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Abstract

Let X be an analytic subset of pure dimension n of an open set U C
C™ and let E be a Nash subset of U such that £ C X. Then for every
a € E there is an open neighborhood V of a in U and a sequence {X,}
of complex Nash subsets of V' of pure dimension n converging to X NV
in the sense of holomorphic chains such that the following hold for every
v e N: ENV C X, and the multiplicity of X, at x equals the multiplicity
of X at x for every x in a dense open subset of ENV.
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1 Introduction and main results

A natural question in analysis and geometry is whether analytic objects can
be approximated by simpler algebraic ones with similar properties. Besides the
fact that the question presents an independent interest, it is strongly motivated
by applications. In particular, algebraic approximation is one of the central
techniques used in numerical computations. This paper addresses the question
in the case where the approximated objects are (germs of) complex analytic
sets whereas the approximating ones are (germs of) complex Nash sets (i.e. the
unions of irreducible analytic components of algebraic sets intersected with an
open subset of a complex vector space, see Section 2.1). The approximation is
expressed by means of the convergence of holomorphic chains (for a definition
see Section 2.3).

Since the sixties of the last century, there has been interest in the problem of
transforming the germ of an analytic set in K™ onto an algebraic germ in K™,
where K = C or R (see the articles by M. Artin [2], J. Bochnak [8], J. Bochnak
and W. Kucharz [9], M. A. Buchner and W. Kucharz [13], T. Mostowski [22],
A. Nobile [23], J. Cl. Tougeron [31], H. Whitney [35]). This problem is related
to what is discussed in the present paper in the following way. Let ¢ : V — W
be a biholomorphism where V and W are complex algebraic (or Nash) and
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complex analytic subsets of an open ball B C C™ respectively. Then for every
a € W there exist local approximations of W in a neighborhood of a by Nash
sets ¢,(V N B) where {¢, : B — B} is a sequence of polynomial injections
converging uniformly to ¢ in some neighborhood B C B of ¢~ Y(a).

Unfortunately, not every germ of an analytic set is biholomorphically equiv-
alent to an algebraic germ as was first observed by H. Whitney [35]. Then such
an analytic germ is not equivalent to a Nash germ either (a consequence of the
equivalence of every Nash germ to an algebraic one, proved by J. Bochnak and
W. Kucharz [9]). Nevertheless, local approximations by Nash sets exist for every
analytic set, as shown in [5] and [6] (see also [4]). In particular, in [6] it is proved
that in a neighborhood of a fixed point the order of tangency of approximating
Nash sets and the limit set can be arbitrarily high. (Let us mention that the
first results on approximation of analytic sets by higher order algebraic varieties
are due to R. W. Braun, R. Meise and B. A. Taylor (see [11]).)

The simplest biholomorphic invariant of an analytic set X is its multiplicity
w1 (X) at a given point xz. Thus a natural question arises whether X can be
approximated by a sequence {X,} of Nash sets in such a way that u,(X) =
(X)) for every v and every z in a fixed set E C X N[ -, X,. The affirmative
answer to the question in the case where E is an isolated point is given in [6].
It follows from the above mentioned result of that paper. In the present article
we show that such approximation is possible in a certain neighborhood of every
fixed point along any Nash subvariety with a removed nowhere dense analytic
subset. This requires a different approach that the isolated point case since
we cannot hope to obtain an arbitrarily high order of approximation along an
arbitrary Nash subvariety of X.

Assuming the notation of Section 2, and treating analytic sets as holomorphic
chains with components of multiplicity one, we prove the following

Theorem 1.1 Let X be an analytic subset of pure dimension n of an open set
Q in C™ and let E be a Nash subset of Q) such that E C X. Then for every
xg € E there is an open neighborhood V' of zy in Q0 and a sequence {X,} of
complex Nash subsets of V' of pure dimension n converging to XNV in the sense
of holomorphic chains such that for every v € N the following hold:

(1) ENV C X,,

(2) pz(X,) = pe(X) for every x € (ENV)\ F, where F, is a nowhere dense

analytic subset of ENV.

In general in the assertion of Theorem 1.1 we cannot drop the assumption
that the multiplicities coincide outside a thin subset of F as the following ex-
ample shows.

Example. Define
X = {(x7y,t,2) S C4 : 22(2 —y+et) +J}4 — 0}’
E:{(xayatvz) €C4ZZ‘:Z:0}.

Then for every (0,yo,t0,0) € E the cone tangent to X at (0,yo,to,0) inter-
sects the space {03} x C at the isolated point {04}. Hence, by Proposition 2.3,



H(0,y0,t0,0) (X) = ﬂ(O,yo,to,O)(plX)7 where p : Ci,y,t xC, — Ci,y,t is a natural
projection. This implies that 11(g,y,.+,,0(X) = 2 for every (0,y0,t0,0) € E'\ F
where

F ={(0,y,t,0) € C*: y = €'}

and fi(0,y,,0,0)(X) = 3 for (0,y0,%0,0) € F. Now, it is easy to see that the
subset of E of points at which the multiplicity of X, equals 3 cannot be a
transcendental curve for any Nash set X, .

On the other hand, if E is an analytic curve then for every xy € E there is
a biholomorphic deformation of a neighborhood of xy in C™ after which we are
able to avoid removing subsets of F in Theorem 1.1. The following proposition
is a consequence of Theorem 1.1, the fact that every analytic curve is locally
biholomorphically equivalent to an algebraic curve and the fact that proper
analytic subsets of an irreducible analytic curve are isolated points.

