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ABSTRACT. Let X = (CN[0,1],] - ||), where N > 3 and let V be
a linear subspace of IIy, where IIy denotes the space of algebraic
polynomials of degree less than or equal to N.

Denote by Ps = Ps(X,V) = {P : X — V | P-linear and
bounded P|y =idy, PS C S}, where S denotes a cone of multi-
convex functions.

In [25, 26] the multi-convex projections were defined and it was
shown the explicite formula for projection with minimal norm in
Pg for V =1Iy.

In this paper we present a generalization of these results in the
case of V' being certain, proper subspaces of Ily.

1. INTRODUCTION

Let X be a real Banach space and let V' C X be a finite-dimensional
subspace. A linear and continuous mapping P : X — V is called a
projection if P|y = idy. Denote by P(X, V) the set of all projections
from X onto V. Moreover let S denote a cone, that is a convex set
closed under nonnegative multiplication. We say that projection P
preserve S-shape if PS C S (notation P € Pg). Particulary, if S
denotes a cone of functions which certain derivatives are nonnegative,
then projection preserving S-shape will be called multi-convex.
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The main problem consider in this paper is to find a minimal multi-
convex projection, that is a projection in Pg of minimal norm. Note
the problem of finding projection of minimal norm (so called minimal
projection) or minimal shape preserving projection has been widely
studied by many authors (see e.g. [1]-[38]). Recent papers (ex. |[26,
25]) gave answer to this problem in case, where subspace V is entire
space of polynomials of degree less than or equal to N (see [26]) under
assumption that the norm of minimal projection in Py is not greater
than 2. In this paper we replace the space of polynomials by spaces of
incomplete ones. Also the above mentioned assumption is not needed.

The article is divided into four sections. The first one is an introduc-
tion. The second one consists of notation and important results that
are used in the paper. In third section we describe a basic projection
and its properties. The main results concerning recurrence formula are
enclosed in fourth section.

2. NOTATION

As it was mentioned before, the main goal of this paper is to define
a minimal multi-convex projection from CV[0, 1] (where N > 3) onto
certain subspaces of space of polynomials of degree less than or equal to
N. To describe these subspaces and norms in CV[0, 1] we use a special
sequence.

For n < N (N > 3), let
{ki}i-, c {0,1,...,N} (1)
be such that
(Kl) Vi € {O, .. TL} k< k?i+1,
(K2) IC() — 0,
(K.3) k,-1 =N —1and k, = N.
Now, set a norm on CV[0, 1] as

1f1l = max{[|f*]| i € {0,...,n}}. (2)
By (K.2) such expression defines a norm and the couple (C™[0,1], || - ||)

is a Banach space, (for brevity we write X as a (CN[0, 1], - ||))-

Also using our sequence {k;} we define
the
vi(t):k',te[o,l],z':(),...,n, (3)
and

V =span{v;,i =0,...n} C X. (4)

Furthermore, we denote
P(X,V)={P:X =V : P —linear and bounded Py =idy}.
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Now define
S={feX :vte|0;1],ie{0,1,...,n} f*¥)t)>0}. (5
Then, Ps denotes set of all projections preserving S, that is
Ps={PecP(X,V): PSCS}.

Now we present some result which will be use later.
First two are related to the geometry of considered spaces.

Lemma 2.1 (Lemma 4.4 [26]). Let g € X* be given by
N-

>—‘

o)+
1=0
where 6 (f) = fO(t). Set
={FeX" | F(g)=N+1and ||F| =1}

Then Wy # 0.

Lemma 2.2 (Theorem 4.4 [26]). Let W = {F € X** : F(u;) =1, i =
0,...,n—1, ||F|| = 1}. Assume p is a probabilistic Borel measure such
that

_/Olfuv)

Then for any F € W and for any Borel measure i,
F(u) > 0.
Next two lemmas concern the form of any projection in Ps.

