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1. Introduction

The notion of y-variation of a real function was introduced by L.C. Young
[13] (see also [14]) in connection with investigation of the behaviour of Fourier
series. This concept seems to be one of the most important generalizations
of the classical variation in the sense of Jordan. It is worth to recall that the
space of functions of bounded ¢-variation from the point of view of functional
analysis and some applications was studied by J. Musielak and W. Orlicz
[11], and R. Lesniewicz and W. Orlicz [9]. Moreover, composing functions of
bounded ¢-variation was investigated by J. Ciemnoczotowski and W. Orlicz
[6]; in particular they proved a generalization of the result by M. Josephy [§]
concerning composing functions of bounded variation in the sense of Jordan.

Recall that basic results concerning the superposition operator in different
spaces, in particular in the space of functions of bounded variation in the
sense of Jordan as well as exhaustive references on this topic one can find in
2].

Recall also that the parameter ¢ in ¢(t,u) in connection with spaces of
functions of bounded ¢-variation was introduced and investigated in papers
by S. Gnilka (see e.g. [7]). Such spaces are called spaces of functions of
generalized bounded ¢-variation.

In this paper we would like to pursue two purposes. First, we are inter-
ested in the superposition operator acting in the space of functions of gen-
eralized bounded ¢p-variation. In particular, for the large class of functions
©(t,u), we formulate the conditions which ensure the composition operator
maps the space of functions of generalized bounded y-variation into itself
(see Corollary 1). Our results extend the results proved by Ciemnoczolowski
and Orlicz [6].

Second, we are interested in solutions, in particular in continuous so-
lutions, to nonlinear integral equations which are functions of generalized
bounded -variation.

Our results generalize the previous ones from the papers [3], [4] and [5].
Let us draw a reader’s attention to Remark 1. In a sense, this remark explains
the significance of our results. In particular, for some class of functions (¢, u)
we obtain solutions to equations under consideration, which are functions
of bounded variation in the sense of Jordan, constant on each interval of
continuity.

The paper is organized as follows; in Section 2 we collect a few definitions
and facts which will be needed in the sequel. Section 3 contains results about



acting of the autonomous superposition operator in the space of functions
of generalized bounded ¢-variation. Finally, in Sections 4-6 we deal with
solutions to the nonlinear Hammerstein as well as the Volterra-Hammerstein
integral equation which are functions of generalized bounded @-variation. We
prove a few existence results concerning local and global solutions to these
equations.

The proofs of the theorems from Section 6 are based on the Leray-
Schauder alternative for contractions from [12].

2. Preliminaries

In this section we collect some definitions and results which will be needed
in the sequel. Throughout this paper we assume that ¢ : [0,a] x Ry — R,
a < +oo satisfies the following conditions:

(i) o(t,u) is a continuous, nondecreasing function of u > 0 for every t €
0,al, o(t,u) — +o0 as u — +o0;

(ii) ¢(t,0) =0 for every t € [0,a] and ¢(0,u) = 0 implies u = 0.

Let X = {x:[0,a] — R}. Recall that for a function x € X, the number

Vgo<x> = Sgpz 90(51'7 |x(tl) - x(tifl)D?

where the supremum is taken over all partitions7: 0 =ty < t; < ... <t, =a
with intermidiate points s; € [t;_1,t;], ¢ = 1,...,n, is called the generalized
p-variation of the function z in [0, a]. Denote

BV, = BV,(I) ={z € X : V, (Az) < 400 for some A\ > 0},

where I = [0, al. It is well-known that, if ¢ satisfies the condition:

(iii) @(t,u) is a convex function of u for all ¢ € [0, al,

then BV,,(I) with the norm

|z]ly, = inf{e > 0: Vw(f) <1}



is a Banach space (see [10], Theorem 10.8, p.71 and Theorem 1.5, pp. 2-3).
Elements of this space will be called generalized BV,,-functions and solutions
to integral equations belonging to this space will be called generalized BV,,-
solutions.

Let us denote ¥(u) = sup ¢(s,u) and we will assume that the following
0<s<a

condition is satisfied
(iv) if ¢(u) = 0, then u = 0.

For other basic concepts concerning modular spaces (as e.g. ¢-function,
s-convexity, the condition A, for small u) a reader is refereed to [10].

