^ν_i W^{αi,1}_{ν,i,1} . . . W^{αi,ri}_{ν,i,ri}

on Δ^n × Δ for every i ∈ {1, . . . , k}. Moreover, H^ν_i are non-vanishing on Δ^n × Δ, {(x, y) ∈ Δ^n ×Δ : dc_s(a^ν_{i,1}(x, y), . . . , a^ν_{i,s}(x, y)) = 0} ⊂ Δ^n ×Δt^′, for some t^′ < 1 and W_{ν,i,j} = W_{ν,k,l} for all ν if W_{i,j} = W_{k,l}.

Now, we put

p^ν_i (x, y, z_i) = z^s_i + z^{s−1}_i a^ν_{i,1} + . . . + a^ν_{i,s}

and next define ~Y^ν =

{(x, y, z_1, . . . , z_k) ∈ Δ^n × Δ × C^k : p^ν_1 (x, y, z_1) = . . . = p^ν_k(x, y, z_k) = 0}.

Proposition 3.5 Keeping the notation established above we have

E( ~Y^ν )_{(n)} −→ E( ~Y )_{(n)}

Proof. We start with the remark that we do not need to assume that Y satisfies (i) and (ii) to obtain the assertion of the proposition.

By z we denote (z_1, . . . , z_k). Assume that (x, y, z) /∈ E( ~Y )_{(n)}. First we show that there is an open neighborhood U of (x, y, z) such that U ∩ E( ~Y^ν )_{(n)} = ∅ for sufficiently large ν. (This is equivalent to the second condition of the definition of the local uniform convergence.)

Since ~Y is with proper projection onto Δ^n × Δ and σ( ~Y ) is with proper projection onto Δ^n there exist open connected relatively compact ~U ⊂ Δ^n, ~V ⊂ Δ, ~W ⊂ C^k such that (x, y, z) ∈ ~U × ~V × ~W , ( ~U × ~V × ∂~W ) ∩ ~Y = ∅, ( ~U × ∂ ~V ) ∩ σ( ~Y ) = ∅ (then, in particular if ~Y ∩ ( ~U × ~V × ~W ) and σ( ~Y ) ∩ ( ~U × ~V ) are not empty then they are with proper projection onto ~U × ~V , ~U respectively). Moreover, we may assume that dim(E( ~Y ) ∩ ( ~U × ~V × ~W )) ≤ n − 1.

We observe that there exists an open ball U^′ ⊂ ~U such that (U^′ × ~V × ~W ) ∩ E( ~Y ) = ∅. Indeed, if E ≠ ∅ then π(E) is with proper projection onto ~U where E = ( ~U × ~V × ~W ) ∩ E( ~Y ). But then ϱ(π(E)) is an s-dimensional analytic subset of ~U where ϱ : ~U × ~V −→ ~U is a natural projection and s ≤ n − 1 so there exists an open ball U^′ ⊂ ~U such that U^′ ∩ ϱ(π(E)) = ∅.

Consequently, we may assume that there are ε > 0, δ > 0 such that k� j=1 | ∂p_j ∂z_j

|_|~_{Yε∩(U ′×}~_{V ×} ~_{W )} > δ,

where ~Y_ε = {a ∈ Δ^n × Δ × C^k : ∃_{b∈}~_Y ||a − b|| < ε}.