Proposition 1.2 Let X be an analytic subset of pure dimension n of an open
set  in C™ and let E C X be an analytic curve. Then for every xo € E there
is an open neighborhood V of xg in Q a biholomorphism ¢ : V — W C C™ and
a sequence {X, } of complex Nash subsets of W of pure dimension n converging
to (X NV) in the sense of holomorphic chains such that for every v € N the
following hold:

(1) p(ENV) C Xy,

(2) 12(X,) = pa(&(X V) for every z € (E V).

The basic obstacle one comes across in the proof of the presented results is
the fact that in the case of set-theoretic non-complete intersections, generic
approximations of describing functions yield sets whose dimension is strictly
smaller than the dimension of the given set. To overcome this difficulty we use
L. Lempert’s theorem on approximation of holomorphic mappings with values
in singular varieties (see Theorem 3.6). This theorem is formulated in terms of
basic notions of complex analysis, however, its original proof involves a powerful
machinery from commutative algebra (cf. [20]). More precisely, it relies on the
affirmative solution to the M. Artin’s conjecture for which the reader is referred
to [1], [24], [25], [26], [28]. Let us mention that the local version of Theorem 3.6
(sufficient to obtain Theorem 1.1) can be derived from M. Artin’s results of [2].
Recently an elementary proof of the local version (using methods different from
those of [2]) has been given in [7]. In the present paper we treat Theorem 3.6 as a
black box: most reasonings are based on a detailed study of the local properties
of analytic varieties. For other results on algebraic approximation of analytic
mappings between complex spaces see [10], [16], [17], [18], [29], [30]-

The notion of the multiplicity of an analytic set at some point is central for
intersection theory (applications to which partially motivate our interest in The-
orem 1.1). We plan to use the techniques developed in this paper applying the
methods of algebraic intersection theory in the analytic setting in a subsequent
publication.

Finally, let us mention that the convergence of positive chains appearing
in the paper is equivalent to the convergence of currents of integration over



the considered sets (see [19], [15]; the equivalence in the considered context is
discussed in [14], pp. 141, 206-207).

The organization of this paper is as follows. In Section 2 we present prelim-
inaries about Nash sets, multiplicities of analytic sets, holomorphic chains and
symmetric powers. Section 3 contains proofs of our main results.

2 Preliminaries

2.1 Nash sets

Let Q be an open subset of C™ and let f be a holomorphic function on 2. We
say that f is a Nash function at xg € Q if there exist an open neighborhood U
of zy and a polynomial P : C" x C — C, P # 0, such that P(x, f(x)) = 0 for
x € U. A holomorphic function defined on € is said to be a Nash function if it
is a Nash function at every point of 2. A holomorphic mapping defined on 2
with values in C¥ is said to be a Nash mapping if each of its components is a
Nash function.

A subset Y of an open set Q C C" is said to be a Nash subset of Q if and
only if for every yo € €2 there exists a neighborhood U of y¢ in 2 and there exist
Nash functions fi,..., fs on U such that

YNU={2€U: fi(zx)=...= fs(x) =0}.

We will use the following fact from [32], p. 239. Let 7 : Q x C¥ — € denote a
natural projection.

Theorem 2.1 Let X be a Nash subset of Q x CF such that w|x : X — Q is a
proper mapping. Then w(X) is a Nash subset of Q and dim(X) = dim(m(X)).

The fact from [32] stated below explains the relation between Nash and algebraic
sets.

Theorem 2.2 Let X be an irreducible Nash subset of an open set 2 C C". Then
there exists an algebraic subset Y of C™ such that X is an analytic irreducible
component of Y NQ. Conversely, every analytic irreducible component of Y NQ)
is an irreducible Nash subset of ).

2.2 Multiplicities of analytic sets

Let A be a purely n-dimensional locally analytic subset of C™ and let L be an
m — n dimensional affine subspace of C™ such that a is an isolated point of
L N A. Then there is a domain U C C™ such that UN AN L = {a} and the
projection w7, : UNA — 7, (U) C L along L is a k-sheeted analytic cover. The



number &k will be called the multiplicity of 77, at a and denoted by p,(7p|a)
(see [14] p. 102). Now put

pa(A) = min{p,(7L]a) : a is an isolated point of AN L}.

The number p,(A) will be called the multiplicity of A at a. (For the properties
of this notion see [14] p.120.)

Let us recall that the tangent cone C(Y,0) for an analytic subset Y of an
open neighborhood of 0 € C™ is the set of all vectors v € C™ for which there
are a sequence {p,} C Y and a sequence {c,} C C such that {p,} converges to
0 and {c,p,} converges to v. The following proposition and lemma from [14],
pp. 122, 102, will be useful to us.

Proposition 2.3 Let Y be an n-dimensional analytic subset of some neighbor-
hood of 0 € C™ such that 0 € Y and let L be an (m — n)-dimensional linear
subspace of C™ such that LNY = {0}. Then uo(mply) = po(Y) if and only if
LnC(Y,0) ={0}.

Lemma 2.4 Let A be a pure n-dimensional analytic subset of a domain U =
U' x U" in C™ such that the projection w: A — U’ is an analytic cover. Then
for each natural number p the set {z € A: p,(m|a) > p} is analytic.

2.3 Holomorphic chains

Let U be an open subset in C™. By a holomorphic chain in U we mean the
formal sum A =3, ; ;C;, where a; # 0 for j € J are integers and {C}} e is
a locally finite family of pairwise distinct irreducible analytic subsets of U (see
[33], cp. also [3], [14]). The set |J;, ; C; is called the support of A and is denoted
by |A| whereas the sets C; are called the components of A with multiplicities
a;. The chain A is called positive if a; > 0 for all j € J. If all the components
of A have the same dimension n then A will be called an n-chain.

