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ABSTRACT. A new class of (not necessarily bounded) operators related to
(mainly infinite) directed trees is introduced and investigated. Operators in
question are to be considered as a generalization of classical weighted shifts,
on the one hand, and of weighted adjacency operators, on the other; they
are called weighted shifts on directed trees. The basic properties of such op-
erators, including closedness, adjoints, polar decomposition and moduli are
studied. Circularity and the Fredholmness of weighted shifts on directed trees
are discussed. The relationships between domains of a weighted shift on a
directed tree and its adjoint are described. Hyponormality, cohyponormality,
subnormality and complete hyperexpansivity of such operators are entirely
characterized in terms of their weights. Related questions that arose during
the study of the topic are solved as well. Particular trees with one branching
vertex are intensively studied mostly in the context of subnormality and com-
plete hyperexpansivity of weighted shifts on them. A strict connection of the
latter with k-step backward extendibility of subnormal as well as completely
hyperexpansive unilateral classical weighted shifts is established. Models of
subnormal and completely hyperexpansive weighted shifts on these particular
trees are constructed. Various illustrative examples of weighted shifts on di-
rected trees with the prescribed properties are furnished. Many of them are
simpler than those previously found on occasion of investigating analogical
properties of other classes of operators.
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Chapter 1. Introduction

The main goal of this paper is to implement some methods of graph theory
into operator theory. We do it by introducing a new class of operators, which we
propose to call weighted shifts on directed trees. This considerably generalizes the
notion of a weighted shift, the classical object of operator theory (see e.g., [70] for
a beautiful survey article on bounded weighted shifts, and [58] for basic facts on
unbounded ones). As opposed to the standard graph theory which concerns mostly
finite graphs (see e.g., [65, 25]), we mainly deal with infinite graphs, in fact infinite
directed trees. Much part of (non-selfadjoint) operator theory trivializes when one
considers weighted shifts on finite directed trees. This is the reason why we have
decided to include assorted facts on infinite graphs. The specificity of operator
theory forces peculiarity of problems to be solved in graph theory. This is yet
another reason for studying infinite graphs.

Matrix theory is always behind graph theory: finite undirected graphs induce
adjacency matrices which are always symmetric. However, if undirected graphs are
infinite, then we have to replace adjacency matrices by symmetric operators (cf.
[62, 63]). It turns out that adjacency operators may not be selfadjoint (cf. [64],
see also [5]). If we want to study non-selfadjoint operators, we have to turn our
interest to directed graphs, and replace the adjacency matrix by an (in general,
unbounded) operator, called the adjacency operator of the graph. This was done
for the first time in [32]. It turns out that the adjacency operators (“which form a
small fantastic world”, cf. [32]) can be expressed as infinite matrices whose entries
are 0 or 1. If we look at the definition of the adjacency operator of a directed tree
7 (with bounded valency), we find that it coincides with that of the weighted shift
Sx on 7 with weights A\, = 1 (see Definition 3.1.1 and Proposition 3.1.3). The
questions of when the adjacency operator is positive, selfadjoint, unitary, normal
and (co-) hyponormal have been answered in [32] (characterizations of some alge-
braic properties of adjacency operators have been given there as well). Spectral
and numerical radii of adjacency operators have been studied in [13] (the case of
undirected graphs) and in [33, 79] (the case of directed graphs).

The notion of adjacency operator has been generalized in [31, Section 6] to the
case of infinite directed fuzzy graphs G (i.e., graphs whose arrows have stochastic
values); such operator, denoted by A(G) in [31] (and sometimes called a weighted
adjacency operator of ), is assumed to be bounded. In view of Proposition 3.1.3, it
is a simple matter to verify that if G is a directed tree, then the weighted adjacency
operator A(G) coincides with our weighted shift operator on G. It was proved in
[31, Theorem 6.1] that the spectral radius of the weighted adjacency operator A(G)
of an infinite directed fuzzy graph G belongs the approximate point spectrum of
A(G). Our approach to this question is quite different. Namely, we first prove that a
weighted shift on a directed tree is circular (cf. Theorem 3.3.1), and then deduce the
Perron-Frobenius type theorem (cf. Corollary 3.3.2). As an immediate consequence
of circularity, we obtain the symmetricity of the spectrum of a weighted shift on a
directed tree with respect to the real axis.

We now explain why in the case of directed trees we prefer to call a weighted
adjacency operator a weighted shift on a directed tree. In the present paper, by
a classical weighted shift we mean either a unilateral weighted shift S in ¢2 or a
bilateral weighted shift S in ¢?(Z) (Z stands for the set of all integers). To be more
precise, S is understood as the product VD, where, in the unilateral case, V is
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the unilateral isometric shift on ¢2 of multiplicity 1 and D is a diagonal operator
in /2 with diagonal elements {\,}2°,; in the bilateral case, V is the bilateral
unitary shift on £2(Z) of multiplicity 1 and D is a diagonal operator in ¢?(Z) with
diagonal elements {\,}52 __ (diagonal operators are assumed to be closed, cf.
Lemma 2.2.1). In fact, S is a unique closed linear operator in ¢2 (respectively,
(2(Z)) such that the linear span of the standard orthonormal basis {e,}3, of ¢?
(respectively, {e,}5° __ of £2(Z)) is a core! of S and

(1.1) Sen = Aneny1  for n € Z (respectively, for n € Z),

where Z is the set of all nonnegative integers. Roughly speaking, the operators
Sx which are subject of our investigations in the present paper can be described as
follows (cf. (3.1.4)):

(1.2) Sxe, = Z A€y, UEV,
veChi(u)

where {e,},ev is the standard orthonormal basis of £2(V) indexed by a set V of
vertexes of a directed tree .77, Chi(u) is the set of all children of u and {A,}yeve is
a system of complex numbers called the weights of Sy. If we apply this definition
to the directed trees Z; and Z (see Remark 3.1.4 for a detailed explanation), we
will see that in this particular situation the equality (1.2) takes the form

(1.3) Sxén = Ant1eny1  for n € Z, (respectively, n € Z).

Comparing (1.1) with (1.3), one can convince himself that the operator Sx can be
viewed as generalization of a classical weighted shift operator. This is the main
reason why operators Sy are called here weighted shifts on directed trees.

The reader should be aware of the difference between notation (1.1) and (1.3).
In the present paper, we adhere to the new convention (1.3).

It is well known that the adjoint of an injective unilateral classical weighted
shift is not a classical weighted shift. It is somewhat surprising that the adjoint
of a unilateral classical weighted shift is a weighted shift in our more general sense
(cf. Remark 3.4.2).

Hereafter, we study weighted shifts on directed trees imposing no restrictions
on their cardinality. However, if one wants to investigate densely defined weighted
shifts with nonzero weights, then one ought to consider them on directed trees
which are at most countable (cf. Proposition 3.1.10).

Less than half of our paper, namely chapters 3 and 4, deals with unbounded
weighted shifts on directed trees. In Chapter 3, we investigate the question of when
assorted properties of classical weighted shifts remain valid for weighted shifts on
directed trees. The first basic property of classical weighted shifts stating that
each of them is unitarily equivalent to another one with nonnegative weights has a
natural counterpart in the context of directed trees (cf. Theorem 3.2.1). Circularity
is another significant property of classical weighted shifts which turns out to be
valid for their generalizations on directed trees (cf. Theorem 3.3.1). The adjoint
and the modulus of a weighted shift on a directed tree are explicitly exhibited in
Propositions 3.4.1 and 3.4.3, respectively. As a consequence, a clearly expressed
description of the polar decomposition of a weighted shift on a directed tree is

1 See Section 2.2 for appropriate definitions.
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derived in Proposition 3.5.1. It enables us to characterize Fredholm and semi-
Fredholm weighted shifts on a directed tree (cf. Propositions 3.6.2 and 3.6.9). It
turns out that the property of being Fredholm, when considered in the class of
weighted shifts on a directed tree with nonzero weights, can be stated entirely in
terms of the underlying tree. Such a tree is called here Fredholm (cf. Definition
3.6.3). In general, if a directed tree admits a Fredholm weight shift (with not
necessarily nonzero weights), then it is automatically Fredholm, but not conversely
(cf. Propositions 3.6.2 and 3.6.4). Proposition 3.6.2 provides an explicit formula for
the index of a Fredholm weighted shift on a directed tree (cf. the formula (3.6.1)).
Owing to this formula, the index depends on both the underlying tree and the
weights of the weighted shift in question (in fact, it depends on the geometry of the
set of vertexes corresponding to vanishing weights). However, if all the weights are
nonzero, then the index depends only on the underlying tree, and as such is called
the index of the Fredholm tree (cf. Definition 3.6.3). The index of a Fredholm
weighted shift on a directed tree can take all integer values from —oo to 1 (cf.
Lemma 3.6.6 and Theorem 3.6.8).

The question of when the domain of a classical weighted shift is included in the
domain of its adjoint has a simple answer. A related question concerning the reverse
inclusion has an equally simple answer. However, the same problems, when formu-
lated for weighted shifts on a directed tree, become much more elaborate. This is
especially visible in the case of the reverse inclusion in which we require that a fam-
ily of rank one perturbations of positive diagonal operators be uniformly bounded;
these operators are tided up to the vertexes possessing children (cf. Theorem 4.2.2).
Some examples of unbounded weighted shifts on a directed tree illustrating possible
relationships between the domain of the operator in question and that of its adjoint
are stated in Example 4.3.1.

Starting from Chapter 5, we concentrate mainly on the study of bounded oper-
ators. We begin by considering the question of hyponormality. We first show that
a hyponormal weighted shift on a directed tree with nonzero weights is injective,
and consequently that the underlying tree is leafless (this no longer true if we admit
zero weights, cf. Remark 5.1.4). A complete characterization of the hyponormality
of weighted shifts on directed trees is given in Theorem 5.1.2. It turns out that the
property of being hyponormal is not too restrictive with respect to the underly-
ing tree (even in the class of weighted shifts with nonzero weights). The situation
changes drastically when we pass to cohyponormal weighted shifts on a directed
tree. If the tree has a root, then there is no nonzero cohyponormal weighted shift
on it. On the other hand, if the tree is rootless and admits a nonzero cohyponormal
weighted shift, then the set of vertexes corresponding to nonzero weights is a sub-
tree of the underlying tree which can be geometrically interpreted as either a broom
with infinite handle or a straight line. This property is an essential constituent of
the characterization of cohyponormality of nonzero weighted shifts on a directed
tree that is given in Theorem 5.2.2. As a consequence, any injective cohyponormal
weighted shift on a directed tree is a bilateral classical weighted shift (cf. Corollary
5.2.3).

The last section of Chapter 5 is devoted to showing how to separate hyponor-
mality and paranormality classes with weighted shifts on directed trees. It is well
known that the class of paranormal operators is essentially larger than that of hy-
ponormal ones (see Section 5.1 for the appropriate definition). This was deduced
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by Furuta [34] from the fact that there are non-hyponormal squares of hyponormal
operators. The first rather complicated example of a hyponormal operator whose
square is not hyponormal was given by Halmos in [39] (however it is not injective).
Probably the simplest example of such operator which is additionally injective is to
be found in [45, page 158] (see [41, Problem 209] for details). One more example
of this kind (with the injectivity property), but still complicated, can be found in
[26, Example]. In the present article, we offer two examples of injective hyponor-
mal weighted shifts on directed trees whose squares are not hyponormal. The first
one, parameterized by three independent real parameters, is built on a relatively
simple directed three that has only one branching vertex (cf. Example 5.3.2). The
other one, parameterized by two real parameters, is built on a directed tree which
is a “small perturbation” of a directed binary tree (cf. Example 5.3.3). Let us
point out that there are no tedious computations behind our examples. According
to our knowledge, the first direct example (making no appeal to non-hyponormal
squares) of an injective paranormal operator which is not hyponormal appeared in
[16, Example 3.1] (see also [55, 56] for non-injective examples of this kind). In
Example 5.3.1 we construct an injective paranormal weighted shift on a directed
tree which is not hyponormal; the underlying directed tree is the simplest possible
directed tree admitting such an operator (because there is no distinction between
hyponormality and paranormality in the class of classical weighted shifts).

Chapter 6 is devoted to the study of (bounded) subnormal weighted shifts on
directed trees. The main characterization of such operators given in Theorem 6.1.3
asserts that a weighted shift Sy on a directed tree .7 = (V, E) is subnormal if and
only if each vertex u € V induces a Stieltjes moment sequence, i.e., {||Sre,||?}52,
is a Stieltjes moment sequence. Hence, it is natural to examine the set of all
vertexes which induce Stieltjes moment sequences. Since the operator in question
is bounded, the Stieltjes moment sequence induced by u € V turns out to be
determinate; its unique representing measure is denoted by pu,, (cf. Notation 6.1.9).
The first question we analyze is whether the property of inducing a Stieltjes moment
sequence is inherited by the children of a fixed vertex. In general, the answer to the
question is in the negative. The situation in which the answer is in the affirmative
happens extremely rarely, actually, only when the vertex has exactly one child (cf.
Lemma 6.1.5 and Example 6.1.6). This fact, when applied to the leafless directed
trees without branching vertexes, leads to the well known Berger-Gellar-Wallen
criterion for subnormality of injective classical weighted shifts (cf. Corollaries 6.1.7
and 6.1.8). Though the answer to the reverse question is in the negative, we can
find a necessary and sufficient condition for a fixed vertex (read: a parent) to induce
a Stieltjes moment sequence whenever its children do so (cf. Lemma 6.1.10); this
condition is called the consistency condition. Lemma 6.1.10 also gives a formula
linking measures induced by the parent and its children. The key ingredient of its
proof consists of Lemma 6.1.2 which answers a variant of the question of backward
extendibility of Stieltjes moment sequences.