If for large ν we had (E( ~Y^ν ))_{(n)} ∩ ( ~U × ~V × ~W ) ≠ ∅ then the set (E( ~Y^ν ))_{(n)} ∩ (U^′ × ~V × ~W ) ∩ ~Y_ε would also be nonempty. Indeed, we have assumed that ( ~U × ~V × ∂~W ) ∩ ~Y = ∅, ( ~U × ∂ ~V ) ∩ σ( ~Y ) = ∅, it holds ~Y^ν −→ ~Y and clearly σ( ~Y^ν ) −→ σ( ~Y ). Hence for large ν the set ( ~U× ~V ×~W )∩(E( ~Y^ν ))_{(n)} is with proper projection onto ~U, which, because of equity of the dimensions of (E( ~Y^ν ))_{(n)} and ~U, is surjective (recall that ~U is connected) so ((E( ~Y ν ))_{(n)}) ∩ (U ′ × ~V × ~W ) ≠ ∅. The latter set is obviously contained in ~Y_ε for large ν. Here, however, we obtain a contradiction as on one hand � j |^{∂pνj}_{∂zj} |_{|E(}~_{Y ν )} = 0 whereas, on the other hand � j |^{∂pνj}_{∂zj} | −→ � j |^{∂pj}_{∂zj} |.

To complete the proof of the proposition we need to show that for every (x_0, y_0, z_0) ∈ E( ~Y )_{(n)} there exists a sequence (x_ν , y_ν , z_ν ) ∈ E( ~Y^ν )_{(n)} such that (x_ν , y_ν , z_ν ) −→ (x_0, y_0, z_0).

Let B be any open neighborhood of (x_0, y_0, z_0). By the fact that dim(E( ~Y ))_{(n)} = dim(σ( ~Y )), we may assume that (x_0, y_0) ∈ σ( ~Y ) is such that there is an open ball ~U ∋ x_0 contained in Δ^n such that ( ~U × Δ) ∩ σ( ~Y ) is a union of pairwise disjoint graphs of holomorphic mappings on ~U. We may also assume that ( ~U × ~V ) ∩ σ( ~Y ) is one such graph, where ~V is an open ball in C, y_0 ∈ ~V and ( ~U × ∂ ~V ) ∩ σ( ~Y ) = ∅.

Then for large ν the set ( ~U × ~V ) ∩ σ( ~Y^ν ) is also a graph of a single holomorphic function on ~U. (This follows from the way the polynomials W_{j,i} were approximated by the functions W_{ν,j,i}, (in particular from the presence of the equations of the form v_{i,j} = v_{k,l} in the considered system).)

Finally, we assume that there is an open polydisc ~W contained in C^k such that (x_0, y_0, z_0) ∈ ~U × ~V × ~W ⊂ B and ( ~U × ~V × ∂~W ) ∩ ~Y = ∅. (Then ~Y ∩ ( ~U × ~V × ~W ) is with proper projection onto ~U × ~V .)

We show that for sufficiently large ν, dim(( ~U × ~V × ~W ) ∩ E( ~Y^ν )) = n which will complete the proof.

Fix i ∈ {1, . . . , k}, put

A_i = {(x, y, z_i) ∈ ~U × ~V × π_i(~W ) : p_i(x, y, z_i) = 0}, A^′_i = {(x, y, z_i) ∈ ~U × ~V × π_i(~W ) :^{∂pi}_{∂zi} (x, y, z_i) = 0}, A_{i,ν} = {(x, y, z_i) ∈ ~U × ~V × π_i(~W ) : p^ν_i (x, y, z_i) = 0}, A^′_{i,ν} = {(x, y, z_i) ∈ ~U × ~V × π_i(~W ) :^{∂pνi}_{∂zi} (x, y, z_i) = 0},

and observe that dim(A_i ∩ A^′_i) = n so these two sets intersect properly. On the other hand one easily checks that A_{i,ν} −→ A_i and A^′_{i,ν} −→ A^′_i. Thus it follows, by Theorem 3 from [16], that dim(A^′_{i,ν} ∩ A_{i,ν} ) = n. As a result, in view of the fact that ( ~U × ~V ) ∩ σ( ~Y^ν ) is irreducible we obtain that for every i and for large ν it holds ~π_i(A^′_{i,ν} ∩ A_{i,ν} ) = ( ~U × ~V ) ∩ σ( ~Y^ν ).

Now define

Z_ν = {(x, y, z_1, . . . , z_k) ∈ ~U × ~V × ~W : (x, y, z_i) ∈ (A_{i,ν} ∩ A^′_{i,ν} )}.