Below we introduce the convergence of holomorphic chains in U. To do this
we first need the notion of the local uniform convergence of closed sets. Let
Y, Y, be closed subsets of U for v € N. We say that {Y, } converges to Y locally
uniformly if:

(11) for every a € Y there exists a sequence {a, } such that a, € Y, and a, — a
in the standard topology of C™,

(21) for every compact subset K of U such that KNY =0 it holds KNY, =0
for almost all v.

Then we write Y, — Y. For details concerning the topology of local uniform
convergence see [33]. Let us mention that for a compact subset R of U, if
RNY, — RNY then dist(RNY,, RNY) converges to zero, where dist is the
Hausdorff distance.



We say that a sequence {Z,} of positive n-chains converges to a positive
n-chain Z if:

(1) |2, — 12],

(2¢) for each regular point a of |Z| and each submanifold 7" of U of dimension
m — n transversal to |Z| at a such that T is compact and |Z|NT = {a},
we have deg(Z, - T) = deg(Z - T') for almost all v.

Then we write Z, — Z. By Z - T we denote the intersection product of Z and
T (cf. [33]). Observe that the chains Z, - T and Z - T for sufficiently large v
have finite supports and the deg;rees are well defined. Recall that for a chain

A= Z?:l aj{a;}, deg(A) =375, oy

2.4 Symmetric powers

Let (C*)?,, and (z1,...,24) denote (C*)?/. and the equivalence class of
(w1,...,74) € (C*)? respectively, where (z},...,7) ~ (x1,...,24) if and only
if («],...,2)) = (Tp),-- - Tp(a)), for some permutation p. We endow (C*)?,
with a metric py given by
pk(<$1a cee ,J?d>, <y15 cee yd>) = H;fbup ||.231 - yp(i)HC’W
K3
where ||(z1,...,2k)|lck = max;=1 . x|z, whereas p is any permutation of

(1,...,d) (the subscript & in pg will be often omitted).
Then there exist an integer N and a mapping ¢ : (Ck)giym — CY with the
following properties (cf. [34] pp. 366-368, 152-154):

(a) ¢ is injective and ¢, ¢! are continuous and proper,

(b) ¢ omsym : (CF)4 — C¥ is a polynomial mapping, where msym (21, ...,24) =
(1,...,24),

(c) #((CF)? ) is an algebraic subset of CV.

sym

(As for (c), in [34] the analyticity of ¢((C*)¢,,,) is proved. It is done by observ-
ing that this set is the image of a complex vector space by a proper polynomial
mapping. Then, by Theorem 2.1, ¢((C*)? ) is a Nash subset of C". Hence
irreducibility of ¢((C*)?,,,) implies that it is an algebraic subset of CV (cf. [32]
p. 237).) ‘

Let us mention that ¢ can be obtained by taking ¢ o msy,, equal to the

collection of elementary symmetric functions

(€l — P sP(Ch), (@1,.za) —~ DY w

1<p<d 1<p<d j1<...<jp

into the symmetric algebra of C* (identifying the vector space @, <, S?(C")
with C¥ for some N).



3 Proofs

To prove Theorem 1.1 we construct a system (S) of Nash equations and a system
of holomorphic functions describing X, in a neighborhood of the fixed z, sat-
isfying the equations from (S). These objects will have the following property.
For any sequence of systems of Nash functions satisfying (S) converging locally
uniformly to the originally constructed holomorphic solution, the sets described
by these Nash systems will satisfy the assertion of Theorem 1.1.

Let us turn to the construction. First, some of the equations from (S) will be
responsible for the fact that higher order derivatives of certain functions (zero-
sets of which contain X in a neighborhood of z) vanish on E. Here we shall
need the following lemma which is a sort of higher order Nullstellensatz.

Let E,, f, denote the germs at a of the set £ and the function f respectively
and let I(E,) be the ideal of the germs of holomorphic functions vanishing on
FE in some neighborhood of a.

Lemma 3.1 Let Y be an analytic subset of an open set U C C", irreducible at
y € U and let kg be a fized integer. Then there are a neighborhood V of y in U
and a holomorphic function §:V — C such that 3, ¢ 1(Yy) and the following
is satisfied. For every holomorphic function f: U — C with

oFf
m(m)zo, foreveryzr €Y, 0<t;+...+t, =k <kg

it holds Bf, € (1(Y,))k+L.

Proof. Without loss of generality we assume y = 0 € C™. Functions and their
germs at zero will be denoted by the same letters (subscript omitted). Let Oy,
denote the ring of the germs of functions holomorphic in some neighborhood of
0eC™, for0<m<n.

Let d denote the dimension of Y at 0. By the Riickert’s Parametrization
(see [27], p. 28) we may assume that there exist polynomials P, Q; € Og[zq1],
j=d+2,...,n such that P is unitary and irreducible (i.e. its discriminant
0 € 04\ (0)) and the following holds. There is an integer ¢ > 1 such that

(SqI(}/O) cl= {P, §xd+2 — Qd+2, - 75$n — Qn}(’)n C I(YO)

We show that there is m such that 6™f € I*o*! which completes the proof.
Obviously, 09f € I, so assume that §™° f € I° for some mg and 1 < s < kq. It
is sufficient to check that, for some mq, 6™ f € I°T1. It holds

o f = Z htd+1 ----- tn pla+ (0xdy2 — Qd+2)td+2 oo (0 — Qn)t"a

tgy1+...+tn=s

where hy,,, ..+, are germs of holomorphic functions at 0 € C". Fix any point
(aybgyt1,--.,by) in a neighborhood of 0 in Y such that d(a) # 0. To complete



the proof it is sufficient to show that hy,. . .. 4. (a,bi41,...,b,) = 0 for every
tgy1 + ...+t =s.