Lemma 2.3 (Lemma 5.1 [26]). Let Q € Pg. Then there exists u € X*
such that

n—1

Qf = uwilf)vi + ulf)vn, (6)

- / £ (8)dp(t) (7)

and p is a probabilistic Borel measure.

Lemma 2.4 (Corollary 5.1 [26]). Let Q; € Ps,. Then there exist ul,u €
X*, fori=0,...,l such that

where

n+i—1

-1
Quf = > (ol + Z it (™) + u( ol
1=0

where u; and vlm are defined in (8), (12). (see page 4 and 8)
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3. MINIMAL MULTI-CONVEX PROJECTION — BASIC CASE
We start with

Theorem 3.1 (Explicite formula for P). Let X = (CN[0,1],]-|) (for
N < 3) and let {k;}_, (for n > N) satisfy (K.1)-(K.3). For f € X
and t € [0, 1] define

P = 3wl

where

un(f) = (fP0(1) = f41(0)) (8)
vi(t) = 2—17, tel0,1], i=0,...,n.

Then P is multi-convex projection from X onto V', where V' is given

by (4).

To prove Theorem 3.1 we need

Observation 3.2. The projection defined above can be written as

k1 kg kpn—2
PHO) = £O)+ F*O) 1 + 0L+t S0+
—l—f(N*l)(O) £ + (f(Nfl)(l) — f(N*U(O)) ﬂ
(N 1) NI

Note that due to properties of differentiation, P is linear and bounded.
Next observation and two corollaries concern the subspace V.

Observation 3.3. Fori=20,...,n and 7 =0,...,n—1, k;-th deriva-
tive of v; is expressed by formula

ki =k

. Wk 0<J
vt () =91, i=j
0, 1> 7.

Corollary 3.4. Fori=0,...,nand 7 =0,...,n
o 0) = oy

J

U](kn_l)(l) = 14f and only if j=n—1o0r j=n.
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Corollary 3.5. Fori=0,....n—1and j=0,...,n—1

u;(v;) 0ij

ui(v,) = 0

up(vj)) = 0—-0=0,
up(vp,) = 1-=0=1,

where u;, v; are as in Theorem 3.1.

Proof of Theorem 3.1. We divide this proof into two parts.
(1) By Corollary 3.5, we obtain

Puj(t) = Z 5,50 () = v, (t).

Since P is linear and bounded, P € Ps.
(2) Now we show that P is multi-convex.
It is obvious, that for t € [0, 1], v;(t) > 0. Moreover,

(’Uifl — ’UZ)(t) Z 0.

Let f € S. Thus w;(f) >0, fN=1(0) > 0 and fN-D(1) > 0.
Hence

Pft) = Zui(f)vz’(t)

+f N (Dva(t) 2 0
By Observation 3.3 for j < n — 1, we get:

(PHS®) = Y w0

n—2

= S )+ O o

~va—j(8)) + fUTV (vay(t) > 0.
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Also
(PHF=0(t) = fND(0) (wo(t) — va(8) + FN D (Dvo(t) = 0

and

(P = (fNIA) = N “(0))
(FN(1) - /f )ds > 0.

This shows that Pf € S and consequently P € Pg.
O
Theorem 3.6. Let X = (CN[0,1],] - ||) (for N < 3) and {k;}"y (for

n > N) satisfies (K.1)-(K.2). Let P be as in Theorem 3.1.
Then P has minimal norm in Pg and

n—1 1
LEDI
i=0
Proof. Note that
IPfI < IPflle

n—2

= sup Zui(f)vi(t)Jrf("_”(O) (Un1 () = 0a (1) + F D (L)va(t)

te(0,1] |

sup {Z [ua(£)va(®)] + [ F77(0) (va1 () — va(t)| + If(”‘”(l)vn(t)}}

te[0,1]

sup {ZHfH i)+ [ [va-1(8) = va ()] + || £]] Ivn(t)l}

te[0,1]

IN

IN

tel0,1

= I/ Sup{ [oi(0)] + v )—vn(t)|+|vn(t)|}

[\')O

-1
1
- ||f||t§[g)u{iOvi<t>+vn_1<t>—vn< )+ vt } |f|§;ﬂ

3 s

which shows that

n—1
1
1P|l < Zm
i=0 v

Before proving next inequality we need

Lemma 3.7. X = CN|[0,1]. There exists {fi}32, C X such that:
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(1)Vi=0,...,N—1 : lim_q f{"(0) =1,
(2) limy_oo fi" V(1) = 1,
(3)Vi=0,....N : [|[f7)o = 1.