By what we have shown so far we see that for large ν, dimZ_ν = n and Z_ν ⊂ E( ~Y^ν ). Thus the proof of the proposition has been completed.

Now we are ready to prove the main result of this paper.

Proof of Theorem 1.1. Since every irreducible component of the considered set may be approximated separately we assume, without loss of generality, that X is locally irreducible. Furthermore, we assume that X is of codimension at least two (otherwise it is locally principle). Then, by Proposition 3.1, Lemma 3.2 and the fact that the problem is local we also may assume that X is an irreducible component of the set S(Y ) where Y is an analytic subset of Δ^n ×Δ×C^k of pure dimension n+1 with proper projection onto Δ^n ×Δ such that σ(Y ) ⊂ Δ^n ×Δt, 0 < t < 1. Moreover it holds: (i) s(π|_Y ) = s(~π_i|_{Yi} ), for i = 1, . . . , k, (ii) there exists an analytic subset T of Δ^n × Δ such that dimT < n and ~π_i|_{S(Yi)−(T ×Ci)} : S(Y_i) − (T × C_i) −→ ~π_i(S(Y_i)) − T is injective for i = 1, . . . , k.

Let L_0 denote π(X). Since dimX = dimS(Y ) = n and (by the condition (i)) S(Y ) ⊂ E( ~Y ), the set X is an irreducible component of E( ~Y ). Then, by Lemma 3.3 it holds ((L_0 × C^k) ∩ E( ~Y ))_{(n)} = X.

Now we approximate the coefficients of the optimal polynomials for ~Y_i exactly in the same way as described in the setup preceding Proposition 3.5. Then L_0 is described by a polynomial W = W_{j,i} for some j, i and the sequence of the sets {L^ν_0 } described by W_{ν,j,i} converges to L_0.

We show that

((L^ν_0 × C^k) ∩ E( ~Y^ν ))_{(n)} −→ ((L_0 × C^k) ∩ E( ~Y ))_{(n)}.

Fix (x, y, z) from ((L_0 × C^k) ∩ E( ~Y ))_{(n)}. First we check that there are (x_ν , y_ν , z_ν ) ∈ ((L^ν_0 ×C^k)∩E( ~Y^ν ))_{(n)} such that (x_ν , y_ν , z_ν ) −→ (x, y, z). Without loss of generality we restrict our attention to the case where there exist open balls U, V contained in Δ^n, Δ respectively such that (x, y) ∈ U ×V, (U ×∂V )∩σ( ~Y ) = ∅ and (U × V ) ∩ σ( ~Y ) is a graph of a holomorphic mapping on U. Then the way the polynomials W_{j,i} are approximated by the functions W_{ν,j,i} implies that there is ν_0 such that for every ν > ν_0 it holds (U × V ) ∩ σ( ~Y^ν ) = (U × V ) ∩ L^ν_0 .

Now, by Proposition 3.5 it follows that E( ~Y^ν )_{(n)} −→ E( ~Y )_{(n)}. Moreover, by the definitions of E( ~Y^ν ), E( ~Y ) we have π(E( ~Y^ν )) ⊂ σ( ~Y^ν ) and π(E( ~Y )) ⊂ σ( ~Y ), hence, in view of the previous paragraph, one easily obtains a sequence (x_ν , y_ν , z_ν ) satisfying the required conditions.

To complete the proof of the claim it is sufficient to show that for every (x, y, z) /∈ ((L_0 × C^k) ∩ E( ~Y ))_{(n)} there exists an open neighborhood E such that E ∩ ((L^ν_0 × C^k) ∩ E( ~Y^ν ))_{(n)} = ∅ for ν large enough.