Since §(a) # 0, we may assume that, after a biholomorphic change of coordi-
nates in the neighborhood of (a,bg11,...,b,), it holds b; = 0, for j = d+1,...,n,
and

m _ ta+1, td+2 t
oMo f = g Pty tn g Tty - Ty
tag1+...Htn=s
Suppose that hy,,,, ., (a,0,...,0) # 0 for some t4;1,...,t,. Then there
exist vg41,...,v, such that

E tat1 taye t
Ptgir,otn (@, 0,00 0)v 005 oo # 0.

tasr+ottn=s
This implies that the s-th derivative of the function
F(t) =40m° f(a,tvgst, ..., to,)
at zero is different from zero. A contradiction with the hypothesis.m

In the sequel we treat every purely n-dimensional analytic set as a holomor-
phic n-chain such that each of its components appears with multiplicity one.
Then the notion of the convergence in the sense of chains (denoted by "—", see
Section 2.3) is well defined in this context.

The proof of Theorem 1.1 involves the fact that if an affine space L C C™
of dimension m — n intersects X at = transversally then p.(rr|x) = p(X),
where 7, denotes the projection of C™ onto the orthogonal complement of L
(see Proposition 2.3). Thus in order to obtain p;(X) = py(X,) for = from a
fixed set, where X, are approximating varieties, it is sufficient to make sure that
the transversality condition holds also for X, and that p.(7p|x) = pz(7r|x,)-
These conditions can be equivalently expressed by the fact that certain Nash
equations are satisfied by suitably chosen descriptions of X, X,. The aim of the
following lemma is to formulate such Nash equations in the case where X and
X, are hypersurfaces.

Let U = Uy x Uz be an open subset of C;

such that 0, € U and let 7 : C" x C — C",p: Cp
natural projections.

— d n—d
. =C ,xC

L1y T Td41y:++5Tn

d+1
L xC—CHL e

Lemma 3.2 Let p(z,2) = 2" + a1(2)2" ' + ... + a,(z) € O(U)[z] be a poly-
nomial with non-zero discriminant, a;(0,) = 0 for j = 1,...,r. Next, let
S cCY = {(x,2) € UxC : p(x,z) = 0} be a purely d-dimensional Nash
subset of U x C wrreducible at 0,41 € C™ x C, d < n, such that:

(1) S is with proper projection onto Uy, p|s\p is injective,
(2) C(Y,a)N ({0,} x C) = {0px1}, for every a € S\ F,

where F is a nowhere dense analytic subset of S. Then there are an open neigh-
borhood U of 0, in U, holomorphic functions g1,...,9: : U — C and Nash



functions Fi(z,u1,...,up,01,...,0¢), @ = 1,...,s with the following property.
For all sequences {a1,},....{arv}, {910}, {9t} of holomorphic functions
converging to ai,...,ar,gi,...,g: respectively uniformly on U such that for
everyi=1,...,s andx € U, v € N,

Fi(z, al,u(x)a e 7ar,u($)a gl,l/(x)y ce. agt,l/(z)) =0,
the following hold:

(8)Y, ={(2,2) €UxC:2" +ay,(x)2" ' +...4a.,(x) =0} — YN({UxC),

(4) pa(ly) = pa(wly,) for every a € (SN (U x C))\ S, for almost all v,

(5) C(Yy,a) N ({0,} x C) = {041} for every a € (SN (U x C))\ S, for almost
all v,

where S, is a nowhere dense analytic subset of SN (U x C).

Proof. To explain the idea of the proof suppose for a moment that a;(z) = 0
for z € w(S), 7 =1,...,r (which implies that S C U x {0} and py(7|y) = r for
b € S). Then, having in mind that the cone tangent to Y at b € S is defined by
the initial polynomial of the Taylor expansion of p at b, (2) is equivalent to the
fact that partial derivatives of a; up to sufficiently large order vanish on 7(S5).
Now using Lemma 3.1 it is easy to formulate Nash equations satisfied by a;
(together with some other holomorphic functions) such that (5) holds provided
these equations are satisfied by a;, (and the other functions converging to the
original solution). This will be done in detail, in the general situation, below.
(Observe that aj,(z) =0 for € 7(S), j =1,...,r automatically imply (4).)

To apply this sketch in general, we should know that some neighborhood of
Op+1 in S can be embedded in an n dimensional manifold which may not hold
true. However, such embedding is possible if we replace Y by its image by a
certain Nash mapping as specified below. (Of course it may be up(7|y) < r for
b from a dense open subset of S. This does not lead to any difficulties as we
shall see in the sequel.)

Let § : Uy — C be the discriminant of the unitary reduced polynomial from
O(Uy)[xd+1] describing p(S). (Note that J is a non-zero Nash function.) It is
well known (see e.g. [21], ch. VI.2) that, by (1), there is a Nash function
a: (U1 \{6 =0}) x Uy — C such that SN ((U; \{§ =0}) x Uy x C) C graph(«)
and ¢ - a can be extended over all U; x Us. This implies that for the mapping

F:UXxC—=UXC, Y(x1,...,2n,2) = (T1,...,2Zn, 2 0(x1,...,24))

the set 4(S) C graph(¢), where ¢ : U — C, ¢ = § - « is a Nash function.
Moreover, 4 is a biholomorphism on (U1\{§ = 0})xU;x C (recall that S\{§ = 0}
is an open dense subset of S). Taking v = W o4, where ¥ : U x C — U x C is
given by ¥(z,2) = (z,z — ¢(x)), we obtain (S) C U x {0}.