Proof. 1t follows from Lemma 4.4 in [26] (see Lemma 2.1) and the

Goldstine Theorem. O
Now applying sequence {fi}7>; C X we obtain
n—1 n—lth
lim P fi(t) = > wi(t) = %
i=0 i=0 *
Hence
n_lth n—1 1
sup | lim P fy = sup = —.
te[0,1] | k—oo ) te[0,1] ZZ; k;! o k;!
As a result
n—1 1
<P
=0

The last part concerns minimality of P in Pg.
Let @ € P,. By Lemma 2.3

n—1
Qf = Z ui(flvi +u(f)on,
i=0

where u(f) is given by 7. By Lemma 2.2 for every F' € W

n—1 1 n—1 1
Q| > k—Z,‘FF(U) > k:_i!’
i=0 =0
Hence
QI = || P

and P is minimal.

4. THE CONSTRUCTION OF PROJECTIONS FOR OTHER
MULTI-CONVEX SHAPE

Due to a special construction, we can obtain by recursive formula
projections preserving others shapes from our projection P defined in
previous section.

Define

T, :C[0,1] = C[0,1], m=Fk —1,

T f(s) —/08 /Om/o Flso)dsodsy . . dsm_1. (9)
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Observation 4.1. For any f € C[0,1] and m € N
(Tmf)(m) =

The operator T, will be used in our recurrence formula.

Now we need some additional notation.
In CNF1[0, 1] we consider a norm:

— jkl (ki—l—lkl) ) 10
=, s P ) (0)
It is clear that, the norm || - || defined in section 2 is our || - ||¢ norm.

Let X; = (CN+,1[0 1], - [l;), so X = Xp.
Moreover, put

Vi = span{ug , o1, ..., ol Y, (11)
where
wi(t) = 1,
t
My = OTmuy_—f](s)ds, i=1,...,n+1 (12)
(13)
Let

P = Pu(X, W)
= {P:X;,—V, : P—linear and bounded, Py, = idy,}.(14)
Now we wille define a cone 5.
Si={feX; : Vte|0;1],ie{0,1,...,n} fEFRI@) >0} (15)
We denote shape-preserving projection with respect to .S; as
Ps, ={P P, : PS CS}.

Theorem 4.2 (Recurrence formula). For fized N > 3 and n < N
suppose {k;}1'o satisfies (K.1)-(K.3). For given | € N, let X;, V; and
S be as above. Suppose P, € Pg,.

Then an operator defined by

P f(t) = f0) + f(1) n /Ot TP (5)ds — %/OlePlf(kl)(s)dS

2
(16)
belongs to P41 € Ps,,, -

Proof. First we show that P, is a projection.

Note that o)
(U([)H—l]) ! (t) =0
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and for j =1,...,n+1+1,

(U][Hl])(h

Consequently

(1+1] &

Piiv

(t)

(t)

0

1

1

1

Also for 1 =1,..