The usefulness of the consistency condition (as well as the strong consistency
condition) is undoubted. This is particularly illustrated in the case of directed trees
Ty, that have only one branching vertex (cf. (6.2.10)). Such trees are one step more
complicated than those involved in the definitions of classical weighted shifts (see
Remark 3.1.4). Parameter n counts the number of children of the branching vertex
of 7, ., while k counts the number of possible backward steps along the tree when
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starting from its branching vertex. Employing Lemma 6.1.10, we first characterize
the subnormality of weighted shifts on .7, , with nonzero weights (cf. Theorem
6.2.1 and Corollary 6.2.2) and then build models for such operators (cf. Section
6.3). According to Procedure 6.3.1, to construct the model weighted shift on .7, ,
we first take a sequence {y;}/_, of Borel probability measures on a finite interval
[0, M], each of which possessing finite negative moments up to order x + 1 (cf.
(6.3.1)). The next step of the procedure depends on whether K = 0 or k > 1. In
the first case, we choose any sequence {\;1};_; of positive real numbers satisfying
the consistency condition (6.2.12) and define the weights of the model weighted
shift by the formula (6.3.2). In the other case, we choose any sequence {\;1};_; of
positive real numbers satisfying the strong consistency condition (6.2.13) and the
estimate (6.3.3), and define the weights of the model weighted shift by the formulas
(6.3.2), (6.3.4) and (6.3.5). The question of the existence of a sequence {\; 1}]_;
which meets our requirements is answered in Lemma 6.3.2. Note that if 1 < k < oo,
then the weight A_,. 1 corresponding to the child of the root of .7, ,; is not uniquely
determined by the sequences {y;};_; and {\;1}]_;; it is parameterized by a positive
real number ¢ ranging over an interval in which one endpoint is 0 and the other is
uniquely determined by {su;};_; and {\; 1}/ ;. If the parameter ¥ coincides with
the nonzero endpoint, the corresponding subnormal weighted shift on .7}, . is called
extremal. The extremality can be expressed entirely in terms of the weighted shift
in question (cf. Remark 6.2.3). Procedure 6.3.1 enables us to link the issue of
subnormality of weighted shifts (with nonzero weights) on the directed tree .7,
with the problem of k-step backward extendibility of subnormal unilateral classical
weighted shifts which was originated by Curto in [20] and continued in [22] (see
also [42] and referenced cited in the paragraph surrounding (6.3.10)). Roughly
speaking, the subnormality of a weighted shift on .7, . with nonzero weights is
completely determined by the (x + 1)-step backward extendibility of unilateral
classical weighted shifts which are tied up to the children of the branching vertex
via the formula (6.3.11) (cf. Proposition 6.3.4).

The class of completely hyperexpansive operators was introduced by Aleman in
[4] on occasion of his study of multiplication operators on Hilbert spaces of analytic
functions, and independently by Athavale in [7] on account of his investigation of
operators which are antithetical to contractive subnormal operators. We also point
out the trilogy by Stankus and Agler [1, 2, 3] concerning m-isometric transfor-
mations of a Hilbert space which are always completely hyperexpansive whenever
m < 2. Again, as in the case of subnormality, the complete hyperexpansivity of
a weighted shift Sy on a directed tree . = (V, E) with nonzero weights can be
characterized by requiring that each vertex u € V induces a completely alternat-
ing sequence, i.e., {||S¥e.||*}52, is a completely alternating sequence (cf. Theorem
7.1.4). The structure of the set of all vertexes of .7 inducing completely alternat-
ing sequences is studied in two consecutive lemmas (cf. Lemmata 7.1.6 and 7.1.8).
The first of them deals with the question of whether the property of inducing a
completely alternating sequence is inherited by the children of a fixed vertex. The
answer is exactly the same as in the case of subnormality. In the latter lemma we
formulate a necessary and sufficient condition for a fixed vertex u € V' to induce a
completely alternating sequence whenever its children do so; this condition is again
called the consistency condition, but now it is written in terms of representing
measures of completely alternating sequences {||Se,||?}52,, where v ranges over
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the set Chi(u) of all children of u. The proof of Lemma 7.1.8 rely on Lemma 7.1.2
which solves the question of backward extendibility of completely alternating se-
quences and provides the formula for representing measures of backward extensions
of a given completely alternating sequence. As a consequence, we obtain a formula
binding representing measures of completely alternating sequences induced by the
parent and its children (cf. Lemma 7.1.8).

As in the case of subnormality, the directed tree .7}, . serves as a good test for
the applicability of Lemmata 7.1.6 and 7.1.8. What we get are the characterizations
of complete hyperexpansivity of weighted shifts on .7, . with nonzero weights (cf.
Theorem 7.2.1 and Corollary 7.2.3). In opposition to subnormality, the only com-
pletely hyperexpansive weighted shifts on .7, o with nonzero weights are isometries.
This is the reason why in further parts of the paper we consider only the case when
& is finite. Modelling of complete hyperexpansivity of weighted shifts on .7, ,, with
nonzero weights, though still possible, is much more elaborate. The procedure lead-
ing to a model weighted shifts on .7}, ,, starts with a sequence 7 = {r;}.|_; of positive
Borel measures on [0, 1] whose total masses are uniformly bounded (these measures
eventually represents completely alternating sequences induced by the children of
the branching vertex). The next step of the procedure requires much more delicate
reasoning. It depends on the behaviour of weights of a completely hyperexpansive
weighted shift on .7}, ., corresponding to the children of the branching vertex. They
must satisfy the conditions (7.3.1), (7.3.2) and (7.3.3) which are rather complicated
and somewhat difficult to deal with (cf. Lemma 7.3.2). This means that if we want
{t;}]_, to be a sequence of weights of some completely hyperexpansive weighted
shift on .7, . that correspond to the children of the branching vertex, it must verify
the conditions (7.3.1), (7.3.2) and (7.3.3). Theorem 7.3.4 asserts that the above
necessary conditions turn out to be sufficient as well. However, what remains quite
unclear is under what circumstances a sequence {¢;};_; satisfying these three con-
ditions exits. The solution of this problem is given in Proposition 7.3.5. It is
unexpectedly simple: each measure 7; must have a finite negative moment of order
k + 1 and at least one of them must generate a unilateral classical weighted shift
possessing a completely hyperexpansive (k4 1)-step backward extension (see (7.2.1)
for an explanation). This is another significant difference between complete hyper-
expansivity and subnormality because in the latter case each unilateral classical
weighted shift generated by the child of the branching vertex must possess subnor-
mal (x + 1)-step backward extension (compare Propositions 7.4.4 and 6.3.4). The
problem of k-step backward extendibility of completely hyperexpansive unilateral
classical weighted shifts was investigated in [48]. The whole process of modelling
complete hyperexpansivity on .7, . is summarized in Procedure 7.3.6.

Section 7.4 deals with the question of when for a given sequence {t;};_; of
positive real numbers there exists a completely hyperexpansive weighted shift on
Ty« whose weights corresponding to the children of the branching vertex form
the sequence {t;};_;. The necessary and sufficient conditions for that are given in
Propositions 7.4.1 and 7.4.2, respectively.

Chapter 7 ends with Section 7.5 which concerns the issue of extendibility of a
system of weights of a completely hyperexpansive weighted shift on a subtree 7
of a directed tree 7 to a system of weights of some completely hyperexpansive
weighted shift on .7 (both weighted shifts are assumed to have nonzero weights).
In many cases such a possibility does not exist. Similar effect appears in the case of
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subnormal weighted shifts, however the assumptions imposed on the pair (7, v )
in the former case are much more restrictive than those in the latter (compare
Propositions 6.1.12 and 7.5.1). Example 7.5.2 illustrates the validity of the phrase
“much more restrictive” as well as shows that none of the assumptions (i) and (ii)
of Proposition 7.5.1 can be removed.

In the last chapter of the paper (i.e., Chapter 8) we discuss the question of when
a directed tree admits a weighted shift with a prescribed property (dense range,
hyponormality, subnormality, normality, etc.) and characterize p-hyponormality
of weighted shifts on directed trees (cf. Theorem 8.2.1). In Example 8.2.4, we
single out a family of weighted shifts on %7 (with nonzero weights) in which
oo-hyponormality and subnormality are proved to be independent (modulo an op-
erator). The same family is used to show how to separate p-hyponormality classes.
Note also that p-hyponormal unilateral or bilateral classical weighted shifts are
always hyponormal (cf. Corollary 8.2.2).

We now make three concluding remarks. First, we note that a weighted shift
on a rootless directed tree .7 is a weighted composition operator on L? space with
respect to the counting measure on the set of vertexes of .7 (cf. Definition 3.1.1).
The next observation is that a weighted shift on a directed tree can be viewed as a
weighted shift with operator weights on one of the following simple directed trees

Zy,Z,7_ and {1,...,Kk} (kK < 0).

This can be inferred from a decomposition of a directed tree described in the con-
ditions (vi) and (viii) of Proposition 2.1.12. In general, the nth operator weight is
an unbounded operator acting between different Hilbert spaces whose dimensions
vary in n. The third remark is that the theory of weighted shifts on directed trees
can easily be implemented in the context of directed forests. The reason for this is
that a weighted shift on a directed forest is equal to the orthogonal sum of weighted
shifts on directed trees which form the underlying directed forest.

In this paper we use the following notation. The fields of real and complex
numbers are denoted by R and C, respectively. The symbols Z, Z, and N stand for
the sets of integers, nonnegative integers and positive integers, respectively. Given
a topological space X, we write B(X) for the o-algebra of all Borel subsets of X. If
¢ € X, then d. stands for the Borel probability measure on X concentrated on {(}.
We denote by xy and card(Y’) the characteristic function and the cardinal number
of a set Y, respectively (it is clear from the context on which set the characteristic
function xy is defined).
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Chapter 2. Prerequisites

2.1. Directed trees. Since the graph theory is mainly devoted to the study
of finite graphs and our paper deals mostly with infinite graphs, we have decided
to include in this section some basic notions and facts on the subject which are
essential for the rest of the paper. For the basic concepts of the theory of graphs,
we refer the reader to [65]. We say that a pair G = (V, E) is a directed graph if V
is a nonempty set and E is a subset of V- x V'\ {(v,v): v € V}. Put

E={{u,v} CV: (u,v) € E or (v,u) € E}.

For simplicity, we suppress the explicit dependence of V, E and E on G in the
notation. An element of V' is called a vertex of G, a member of E is called an edge
of G, and finally a member of F is called an undirected edge. If W is a nonempty
subset V', then obviously the pair

(2.1.1) Gw = (W, (W x W) N E)

is a directed graph which will be called a (directed) subgraph of G. A directed graph
g is said to be connected if for any two distinct vertexes u and v of G there exists a
finite sequence w1, ..., v, of vertexes of G (n > 2) such that u = vy, {v;,v;41} € E
forall j =1,...,n—1, and v, = v; such a sequence will be called an undirected
path joining u and v. Set

Chi(u) ={veV: (u,v) € E}, ueV

A member of Chi(u) is called a child of u. If for a given vertex u € V, there exists
a unique vertex v € V such that (v,u) € E, then we say that u has a parent v
and write par(u) for v. Since the correspondence u — par(u) is a partial function
(read: a relation) in V, we can compose it with itself k-times (k > 1); the result is
denoted by par®. We adhere to the convention that par® is the identity mapping on
V. We will write par®(u) only when u is in the domain of par®. A finite sequence
{u;}7_, of distinct vertexes is said to be a circuit of G if n > 2, (uj,uj41) € E for
allj=1,...,n—1, and (un,u;) € E. A vertex v of G is called a root of G, or briefly
v € Root(G), if there is no vertex u of G such that (u,v) is an edge of G. Clearly,
the cardinality of the set Root(G) may be arbitrary. If Root(G) is a one-element
set, then its unique element is denoted by root(G), or simply by root if this causes
no ambiguity. We write V° =V \ Root(G).
The proof of the following fact is left to the reader?.

PROPOSITION 2.1.1. Let G be a directed graph satisfying the following conditions

(i) G is connected,
(ii) each vertex v € V° has a parent.

Then the set Root(G) contains at most one element.

We say that a directed graph 7 is a directed tree if it has no circuits and
satisfies the conditions (i) and (ii) of Proposition 2.1.1. Note that none of these
three properties defining the directed tree follows from the others. A subgraph of
a directed tree .7 which itself is a directed tree will be called a subtree of 7. A
directed tree may or may not possess a root, however, in the other case, a root must
be unique. Note also that each finite directed tree always has a root. The reader

2 All facts stated in this section without proofs can be justified by induction or methods
employed in the proof of Proposition 2.1.4.
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should be aware of the fact that we impose no restriction on the cardinality of the
set V. A directed tree 7 such that card(Chi(u)) = 2 for all u € V will be called a
directed binary tree.

Given a directed tree .7, we put V' = {u € V: Chi(u) # @} and

(2.1.2) Vo = {u € V: card(Chi(u)) > 2}.

A member of the set V' \ V' is called a leaf of .7, while a member of the set V. is
called a branching vertex of 7. A directed tree .7 is said to be leafless if V = V",
Every leafless directed tree is infinite, and every directed binary tree is leafless.

The following decomposition of the set V° plays an important role in our further
investigations. Its proof is left to the reader.

PROPOSITION 2.1.2. If T is a directed tree, then Chi(u) N Chi(v) = @ for all
u,v € V such that u # v, and?

(2.1.3) Ve = | | Chi(u).
ueV

Let 7 be a directed tree. Given a set W C V, we put Chi(W) = | |, oy, Chi(v)
(in view of Proposition 2.1.2, Chi(W) is well-defined). Define

Chi%Ww)=w, Chi""t(W) = Chi(Chi™ (W), n=0,1,2,...

)

(2.1.4) Des(W) = G Chi™ (w).
n=0

The members of Des(W) are called descendants of W. Since Chi(-) is a monotoni-
cally increasing set-function, so is Chi<">(-). As a consequence, we have

(2.1.5) Wy CWy CV = Des(W7) C Des(Wa).

An induction argument shows that

(2.1.6) Chi"™mw)y = |J chi®™({o}).
veChi(W)

In general, the sets Chi<">(W), n=0,1,2,..., are not pairwise disjoint. For u € V,
we shall abbreviate Chi™ ({u}) and Des({u}) to Chi™ () and Des(u), respectively.
It is clear that (use an induction argument)

(2.1.7) Des(u) C W whenever Chi(W) C W and u € W,

which means that Des(u) is the smallest subset of V' which is “invariant” for Chi(+)
and which contains u (cf. (2.1.8) below). Since, by (2.1.4),

(2.1.8) Chi(Des(u)) = [j Chi‘™ (u) C Des(u), ueV,
n=1

we get

(2.1.9) Des(Des(u)) = Des(u), u € V.