Observe that the condition (2) is satisfied with Y, S| F replaced by v(Y),v(5),
F = y(F) U {8 = 0} respectively. Moreover,

(7] ) = py o) (Tl (v))



for b € S\ {6 = 0}. Therefore to complete the proof of the lemma it is
sufficient to construct holomorphic functions g1,...,¢: : U — C and Nash
functions Fj(z,u1, ..., U, 01,...,0¢), © = 1,...,s, such that the following is
satisfied. For all sequences {a1,},...,{arv}, {g1,0}, ..., {9t} converging to

A1y, Qpyg1,---,g¢ uniformly on U such that for every i =1,...,s and x € U
Fi(z’al,u(w)a e 7ar,u(x)agl,l/(‘r)7 e agt,v(x)) = 07
the following hold for v € N, a € (v(S) N (U x C)) \ G,

(a) C(v(Yy),a) N ({0n} x C) = {0n41},
(b) ,ua(ﬂ-|’y(Y)) = ,ua(ﬂ|'y(Y,,))a

where G, is an analytic nowhere dense subset of v(S) N (U x C). (Note that (3)
will follow automatically by the fact that p has non-zero discriminant.)
To do this denote @ = (ay,...,a,) and observe that

vyY)={(z,2) e U x C: P(x,z) =0},
for
P(x,2) = 2" + 2" (a(z), ¢(x), 6(x)) + ... + by(a(x), ¢(x), 8(x)),

where by1,...,b. € Cluy,...,u,,v,w| are polynomials independent of a,d, ¢.
Indeed, the fact that y(Y) is described by P outside {§ = 0} is obvious (direct
calculations). On the other hand, {§ = 0} is nowhere dense in U and ~(Y)
is bounded over every compact subset of U so v(Y) is an analytic subset of
U x C. Then there is the unique unitary polynomial in z of degree r (with
non-zero discriminant) describing (Y). The uniqueness immediately implies
that it must be P (because the coefficients of the polynomials are equal outside
{0=0}).

The facts that S is irreducible at 0,41, a;(0,) = 0 for j = 1,...,7 imply
that ~(S) is irreducible at 0,,41. This, in view of (2) gives, by Lemma 2.4, that
there are 1 € N and a nowhere dense analytic subset F' of 7(S) such that

C((Y),a) N ({O0n} x C) = {0n 41} and pa(7ly(v)) = 1

for every a € ~(S)\ F (shrinking U if necessary; then p = min{/, (7lyvy) ra €
~v(S)}). Then, since v(S) C U x {0}, (taking into account that the tangent cone
is described by the initial homogenous polynomial of the Taylor expansion of P
at the given point) we obtain

aibj (&a ¢7 5)

1,4 Ay 4
Oxy " ... 0xn™"

(x)=0

for every x € w(y(S)), c1 i+ ... tani=i<pu+j—r—-1l,j=r—pu+1,...,n
This in turn, by Lemma 3.1, implies that there are Nash functions hq,...,h;
describing the set w(v(S)) (in some neighborhood of zero in C™) such that for

10



every j € {r —p+1,...,r} there are holomorphic functions 6;,7; . ...
where 6; is a non-zero function on 7(y(S5)) such that

"K’t",j’

(c) Qﬂh(&»5»¢)"E:R1J+=n+naj:u+j—rh:LJ"'hgtjnﬁﬁhw~»“aj::0
in some neighborhood of 0,, € C™.

We shall show that the required functions F;, i = 1,...,s, can be obtained
by taking the left-hand sides of the equations from the system (c) in which
0j,a1,...,ar, Njk1;,....ke; are replaced by independent new variables. Then the
replaced functions, apart from aq, ..., a,, will be the looked for g4, ..., g;.

To this end, suppose that sequences {a1,},...,{ar.}, {g1,0},-.-, {9t} are
converging uniformly to a1, ..., a,, g1, - . ., g; in some open neighborhood of zero,
where g¢i1,...,g; are as above. Moreover, assume that these sequences satisfy
the equations specified in the previous paragraph. Put 4, = (a1,,,...,a,,) and
observe that by (c) for some neighborhood U of zero

3ibj(d,,, ®,9)
oz . 0™t

(z) =0

forz € n(y(S)NU, 1i+ ... tami=i<p+j—r—1j=r—pu+1,...,7r
Next put

Py(w,2) = 2" + 2" 1b1(a (@), 6(2),6(2)) + ... + by (a0 (2), 6(2), 8(2))
and observe that
v(Y,) = {(z,2) € U x C: P,(z,2) = 0}.
In view of the vanishing of certain b;(a,, ¢,d) and by v(S) C U x {0} we have

0P, or=1p,
Pll(a): 82’ ((Z):: 82’”_1 (a):()?

for every a € y(S) N (U x C). Tt is easy to see that (b) holds for all a €
~(S) N (U x C) such that

o+ P, o+ P
@) £04£ 5

i.e. outside a nowhere dense analytic subset of (S)N (U x C). Then the fact that
partial derivatives of b;(a,, ¢,9) of order smaller than or equal to p+j—r—1

vanish on 7((S)) N U implies that (a) holds for every a from ~(S) N (U x C)
with a removed nowhere dense analytic subset.m

The following lemma shows how to reduce the problem of the equity of the
multiplicities at a fixed point of sets of arbitrary codimension to the case of
hypersurfaces which was discussed in Lemma 3.2.