+1]

Py

(t)

(1+1] [14+1] "

0 1 (k1)

0 ( )42‘“0 (1) / TP (U([)Hl]) (s)ds
0

1

1 7\ (k1)
| mur () (s
2 Jo
1 t 1 [t
+ / T. P0ds — - / T. P0ds
0 2 0

1
+0- 50

= oy (1)

[+1
Yo

5 +

n+l

)

Y

1 1
—/ TmB(v
2 Jo

[l+1](0) + ’U[l+1]

[

(k1)
Zl—l—l}) 1 (S)ds

U

2 ‘ i—1

i <1)+/OtTmPl(v
/OlePl@

1 ) (s)ds

i—1

DN | —
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] 1] t
_ v );”l ( )+/ T (o)) (s)ds
0

5 / T (011, (s)ds
(2*700) + (1)) + o+t
1 < 1 UZ[lJrl](O))

= “ Uty + o 0) = o),

what ends this part of the proof.
Now assume that we have proved

Vj e {0, N 1} : (H+1f)(jk1) _ (Plf(kl))((J—l

N =

and

. ki+({—1)k;
Vie{0,...,n}  (Pyof) ) = (ppte)BHEDR) (g)

Let f € S;;1. Hence fRit+DR)(4) > 0 for t € [0,1] and j =
0,1,....n
By (17-18) and definition of P,
(P ) = (™)
kj+(1—2)k1
(Pl_lf(%l))(ﬁ( )k1)

(kj+(I—=1)k1)

— (Pf(”fl))(kj) )

Hence for j =0,...,n —2

(Pr)™ @) = B s ™ st

n—2

= S (e (0 + (F) Y (W (1)

i=j

() (0) (0o = as ()
_ Zf(kiﬂkl)(o)vi_j(t) _i_f(llierl)(l)Un_j(t)

+ fHENTD(0) (vn1-5(1) — vaey(£)) > 0.

Also
(Pf(lkl))(k’n—l) (t) _ f(lk1+N_1)(0) (1 _ t) + f(lk1+N—1)(1)t >0
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and
(Pfakn)@m)@) _ (fUM+N;1K1)__fUh+NFU(OD > (.

To end the proof, we need to show (17) and (18)
Note that

a0 = (LI [ oo

1 1 (.]kl)
— = / Tmaf“ﬂ)(s)ds)
2 0

1 (Gk1)
_ <f(0) ; f(l) . %/0 TmPlf(kl)(s)ds)

t (Gk1)
+ (/ TmPlf(kl)(s)ds>
0

t (k14+(j—1)k1)
[ Tursts >ds)

(A+m+(—1)k1)
- ([rarmon)
0

_ (T Plf(kl )(m+(J 1)k1)
(

RO ),
which shows (17).
Also

R e el O

1 1 (k'i“rlk‘l)
— —/ TmPlf(kl)(s)ds>
2 Jo

t (ki+lk1)
= ( / Tme““)(sws)
0
t (k1+ki+-(1=1)k1)
- (/ Tmplfw)(s)ds)
0

m~+k;+(1-1)k1

(ki+(1=1)k1)
= (Bf*) (),

which shows (18)
The proof is complete O
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As we know, the recurrence formula given in Theorem 4.2 builds a
multiconvex projection. Now we show that if F; is minimal in Pg,, then
P11 is minimal in Pg,, , which is the main result of this paper.

First we need two lemmas.

Lemma 4.3. Let p € Iy, p(s) = 3N, a;% and let C, be a constant
such that

N i
s
sup { E || ﬁ} < (.

s€0,1] | i=o

Then

t 1 1
/Tmp(S)dS——/ Tnp(s)ds| <
0 2 0

Proof. Set

p(s) = Zaij—;? Trp(s) = Zai%, p(t) = /0 Tnp(s)ds.

1=0

Then
¢ 1 [t 1.
[ Tapte)ds =5 [ Tuptords =te) - 530
0 0
Note that
N fpitm1
p(t) = ———
Pt) ;a(z+m+1)!
ti-‘rkl
“(i + k)

Il I
7| 1M
M= =

azk:l'z' tH_kl

| £ (i+ ky)! 4!

7

L izo

a; ti+k1
(o)

NE

1
k! 4

(2

Il
=)
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Hence

sup
te(0,1]

p(t)

as required.