3 The notation * L]” is reserved to denote pairwise disjoint union of sets.
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It follows from the definition of the partial function par and the fact that 7 has no
circuits that the sets Chi{™ (u), n=0,1,2,..., are pairwise disjoint, and hence

(2.1.10) Des(u) = | | Chi" (u), weV.
n=0

It may happen that Chi™ (u) = @ for some u € V and n > 1. In what follows, we
also use the modified notation Chig(u), Chif;> (u) and Desz(u) in order to make

clear the dependence of Chi(u), Chi™ (u) and Des(u) on the underlying directed
tree .

The following simple observation turns out to be useful (its proof is left to the
reader).

LEMMA 2.1.3. If F is a directed tree and X C 'V is such that par(z) € X for
all x € X, then

ueV\X = Chi(u)N (X U Chi(X)) =g.
We now prove an important property of directed trees.

PrOPOSITION 2.1.4. If T is a directed tree, then for every finite subset W of
V there exists uw € V' such that W C Des(u).

Proor. If W = {w} with some w € V| then setting v = w does the job. If
W = {a,b} with some distinct a,b € V, then we proceed as follows. Since 7 is
connected, there exists a finite sequence v1,...,v, of vertexes of G (n > 2) such
that a = vy, {v;,vj41} € E for all j=1,...,n—1, and v, = b. Denote by W(a,b)
the set of all such sequences. Without loss of generality we can assume that the
length n of our sequence v1,...,v, is the smallest among lengths of all sequences
from W(a,b). We first show that the vertexes vy, ..., v, are distinct. Suppose that,
contrary to our claim, there exist 4,5 € {1,...,n} such that i < j and v; = v,.
Since evidently the sequence v1, ..., v;, V41, ..., 0, belongs to W(a,b), we are led
to a contradiction.

We now consider two disjunctive cases which cover all possibilities.

CASE 1. Suppose first that (v1,v2) € E. Then there exists the largest integer
k e {2,...,n} such that (vj_1,v;) € E for all j € {2,...,k}. We claim that
k = n. Indeed, otherwise by the maximality of k, (vr+1,vr) € E, which together
with (vk_1,vx) € E and vg_1 # vk41, contradicts the definition of par(vg). Hence,
vj_1 = par(v;) for all j € {2,...,n}, which implies that b € Chi® = (a) C Des(a).
Then u = a meets our requirements.

CASE 2. Assume now that Case 1 does not hold. This implies that (ve,v1) € E.
Then there exists the largest integer p € {2,...,n} such that (v;,v;_1) € E for all
Jj€{2,...,p}. If p=mn, then v; = par(v;_y) for all j € {2,...,n}, which yields
a € Chi""™Y(b) C Des(b). Therefore u = b meets our requirements. In turn, if
p < n, then by the maximality of p, (vp,vp+1) € E. Arguing as in Case 1, we show
that b € Chi"=?) (vp) € Des(vp). Since v; = par(vj_q) for all j € {2,...,p}, we see
that a € Chi® Y (v,) C Des(v,). Hence a,b € Des(v,), which completes the proof
of the case when W is a two-point set.

Finally, we have to consider W of cardinality m, which is greater than 2. We
use an induction on m. If W = W U {w} for some w ¢ W, then by the induction
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hypothesis, there exists u € V such that W C Des(u). By the first part of the
proof, there exists ' € V such that u,w € Des(u'). Thus, by (2.1.9), we have

W =W U {w} C Des(u) U Des(u') C Des(Des(u')) U Des(u') = Des(u').
This completes the proof. ([

COROLLARY 2.1.5. If T is a directed tree with root, then

V = Des(root) = |_| Chi‘™ (root).
n=0
ProoF. If w € V, then by Proposition 2.1.4 there exists u € V such that
{root,w} C Des(u). By (2.1.10), this implies that u = root, and consequently
w € Des(root). An application of (2.1.10) completes the proof. O

It turns out that the set V can be described with the help of the operation
Des(+) even in the case of a rootless directed tree.

PROPOSITION 2.1.6. Let J be a rootless directed tree and uw € V.. Then
(i) par®(u) make sense for all k € N, par¥(u) # par!(u) for all nonnegative
integers k # 1,
(ii) Des(par'(u)) C Des(par’(u)) for all nonnegative integers | < j,
(iii) V = Uye, Des(par®(u)) for every infinite subset J of N,
(iv) if card(Chi(par®(u))) =1 for all k € N, then V = {par®(u)}22, LI Des(u).

ProoOF. Condition (i) follows from (2.1.10) and the fact that .7 is rootless.

(i) We only have to prove the inclusion “C”. Take v € V. Then, by Propo-
sition 2.1.4, there exists w € V such that v,u € Des(w). Owing to (2.1.10), there
exists a unique | € Z, such that v € Chi¥ (w). This implies that w = par(u). Since
J is infinite, there exists j € J such that [ < j. Hence par(u) € Chi¥ " (pari(u)) C
Des(par(u)), which implies that

(2.1.5) ( ig)

v € Des(par'(u)) C  Des(Des(par’(u))) 2 Des(par’ (u)) C U Des(par®(u)).

keJ
Looking more closely at the last line, we get (ii).

(iv) Put W = {par™(u)}52, UDes(u). It follows from (2.1.8) that Chi(WW) C W.
Hence, by (2.1.7), Des(par®(u)) € W for all k € N. This combined with the
equality V = (Jp—, Des(par®(u)) (see (iii)) yields V = {par™(u)}>2, LiDes(u), which
completes the proof. O

Using Corollary 2.1.5 and arguing as in the proof of Proposition 2.1.6 (iv), we
obtain a version of the latter for a directed tree with root.

PROPOSITION 2.1.7. Let F be a directed tree with root, and let w € V°. Then
there exists a unique m € N such that par™(u) = root; moreover, par®(u) # par'(u)
for all k,1 € {0,...,m} such that k # . If card(Chi(par(u))) = 1 for all j €
{1,...,m}, then V = {parf(u): j =1,...,m} U Des(u).

As will be shown below, descenders of a fixed vertex generate a decomposition
of a directed tree. The reader is referred to (2.1.1) for the necessary notation.

PROPOSITION 2.1.8. Let 7 be a directed tree and u € V. Then
(i) Pbes(u) is a directed tree with the root u,
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(i) Fv\Des(u) 5 a directed tree provided V \ Des(u) # @; moreover, if the
directed tree 7 has a root, then so does Jy\pes(u) and

root(.7) = root(Jy\pes(u))-
In particular, if Des(u) = Des(v) for some v € V, then u = v.

PRrOOF. Certainly, the directed graphs Ipesy) and F\ pes(u) satisfy the condi-
tion (ii) of Proposition 2.1.1, and they have no circuits. We show that both of them
are connected which will imply that they are directed trees. Suppose that u; and
ug are distinct elements of .7. By Proposition 2.1.4, there exists w € V such that
{u1,us} C Des(w). It follows from (2.1.10) that there exist integers my, mg > 0 such
that uy € Chi’™ (w) and uy € Chi'™2 (w). Since par(Chi* ™ (w)) C Chi*! (w) for
all integers k > 0, we see that {pari(ui): i =0,...,m1} C Des(w), {pari(uz): j =
0,...,ma} C Des(w) and par™(u;) = w = par™(ug). This means that the se-
quence

(2.1.11)

par®(uy), part(uy), ..., par™ ~(

up), w, par™ " (uy), ..., par' (us), par® (uz)

is an undirected path joining u; and wug. If uy, us € Des(u), then applying the above
to w = u, we see that Ipes(y) is connected. If ui,up € V'\ Des(u), then no vertex of
the undirected path (2.1.11) belongs to Des(u) which can be deduced from (2.1.9).
Hence the graph .73\ pes(u) is connected.

Suppose that, contrary to our claim, u is not a root of Jpes(y). Then there
exists v € Des(u) such that v € Chi(v). Since, by (2.1.10), there exists an integer
n > 0 such that v € Chi"™ (u), we see that u € Chi"" ™ (u) N Chi‘” (u), which
contradicts (2.1.10). Thus, by Proposition 2.1.1, u = root(Ipes(v)), which implies
the “in particular” part of the conclusion. The “moreover” part of (ii) is easily seen
to be true. This completes the proof. O

Remark 2.1.9. Regarding Proposition 2.1.8, note that for every v € Des(u), the
set of all children of v counted in the graph Jpes(y) is equal to Chi(v). In turn, if
v € V \ Des(u), then the set of all children of v counted in the graph Z3\ pes(u) is
equal to either Chi(v) if v # par(u), or Chi(v) \ {u} otherwise.

A subtree .7 of a directed tree 7 containing all Z-descendants of each vertex
of .7 can be characterized as follows.

PROPOSITION 2.1.10. Let 7 = (V,E) be a subtree of a directed tree T =
(V}E) Then the following conditions are equivalent:

=
)
(0]
(2]
)
£
N
<
$
3
g,
<
m
=~

(
)V Des ;(root(.7)) if 7 has a root,
v =< .

v if T is rootless.

PROOF. (i)=-(iii) An induction argument shows that Chif;> (u) = Chig> (u) for
all n € Z, and u € V. This and (2.1.10), applied to .7 and .7, lead to (iii).
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(iii)=>(v) If J has aroot, then we apply (iii) to u = root(.7), and then Corollary
2.1.5 to 7. If T is rootless, then employing Proposition 2.1.6 (iii) to 7 and .7,
we get

V= U Des 7 (par® (u)) () U Des 5 (par®(u)) =V, ueV.
k=1 k=1

(v)=(ii) If 7 has a root, then by (2.1.8), applied to 7, we have

(6]

Chi 5 (u) C Chis(V) 2 Chi s (Des 5 (root(:7))) C Des 5(root(7)) LV, we V.

The other case is trivially true.
Since the implications (iii)=-(iv), (iv)=-(ii) and (ii)=>(i) are obvious, the proof
is complete. ([l

We now formulate a useful criterion for a directed tree to have finite number
of leaves. Directed trees taken into consideration in Proposition 2.1.11 below are
called Fredholm in Section 3.6 (cf. Definition 3.6.3).

PROPOSITION 2.1.11. If . is a directed tree such that card(Chi(u)) < oo for
allw € V and card(V<) < oo (cf. (2.1.2)), then card(V \ V') < oo.

PRrROOF. We first show that there is no loss of generality in assuming that .7
has a root. Indeed, otherwise .7 is rootless, which together with card(V<) < oo and
Proposition 2.1.6 (i) implies that there exists u € V such that card(Chi(par®(u))) =
1 for all k € N. By Proposition 2.1.6 (iv), V = {par®(u)}22, Ll Des(u). In view of
(2.1.8), we have V' = {par¥(u)}°, U Vées(u) and thus V' \ V' = Vpeg(u) \Vées(u).
Moreover, Chiz(v) = Chig,,, (v) for every v € Des(u), and the directed trees .7
and Jpes(y) have the same branching vertexes.

Suppose now that .7 has a root. Certainly, we can assume that 7 is infinite
and V\ V' # @. Take w € V' \ V'. Then there exists a positive integer n such that
par(w) € V4. If not, then by Corollary 2.1.5 there would exist n € N such that
par™(w) = root and card(Chi(par/(w))) = 1 for j = 1,...,n. Since card(Chi(w)) =
0, we would deduce that V = {par/(w)}}_y, a contradiction. Let k(w) be the
least positive integer such that par®(®)(w) € V.. Set O(w) = par*(®)(w). Define
the equivalence relation R on V \ V' by wiRws if and only if O(w;) = O(wa).
Denote by [w]r the equivalence class of w € V' \ V’ with respect to R. Using the
minimality of k(v) and the fact that v is a leaf of .77, one can show that the mapping
[w]r > v = par®~1(v) € Chi(O(w)) is injective. This implies that card([w]r) <
card(Chi(@(w))) < co. Since the mapping (V \ V')/R 2 [w]g — O(w) € V< is a
well defined injection, the proof is complete. ([

We conclude this section by introducing an equivalence relation partitioning the
given directed tree into disjoint classes composed of vertexes of the same generation.

Suppose that 7 is a directed tree. We say that vertexes u,v € V are of the
same generation, and write u ~ g v, or shortly u ~ v, if there exists n € Z, such
that par™(u) = par™(v) (and both sides of the equality make sense). It is easily
seen that ~ is an equivalence relation in V. Denote by [u]. the equivalence class of
u € V with respect to ~. Note that if u € V° and v € [u]., then v € V°. Evidently
[root].. = {root} if 7 has a root. However, if v € V'’ and v € [u]~, then it may
happen that v ¢ V'.
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Given u € V, we define N(u) = No(u) = sup{n € Z,: par"(u) makes sense}.
Clearly, if n € Z4 and n < N(u), then par”(u) makes sense. Let us collect the
basic properties of the relation ~.

PROPOSITION 2.1.12. If  is a directed tree, then the equivalence relation ~
has the following properties*:
(i) par([u]~) C [par(u)]~ for u e Ve,
(ii) for all u,v € V, u ~ v if and only if par([u]~) = par([v]~); moreover, if
u,v € VO, then u ~ v if and only if par([u]~) Npar([v].) # @,

(iil) #f V° # @, then V°/. 3 [u]~ — [par(u)]~ € V/~ is an injection,
(iv) Chi([par(u)]~) = [u]~ foru e Ve,
(v) [~ = UnN:(g) Chi™ (par(u)) for u €V,
(vi) V= L5 [par” ()]~ U LI, Chi™ ([u]-) for u eV,
(vii) ifueV, neN and w e Chi'" ([u].), then Chi'™ ([u].) = [w]~,

Chi([par™®(u)]~) = [par"~t(u)]~ for all integers n such that 1 < n < N(u),
and Chi(Chi™ ([u].)) = Chi™ Y ([u].) for all integers n > 0.