Let # : C" x CF — C", 7 : C® x C — C" be natural projections. Let
L;: C* — C, fori =1,...,p, be C-linear forms such that for every (m + 1)-
element subset A of C* there is i € {1,...,p} such that L;| 4 is injective, where
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m is a fixed integer. (The existence of such forms follows for example by the
proof of Lemma 1 of [6].) Let U be an open connected subset of C™. For any
X C U x CF put X; := &,(X), where &, : C" x C¥ — C" x C is given by
the formula @, (x,v) = (z, L;(v)).

Lemma 3.3 Let X C U x CF be an analytic subset of pure dimension n with
proper projection onto U and let E be an analytic subset of U x CF, E C X.
Fori=1,...,p assume:

(0) max{#tX N ({z} x C*) : 2 € U} = max{tX; N ({z} x C) :z € U} =,

(1) C(X,a) N ({0n} x C*) = {0n+r},

(2) ho,, (a) (7] x,) = pa(7[x),

for every a € E\ F where F is an analytic subset of E. Next, let {X"} be
a sequence of analytic subsets of U x CF of pure dimension n, each of which

contains E, such that XV — X and such that for every v € N the following
hold:

(8) C(X7,b) N ({0} x C) = {0541},
(4) po(m|xy) = po(mlx, ),

for every b € . (E\ F”), i =1,...,p, where F” is an analytic subset of E.
Then

fa(X) = pa(X")
for every a € E\ E¥ and almost all v € N, where EY = F U F".
Proof. The definition of the tangent cone and (3) immediately imply that
C(XV,CL) N ({On} X Ck) = {On—i-k}

for every a € E '\ F". Indeed, suppose that (0,,h) € C(X",a) C C* x C¥,
h # 0y, for some a € E'\ F”. Then there is j € {1,...,p} such that L;(h) # 0.
Moreover, there are {(z;,y;)} C X”, \; € C with

(@, y) — a=(z,y)
as [ tends to infinity such that
Ai(z =2,y — i) — (0p, h).
Consequently,

M(@r; (z,y) — Pr; (@1,41)) — (O, Lj(h)),

which implies that (0, L;j(h)) € C(X},®1;(a)), a contradiction with (3).
Hence in view of Proposition 2.3 and (1) it is sufficient to prove that

pa(T|xv) = pa(7|x)
for every a € E\(FUF") and almost all v € N. To do this we need the following

simple
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Remark 3.4 Let Y be an analytic subset of U x CF of pure dimension n with
proper projection onto U and let L : C* — C be a C-linear form. Assume that

max{fY N ({z} x C¥): 2 € U} = max{#®,(Y)N ({z} x C) : x € U}.
Then for every a € Y such that @1 |(z(a)yxcryny 5 injective it holds juq(T|y) =
1, (a) (Tl@, (1))

Let us finish the proof of Lemma 3.3. Since X* »— X, (0) holds for X* for
almost all v. Let v be so large that X satisfies (0). Pick any a € E'\ (FUF")

and a form L;, i € {1,...,p}, such that @1, |#@)1xck)nx> is injective. By
Remark 3.4, (0), (2) and (4) we obtain

1a(Tx) = Ha,, (a)(Tx) = e, (o) (T|xr) = pta(F]x)
and the proof is complete.m

Proof of Theorem 1.1. Step 1. Let us start with some preparations. We may
restrict our attention to the case where E is of dimension d strictly smaller than
n. This is due to the fact that n-dimensional irreducible components of E are
the components of X so the assertion follows immediately by Theorem 1.1 of [5]
(cp. Step 2 below). We additionally assume that F is irreducible at zg (from
the proof it will be clear that by this assumption we do not restrict generality).
Next, passing to the image of a neighborhood of z(y by a linear isomorphism, if
necessary, we may assume that zo = 0,, and X is an analytic subset of U x CF
(k = m — n) with proper projection onto U, where U = U; x Uy C C? x C"~¢
is an open connected neighborhood of 0,, € C™ and E is with proper projection
onto U;.

Put m = max{#(X N ({z} x C¥)) : © € U}. Next, without loss of ge-
nerality, further assumptions can be made: there are non-zero C-linear forms
Li,...,L, : C¥ — C such that for every (1 + 1)-element subset A of C*
there is ¢ € {1,...,p} such that L;|4 is injective (cp. the paragraph preceding
Lemma 3.3) and (after another change of the coordinates if necessary) X satisfies
the hypotheses (0), (1) and (2) of Lemma 3.3 with F' nowhere dense in E. Here
(1) requires an explanation: denote y = min{u(X) : a € E}. There is a
linear change of coordinates, arbitrarily close to the identity, after which there
is a € E such that p,(7|x) = p. Then, by Lemma 2.4 we have {a € E :
to(T|x) = n} = E\ 'V, where V is a nowhere dense analytic subset of E. Now,
by Proposition 2.3, it holds C(X,a)N ({0,} x C¥) = {0,,+x} for every a € E\ V.
As for (2), shrinking U if necessary we may assume that Reg(7(E)) is connected.
Take any by € Reg(7(F)) such that the fiber in (Reg(7(FE)) x C*) N X over by
has the maximal cardinality. Next we may assume, applying an arbitrarily close
to the identity change of the coordinates, that ®r|(xn({s,}xck)) is injective for
every j € {1,...,p}. Then the injectivity condition holds with by replaced by
every b € 7#(E) \ V where V is an analytic nowhere dense subset of 7(E). Now,
in view of (0), (2) follows immediately.