3. Superposition operator in BV,(I)

We start with the following

Lemma 1 Let ¢ : [0,a] x Ry — R, satisfy conditions (i) and (ii). Let
F, :R — R be a sequence of functions such that F,,(0) = 0. Assume that for
any v > 0 there exists K, > 0 such that for any uy,us € [—v,v] andn € N

|Fa(ur) — Fauz)| < Kyluy — usl.
Then for any x € BV, there exists A > 0 such that

sup V,(A(F), o 7)) < +00;

neN
Proof Fixx € BV, and A > 0 with V,,(Az) < 4o0. By [10] Theorem 10.7,
(a), p. 69, there exists v > 0 such that for any ¢ € [0, a], |z(t)] < v. By our
assumptions, for any partition II = {t,,t1,...,t;} of [0,a] and s; € [t;_1, ],
1 =1,...,1, we have

l
Z P(si, (N Ky) [ Fo(2(ti) — Fo(z(tio1))])
Z (55, Mz(t;) — z(ti1)]) < Vo(Ax) < 400.

Hence sup V,,((A\/K,)(F, ox)) < 400, as required.



Before presenting next results, we introduce some notation. Let g : R, —
R, be a continuous, nondecreasing function such that

(v) [Mim g(u) = +oo;
(vi) g(u) =0 if and only if u = 0;

(vii) g satisfies Ay condition for small wu.

Assume furthermore that there exist positive constants M, m and u, > 0
such that for any u € [0,u,] and t € [0, a]

(1) mg(u) < p(t,u) < Mg(u).
Now we can state

Theorem 1 Letp : [0,a|xR; — Ry and g : Ry — R, satisfy the conditions
(i),(i1), (v)-(vil) and (1). Let F, : R — R be a sequence of functions such
that F,,(0) = 0. Then the following conditions are equivalent:

(a) For any x € BV, there exists k > 0 such that
sup Vy,(k(F, o x)) < +o00;

neN

(b) For any v > 0 there exists K, > 0 such that for any uy,us € [—v,v]
and n € N

9(|Fn(ur) = Fu(uz)]) < Kog(lur — ).
P r oo f Assume that condition (a) is satisfied and fix € BV,,. By [10]
Theorem 10.7, (b), p. 69, there exists M > 0 such that for any n € N and
t €10,al,
(2) [ Fn(2(t))] < M.
Hence there exists k; > 0 such that ki |F,(z(t))| < u,/2 for any t € [0, a] and

n € N. Without loss of generality, we can assume that £ < 1 and k; < 1.
Note that for any partition P = {t,,t1,...,t;} of [0,a], by (1) and (a),

l

Zg(k1k|Fn(ﬂ7(ti)) — Fu(x(ti-1))])
< D el kak|Fy(z(t:) — Fu(z(tiza))])/m

IN)Vw(k(Fn ox)))/m < +oo.

-
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Consequently for any x € BV,
(3) sup V, (k1k(F, o x)) < +00.

neN
Observe that by (1) and [10], Theorem 10.11, p. 74, BV,, = BV,. Hence for
any x € BV, (3) holds true. Now we show that

(4) sup V(F, o x) < +00

neN

for any x € BV} Since g satisfies local Ay condition and g is nondecreasing,
for any M > 0 and u € [0, M], there exists Ly > 0

9(2u) < Larg(u).

Fix M > 0 satisfying (2) and w € N such that 27 < kk;. Note that for any
partition P = {t,,t1,...,t;} of [0,a] and n € N,

l

Y g Fala(t) = Fula(tia))])

i=1

< (Lnm)” 29(2_w|Fn(x(ti>> — Fu(x(tic1))])

< (LM)“’(Z g(kky [ Fo(2(t:) — Fu(z(ti-1))])

< (Las)" sup Vy (ks (F, 0 )) < +oo,
neN

which shows our claim. By (4) and [12], Theorem 1 applied to g, for any
v > 0 there exists K, > 0 such that for any uy,us € [—v,v] and n € N

(5) 9([Fn(ur) = Fo(u2)]) < Kog(lur — usl),

which shows (b).

Now assume that (b) is satisfied and fix = € V,,. Let k > 0 be so chosen that

Vio(kx) < +o00. By [10], Theorem 10.7 a), p. 69 z is a bounded function.

Choose v > 0 such that |z(t)| < v for any ¢ € [0, a]. Since g is nondecreasing,
lim g(u) =400, and F,(0) = 0, by (5),

U—-+00

sup{|Fn(u)| : n € N,u € [—v,v]} < +o0.
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Hence making k smaller, if necessary, we can assume that k|z(t)| < u, and
k|F,(x(t)] < u,/2 for any ¢t € [0,a] and n € N. Since g satisfies local A,
condition, by (b) there exists L, > 0 such that for any u;,us € [—v,v] and
n €N,

(6) gk Fo(ur) = Fy(uz)|) < Log(klur — uzl).