PROOF. The proof of (i)—(v), being standard, is omitted.

(vi) The inclusion “C” (and consequently the equality) can be justified as fol-
lows. If v € V, then by Proposition 2.1.4 and (2.1.10) there exist w € V and k,l €
Z such that par®(u) = w = par(v). If k > I, then v € [par*~!(u)]~. In the opposite
case, = := par' ¥ (v) ~ u and consequently v € Chi’ ™% (2) € Chi’™® ([u].).

It remains to prove that the terms in (vi) are pairwise disjoint. Take n € N and
m € Z. such that m < N(u). We show that [par™ (u)]~ NChi‘™ ([u].) = @. Indeed,
otherwise there exists w € [par™ (u)]~ N Chi‘™ ([u].), which implies that par®(w) =
par™*s(u) and par™*t(w) = part(u) for some s,t € Z, . Hence, if m + s < t, then

part*m(w) = parH(t*(m“))(w) = part(u) = par"”(w).

By (2.1.10), this implies that m + n = 0, which is a contradiction. By the same
kind of reasoning we see that m + s > t leads to a contradiction as well.

Using (2.1.10), we verify that the sets [par™(u)]~, 0 < m < N(u), are pairwise
disjoint. Likewise, we show that the sets Chi‘™ ([u].), m € N, are pairwise disjoint.

(vii) Apply (iv) and induction on n.

(viii) is a direct consequence of (iv) and the definition of Chi‘™ ([u].). This
completes the proof. O

It follows from Proposition 2.1.12 (vii) that the partition of V appearing in (vi)
coincides with the one generated by the equivalence relation ~.

As shown in Example 2.1.13 below, the inclusion in Proposition 2.1.12 (i) may
be proper. The conditions (vi), (vii) and (viii) of Proposition 2.1.12 may suggest
that there exists a sequence (finite or infinite) {uy}, C V such that par(u,) = un—1
for all admissible n’s, and V' = | |, [u,]~. However, this is not always the case.

Ezample 2.1.13. Consider the tree 7 = (V, E) with root defined by
V= {root} U{(i,j): 4,5 € N, i < j},

4 par(X) := {v € V: there exists z € X such that par(z) makes sense and v = par(z)} for
XCV.
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oo
E = {(root, (1,7)): je Ny u | | {((,5), i+ 1,5)):i=1,...,5 —1}.
j=2
Then par([u]) = [par(u)]~ \ {(j — 1,5 — 1)}  [par(w)] for u = (j,) with j > 2.
One can verify that a sequence {u, }52, with the properties mentioned above does
not exist.

2.2. Operator theory. By an operator in a complex Hilbert space H we
understand a linear mapping A: H O Z(A) — H defined on a linear subspace
2(A) of H, called the domain of A. The kernel, the range and the adjoint of A are
denoted by A (A), Z(A) and A*, respectively. A densely defined operator A in H
is called selfadjoint (respectively: normal) if A* = A (respectively: A*A = AA*),
cf. [14, 80]. We denote by || - |4 and (-,-) 4 the graph norm and the graph inner
product of A, respectively, i.c., ||fI% = |fI7+|AFI? and (f,g)a = (f, 9)+(AF, Ag)
for f,g € 2(A). If A is closable, then the closure of A will be denoted by A. A
linear subspace £ of Z(A) is called a core of a closed operator A in M if Al¢ = A or
equivalently if £ is dense in the graph norm || - |4 in 2(A). If A is a closed densely
defined operator in H, then | A| stands for the square root of the positive selfadjoint
operator A*A. For real o > 0, the a-root |A|* of |A| is defined by the Stone-von
Neumann operator calculus, i.e.,

|A\°‘:/ +°E(dz),
0

where F is the spectral measure of |A| (from now on, we abbreviate f[Om) to [
The operator |A|® is certainly positive and selfadjoint. Given operators A and B
in H, we write A C B if 2(A) C 2(B) and Ah = Bh for all h € Z(A).

In what follows, B(H) stands for the C*-algebra of all bounded operators in H
with domain H. We write I = Iy for the identity operator on H. Given f,g € H,
we define the operator f ® g € B(H) by

(f@g)(h) =(h,g9)f, heH.

We say that a closed linear subspace M of H reduces an operator A in H if
PA C AP, where P € B(H) is the orthogonal projection of H onto M. If M
reduces A, then A|x stands for the restriction of A to M. To be more precise,
Alam is an operator in M such that Z2(A|m) = Z2(4A) N M and Ajph = Ah for
h e D(Alm).

For the reader’s convenience, we include the proof of the following result which
is surely folklore.

LEMMA 2.2.1. Let {e,},e= be an orthonormal basis of H, A be a positive self-
adjoint operator in H and {t,},c=z be a family of nonnegative real numbers such
that e, € Z(A) and Ae, =t,e, for all v € Z. Then for every real a > 0,

(i) the linear span & of {e,},ez is contained in D(AY),
(ii) & is a core of A%, i.e., A* = A%|g,

(i) A%, =t%, forallL € =.

Moreover, Z(A) is closed if and only if there exists a real number § > 0 such that
t, =2 9 for every v € = for which t, > 0.

The operator A appearing in Lemma 2.2.1 will be called a diagonal operator
(subordinated to the orthonormal basis {e,},c=) with diagonal elements {t,},c=.
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PROOF OF LEMMA 2.2.1. (i) & (iii) Define the spectral measure E on [0, 00)
by

(2.2.1) o)f = ZX‘T cee, feH, oeB([0,00))),

LEE

where the above series is unconditionally convergent in norm (equivalently: conver-
gent in norm in a generalized sense, cf. [15]). Using a standard measure theoretic
argument, we deduce from (2.2.1) that for every Borel function ¢: [0,00) — [0, 00),

(2.2.2) /Oooga( WE(dz)f, f) Z(p fredl?, feH.

LEE
It follows from (2.2.2), the selfadjointness of A and Parseval’s identity that

| e E@nrs) = SR = S IAfe)P = A7 <o, [ e2(4),

LEE LEE
which means that 2(A) C 2([,” « E(dz)). Arguing as above, we see that

arn = ( Sareens) = Sultre) | stens

_ </Ome(dx)f,f>, fea(A).

Both these facts imply that A C fooo x E(dz). Since the considered operators are
selfadjoint, we must have A = [z E(dz) (use [80, Theorem 8.14(b)]), which
means that F is the spectral measure of A. It follows from the measure transport
theorem (cf. [14, Theorem 5.4.10]) that the spectral measure E,, of A% is given by

(2.2.3) Eo(0) =Eon;*(0), o€ B([0,00)),

where 74 : [0,00) — [0, 00) is defined by 7, (z) = z* for z € [0, 00). Hence, by [14
Theorem 6.1.3], we have

N (0T — A%) = B(E({t2}) P2V B(B({t.}) = N (LIn — A), v€ =.

This and our assumptions imposed on the operator A imply (i) and (iii).

(ii) In view of the above, it is enough to show that & is a core of A. For this,
take a vector f € 2(A) which is orthogonal to & with respect to the graph inner
product {-,-) 4. Then

0=(f e)+(Af, Ae) = (f.e)) +t(Af e) = 1+ 1) (fre), € E.

Since {e,},c= is an orthonormal basis of H, we conclude that f = 0.

If T is any normal operator in H, then T" = Ty & Ty, where T} is the zero
operator on A (T) and T is an injective normal operator in H © A (T) with
dense range. Hence, Z(T) = Z(T)) = 2(T; "), and consequently, by the inverse
mapping theorem, %(T) is closed if and only if T, ! is bounded. Applying the
above characterization to T = A, part (ii) to A7' and the fact that .#"(A) equals
the closed linear span of {e,: t, = 0, ¢ € Z'}, we get the “moreover” part of the
conclusion. |

(2.2.3)
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Chapter 3. Fundamental properties

3.1. An invitation to weighted shifts. From now on, = (V, E) is as-
sumed to be a directed tree. Denote by ¢2(V) the Hilbert space of all square
summable complex functions on V' with the standard inner product

(fr9) = f(wg(w), f.gel(V).
ueV
For u € V, we define e, € £2(V) by
eu(v) = {1 if u=nov,

0 otherwise.

The set {ey }uev is an orthonormal basis of ¢2(V). Denote by & the linear span
of the set {e,: u € V}. Let us point out that ¢£2(V) is a reproducing kernel Hilbert
space which is guaranteed by the reproducing property

(3.1.1) fu) = {(fen), fel’(V),ueV.
If W is a nonempty subset of V, then we regard the Hilbert space £2(W) as a closed

linear subspace of £2(V') by identifying each f € ¢2(W) with the function f € £2(V))
which extends f and vanishes on the set V' \ W.

DEFINITION 3.1.1. Given A = {\,}yecve, a family of complex numbers, we
define the operator Sy in ¢£2(V') by

P(Sx) ={f € P(V): Az f € P(V)},
S}\f:/lyfa fE@(S)\),

where Az is the mapping defined on functions f: V — C by

Ao - f( par(v)) ifveVe,

0 if v = root.

(3.1.2)

(3.1.3) (A7 f)(w) = {

The operator Sy will be called a weighted shift on the directed tree .7 with weights
{/\v}vGVO-

It is worth noting that the extremal situation V° = & is not excluded; then,
by (3.1.3), Sx is the zero operator on a one-dimensional Hilbert space.

The proof of the following fact is based only on the reproducing property of
£2(V). Proposition 3.1.2 can also be deduced from parts (i) and (ii) of Proposi-
tion 3.1.3.

PropoOSITION 3.1.2. Any weighted shift Sx on a directed tree T is a closed
operator.

PROOF. Suppose that a sequence {f,}22; C 2(Sx) is convergent to a vector
f € 2(V) and the sequence {Sxf,}5; is convergent to a vector g € £*(V). Take
u € V. By (3.1.1), the sequence {(Sxfn)(u)}S>, is convergent to g(u). If u €
V°, then, again by (3.1.1), applied to (Sxfn)(u) = Ay fn(par(u)), we see that the
sequence {(Sxfn)(u)}52; is convergent to A, f(par(u)). Thus (Azf)(u) = g(u). If
u = root, then evidently (A f)(root) = 0 = g(root). Summarizing, we have shown
that Ao f = g € £2(V), which means that f € 2(Sx) and g = Sy f. O

Next we describe the domain and the graph norm of the operator Sx. In what
follows, we adopt the conventions that 0-co =0and ) 2, = 0.
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PRrROPOSITION 3.1.3. Let Sy be a weighted shift on a directed tree T with weights
A ={\,}veve. Then the following assertions hold:

(i) 2(Sa) = {f e 2(V): D ey (Zvecm(u) |)\v|2)|f(u)‘2 < OO}}
(i) 1%, = Xuev (1+ Xoccnicy o) f (@) for all f € 2(Sx),
)

(ili) ey s in Z(Sx) if and only if 3=, cchicu) |\o|? < 00 if ey € D(SA), then
(3.1.4) Sxey = Z Av€y, ||S>\eu||2 = Z |/\U|2’
veChi(u) v€eChi(u)

(iv) if f € 2(Sx) and W is a subset of V, then fxw € 2(Sx),
(v) Sx is densely defined if and only if {e,: u € V} C Z(Sx),
(vi) Sx = Sale, provided Sy is densely defined.

Proor. If f: V — C is any function, then

(3.1.5) Z (A7 f)(u)]? (3.1:3) Z IAul?|f (par(u))|?

ueV ueVe

SO W)W
u€V  wveChi(u)
which implies (i), (ii) and the first part of (iii). The proof of (3.1.4) is left to the
reader (use (3.1.1)).

(iv) is a direct consequence of (i).

(v) The “if” part is clear because {e,}ucy is an orthonormal basis of ¢2(V).
Now we justify the “only if” part. Suppose that, contrary to our claim, e, ¢ 2(Sy)
for some uw € V. It follows from (i) and (iii) that the vector e, is orthogonal to
2(Sx), which is a contradiction.

(vi) By (i), (ii), (iil) and (v), the Hilbert space (Z(Sx), || - ||ss ) is the weighted
% space on V with weights {1+ZU€CM(U) |/\”|2}uev in which the set of all complex
functions on V' vanishing off finite sets is dense. This means that &y is a core of
S, which completes the proof. ([

It is worth noting that, in general, the linear space &y is not invariant for a
densely defined weighted shift Sy on a directed tree 7. This happens when the
set Chi(u) is infinite for at least one u € V, and all the weights {\, },echi(u) are
nonzero (use (3.1.4)). However, if the set Chi(u) is finite for every u € V, then &y
is invariant for S.

Remark 3.1.4. The unilateral and bilateral classical weighted shifts fit into our
definition. Indeed, it is enough to consider directed trees (Z4,{(n,n+1): n € Z})
and (Z,{(n,n+ 1): n € Z}), respectively (they will be shortly denoted by Z and
Z). Then the first equality in (3.1.4) reads as follows:

(316) S)\en = )\n+len+l-

The reader should be aware that this is something different from the conventional
notation Sxe, = Ape,41 which abounds in the literature. In the present paper, we
use only the new convention. Let us mention that according to Proposition 3.1.3
any weighted shift Sy on the directed tree Z, is densely defined and the linear
span of {e,: n € Z,} is a core of Sy. This fact and (3.1.6) guarantee that Sy is
a unilateral classical weighted shift (cf. [58, equality (1.7)]). The same reasoning
applies to the case of a bilateral classical weighted shift.
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NoOTATION 3.1.5. Given a weighted shift Sy on a directed tree .7 with weights
A= { A }veve and u € V°, we denote by Sx_(,) and Sx_(,) the weighted shifts on
directed trees Ipes(u) and Fi\pesu) With weights A_(u) := { A, }oepesu)\{u} and
A (u) := { Ay }oev\ (Des(u)URoot(7))» Tespectively (cf. Proposition 2.1.8). If .7 has a
root and u = root, then we write Sx_ () := Sx.

We show that if at least one weight of the weighted shift Sy on a directed tree
vanishes, then Sy is an orthogonal sum of two weighted shifts on directed trees.