Since Y is with proper projection onto Δ^n × Δ and σ(Y ) is with proper projection onto Δ^n we can select open balls U ∋ x, V ∋ y, W ∋ z which are relatively compact subsets of Δ^n, Δ, C^k respectively and satisfy the following conditions: (U × V × ∂W ) ∩ ~Y = ∅, (U × ∂V ) ∩ σ( ~Y ) = ∅, (U × V × W ) ∩ ((L_0 × C^k) ∩ E( ~Y ))_{(n)} = ∅. Then there are an open ball U^′ contained in U and ε > 0 such that ((U^′ × V ∩ (L_0)_ε) × W ) ∩ E( ~Y )_{(n)} = ∅.

(Recall that (L_0)_ε = {a ∈ Δ^n × Δ : ∃_{b∈L0} ||a − b|| < ε}, where || · || is a standard norm in C^{n+1}.)

Now, if (U × V × W ) ∩ ((L^ν_0 × C^k) ∩ E( ~Y^ν ))_{(n)} is non-empty for large ν then ((U^′ × V ∩ (L_0)_ε) × W ) ∩ E( ~Y^ν )_{(n)} is also non-empty which contradicts the fact that E( ~Y^ν )_{(n)} −→ E( ~Y )_{(n)}.

Obviously ((L^ν_0 × C^k) ∩ E( ~Y^ν ))_{(n)} is a Nash set as ~Y^ν is Nash. Thus the proof of the theorem has been completed.

We shall finish with an observation that if X in Theorem 1.1 is locally irreducible then the sets in the approximating sequence can also be taken irreducible. This is a simple consequence of the following

Remark 3.6 Let Ω be an open subset of C^{n+1}×C^k such that Δ^n×Δ×Δ^k ⊂⊂ Ω and let X, Y^ν , ν ∈ N, be analytic subsets of Ω of pure dimension n + 1 such that Y^ν −→ X. Moreover, assume that (Δ^n × Δ × ∂Δ^k) ∩ X = ∅ and that (Δ^n × Δ × Δ^k) ∩ X is non-empty and irreducible. Let X^ν be an arbitrary irreducible component of (Δ^n × Δ × Δ^k) ∩ Y^ν . Then X^ν −→ (Δ^n × Δ × Δ^k) ∩ X.

Proof. It is sufficient to show that for every (x, y) ∈ (Δ^{n+1} × Δ^k) ∩ X there are (x_ν , y_ν ) ∈ X^ν such that (x_ν , y_ν ) −→ (x, y).

Denote X_r = ((Δr)^n × Δr × Δ^k) ∩ X and fix r > 1 such that ((Δr)^n × Δr × ∂Δ^k) ∩ X = ∅ which is possible by the hypotheses. Next define

X_{r,ε} = {(x, y) ∈ C^{n+1} × C^k : ∃_y′ ((x, y^′) ∈ X_r ∧ ||y − y^′||_k < ε)},

where || · ||_k is the standard norm in C^k. Now observe that for every ε > 0 there exists ν_0 such that for every ν > ν_0 it holds (Y^ν ∩ (Δ^n × Δ × Δ^k)) ⊂ X_{r,ε}. Indeed, we have X ∩ (Δ^n × Δ × Δ^k − X_{r,ε}) = ∅ and, since Y^ν −→ X and Δ^n × Δ × Δ^k − X_{r,ε} is compact, it holds Y^ν ∩ (Δ^n × Δ × Δ^k − X_{r,ε}) = ∅, for large ν, which gives our claim.

Choose ε > 0. There exists (cp. [2], Theorem 4.2) an open connected relatively compact subset E of

(Δ^n × Δ) − π(S(X ∩ (Δ^n × Δ × Δ^k)))

with the following properties:

(1) for every a ∈ (((Δ^n × Δ) − E) × Δ^k) ∩ X there exists b ∈ (E × Δ^k) ∩ X such that ||a − b||_{n+k+1} <^ε_3 , (2) (E × Δ^k) ∩ X is irreducible (i.e. a connected manifold).