N .
1 1 a; tth—1
——pl‘ = sup — - — 2
A A PG
N .
1 a; tz+k1 _%
= — sup - ;
k1! tejo1) ; (Zfl) i
N .
1 a; | [t — 3
< — sup — =
kq! t€[0,1] {; (H/;fl) i!
N .
1 it — 2
< — sup a; =
k! te[0,1] {ZN | il
1 n
2

IN

1 & 1 1 1 1
— J2 = | =< =0,
/ﬁ!;‘“'u 2k1!;‘a’ T

O

It is worth to notice that above Lemma plays crucial role in this
paper. It permits to generalize [[26], Theorem 2.4] without assumption

that || B > 2.

Lemma 4.4. If |P] > 1+

k 7, then

[P fllee < [IB]]-

Proof. Let ||f|l;x1 = 1. By definition of || - ||; and || - ||;+1, we obtain
that || f*)|; = 1. Hence

[ Prs1.flloe

IA

: 1
f0)+£(1) —g ) —|—/0 T Pf* ) (s)ds — %/0 T Pf ™) (s)ds

t 1 /!
IEAIN [Ty e
0

0

t 1 1
/ Tmplf(kl)(s)ds _ §/ TmPlf(kl)(S)dS
0 0

sup
te(0,1]

te[0,1]

1] + sup
te(0,1]

t 1 1
/ TP f*) (s)ds — 5 / TP f*)(s)ds
0 0

1+ sup
te[() 1]

1+
1+ 2

t 1 1
/ TP ™) (s)ds = 5 / T PLf ") (5)ds
0

0

+ sup
Tl te(0,1]
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By Lemma 4.3, applied to p(s) = P f*1(s) € ly,p, and C, = | P,
we obtain:
1

Pt < — By Lypy
I+1 [e') -~ 1+kL1' lel l

1
S P
S 1L I zH+2k,H dl
2k1!+1+ﬁ
< — Mip
S Tomira M
< ||R] (cause k; >1).

O

First, we show that our recurrence formula keeps the norm of pro-
jection P; constant.

Theorem 4.5. For fived Py such that P, € P with || Pl > 1+ & and
P, q received by the recurrence formula 4.2 we have

[Pl = [ 24]l-
Proof. Note that

1Pyifllis = max{[|(Per /) oo [1(Pra f)EH] o -
ie€{0,...,n},j€{0,...,1—1}}
Assume that || f[;41 = 1.
Then by Lemma 4.4
(1) [P fllee < (12U
By (17)
(2) 1 (Peyn) "™ flloo < I (P)Y™V5) (150) [l < B
By (18)
(3) [ (Pryn) ™) flloo < (1 (RYEFEDR (£E0) [l < B

Consequently,
[Pl < [IB-

By to Lemma 2.4, any ); € Ps, may be represented as

n+i—1

-1
Quf =Y ul(Hv + Z (0 ()l
=0

It is obvious that

1Quflle = 1(@uf) ™ |oe.
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Lemma 4.6. If Q; € Ps, and ||f|; =1, f € Xy, then
1Quf) ™l = 1R,

where Q) is a corresponding projection in Ps.

Proof. By direct calculation (see page 9), we obtain

-1 n+l—1 (Ik1)
(Qu)™) = (Zu§<f>v£”+ 3 u”<flk1>v£”+u<f>ygl+l)
=0

1=l

n+l—1 (t1)
) (Z it () +u<f>v£flz>

1=l

n—1
= > w0+ u(f)on.
i=0

What implies

1QuH) ™ = Q.
]

Now we show the main result of this paper.

Theorem 4.7 (Minimality of P). Let P be a minimal multiconver
projection (P € Ps) and let P, be projection created by applying l-times
recurrence formula (16) (see Theorem 4.2).

Then for any projection Q); € Ps,

1Qull: = (| 22]s-
Proof. By Lemma 4.6, for f € X, ||f|l; =1,

QI = 1Quf = 1@uH) ™ Nl = QU = 1Pl = B,
which proofs the minimality of P in Pg,. O

Remark. If V = IIy then Theorem 4.7 reduces to Theorem 2.4 in
26].
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