PROPOSITION 3.1.6. Let Sx be a weighted shift on a directed tree T with weights
A ={ X\ }oeve. Assume that Ay =0 for some u € V°. Then

Sx = Sa_(uw) & Ox_(w)-

PROOF. Since V° # &, we infer from Proposition 2.1.8 that the graphs Jpes(u)
and 3\ pes(u) are directed trees. Denote by P, the orthogonal projection of 22(V)
onto ?(Des(u)), i.e., Puf = Xpes(u)f for f € £2(V). We show that P,Sx C SxP,.
For this, let f € 2(Sx). By Proposition 3.1.3(iv) P,f € 2(Sx). If v € V°,
then either v € V°\ {u} and, consequently, by Proposition 2.1.8 Xpesu)(v) =
XDes(u)(Par(v)), or v = u and hence )\, = 0. This implies that for all v € V°,

(PuSx[f)(v) = Xpes(u) (V) (S f) (V) = XoXDes(u) (V) f (par(v))
= AoXDes(u) (Par(v)) f(par(v)) = Ay (Puf)(par(v)) = (SaPuf)(v).

In turn, if v = root(.7), then by (3.1.3) we have (P,Sxf)(v) = 0 = (SaP,f)(v).
This means that P,Sx € SxP,. Hence Sx = Sx|r2(Des(u)) © SAle2(v\Des(u))- Us-
ing Proposition 2.1.8 as well as Remark 2.1.9, one can show that Sx[s2(pes(u)) =
S)\H(u) and SA|€2(V\Des(u)) = S)\H(u)' Looking at the equality Q(SAV?(V\Des(u))) =
P(Sx_(u)), the reader should be aware of the fact that

Z |)‘v|2 = Z |)‘v|2 + ‘/\u|27

v€eChi(par(u)) vEChi_(par(u))

where Chi_(w) is the set of all children of w counted in the graph 73\ pes(y). This
completes the proof.

The injectivity of a weighted shift on a directed tree is characterized by a
condition which essentially refers to the graph structure of the tree. In particular,
there may happen that an injective weighted shift on a directed tree has many zero
weights (which never happens for classical weighted shifts).

PRrROPOSITION 3.1.7. Let Sy be a weighted shift on a directed tree  with weights
A ={ X\ }oeve. Then the following conditions are equivalent:
(1) Sa is injective,
(i) 7 is leafless and 3, ccpi(u) Ao|? >0 for allu e V.

It follows from Proposition 3.1.7 that a directed tree which admits an injective
weighted shift must be leafless.

PROOF OF PROPOSITION 3.1.7. (i)=-(ii) Suppose that contrary to our claim
2 veChi(u) |Av|? = 0 for some u € V (of course, this includes the case of Chi(u) = @).
Then, by Proposition 3.1.3 (iii), e,, € Z(Sx) and Sxe, = 0, a contradiction.
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(il)=(i) Take f € 2(Sx) such that Sxf = 0. Then, by (3.1.2) and (3.1.5), we

have
0=Isa/I2 =3 (3 IP) @l
u€V  veChi(u)
which, together with (ii), implies that f(u) =0 for all u € V. O

In view of Propositions 3.1.6 and 3.1.7, one can construct a reducible injective
and bounded weighted shift on a directed tree with root (see (6.2.10) for examples
of directed trees admitting such weighted shifts). This is again something which
cannot happen for (bounded or unbounded) injective unilateral classical weighted
shifts (see [58, Theorem (3.0)]).

The question of when a weighted shift Sy on a directed tree is bounded has a
simple answer. Let us point out that implication (i)=-(ii) of Proposition 3.1.8 below
is also an immediate consequence of the closed graph theorem and Proposition 3.1.2.

PROPOSITION 3.1.8. Let Sy be a weighted shift on a directed tree T with weights
A ={X}veve. Then the following conditions are equivalent:

(i) 2(Sx) = 2(V),

(ii) Sa € B(f3(V)),

(ili) SuPyev D vechi(u) IAo]? < o0,
If Sx € B({3(V)), then

(3.1.7) ISall = sup [|Sxeull = sup | > [A[%
uev uev v€E€Chi(u)

PROOF. (i)« (iii) It follows from Proposition 3.1.3 (i) that 2(Sx) = £2(V) if
and only if for every complex function f on V,

SR <o = 3 (14 > L)@ <o
ueV ueV vEChi(u)

This in turn is easily seen to be equivalent to (iii).
(ii)=(iii) If Sx € B(¢*(V)), then by (3.1.4) we have

(3.1.8) S Nl =lISaeull® < [ISA% ue V.
v€Chi(u)

(ili)=(ii) Setting ¢ = supyev X pechi(u) |\ |2, we get

ST INPIF@P <Y Ifw)?, fe (v,

u€V veChi(u) ueV
which, by Proposition 3.1.3 (i) and (3.1.5), implies that 2(Sy) = ¢2(V) and ||Sx||? <
c. This and (3.1.8) give (3.1.7). O

According to Propositions 2.1.2 and 3.1.8, sup,cyo |Ay| < 0o whenever Sy €
B((*(V)). However, in general, sup,cy || < oo does not imply Sy € B(¢£2(V)).
What is worse, the above inequality may not imply that the operator Sy is densely
defined (cf. Proposition 3.1.3).

COROLLARY 3.1.9. Let Sy be a weighted shift on a directed tree T with weights
A = {A\, }veve, and let sup, ¢y card(Chi(u)) < co. Then Sx € B(¢%(V)) if and only
if sup,eyo | Aw| < 00.
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If we want to investigate densely defined weighted shifts on a directed tree with
nonzero weights, then we have to assume that the tree under consideration is at
most countable, and if the latter holds, we can always find a bounded weighted
shift on it with nonzero weights.

PROPOSITION 3.1.10. If there exists a densely defined weighted shift Sx on a
directed tree T with nonzero weights X = {A,}veve, then card(V) < Ry, Con-
versely, if 7 is a directed tree such that card(V') < Ng, then there exists a weighted
shift Sx € B(¢*(V)) with nonzero weights.

PROOF. Suppose first that there exists a densely defined weighted shift Sy on
7 with nonzero weights. It follows from parts (iii) and (v) of Proposition 3.1.3 and
[15, Corollary 19.5] that card(Chi(u)) < R for all w € V. An induction argument
combined with (2.1.6) shows that card(Chi‘™ (u)) < Ry for all w € V and n € Z,.
Hence, by (2.1.4), card(Des(u)) < Ng for all w € V. If J has a root, then Corollary
2.1.5 implies that card(V) < Ny. If J is rootless, then the same inequality holds
due to Proposition 2.1.6 (iii).

Assume now that card(V) < Ng. It is then clear that for every u € V', there
exists a system { Ay v fvechi(u) Of positive real numbers such that ZUeChi(u) )\371) <1
Hence, by (2.1.3), the system A = {\, }yeve given by A\, = Ay, for v € Chi(u) and
u € V' is well defined, and by Proposition 3.1.8 Sy € B(£2(V)). O

We now discuss the question of when the space ¢2(V) built on a subtree .7
of a directed tree .7 is invariant for a weighted shift on Z with nonzero weights.
Note that if 7 = (V, E) is a subtree of a directed tree 7 = (V, E), then V° C V°;
moreover, if 7 has a root, so does .7. For equivalent forms of the condition (ii) of
Proposition 3.1.11 below, we refer the reader to Proposition 2.1.10.

PROPOSITION 3.1.11. Let 7 = (V,E) be a subtree of a directed tree T =
(V,E), and let S5 € B((2(V)) be a weighted shift on F with nonzero weights
A= {S\U}ue‘;o. Then the following two conditions are equivalent:

(i) €2(V) is invariant for Sy,
(i) V Des 5 (root(:7)) if T has a root,
i) V=<_
v if 7 is rootless.
Moreover, if (i) holds, then S5 |¢2(v) = Sx, where Sx € B((*(V)) is a weighted shift
on T with weights X = {\, fuecve given by A, = Mo foru e Ve.

Observe that the implication (ii)=-(i) remains valid without assuming that Sy
has nonzero weights.

PrROOF OF PROPOSITION 3.1.11. (i)=-(ii) It follows from (3.1.4), applied to
S, that Chiz(u) €V for every u € V. Applying Proposition 2.1.10, we get (ii).

(ii)=-(i) By Proposition 2.1.10, Chiz(u) = Chi s (u) for all u € V. This together
with (3.1.4) yields (i).

If the space ¢*(V) is invariant for S5, then the equality S5le2(vy = Sa can be
inferred from Proposition 2.1.10 (i) and (3.1.4). O

In view of Proposition 3.1.10, the situation discussed in Proposition 3.1.11 may

happen only if card(V) < No.
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3.2. Unitary equivalence. We begin by showing that, from the Hilbert space
point of view, the study of weighted shifts on directed trees can be reduced to the
case of weighted shifts with nonnegative weights. Comparing with the analogical
result for classical weighted shifts, the reader will find that in the present situation
the proof is much more complicated (mostly because it essentially depends on the
complexity of graphs under consideration). To make the proof as clear and short
as possible, we have decided to use a topological argument which seems to be of
independent interest. We are aware of the fact that a more elementary proof of
Theorem 3.2.1 is available. However, it is essentially longer and more technical
(compare with the proof of Theorem 3.3.1).

THEOREM 3.2.1. A weighted shift Sx on a directed tree 7 with weights A =
{M}veve is unitarily equivalent to the weighted shift S|x| on 7 with weights || =
{|)‘v|}v€V°-

PrOOF. Set T = {z € C: |z] = 1}. For B = {Bu}tuev C T, we define the
unitary operator Ug € B(¢*(V)) by (Ugf)(u) = Buf(u) for u € V and f € 2(V).
Since (Ugf)(u) = Buf(u) for u € V and f € £3(V), we infer from Proposition
3.1.3 (i) that 2(S|x)) = 2(Sx) = Z(UgSAUj). Hence, for every f € Z(5)y)),

* (3.1.3) /\UBU(UEf)(par(U)) = )\vﬂvB ar(v)f(par(v)) ifveVe,
(UpSaUsf)(v) = {0 ' if v = root.

To complete the proof it is therefore enough to show that there exists a system
B = {Bv}vev C T such that

(3.2.1) Mo BoBoar(w) = |Ao], v EVE.
We do this in two steps.
STEP 1. For each (u,vy) € V x T, there exists {3, }vepesu) € T such that
(3.2.2) B =7,
(323) )\vﬁv = |)\v|/8par(v)7 (S Des(u) \ {u}

Indeed, since Des(u) \ {u} = [ |02, Chi‘™ (u) (use the decomposition (2.1.10))
and par(Chi™ ™ (v)) C Chi®™ (u), we can define the wanted system {3y },cpes(u)
recursively. We begin with (3.2.2), and then having defined £3,, for all w € Chi™ (u),
we define 3, for every v € Chi""™V (u) by 8, = Ay [ Av| Bpar(v) whenever X, # 0 and
by 8, = 1 otherwise. Hence, an induction argument completes the proof of Step 1.

Step 1 and Corollary 2.1.5 enable us to solve (3.2.1) in the case when 7 has a
root. We now consider the other case when 7 has no root.

STEP 2. There exists {3, }vev C T such that

(324) Avﬂv = |)\v|ﬂpar(v)a veV.

To prove this, denote by TV the set of all functions from V to T, and equip it
with the topology of pointwise convergence on V. By Tihonov’s theorem, TV is a
compact Hausdorff space. Given u € V, we set

20 = {{Bu}oev € T2 XuB = [AolBparcry for all v € Desu) \ {u} }.

Plainly, each set (2, is closed in TV. We claim that the family {(2,},cy has the
finite intersection property. Indeed, if W is a finite nonempty subset of V', then by
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Proposition 2.1.4 there exists u € V such that W C Des(u). Hence

(2..9)

(3.2.5) Des(w) C Des(Des(u)) Des(u), w e W.

This implies that Des(w) \ {w} C Des(u) \ {u} for all w € W (because the only
dubious case u € Des(w) \ {w}, when combined with (2.1.9) and (3.2.5), yields
Des(u) = Des(w), which contradicts Proposition 2.1.8). As a consequence, {2, C
Nwew f2w- Since, by Step 1, the set §2, is nonempty, we conclude that the family
{2, }uev has the finite intersection property. Thus, by the compactness of TV,
Nucy 2u # @. It B € Nyey 2y and v € V, then B € 2,5, which implies
(3.2.4). O

Remark 3.2.2. We now discuss the question of uniqueness of solutions in Steps
1 and 2 of the proof of Theorem 3.2.1. Certainly, we lose uniqueness if some of the
weights A, vanish. The situation is quite different if the weights of S are nonzero.

In Steps 1’ and 2’ below we assuming that A\, # 0 for all v € V°.

STeP 1. If u € V' is fixed and {8, }vepes(u)> {5, }vebes(u)y € T satisfy (3.2.3),
then 3, = vf3, for all v € Des(u) with v = 3/ 3,,.

The proof of Step 1’ is similar to that of Step 1.

STEP 2/. Suppose that .7 has no root. If u € V is fixed and 3, 3" € TV satisfy
(3.2.4), then ! =48, for all v € V with v = 3/ 3,.

Indeed, if v € V, then by Proposition 2.1.4 there exists w € V such that
{u,v} C Des(w). According to Step 1/, there exists v € T such that 8, = v, for
all z € Des(w). Since u,v € Des(w), we get 8, = v8, and (], = v, which yields
v = f3, By. This means that v does not depend on w.

3.3. Circularity. We now prove that a densely defined weighted shift on a
directed tree is a circular operator. The definition of a circular operator was intro-
duced in [6]. As shown in [6, Proposition 1.3], an irreducible bounded operator on
a complex Hilbert space is circular if and only if it possesses a circulating Cy-group
of unitary operators. The latter property was then undertaken by Mlak and used
as the definition of circularity in the more general context of unbounded operators
(cf. [59, 60, 61]).

THEOREM 3.3.1. Let Sy be a weighted shift on a directed tree 7. Then for
every ¢ € R there exists @ = {0y }uev C R such that

(3.3.1) e NG et = oife Syt ER,

where N = Ng is a unique selfadjoint operator in *(V') such that {e, }uev € Z(N)
and Ne, = 0,e, for allu V.