We complete the first step of the proof by showing that the hypotheses of
Lemma 3.2 may be assumed to be satisfied with Y, S replaced by @1, (X), @1, (F)
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respectively for every j € {1,...,p} (then p is taken to be the polynomial
with holomorphic coefficients defined on U and non-zero discriminant describ-
ing ®1,(X)). Indeed, observe that in the previous paragraph the coordinates
can be changed in such a way that there is an analytic nowhere dense sub-
set E of F such that the projection of E\ E onto U; x Cy,,, is injective (it
is sufficient to ensure, assuming that F is purely dimensional, that the injec-
tivity of the projection holds over {by} x C,,,,, where by € U, is such that
the fiber in E over by is of the maximal cardinality). Moreover, note that
ker®p, C {0,} x C* hence (ker®r,) N C(X,a) = {Op4r} for every a in E
with a removed nowhere dense analytic subset. Consequently, (see [14], p. 81)
C(X;,®1,(a))N({0,} xC) = {041} for every j € {1,...,p} and a in E outside
a nowhere dense analytic subset.

Step 2. We recall the basic construction from [5], concerning approximation of
holomorphic chains by Nash chains, that will be useful in the sequel. Let B C C"
denote a polydisc centered at 0,, € C" and let B = {x € C" : jx € B}, where
0 <6 <1 Let: B — I be aholomorphic mapping, where I = ¢((C*)7 ).
(For the definitions of ¢ and (C*)T  see Section 2.4.) Next put ¢ = k - m and
identify the space ((C)¥)™ with C'. Let W (z1,...,2,) = ¢ 0 Tsym(21,.-.,2.),
for z; € C,i =1,...,t. (Tsym is introduced in Section 2.4; here 7y, is treated,
via the identification above, as a mapping defined on C*. Recall that W is a

polynomial mapping.) Now define
X(’l/)79) = {(x,Zj,.., azL) € B0 X CL : 11[}('1:) = W(217...,Z,,)}-

Observe that the fact that the image of 1 is contained in I and the properties
of ¢ imply that for 8 < 1 the set X (1, 0) is a purely n-dimensional subset of
B x C* with proper projection onto Bf. The pure dimension n of X (1, 0)
requires an explanation: in view of the properness of the projection of X (v, 6)
onto B, it is a consequence of the non-emptiness of all the fibers over Bf and
the continuity of the mapping ¢~! o : Bl — (Ck)gm.

Now let Y be any purely n-dimensional analytic subset of B x C* with
proper projection onto Bf such that the generic cardinality of the fiber of Y
over B equals i and let pr : C*xC*x C*~* — C™x C* be a natural projection.
Then there exists a holomorphic mapping ¢ : B§ — I such that Y = pr(X (1, 0))
(cp. the proof of Theorem 1.1 in [5]). In the proof of Theorem 1.1 of [5] it is
shown that if a sequence {t, : B — I} of holomorphic mappings converges
to 1 uniformly then the sequence {pr(X(¢,,0))} converges to pr(X(i,0)) in
the sense of chains. On the other hand, if ¢, are Nash mappings then, by
Theorem 2.1, pr(X(v,,0)) are Nash sets of pure dimension n.

Step 3. Without loss of generality we assume that Uy, Us above are polydiscs
and put B = U; x U,. Now let v : B — I be a holomorphic mapping such
that X = pr(X(¥,1)), where X is our set to be approximated. In order to
prove Theorem 1.1 we show that there are § < 1 and a sequence v, : B — [
of Nash mappings converging to ¢|pp uniformly such that certain conditions
which will be expressed in terms of Nash equations are fulfilled. To formulate

14



these conditions we need the following simple lemma from [6] (Lemma 3).

Lemma 3.5 For every C-linear form L : C* — C there are Pr1,...,PrL,, €
Clyi,...,yn, 2] such that for any holomorphic mapping 1 : B — I C CV the
following holds.

CI)L(X(waH)) = {(xvz) €BOxC: PL,l(w<x)’Z) == PL7nL(w(x)7Z) = 0}7
for 8 < 1, where ®r,(u,v) = (u, L(v)), for u € C*, v € C-.

We return to the proof of Theorem 1.1. For every j € {1,...,p} define the form
Lj : C* — C by the formula L; = L; o pr, where pr : C*~F x CkF — CF is
a natural projection. Let Pj1,...,P;,;, for j = 1,...,p, denote polynomials
obtained by applying Lemma 3.5 to (I)Ej (X (1, 1)) (recall that pr(X (v, 1)) = X).
Then, for every j € {1,...,p} we have

Pyi(¢(x), 2) = Hji(x, 2)(Wj(x, z))", fori=1,...,n;.

Here W is a unitary polynomial in z with holomorphic coefficients and non-zero
discriminant, describing (I)ij (X(¢,1)), Hj;; is a polynomial in z and k;; is an
integer such that {I¥; = 0} is not contained in {H;, = 0}.

The system of Nash equations mentioned in the first paragraph of Section 3,
which will be denoted by (S) consists of the following equations:

(a) algebraic equations describing the set I' (recall that I = ¢((C*)T ) is an
algebraic subset of CV, cf. Section 2.4),

(b) equations Pj;(1(x),2) = Hj(z,2)(W;(z,2))ki, fori = 1,...,n;, j =
1,...,p, from the previous paragraph with ¢ and the holomorphic coefficients
of W; and the coefficients of H;; replaced by new variables,

(c) equations F;; = 0 where F}; are obtained by applying Lemma 3.2 with
p=W; S =& (F) for j =1,...,p, (since (I)ij(X(l/f,l)) = & (X), by
what we have assumed about X it follows that W; satisfies the hypotheses of
Lemma 3.2).

Step 4. In the sequel, holomorphic solutions to the system (S) will be approx-
imated by Nash functions. To do this we need the following theorem which is
due to L. Lempert (see [20], Theorem 3.2, pp. 338-339).