Note that for any partition P = {t,,t1,...,t;} of [0,a] and s; € [t;_1,1],
i=1,..,1, by (1) and (6),

l l

> o(sis bl Fa(a(t:) = Fu(a(tia)))) < MO g(k|Fa(z(t:) — Fa((ti1))])

i=1 i=1

!
< (MLv)(Z g(klz(t:) — =(ti-1))]))
!
< (MLv/m)(Z p(si, klw(t) — 2(tia)])) < (MLy/m)Vi(kx) < +o0.
Hence
sup V,(kF,, o z) < 400,

which completes the proof.

Theorem 2 Let ¢ and g be as in Theorem 1. Assume furthermore that g
is s-convex for some s € (0,1] or there exists t € [0,a] such that (t,.) is
s-convex for some s € (0,1]. Then (a) is equivalent to

(c) For any v > 0 there exists K, > 0 such that for any ui,us € [—v,v]
and n € N
| Fa(ur) = Fo(ug)| < Kylug — uaf.

P roof. First assume that g is s-convex. By Theorem 1, (a) implies (b).
Fix v > 0 and positive constant L, corresponding to v by (b). Without loss
of generality we can assume that L, > 1. By s-convexity,

9| F(ur) = Fo(uz)|/(Lo)*) < g(|Fa(ur) — Fu(u2)]) /Lo < g(Juy — ua)).

Since g is nondecreasing, this implies that

|Fo(wr) — Fo(uz)| < (L)Y |ug — us

7



as required. Now assume that ¢(t,.) is an s-convex function for some ¢ € [0, a]
and s € (0,1]. We show that (b) implies (c¢). Fix v > 0. Reasoning as in the
proof of Theorem 1 we can show that

sup{|F,(u)| : u € [-v,v],n € N} < +o0.

Hence we can find k € (0, 1) such that k|F,(u)| < u,/2 and klu| < u,/2 for
any n € N and u € [—v,v]. Since g satisfies local Ay condition, by (b) and

(1)
p(t, k[ Fn(ur) — Fr(ug)|) < Mg(k[F,(ur) — Fi(ug)]) < (LoM)g(lur — uzl)

< Myg(kluy — ug|) < (My/m)p(t, kluy — usl)

with some constant M, > 0. Since ¢(¢,.) is s-convex, reasoning as in the
previous case, we get

k| F(uy) = Fo(ug)| /(MM /m)"* < kluy — s,

which immediately give us (c) with the constant (M,M/m)Y*. By Lemma 1,
(c) implies (a). The proof is complete.

Corollary 1 Let ¢, g be as in Theorem 2. Assume that F': R — R satisfies
F(0) = 0. Then the composition operator x — F o x maps BV, into BV,, if
and only if F satisfies local Lipschitz condition.

P r o o f. Follows immediately from Lemma 1 and Theorem 2, taking
F,, = F for any n € N.

Corollary 2 Let ¢,g and F,, be as in Theorem 2. Assume that there exists
s € (0,1] such that p(t,-) is an s-convex function for any t € [0,a]. Then (a)
18 equivalent to

(d) There exists C > 0 such that

sup{||F, o x||ps : z € Vo, ||lz]|s = 1,n € N} < C.

P r oo f By Theorem 2, (a) implies (c). By s-convexity of, ¢(t,) (c)
implies (d). Conversely, (d) implies

(e) For any x € V,,, there exists C, > 0 with sup || F}, o z||, s < C;.

8



It is clear that (e) implies (a), which completes the proof.

4. Hammerstein integral equation

For simplicity assume that a = 1. Assume also that ¢ satisfies (i)-(iii)
from Section 2. Consider the Hammerstein integral equation

(7) z(t) = g(t) + V/K(t, s)f(x(s))ds fortel, veR.

Assume that
19 g: I — R is a generalized BV -function (¢g(0) = 0);
20 f:R — R is a locally Lipschitz function;

3% K : I x I — R is a function such that K(t,-) is integrable in the
Lebesgue sense (briefly: L-integrable) for every ¢t € I, K(0,s) = 0 and
tlhere exists a number o > 0 such that
V S0(@) < M(s) for a.e. s € I, where M : I — R, is an L-
0

integrable function.