PRrROOF. Fix ¢ € R and take 8 = {0, }uev C R. Define the operator N = Ny
in 2(V) by 2(N) = {f € £2(V): 0f € (2(V)} and Nf = 0f for f € 9(N),
where (0f)(u) = 0, f(u) for u € V. Clearly, N is selfadjoint, {e,},ev € Z(N)
and Ne, = 0,¢e, for all u € V. By Lemma 2.2.1, such N is unique. Moreover,
{eitN }er is a Cp-group of unitary operators. Using an explicit description of the
spectral measure of N (as in (2.2.1)), we verify that e¢'*Ve, = e't%ue, for allu € V
and ¢ € R. Hence, for all u € V and f € ¢3(V), we have

(@ ) (w) V(N FLen) = (fre TN ey) = € (fe,) = ' f(u).
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In view of Proposition 3.1.3, this implies that Z(e N Sye!N) = P(Sy) for all
t € R. Moreover, if f € 2(Sx), then

(7N S ) (1) = 0N (¢ f) (par(v) = e OS5 ) (0), v eV,

and (e NV Syl £)(v) = (Sxf)(v) = 0 for v = root. Consequently, it remains to
prove that there exists a solution {6, },cv C R of the equation

(3.3.2) el =0) = ¢ic y e Vo teR.

Differentiating both sides of the above equality with respect to t at t = 0, we see
that (3.3.2) is equivalent to

(3.3.3) Opar(v) — v = ¢, v EV®.

Take u € V. As in the proof of Step 1 of Theorem 3.2.1, we show that for each
¢ € R, there exists a unique system {6, },cpes(u) € R such that 6, = ¢ and

(3.3.4) Opar(v) — B = ¢, v € Des(u) \ {u}.

Therefore, if {0, }yecpes(u) 105 Jvepes(uy € R are solutions of (3.3.4), then so is the
system {6, + (0, — 0u) } veDes(u) With the same value at u as {6, },cpes(v). Thus, by
uniqueness, we have 6, = 0, + (0], — 0,,) for all v € Des(u).

Suppose now that ug € Des(u) and ¢ € R. Take any solution {6, },cpesu) € R
of (3.3.4). Then {0, + (¢ — Ouy) }vepes(u) is a solution of (3.3.4) with value ¢ at
ug. Note that such solution is unique. Indeed, if {0, },epes(u)s {04 fvepes(u) S R are
solutions of (3.3.4) with the same value ¢ at wg, then by the previous paragraph
there exists a € R such that 6], = 6, + a for all v € Des(u). Substituting v = wuy,
we obtain a = 0, which gives the required uniqueness.

In view of the above discussion and Corollary 2.1.5, the equation (3.3.3) has a
solution in the case when 7 has a root.

Let us pass to the other case when .7 has no root. Fix any ug € V. If
u € V is such that ug € Des(u), then by the penultimate paragraph there exists
a unique system {0y }yepes(u) C R solving (3.3.4) and such that 6., = 0. We
now define the required solution {6, },ev C R of (3.3.3) as follows. If v € V, then
by Proposition 2.1.4 there exists u € V such that v, ug € Des(u). Define 6, = 6, ,
(note that {0,},ecv depends of ug). First we prove that this definition is correct.
So, let v’ € V be such that v, up € Des(u’). We claim that 6,, , = 8, ,. Indeed, by
Proposition 2.1.4, there exists w € V' such that u,u € Des(w). Then, by (2.1.9),
we have Des(u) U Des(u') C Des(w). As in the proof of Theorem 3.2.1, we show
that the last inclusion implies Des(u) \ {u} C Des(w) \ {w} and Des(u) \ {u'} C
Des(w)\{w}. Hence the system {0 } sepes(u) is a solution of (3.3.4), and 0y, ., = 0.
By uniqueness property, we must have 0,, , = 6, , for all x € Des(u). Substituting
r = v, we get 0, = 0y. Applying similar argument to the system {6 4 }»epes(u’)
we obtain 6., , = 6, ., which shows that our definition of {6, },ey is correct. Using
Proposition 2.1.4 again, we find @ € V such that {v, par(v),up} C Des(%). Since
v € Des(par(v)) \ {par(v)} C Des(a) \ {@}, we have 0, = 044, Opar(v) = O par(v) and
consequently €par() — 6, = c. As v € V is arbitrary, the proof is complete. (]

A careful inspection of the proof of Theorem 3.3.1 shows that if a tree .7 has
no root, then for every ¢ € R and for every (ug,() € V x R there exists a unique
system {0, },ev C R such that 0,, = ¢ and Opar() — 0, = c for all v € V.

We conclude this section by mentioning some spectral properties of weighted
shifts on a directed tree. The fact that the spectral radius of the weighted adjacency
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operator A(G) of an infinite directed fuzzy graph G belongs to the approximate
point spectrum of A(G) was proved in [31, Theorem 6.1] (see also [62] for the case
of infinite undirected graphs). The weighted adjacency operator A(G) is defined
in [31] for a directed fuzzy graph a vertex of which may have more than one
server (read: parent). The reader should also convince himself that in the case of
a directed tree our weighted shift operator coincides with the weighted adjacency
operator A(G) (note that only the bounded weighted adjacency operators are taken
into consideration in [31]).

Given a densely defined closed operator A in a complex Hilbert space H, we
denote by o(A) and 0,,(A) the spectrum and the approximate point spectrum of
A, respectively. If A € B(H), then r(A) stands for the spectral radius of A. A
subset o of C is said to be circular if

etz eoforallt eRand z € 0.

COROLLARY 3.3.2. If Sx is a densely defined weighted shift on a directed tree
T, then the sets a(Sx), 0(SX), Tap(Sxa) and cap(Sy) are circular. Moreover, if
Sx € B(£%(V)), then {z € C: |z| =7(Sx)} C ap(Sx) N oap(S3)-

PROOF. Let N be as in Theorem 3.3.1 with ¢ = 1. Since the operators e'*V,

t € R, are unitary and (e"V)* = e~V for all ¢ € R, we deduce that

a(Sx) = O’((eitN)*SAeitN) a(Sy), teR,

which means that ¢(Sy) and consequently o(S3) are circular. The same reasoning
shows that the approximate point spectra of Sx and S% are circular.

Suppose now that the operator Sy is bounded. Since o(Sy) is a nonempty
compact subset of C, there exists zg € o(Sx) such that |z| = r(Sx). By the
circularity of o(Sx), we see that the circle I := {z € C: |z| = r(Sx)} is contained
in 0(Sx). This means that I" is a subset of the boundary of o(Sy). Hence, by [18,
Corollary XI.1.2], I' € 0,p(Sx) N 0ap(S%). This completes the proof. O

(3.3.1)
= elt

The properties of spectra mentioned in Corollary 3.3.2 are true for general cir-
cular operators. For the reader’s convenience we have included their proofs. Cer-
tainly, other spectra of a circular operator, like the point spectrum, the continuous
spectrum and the residual spectrum are circular.

3.4. Adjoints and moduli. We begin by giving an explicit description of the
adjoint S} of Sx. Recall that &y is the linear span of the set {e,: u € V}.

PROPOSITION 3.4.1. If Sy is a densely defined weighted shift on a directed tree
T with weights A = {\, }yeve, then the following assertions hold:
(1) 2 sechiu) Ao f(0)] < oo forallueV and f € 2(V),
(ii) & C 2(S3) and

(3.4.1) Sien = { Muerrw) HuEV,
AT 0 if u = root,

(iii (S;\f)( )= ZveChi(u Ao f(v) for allu € V and f € D(S%),
={fel(V): Zev| 2 veChi(u) Tf(”)f < oo},

)
) 7
(v) \f||s* =2 uev (\f )2+ | ecnion Mof (0)]7) for all f € 2(S5),
(vi) 62(Ch|( ) € 2(5%) for everyu €'V,

(iv
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(vil) Sx = Sxley -

PRrROOF. (i) By the Cauchy-Schwarz inequality and Proposition 3.1.3 (iii) and
(v), we have

2
SRS < D AR Y @R <00, uweV, felV).
v€eChi(u) v€Chi(u) v€Chi(u)
(ii) Since
(311)

(S [, €root) (Sxf)(root) =0, f€ Z(Sx),
we get eroor € Z(53) and S eroot = 0. Assume now that v € V°. Then

<S>\f7 eu> = (Skf)(u) =Au- f( par(u)) = <f7)‘7uepar(u)>a f € .@(S)\),

which implies that e, € 2(S%) and Sie, = Tuepa,(u).
(iii) Applying (3.1.1) and Proposition 3.1.3 (v), we deduce that

(S3)(W) = (Sifsen) = (F5xen) = (1 D0 Ave)

veChi(u)
= > Nfie)= D MNfw), uweV,feP(S).
veChi(u) veChi(u)
(iv) If f € 2(S%), then
(111) *
(3.4.2) S Y %] Y SNwE = (1S < .
ueV vEChl(u) ueV

Conversely, if f belongs to the right-hand side of (iv), then (i) enables us to define
the function g: V' — C by

(3.4.3) gu):== > X f(v), uweV.

vEChi(w)

By our assumption, g € ¢2(V'). Moreover,

(Sahy ) = S (Sah) () - Flw) “E7 ST hpar(u))r, f(u)
ueV ueVe
CZVST ST hpar)AT0) = S hw) Y AF)
u€V veChi(u) ueV veChi(u)
UL ST hu)g(u) = {hug). he D(S),
ueV

which implies that f € 2(S%) and g = S} f.

Assertion (v) is a direct consequence of (3.4.2).

Assertion (vi) follows from (i), (iv) and Proposition 2.1.2.

(vil) Take f € 2(S5) which is orthogonal to {e,: w € V} with respect to the
graph inner product (-,-)s;. If w = root, then

(344) 0 = <f; eroot>S; (Sél) f(I’OOt).



WEIGHTED SHIFTS ON DIRECTED TREES 29

We show that f vanishes on Chi(u) for every u € V| which in view of (3.4.4) and
(2.1.3) will complete the proof. Fixing u € V', we get

0= (f,ewhss =V f(w) + (SF, Mwepar(u)) = F(0) + Au(S3F)(w),  w € Chi(u).

Multiplying the left and the right side of the above chain of equalities by f(w) and
then summing over all w € Chi(u), we deduce from (iii) that

0=( 3 @)+,

weChi(u)

which implies that f vanishes on Chi(u). This completes the proof. O

It follows from Proposition 3.4.1 (ii) that the linear space &y is always invariant
for the adjoint S} of a densely defined weighted shift Sx on a directed tree .7. This
is opposed to the fact that & may not be invariant for Sy (see the comments after
Proposition 3.1.3).

Remark 3.4.2. We now show that the adjoint of a unilateral classical weighted
shift is a weighted shift on a very particular directed tree. Indeed, let us regard
Z_:={...,—2,—1,0} as a subtree of the directed tree Z (cf. Remark 3.1.4). Cer-
tainly, Z_ is a rootless directed tree with only one leaf 0. Let Sy be a weighted shift
on Z_ with weights A = {A_,,}22,. Then by Proposition 3.1.3 and the equality
(3.1.4) the operator Sy is densely defined, Sxe_n, = A_(,—1)e_(,—1) for all n € N,
and Sxeg = 0. This fact combined with Proposition 3.1.3 (vi) guarantees that
Sx can be thought of as the adjoint of the unilateral classical weighted shift with
weights {A_(,—1)}o2; (cf. [58, equality (1.11)]).

We now describe powers of the modulus of Sy.

PROPOSITION 3.4.3. If Sy is a densely defined weighted shift on a directed tree
T with weights A = {\, }yeve, then for every real o > 0,
(i) &v € 2(15x1),
(il) &v is a core of |SA|%, i.e., |SA|* = [Sx]|%&y
(iil) |Sa|%ew = ||Sxeu||“ey for u €V,
(iv) (19Al*f)(w) = [Sxeul|*f(u) for v eV and f € D(|Sx]).

PrOOF. (i)—(iii) Applying Proposition 3.4.1 (iii), we get

(3435) (1SN = 3 M) "= ST P f(par(v))

veChi(u) veChi(u)
2 (3.1.4) 9 «
= Y P UV SxeulPf(u), uw eV, fE D(S5Sa).
veChi(u)

Now, we show that & C 2(555x). Indeed, if u € V, then
2 2
— (3.1.3) (3.1.4)
S NS =YY Peutw)] P= svet < o0,
weV  veChi(w) weV  veChi(w)

which, by Proposition 3.4.1 (iv), implies that Sxe, € Z(S}). Hence, (3.4.5) leads
to

(3.4.6) S3Sxew = ||Sxaeul|®eu, u€eV.
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In view of Proposition 3.1.2 and [80, Theorem 5.39], the operator S} Sy is positive
and selfadjoint. Using (3.4.6) and applying Lemma 2.2.1 with «/2 in place of « to
the operator S3Sx, we obtain (i), (ii) and (iii).

(iv) Tt follows from (3.1.1) that for all f € 2(|Sx|%) and v € V,

IS\ F) () = (S Frea) 2 O 18a1%en) 2 (F, 1Sxeull®eu) = Sxeul® F(w).

This completes the proof. ([l

COROLLARY 3.4.4. A weighted shift Sx on a directed tree 7 is an isometry on
2(V) if and only if 2 veChi(u) A2 =1 forallueV.

ProoOF. Apply Propositions 3.1.3, 3.1.8 and 3.4.3 (with « = 2). O

Since the compactness and the membership in the Schatten-von Neumann p-
class depend on analogous properties of the modulus of the operator in question (cf.
[69, 67]), the following corollary is an immediate consequence of Proposition 3.4.3.
Below, the limit lim,cy and the sum ) .y, are understood in a generalized sense.

COROLLARY 3.4.5. Let Sx € B({?(V)) be a weighted shift on a directed tree T

and let p € [1,00). Then the following two assertions hold.
(i) Sa is compact if and only if lim,ey ||Sxew|| =0,
(ii) Sx is in the Schatten p-class if and only if 3, .\ [[Saeu|P < oo.