Now, put θ = inf_{x∈E} d(({x} × Δ^k) ∩ X), where

d(B) = inf{||x − y||_{n+k+1} : x, y ∈ B, x ≠ y}

for any finite set B ⊂ C^{n+k+1}, and observe that θ > 0. Let ν_0 be so large that Y^ν ∩ (Δ^n × Δ × Δ^k) ⊂ X_{r,α} for every ν > ν_0, where α = min{^θ_3 ,^ε_3 }. Fix ν > ν_0 and define

A = {(u, v) ∈ X ∩ (E × Δ^k) : ∃~_v ((u, ~v) ∈ X^ν ∧ ||v − ~v||_k < α)}.

Obviously, A ≠ ∅. Since X^ν is with proper projection onto E and Y^ν ∩ (Δ^n × Δ × Δ^k) ⊂ X_{r,α} it follows that A is an open and closed subset of X ∩ (E × Δ^k) which immediately implies the assertion of the remark.

Acknowledgements. I am grateful to P. Tworzewski for suggesting the problem and for helpful discussions.

References

[1] Artin, M.: Algebraic approximation of structures over complete local rings, Publ. I.H.E.S. 36, (1969) 23-58.

[2] Bilski, M.: On approximation of analytic sets, Manuscripta Math., to appear.

[3] Bochnak, J., Kucharz, W.: Local algebraicity of analytic sets, J. Reine Angew. Math. 352 (1984) 1-15.

[4] Brieskorn, E., Knörrer, H.: Plane algebraic curves, Birkhäuser, Basel 1986.

[5] Chirka, E. M.: Complex Analytic Sets, Kluwer Academic Publ., Dordrecht- Boston-London 1989.

[6] Demailly, J.-P.: Construction d’hypersurfaces irréductibles avec lieu singulier donné dans C^n, Ann. Inst. Fourier (Grenoble) 30 (1980), no.3, 219-236.

[7] Demailly, J.-P., Lempert, L., Shiffman, B.: Algebraic approximation of holomorphic maps from Stein domains to projective manifolds, Duke Math. J. 76 (1994) 333-363.

[8] Janik, R. A.: On irreducible components of a Weierstrass-type variety, Ann.

Polon. Math., 67.2 (1997) 169-178.

[9] Lempert, L.: Algebraic approximations in analytic geometry, Inv. math. 121 (1995) 335-354.

[10] Łojasiewicz, S.: Introduction to complex analytic geometry, Birkhäuser, Basel 1991.

[11] Stout, E. L.: Algebraic domains on Stein manifolds, Proc. Conf. on Banach algebras and several complex variables. New Haven; Contemp. Math. 32 (1984) 259-266.

[12] Tancredi, A., Tognoli, A.: Relative approximation theorems of Stein manifolds by Nash manifolds, Boll. Un. Mat. It. 3-A (1989) 343-350.

[13] Tancredi, A., Tognoli, A.: On the extension of Nash functions, Math. Ann.

288 (1990) 595-604.

[14] Tancredi, A., Tognoli, A.: On the relative Nash approximation of analytic maps, Rev. Mat. Complut. 11 (1998) 185-201.

[15] Tworzewski, P.: Intersections of Analytic Sets with Linear Subspaces, Ann.

Sc. Norm. Sup. Pisa, 17 (1990) 227-271.

[16] Tworzewski, P., Winiarski, T.: Continuity of Intersection of Analytic Sets, Ann. Polon. Math., 42 (1983) 387-393.

[17] Whitney, H.: Local properties of analytic varieties. Differential and Combinatorial Topology (A Symposium in Honor of Marston Morse), Princeton University Press, Princeton, (1965) 205-244.

[18] Whitney, H.: Complex Analytic Varieties, Addison-Wesley Publishing Co., Reading, Mass.-London-Don Mills, Ont., 1972.

Kraków, 21.04.2004

Computer Science Department Jagiellonian University Nawojki 11 PL-30-072 Kraków, Poland e-mail: bilski@ii.uj.edu.pl