Theorem 3 Under the above assumptions there exists a number p > 0 such
that for every v with |v| < p, equation (7) has a unique generalized BV,,-
solution, defined on I.

P r o o f. First, let us observe that from 3% it follows that

K(-
inf{5>O:/Vw(M)ds§1}::c<—|—oo.
€
T

(07

Indeed, by 3° we have [V, <¥> ds < +o0. Let 8= [V, (K("S)> ds and
T T

v = max(1, f)a. Now, we have




so [V, (@) ds < 1. Thus inf{e > 0: [,V (K(E"s)) ds <1} =:c<~.

T

Choose a positive number r > 0 such that ||g||y, < r. Denote by L,
the Lipschitz constant which corresponds to the function f and the interval

[—7,7]. Choose a number p > 0 such that [|g|lv, + p < sup [f(t)] < r and

pL,cé < 1, where & > 0 is the infimum of all positive numbers ¢ such that
|#]lsup < €]|2|lv,. The existence such a number & follows from [10], 10.7c,
p. 69 and [1], Theorem 4.1, p. 119. Let B, denote the closed ball of center
zero and radius r in the space BV, (I). Fix v such that |v| < p. Define the
operators

F(z)(t) = / K (t, 5)f (x(s))ds,

G(x)(t) = g(t) + vF(z)(1),

where z € B, and t € I. By Lemma 1, f(z) € BV,(I), so in view of [10],
10.7a, p.69 and Theorem 10.9, p.71 it is Lebesgue measurable and bounded.
Thus the mappings F' and G are well defined. Now, we verify that G maps
B, into itself. Indeed, for any x € B,, we have

. vF(x
(6@, < loll, + 1P, = lall, +ntfe > 0: v, (1) <1

The sign ” sup ” below denotes that the supremum is taken over all partitions
Trv{si}

7 with all possible intermidiate points s; € [t;_1,%;], ¢ = 1,...,n. By the

Jensen inequality, we have

€ m,{s;} i—1
n 1
1%
< S?p}ZSO(S’H/ 9|K(t“8) K(tz_178>||f($)(8)|d8)
TSt j—1 0
n 1
1%
< sup 3 gl / ] up [ F@) ) (1, 5) — Kt 5)]ds)
m{si} 41 0o € sel
n 1
1%
< s Yt [ s [FOIR5) = Kt s)lds)
m{si} i1 o € te[—r,r]

10



St
<o 3 [t sup [FOIK (09 - K5l

m{si} =1 €l-rr]

K(-,S)

< / (v sup £ Dy

te[—r,r]

and

inf{e > 0:V, (’/F;m)) <1}

ginf{5>0:/0 v, <|1/| sup |f(t)|K(;8)>ds§1}

te[—r,r]

— v sup |f(t)|inf{g>0:/olv¢, (K("S>)dsg1}

te[—r,r]

= [v| sup [f(t)]c.

te[—r,r]

Therefore, we conclude that

1G(@)llv, < llgllv, + [v] sup [f(E)]e <,

[7T7T]

which means that G maps BI into itself.
Similarly, for any x,y € B, we have

v, (AE= )

A
R Ik
N
h
:
wn
o
S
8
>

|
=
>

and

|G(x) — Gy, = inffe > 0V, (”(F(l”) - F(y))) <1

£

11



<inf{e >0: /0 Vo (V| Ly sup |z(s) — y(s)]K('7 S))ds <1}

sel €
= |v[Lyccllz = yllv,,

so G is a contraction. Now, applying the Banach contraction principle we
infer that G' has a unique fixed point in B,, which is a generalized BV,,-
solution to equation (7).

Remark 1 1) Let ¢ be a p-function without parameter. Then Theorem 3
covers with Theorem 1 from [3].

2) Again, let ¢ be a p-function without parameter satisfying the condi-
tions u~lp(u) — 400 as u — 0+ and p(ug + ... + u,) < k(p(Aug) + ... +
©(Auy,)) for n € N with some constants k, A > 0. Let us denote

So(t) = (0 +0) — z(0) + > _(2(t; +0) — x(t; — 0)) + x(t) — (t — 0)

ti<t

for 0 < o < a for every x € V,,, where t;,1,, ... are all points of discontinuity
of z. It can be shown that in this case x(t) = s,(t) for every t € [0,a] (see
[10], pp. 73-74 for details).

3) Now, assume that ¢(t,u) satisfies the condition uy)~(u) — +o0, as
u — 0+, where 1 is the function defined in (iv) and let x € V,,. One can
easily verify then, that the function z is of bounded variation in [0, a, in the
usual sense. Moreover, it can be shown that x is constant in each interval of
continuity (see again [10], p. 73 for details).