3.5. The polar decomposition. We now describe the polar decomposition
of a densely defined weighted shift on a directed tree. Recall, that if T is a closed
densely defined operator in a complex Hilbert space H, then there exists a unique
partial isometry U € B(H) with initial space Z(|T|) such that T = U|T|. Such
decomposition is called the polar decomposition of T' (see e.g., [14, Theorem 8.1.2]).

If T = U|T| is the polar decomposition of T, then the final space of U equals Z(T).

PROPOSITION 3.5.1. Let Sx be a densely defined weighted shift on a directed
tree T with weights A = {\, }yeve, and let Sx = U|Sx| be the polar decomposition
of Sx. Then |Sx| is the diagonal operator subordinated to the orthonormal basis
{ew}uev with diagonal elements {||Sxey||}uev, and U is the weighted shift Sz on
T with weights © = {7, }ueveo given by®

Ay .
551) r= | Torepal TP e
0 if par(u) ¢ V3,
where Vit := {u € Vi ||Saey|| > 0}. Moreover, the following assertions hold:
(i) A (U) = A (Sx) = A (ISxl) = C(V\VY) and Z(S3) = C(VY),
(eroot) B Dyey (C(Chi(u)) & (A")) if T has a root,
B.cv (C(Chi(u)) © (A")) otherwise,

(i) A(S3) = {

where A" € £2(Chi(u)) is given by X*: Chi(u) > v — A\, € C, and (A\") is
the linear span of {A"},
(iil) the initial space of U equals ¢*(Vy}),

(iv) Z(U) = Z(9x) = Buev (X")-

5 For simplicity, we suppress the explicit dependence of 7 on A in the notation.
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PRrROOF. It follows from Proposition 3.1.2 that Sy is closed. By Lemma 2.2.1
and Proposition 3.4.3, |Sx| is the diagonal operator subordinated to the orthonor-
mal basis {e, }uev with diagonal elements {||Sxe| }uev. Hence, the initial space
Z(|SA]) of U equals ¢2(V4F). This means that (iii) holds. As a consequence of (iii),
we obtain (i). If u € V4, then

(3.5.2) Ue, = UlSalew =

1
——Se
ISxeull ™"

(3.1.4) Ao Ay
- o 16 T €y
UECZhi(u) ||S)\€u|| Ueczhi(u) HS)\epar(v)”

In turn, if w € V' \ V", then by (i) e, € ¢2(V \ Vi) = A4 (U), and so Ue, = 0.
Using (3.5.1) and Proposition 3.1.8, we see that Sr € B(¢2(V)). Since, by (3.1.4),
(3.5.1) and (3.5.2), both operators U and Sy coincide on basic vectors e,, u € V,
we deduce that U = Sj.

We now describe the final space of U. Consider first the case when 7 has a
root. It follows from Proposition 3.4.1 (iii) and (iv), and Proposition 2.1.2 that

(35.3) A(S) ={f € P(V): (flchi(u), A"y =0 for all u € V'}
— (eroot) & @D (£(Chi(u)) © (A")).
ueV’
Since, by Proposition 2.1.2, £2(V) = (ereot) ® @ ,cr £2(Chi(u)), we deduce from

(3.5.3) that Z(Sx) = D,/ (A"). If T is rootless, then (3.5.3) holds with (eroot)

removed. As a consequence, we get the same formula for %2(Sy). This proves
assertions (ii) and (iv), and hence completes the proof. O

[Sxeul

Using the description of the polar decomposition of Sy given in Proposition
3.5.1 and the last paragraph of the proof of Lemma 2.2.1 (with A = |Sy|), we see
that 2(Sx) = Sx(Z(|Sx])) = S=(2(A7")), where A7 is a diagonal operator with
diagonal elements {m}u vyt The details are left to the reader.

3.6. Fredholm directed trees. We begin by describing weighted shifts on
directed trees with closed ranges. Recall that Vi = {u € V: ||Sxe,|| > 0} C V"

PROPOSITION 3.6.1. Let Sx be a densely defined weighted shift on a directed
tree 7 with weights X = { Ay fveve. Then the following conditions are equivalent:
(i) Z2(Sx) is closed,
(ii) Z(S3) is closed,
(iil) there exists a real number § > 0 such that ||Sxe,| = & for every u € Vyf.

PrOOF. Equivalence (i)<(ii) holds for general closed densely defined Banach
space operators (cf. [38, Theorem IV.1.2]).

(i) (i) It follows from the polar decomposition of Sy that Z(Sx) is closed
if and only if Z(|Sx|) is closed. This fact combined with Proposition 3.5.1 and
Lemma 2.2.1 completes the proof. (I

Recall that a closed densely defined operator T' in a complex Hilbert space H
is said to be Fredholm if its range is closed and the spaces A (T) and A4 (T*) are
finite dimensional. It is well known that a closed densely defined operator T in ‘H
is Fredholm if and only if the spaces A4 (T') and H/Z(T) are finite dimensional (cf.
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[38, Corollary IV.1.13]). The index ind(T') of a Fredholm operator T is given by
ind(7T) = dim A (T) —dim A (T*) (see [38, §4.2] and [37] for the case of unbounded
operators and [18] for bounded ones).

Fredholm weighted shifts on directed trees and their indexes can be character-
ized as follows (below we adopt the convention that inf @ = c0).

PROPOSITION 3.6.2. Let Sx be a densely defined weighted shift on a directed
tree 7 with weights X = { Ay }veve. Then the following conditions are equivalent:

(i) Sa is a Fredholm operator,
(ii) ¢(Sx) > 0 and b(Sx) < oo, where

b(Sx) == > (card(Chi(u)) — 1)+ Y card(Chi(w)),

ueVyt ue€V\V
¢(Sx) :=inf{|Ay|: v € V°, A\, # 0, card(Chi(par(u))) = 1},

(iii) ¢(Sx) > 0, card(Chi(u)) < oo for all uw € V, card(V<) < oo (see (2.1.2)
for the definition of V<) and card(V'\ Vi}) < oco.

If Sx is Fredholm, then a(Sy) := card(V \ Vy}) < oo and

— -1 4 h t
(3.6.1) ind(Sy) = a(Sx) — b(Sx) if ?8 a Toot,
a(Sx) — b(Sx) otherwise.
ProOOF. First we prove that if b(Sx) < oo, then a(Sx) < oo, card(Chi(u)) < oo
for all u € V and card(V<) < co. We begin by recalling that V4f € V/ C V. Then
an easy computation shows that

card(V<) < b(Sx) < oo,
card(Chi(u)) < b(Sx)+1< o0, ueV.

Hence, by Proposition 2.1.11, card(V'\ V') < occ. Since card(V'\V5) < b(Sy) < oo,
we get a(Sx) = card(V \ V') + card(V’ \ V5}) < co. This proves our claim.

Reversing the above reasoning we deduce that if card(Chi(u)) < oo for all
u €V, card(V<) < oo and card(V'\ V) < oo, then b(Sy) < oo and consequently
a(Sx) < 0.

(i)=(ii) Employing Proposition 3.5.1, we see that a(Sx) < oo, b(Sx) < oo and
(3.6.1) holds. By Proposition 3.6.1, we conclude that ¢(Sx) > 0.

(ii)=(i) In view of the first paragraph of this proof, the implication (ii)=-(i)
can be deduced from Propositions 3.5.1 and 3.6.1.

(ii)<(iil) Apply two first paragraphs of this proof. a

Owing to Proposition 3.6.2, a densely defined weighted shift Sy on a directed
tree 7 with nonzero weights A = {\,},eve and with closed range is Fredholm if
and only if card(Chi(u)) < oo for all uw € V and card(V<) < oco. Moreover,

(3.6.2)

card(V\ V') —=1— > (card(Chi(u)) — 1) if . has a root,
ueV’

card(V\ V') — ;:// (card(Chi(u)) — 1) otherwise.

ind(Sy) =
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A trivial verification shows that

(3.6.3)
card(V\ V) UVZ)—1— > card(Chi(u)) if 7 has a root,
. ueVy
ind(Sx) =
card(V\ VU VL) — > card(Chi(u)) otherwise.
ueVy

Noting that the right-hand side of (3.6.2) does not depend on Sx, we propose the
following definition.

DEFINITION 3.6.3. A directed tree 7 such that card(Chi(u)) < oo for allu € V
and card(V<) < oo is called Fredholm. The right-hand side of (3.6.2) (which is equal
to the right-hand side of (3.6.3)) is denoted by ind(7) and called the indez of a
Fredholm directed tree .7.

The definition of ind(Sx) is correct due to Proposition 2.1.11. We can rephrase
Definition 3.6.3 as follows: a directed tree is Fredholm if and only if it has finitely
many branching vertexes and each branching vertex has finitely many children.
Moreover, each Fredholm directed tree has finitely many leaves. As a consequence,
we see that there exists countably many non-isomorphic Fredholm directed trees.

The following is a beneficial excerpt from the proof of Proposition 3.6.2.

PROPOSITION 3.6.4. If Sy is a densely defined weighted shift on a directed tree
T with weights A = {\, }yeve and b(Sy) < oo, then T is Fredholm and a(Sy) < oo.

It is worth mentioning that for every Fredholm directed tree 7 we may con-
struct a bounded Fredholm weighted shift Sy on 7 with nonzero weights. Indeed,
in view of Propositions 3.1.8 and 3.6.2, the weighted shift Sy with weights A\, =1
meets our requirements.

The assertion (i) of Lemma 3.6.5 below shows that after cutting off a leaf of
a Fredholm directed tree 7 the index of the trimmed tree remains the same as
that of 7. The assertion (ii) states that after cutting off a straight infinite branch
Des(u) from a simply branched leafless subtree Des(w) of .7, where u is a child of
w, the index of the trimmed tree enlarges by 1. Finally, the assertion (iii) says that
after cutting off a trunk of a rootless .7 the index of the trimmed tree decreases by
1. For the definition of the subgraph Gy, we refer the reader to (2.1.1).

LEMMA 3.6.5. If Z is a Fredholm directed tree, then the following assertions
hold.
(i) IfweV\V' and Vo, :=V \ {w} # @, then ind(.7) = ind(F,,).
(ii) If w € V is such that card(Chi(w)) > 2 and card(Chi(v)) = 1 for all
v € Des(w) \ {w}, then ind(Fy,,,) = ind(J) + 1 for every u € Chi(w),
where Vi) := V' \ Des(u).
(i) If T is rootless and w € V is such that V = {par™(w)}5%,; U Des(w) (such
w always exists), then ind(Ipes(w)) = ind(7) — 1.

Note that by Proposition 2.1.8, 9y,

w

I, and Ipes(w) are directed trees.
PROOF OF LEMMA 3.6.5. (i) It is clear that
Egy = Eva U {(par(w),w)}

(par(w) makes sense because V,, # @). This implies that Chiz(u) = Chiz, (u) for
u € Vi \ {par(w)} and Chiz(par(w)) = Chig, (par(w)) U {w}. Consider first the
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case when card(Chiz(par(w))) > 2. Then V' = V) and consequently card(V\V’) =
card(Vy, \ V) + 1. This altogether implies that ind(.7) = ind(%y,,). In turn, if
card(Chig (par(w))) = 1, then arguing as above, we see that V' = V, U {par(w)}
and par(w) € Vi, \ Vi, hence that V \ V' = {w} U ((Viy \ Vi) \ {par(w)}) and
card(V \ V') = card(V,, \ V), and finally that ind(7") = ind(%,,,). In particular,
we have the following equalities

WV

card(V \ V') — 1 if card(Chig(par(w)))

card(V \ V') if card(Chig (par(w)))

(3.6.4) card(Vyy \ V) = { i,

(ii) It is plain that V’ =V}, LiDes(u) and consequently that V\ V" = Vi, \ V[
Ifve V[;L] \ {w}, then Chiz(v) = Chigvlu] (v). In turn, if v = w, then Chig(v) =
Chigvlu] (v) U {u}. Finally, if v € Des(u), then card(Chig(v)) = 1. All this implies
that ind(%y,,) = ind(7) + 1.

(iii) Arguing as in the first paragraph of the proof of Proposition 2.1.11 and
using (3.6.3), we show that ind(Ipes(w)) = ind(.7) —1 (remember that the directed
tree Ipes(w) has a root, while .7 not). This completes the proof. a

We now show that the index of a Fredholm directed tree does not exceed 1.

LEMMA 3.6.6. If Z is a Fredholm directed tree, then

(1) ind(7) < 1 provided T is rootless,
(ii) ind(7) = 0 provided T is finite,
(iii) ind(7) < —1 provided Z has a root and is infinite.

Proor. Without loss of generality, we can assume that 7 is infinite (otherwise
ind(7) = 0). If 7 is rootless, then by using assertion (iii) of Lemma 3.6.5 we are
reduced to showing that ind(.7) < —1 whenever .7 has a root and is infinite (note
that the trimmed tree may be finite, however this case has been covered).

If .7 is leafless, then by (3.6.2) we have

(3.6.5) ind(7) = —1— Y (card(Chi(u)) — 1) < —1.

ueVy

Suppose now that .7 is not leafless (however still infinite and with root). Then
#(T) == card(V \ V') > 1. We claim that there exists an infinite subtree .7 of
T such that »(.7) = »(7) — 1 and ind(.7) = ind(.7). To prove our claim, take
any w € V \ V'. Let k be the least positive integer such that par®(w) € V. (the
existence of such k is justified in the second paragraph of the proof of Proposition
2.1.11). Applying (3.6.4) and assertion (i) of Lemma 3.6.5 k times, we get the
required subtree .7, which proves our claim. Finally, employing the reduction
procedure .7 ~» 7 (7)) times, we find an infinite subtree .7 of .7 such that
ind(.7) = ind(.7) and »(7) = 0. Since the latter means that .7 is leafless, we

deduce from (3.6.5) that ind(.7) = ind(.7") < —1. This completes the proof. O

Applying (3.6.3) and Lemma 3.6.6 we get the following estimates for Fredholm
directed trees.
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COROLLARY 3.6.7. If Z is an infinite Fredholm directed tree, then
card(V \ V') + card(V<) < Z card(Chi(u)) if 7 has a root,

ueV

card(V \ V') + card(V<) < 1+ Z card(Chi(u)) otherwise.
ueVy

Note that for every integer k < 1 there exists a Fredholm directed tree .7 such
that ind(7) = k. Indeed, it is clear that Z_, Z and Z; are Fredholm directed
trees (see Remarks 3.1.4 and 3.4.2 for appropriate definitions), and ind(Z_) = 1,
ind(Z) = 0 and ind(Z;) = —1. The directed trees Z and Z are leafless and they
have no branching vertexes. If we consider any rootless and leafless directed tree
7 with |k| branching vertexes (k < 0) each of which having exactly two children,
then ind(7) = k.