Theorem 3.6 Let K C C" be a compact polydisc and f : K — C* a holo-
morphic mapping that satisfies a system of equations Q(z, f(z)) =0 for z € K.
Here Q is a Nash mapping from a neighborhood U C C™ x CF¥ of the graph
of f into some C?. Then f can be uniformly approximated by a Nash mapping
F: K — CF satisfying Q(z, F(z)) = 0.

We use Theorem 3.6 in the situation where Q = 0 are the equations of the
system (S) whereas the components of f are the components of ¢ (the equations
(a) are satisfied by these functions), the coefficients of W, the coefficients of
H, ; (which satisfy (b) together with functions 1) and the holomorphic functions
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obtained from Lemma 3.2 (note that in Lemma 3.2 the functions aq,...,a,,
g1, - -, g satisfy the equations F; = 0,4 =1,...,s). Formally we should remove
the variable z in (b) before using Theorem 3.6: this can be done by replacing
every equation from (b) by an equivalent system of equations as every function
appearing in (b) is a polynomial in z.

Let 1., W;,, be the components of a mapping from the obtained sequence of
Nash mappings, converging uniformly to ), W; respectively in some neighbor-
hood of 0,, € C™. By Step 2, in view of the fact that 1, satisfy the equations (a)
and X = pr(X(¥,1)), we know that X, — X N((B@) x C*), for some 0 < 6 < 1,
where X, = pr(X(¢,,6)). Next, by the fact that the equations (b) are satisfied,
it is easy to see that the unitary polynomial W}, in z with Nash coeflicients and
non-zero discriminant describes (X (¢y,0)) = ®1,(X,). Finally, by the fact
that the coefficients of W;,, (together with some other Nash functions) satisfy
(c) and by Lemma 3.2, we see that the sets X N ((Bf) x C¥), X, for v € N,
satisfy the hypotheses (3) and (4) of Lemma 3.3. (Recall that, by Step 1 of the
proof of Theorem 1.1, X satisfies (0), (1) and (2) of Lemma 3.3.) In order to
apply Lemma 3.3 it is sufficient to check that £ C X, for v € N. This in turn
follows by Lemma 3.2(4) and by the fact that for every (i + 1)-element A C C*
there is i € {1,...,p} such that L;|4 is injective. Applying Lemma 3.3 finishes
the proof of Theorem 1.1.

Let us mention that if £ was not irreducible at x( then the only difference
in the proof would be to make the preparations in Step 1 simultaneously for
every irreducible component of F and then in the construction of the system
(S) in (c) include equations coming from every component of E.m

Proof of Proposition 1.2. It is sufficient to modify the proof of Theorem 1.1
so we give only a sketch. First, every analytic curve is locally biholomorphically
equivalent to an algebraic curve (see [12]), therefore we may assume that F is
algebraic. We also may assume that X satisfies all the assumptions made in the
first paragraph of Step 1 of the proof of Theorem 1.1.

Next, the conditions (0), (1) and (2) of Lemma 3.3 may be assumed satisfied
for X for every a € E (in Theorem 1.1 we had these conditions for a from
a dense subset of E). Indeed, (0) can be clearly obtained. As for (1) and
(2), by a, close to the identity, change of the coordinates in a neighborhood of
0+ we obtain the conditions for a = 0,44 (recall that zo = 0,,1%). Then we
proceed as in the second paragraph of Step 1 of the proof of Theorem 1.1. (So
another perturbation of the coordinate system is applied. Since it can be again
arbitrarily close to the identity, we may assume that (1) and (2) remain true for
On+k.) Now that (1) and (2) hold both outside a nowhere dense analytic subset
of E and for 0,1, these conditions must hold in some neighborhood of 0,4 in
FE as E is one-dimensional.

Similarly, (1) and (2) of Lemma 3.2 may be assumed satisfied with Y, .S re-
placed by @, (X), @, (F) respectively for every i = 1,.. ., p, with the additional
assumption that F'is empty. This completes Step 1.

Next observe that if in Lemma 3.2 we assume that S is a curve and F' = ()
then we may take S, = {0,41} for every v. Indeed, it is sufficient to make sure
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that 85;;" (a) # 0 for a € v(S) N (U x C) \ {0,411} (see the proof). Yet, since
%Zf (a) # 0 for a € y(S) N (U x C) \ {0,541} it suffices to ensure that the order
of zero of P — P, at 0,41 is high enough (because every irreducible component
of the germ of E at 0,41 is the image of an analytic homeomorphism defined
on a neighborhood of zero in C: the Puiseux theorem. Composing %25 and
8;;;” with this mapping one observes that the claim is a simple consequence of
the Rouché theorem). This in turn can be easily achieved by substituting a;,
j=1,...,r in the equations (c) (in the proof of Lemma 3.2), by ¢, +a, where a;
is the sum of sufficiently large finite number of the terms of the Taylor expansion
of a; about 0,,, whereas d¢; = a; — @;. Then every d;(z) can be expressed as

AR xPa;j(z), where @;(0,) # 0. Now in the equations (c) the d;’s are
replaced by new variables instead of the a;’s.

Finally, the construction of the system (S) in Step & differs in point (c)
from what was presented in the proof of Theorem 1.1. Here we use Lemma 3.2
in a just strengthened version and obtain two systems of equations: one for
S = FE and the other for S = {0,,4«}, both included in (S). Approximating
the holomorphic solutions of (S) by Nash solutions yields sets X, satisfying the
hypotheses of Lemma 3.3 with F' = F¥ = (). Application of this lemma finishes
the proof.m
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