5. Volterra-Hammerstein integral equation

Throughout this section we assume that -function ¢ is convex and sat-
isfies following As-condition:

o(t,2u) < ko(t,u) for 0 <u < wuyg, teloal,

where uy > 0 is fixed and k is a positive constant.
1

For x € X, we shall denote by \/,(x) the y-variation of x on the interval
S

[s,1], where 0 < s < 1.

12



Consider the following Volterra-Hammerstein integral equation

(8) z(t) = g(t) + /K(t, s)f(z(s))ds for tel.

In what follows we shall need the following assumption

49 Let T = {(t,s): 0<t<1,0<s<t}and K : T — R be a functin
such that K(t,-) is an L-integrable on [0,¢] for every ¢ € I, and there

1
3 ‘K(trs)‘ K(',S)
exists a number o > 0 such that Os;i}; © (w, > ) + \s/¢ ( - ) <
s<t<1

m(s) for a.e. s € I, where m : I — R is an L-integrable function.

Now, we prove the following

Theorem 4 Suppose conditions 1°, 2° and 4° are satisfied. Then there exists
an interval J C I such that the equation (8) has a unique generalized BV,,-
solution, defined on J.

Proof Letr, L.and ¢ be asin the proof of Theorem 3. Choose

a positive integer N such that sup |[f(¢)|5x + |lgllv, < r and L.é5x < 1.
te[—r,r]|

Further, let 0 < d < min{ug, 1} be such that

o) [ o (w ) Ly (Y,

0<w<d
s<t<d s

d
< KN/ m(s)ds < 1.
0

Indeed, by 4° and the absolute continuity of the Lebesgue integral, there
exists 0 < d < min{ug, 1} such that

/od[oiglg)d 14 (w, @) + \d/so (K(;S))]ds < /Od m(s)ds < 1.

s<t<d s

In view of the As-condition, we obtain

[ (0 22 g (DY g

s<t<d s

13



so one can choose d such that Kfod m(s)ds < 1. Arguing in such a way
as above we deduce that for every N € N there exists a number 0 < d <
min{ug, 1} which satisfies (9). From (9) we get the inequality

(10)
inf{e > 0: /Od[oi‘igd ¢ (w, @) + \d/@ <K(;S>>]ds <1} < ;iN

s<t<d s

K(t,s) , 0<s<t,

Define K (t,s) = 0 cot<d

F(z)(t), where

J =10,d] and G(x)(t) = g(t) +

= /tK(t,s)f(x(s))ds, for x € B,, t € J,
0

(B, denotes here the same ball as in the proof of Theorem 3). Now, we verify
that G maps B, into itself. We have obviously

d
Fl(x
@ < lallv, + 1), = gl +inte > 0:\/ o(F2) <1y,
Since
¢ Pz
\/w( )— ) Zwsz,— )(t) — F(a) (1))
0 m{si}
n ti | ti-1 |
= 0 > tonl [ A aleds = [ LG 9 (0)ds)
n dl ~ ~
= 0 Dol R 0s) = Rlto0s ) (o))
< sup S s b [ L oup F6)IR(0,9) — Kt 9)1as)
_ﬂ—{Si} s Zad 0 € ey 79 1—1s
< 1 d H)||K (¢ K(t d
—ﬁl{f};c—i 0 w(si,gtes[l_lgr]\f()ll (ti,s) — K(ti1,s)|ds)
7\ K(s)
< ) Vol g 17O,

14



SO

inf{e > 0: (l/w (Ff)> <1}

0

d d
<inf{e >0: /\/ (Sup |f(t)
d
= sup |f(t)]inf{e > 0: /d\/ (

te[—r,r]

Further, since

[y

by (10), we get

7S)> ds S/O [OSEH; o(w, |K(Z,s)|)+\/w<K(.,s)>]ds,

inf{e > 0: \/ <1}< sup ‘f<)|

te[—r,r]

Thus ||G(x)||v, < r, which means that G(B,) C B,.

Now, for any =,y € B, we have

6@) - Gy, = inf(e > 01/ (FEFW)) )
and 0
Vo) — P,
- s 3 gl ZFE) ~ Pt = F) )+ FOt-0)
< s 3t [ LR 09 (s, (o)~ ()
< s 3= [ to aup o) = S IR ) = Kty )



w

< sup Z/ sz,— csup |x(s) — y(s)||K (ti, s) — K(ti_1,s)|)ds

m{si} 51 sed

S%:V¢@wWWWﬂ—M$

sed €
so, by (10), we get

1G(x) = G(W)llv,

K(-
§inf{5>0:/\/ (L,sup|z(s) — y(s)] (’S))dsgl}
seJ

< L swple(s) = y(s) o < Lol — il

sed

By the Banach contraction principle, we infer that G has a unique fixed point

in B,, which is a generalized BV,,-solution of the equation (8).

6. Global solutions of equations (7) and (8)

Let us begin with the Hammerstein integral equation of the form

(11) z(t) = g(t) + /K(t,s)f(x(s))ds, for t € I,

where I = [0, 1] for simplicity. Assume that
5 f:R — R;

6° there exists ¥ : [0,+00) — [0,+00) with ¥(u) > 0 for v > 0 and

sup [f(x(s))] < U([z[lv,) for any z € BV, (I);

s€[0,1]

0 . .
7Y there exists My > 0 with m
defined in the proof of Theorem 3;

> 1, where c is the constant

8% there exists a continuous and nondecreasing function ¢y, : [0, +00) —
[0, +00) such that cgpy, (¢z) < z for z > 0 and | f(x) — f(y)] < o, (|2 —
y|), for |z|, |y| < My, where ¢ is the constant defined in the proof of

Theorem 3.

16



Now we prove the following existence result for equation (11).

Theorem 5 Under the assumptions 1°, 3%, 5°-8° equation (11) has a gen-
eralized BV ,-solution, defined on I.

P roof. Let By, denote the closed ball of center zero and radius M, in
the space BV, (I). Define

Gla)(t) = g(t) + / K(t, 5)f(x(s))ds, forz € By and t € I.

For any x,y € By, we have
1G(z) = GW)llv,
=inf{e >0: /V@ <@ sup @ar, (Jz(s) — y(s)])) ds < 1}

sel
I
< conp (cllz = yllv,)-

From the above inequality it follows, in particular, that G(B)y,) is a bounded
set. Now suppose that x € BV, (1) with ||z|y, = M, is a solution of

x(t) = Mg(t) + /K(t, s)f(x(s))ds) fortel,

where A € (0,1]. By 6 and 7°, we have

lzllv, < llgllv, + sup [f(z(s))] - ¢ < llgllv, + c¥(llz]lv,.),

SO
1]y,
(12) E <1
lgllv, + ¥ (llzllv,)
Since ||z||y, = My, (12) implies that
Mo <1

lgllv, + ¥ (Mo) —
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which contradicts 7°. Applying the nonlinear alternative of Leray-Schauder
type (see [12]) we infer that G has a fixed point in the open ball By, which
obviously is a global generalized BV, solution of (11).

Now, consider again equation (8). Define

% | K(t,s) , 0<s <t
K<t’8)_{ 0 ,t<s<l,

and write (8) in the following form

(13) () = g(t) + / R(t,s)f(x(s))ds, fortel.

Hence, as a corollary from Theorem 5 we obtain the following result for
equation (8).

Theorem 6 Suppose 1°, 4°, 5° and 6° are satisfied. Moreover, assume that

0 ; ; M, = o .
9" there exists My > 0 with HHWr—\IOf(Mo)E > 1, where ¢ = inf{e > 0 :

1

S sup p(w, EE )+V (Fe)]ds < 1)

0<w<1
s<t<1

and condition 8° with ¢ instead of ¢ holds. Then equation (13) has a gener-
alized BV -solution, defined on I.

P r o o f. Indeed, the results follows from Theorem 5. We have

Vo) < sup g, BB oy (B0

0<w<1 (0] (0]
s<t<1 S

for a.e. s € I, so K satisfies 3°. Moreover,

inf{e > 0: /\/

IN
—_
—
I
Ql

0<w<1
I s<t<1

. Kts). \, K
< inf 0: —_—
< inf{e > /[sup gp(w, . )+\S/<p(
and thus we can take here ¢ = ¢.

18



Remark 2 Note that the inequality ||z|swp < é||x||v¢, x € BV,(I), men-
tioned in the proof of Theorem 3, in particular implies that continuous func-
tions of bounded generalized p-variation form a closed subspace of the space
BV,(I). Therefore, it is clear that assuming additionally that g is continuous
and imposing a suitable continuity assumption on the kernel K, one can ob-
tain the existence and uniqueness results concerning continuous generalized
BV, solutions to equations (7) and (8).
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