It turns out that the index of a Fredholm weighted shift on a directed tree does
not exceed 1 even if some weights of Sy are zero.

THEOREM 3.6.8. If Sx is a Fredholm weighted shift on a directed tree T with
weights X = {\, }yevo, then F is Fredholm and ind(Sy) = ind(.7) < 1.

ProOOF. It follows from Proposition 3.6.2 that .7 is Fredholm and
(3.6.6) card(V"\ V3}) < a(Sy) < oo.
Hence, the following equalities hold
a(Sx) = b(Sx) =card(V\ V) = > (card(Chi(u)) —1) = > card(Chi(u))
ueVyt ueV\V

(3.6:6) card(V \ V') + card(V"\ Vj)

— ) (card(Chi(w)) — 1)+ > (card(Chi(u)) — 1)

ueV’ ueVA\VF
— Y card(Chi(u))
ueVA\VY
= card(V \ V') = ) (card(Chi(u)) — 1).
ueV’
By (3.6.1) and (3.6.2), this implies that ind(Sx) = ind(.7). Employing Lemma
3.6.6 completes the proof. O

It may happen that a directed tree 7 is Fredholm but not every densely defined
weighted shift Sy on 7 with closed range is Fredholm (e.g., the directed tree
T = Ja defined in (6.2.10) has the required properties; it is enough to consider a
weighted shift Sy on .7 with infinite number of zero weights, whose nonzero weights
are uniformly separated from zero).

The theory of semi-Fredholm operators can be implemented into the context
of weighted shift operators on directed trees as well. Recall that a closed densely
defined operator T' in a complex Hilbert space H is said to be left semi-Fredholm if
its range is closed and dim A4 (T') < co. If T* is left semi-Fredholm, then T is called
right semi-Fredholm. It is well known that a closed densely defined operator T in
H is right semi-Fredholm if and only if T has closed range and dim A4 (T™*) < co.
Hence, in view of [38, Corollary IV.1.13], a closed densely defined operator T in H is
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right semi-Fredholm if and only if the quotient space H/Z(T) is finite dimensional.
If T is either left semi-Fredholm or right semi-Fredholm, then its index ind(T) is
defined by ind(T") = dim A (T') — dim A" (T™*). In general, ind(T") € Z U {£oo} (cf.
38, 18]).

PROPOSITION 3.6.9. Let Sx be a densely defined weighted shift on a directed
tree T with weights A = {\,}yeve. Then the following assertions hold.

(i) Sx is left semi-Fredholm if and only if Sx has closed range (cf. Proposition
3.6.1) and card(V \Vy") < co. Moreover, if Sx is left semi-Fredholm, then
ind(Sx) e {ne€Z:n<1}u{—o0}.

(ii) Sx is right semi-Fredholm if and only if it is Fredholm.

PROOF. Assertion (i) is a direct consequence Proposition 3.5.1 (i) and Theorem
3.6.8.

(ii) If Sx right semi-Fredholm, then by Proposition 3.5.1 (ii) b(Sx) < oo. This,
in view of Proposition 3.6.4, implies that a(Sx) < oo. Thus Sy is Fredholm. O

Suppose that Sy is any densely defined weighted shift on a directed tree with
nonzero weights. It follows from Proposition 3.6.9 that Sy is left semi-Fredholm if
and only if it has closed range and the directed tree 7 has finitely many leaves. As a
consequence, we see that if Sy has closed range and 7 is leafless, then Sy is always
left semi-Fredholm. Certainly, it many happen that Sy is left semi-Fredholm but
not Fredholm (in fact, this happens more frequently). For example, the isometric
weighted shift Sy on the leafless directed tree J ¢ defined in Example 6.3.3 (with
one branching vertex w such that card(Chi(w)) = Ng) is left semi-Fredholm and
ind(Sy) = —o0.
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Chapter 4. Inclusions of domains

4.1. When 2(Sx) C 2(S3)? Our next aim is to characterize the circum-
stances under which the inclusion 2(Sx) C 2(S%) holds.

THEOREM 4.1.1. If Sy is a densely defined weighted shift on a directed tree T
with weights X = {\, }veveo, then the following conditions are equivalent:
(i) 2(Sx) € 2(53),
(i) there exists ¢ > 0 such that

Ao
(4.1.1) Y o <e uel.
veChi(u) 1+ [[Sxed|

PRrOOF. (i)=(ii) Recall that by Proposition 3.1.3 (v), &y C Z(Sx). Suppose
that 2(Sx) € 2(S5). By Proposition 3.1.2, the normed space (Z(Sx), || - ||s,) is
complete. The normed space (Z(55), || - [|s;) is complete as well (cf. [14, Theorems
3.2.1 and 3.3.2]). Applying the closed graph theorem to the identity embedding
mapping (Z(Sx), || - lsx) — (Z(S%), || - ls;) we see that there exists a positive real
number c¢ such that

/]

By Propositions 3.4.1 (v) and 3.1.3 (ii), the above inequality implies that

5 <clflz,. fe (8.

_ 2
#12) | 3 M) < <,
u€V  veChi(u)
(3.1.4)

=7 T (1 ISaelP)F@I?, f € 2(Sa).

ueV

First, we consider the case when the tree 7 has a root. Employing (2.1.3), we get

S N

u€V  veChi(u)

2
"< 1+ [[Sxeroot]?) (100

+e¢30 3 (1 1SnelP)F ) fe DSy

u€V veChi(u)

Since, by Proposition 3.1.3 (iv), the function f-xvyo. is in 2(Sy) for every f € P(Sy),
we see that the above inequality is equivalent to the following one

13 Y| X Tl <X X @HSelIfOP. e a6y,

u€V  veChi(u) w€V veChi(u)

If 7 is rootless, then similar reasoning leads to the inequality (4.1.3). Since, by
Proposition 3.1.3 (iv), f - xchi(u) € Z(Sx) for all f € Z(Sx) and u € V, we deduce
from (4.1.3) and Proposition 2.1.2 that

@) | Y M) <o X (ISl @P, e a(Sh)ueV.

v€Chi(u) v€Chi(u)



38 Z.J. JABLONSKI7 I. B. JUNG, AND J. STOCHEL

Fix u € V' and take a finite nonempty subset W of Chi(u). It follows from Propo-
sition 3.1.3 (v) that £2(W) C 2(Sx). This allows us to substitute the function

Au :
f) = { T HTveW,
0 otherwise,

into (4.1.4). What we obtain is
)\v 2 2 )\v 2
(2 1+|||Se E) <c X 1+||S|e B
vEW Afv vEW Afv
This implies that
PR SR
St | Saew]|?
Passing with W to “infinity” if necessary, we get (ii).
(ii)=-(i) A careful inspection of the proof of (i)=-(ii), supported by the Cauchy-

Schwarz inequality, shows that the reverse implication (ii)=-(i) is true as well. O

4.2. When 2(S5%) C 2(5x)? The circumstances under which the inclusion
2(5%) C 2(Sx) holds are more elaborate and require much more effort to be
accomplished. For this reason, we attach to a densely defined weighted shift Sy on
a directed tree 7 the diagonal operators M, in £2(Chi(u)), u € V', given by

P(My) ={g € (Chi(u): > [ISxeu]*lg(v)]* < oo},
(421) v€Chi(u)
(Myg)(v) = ||Saes]lg(v), v € Chi(u), g € 2(M,).

If uw € V' is such that the function A*: Chi(u) > v — A, € C belongs to 2(M,,),
then we define the operator T, in £2(Chi(u)) by

1
42.2 T,=M?— — —
(4.22) CT T [Baen?

For simplicity, we suppress the explicit dependence of M, and T, on A in the
notation. We gather below indispensable properties of the operators M, and T,.

M,(A") ® My(A"), we V.

PROPOSITION 4.2.1. Let Sx be a densely defined weighted shift on a directed
tree 7 with weights X = { A\ }veve. If u € V! and A" € 2(M,,), then
(i) {ev: v € Chi(u)} C 2(T,) = 2(M2),
(i) M, and T, are positive selfadjoint operators in ¢*(Chi(u)),
(iii) M, is bounded if and only if Ty, is bounded,
(iv) |ISxeul] < V/2||Tul| for all but at most one vertex v € Chi(u) whenever the

operator T, is bounded.

PRrROOF. (i) Apply parts (iii) and (v) of Proposition 3.1.3.
(ii) It is easily seen that M, and T,, are selfadjoint operators, and M, is positive
(see e.g., [80, Theorem 6.20]). Moreover, we have

((Mu(X") @ Mu(X"))g,9) = [{g, Mu(X))* = [(Mu(g), X")|?

N (3.1.4)
SUNPIML (I < A+ 1Sxeal®)(ME(9). 9), 9 € 2(To),

which implies that T, is positive.
(iii) Evident.
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(iv) Take vertexes vy, vy € Chi(u) such that v1 # ve. Without loss of generality,
we may assume that ||[Sxey, || < [|Saew,||. It follows that
ISxeol” (1 + 3 echiun (o} Mwl®) @22)

(4.2.3) T3 [Sneu? =" (Tuev, e0) < ||Tull, v € Chi(u).

Hence, we have

1S3 (2 + o[ + s I + 23 0 ccmigun fon oa} Ml?)

Sxew: |12 <
|| A v1|| 1+HS)\€u||2
1Sxew, 12 (1 + 0 cchitu or) 1Awl?)
h 1+ [[Sxeu?
[Sxews 12 (1 + X echiun (o) [Awl®)
1+ [ISxeul®
(4.2.3)
< 2T

This enables us to deduce that for every two distinct vertexes vy, vy € Chi(u) either
[1Sxew, | < /2| Tl or ||Saewv, || < /2| Twu]l. As is easily seen, this implies (iv). O

Now we characterize all weighted shifts Sx on directed trees which have the
property that Z(S3) C 2(Sx). We do this with the help of the operators T,
defined in (4.2.2). The proof of this characterization relies heavily on the fact that
for every u € V' the operator Ty, factorizes as T,, = R, R’ whenever T,, is bounded
(see (4.2.16)).

THEOREM 4.2.2. If Sy is a densely defined weighted shift on a directed tree T
with weights X = {\, }veve, then the following two conditions are equivalent:
() 2(53) € Z(Sn).
(ii) T, € B(¢*(Chi(u))) for allu € V', and

(4.2.4) sup [|T|| < oo.
ueV’

PRrROOF. (i)=(ii) Suppose that Z(S3) C Z(Sx). Since both operators are
closed, we can argue as in the proof of Theorem 4.1.1. Thus, there exists a constant
¢ > 0 such that

ISxfI?* < e (IFI2 + ISXA1%), f € 2(S%)-
Similarly to (4.1.2), we see that

(4.2.5)
_ 2
o ISxeul Pl <e Y If @ +e ) ‘ > Nf)|, fea(Sy).
ueVvV ueV u€V  veChi(u)

If the tree .7 has a root, then applying (2.1.3) to the left-hand side of (4.2.5) and
to the first term of the right-hand side of (4.2.5), we obtain

Yo D ISxelPlf )

w€V veChi(u)

<c|f(root)\2+02( Z |f(v)|2+‘ Z va(v)‘g)a fe2(53).

u€V  weChi(u) v€Chi(u)
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Since, by Proposition 3.4.1 (iv), there is no restriction on the value of f at root, we
see that the above inequality is equivalent to the following one

(426) > D lISxeulPIf ()

u€V veChi(u)
<CZ( > |f(v)|2+\ > Xf(v)f) f e 2(8%).
ueV  veChi(u) vEChi(u)

Clearly, inequalities (4.2.5) and (4.2.6) coincide if .7 is rootless.
Fix u € V'. Recall that by Proposition 3.1.3, A* € ¢*(Chi(u)). In view of
Proposition 2.1.2 and Proposition 3.4.1 (vi), the inequality (4.2.6) yields

(4.2.7) Yo ISxeulPIF @)1 < elllFIP+ (LA, f € 2 (Chi(w)).
veChi(u)

If A\* = 0, then by (4.2.7), M, € B(£*(Chi(u))) and ||M,|| < /¢, and consequently
by (4.2.2), ||[Ty|| < ¢. Assume now that A* # 0. Define the new inner product
{-,-)u on £2(Chi(u)) by

and denote by KC,, the Hilbert space (¢2(Chi(u)), (,-),). It follows from (4.2.7) that
the operator R, : K, — ¢*(Chi(u)) defined by

(4.2.9) (Ruf)(v) = [[Sxes| f(v), v € Chi(u), f €Ky,
is bounded and
(4.2.10) |R.|| < Ve

Using the Cauchy-Schwarz inequality, we deduce from (4.2.8), (4.2.9) and (4.2.10)
that M, € B(¢*(Chi(u))) and || M,||* < c¢(1 + [|A"]|?). Hence, T,, € B(¢*(Chi(u))).
We now compute the adjoint R : ¢2(Chi(u)) — K, of R,. Take g € £2(Chi(u)).
Then, we have
42.11) Y [[Saeullg(v)h(v) = (g, Ruh) = (Rig, h)u
veChi(u)

> (Rig)(W)h(v) + (Rig, A“) - (X, h),  h € £3(Chi(u)).
vEChi(u)
Set Cug(v) = [|Sxevllg(v) — (Rig)(v) for v € Chi(u). By (4.2.7), Cu,g € £2(Chi(u)).
It follows from (4.2.11) that

(1212) (b= 3 Cug(0)iT0) = (Rig, A - (XU, B, b € E(Chi(u))
veChi(u)

This implies that {A"}+ C {C, 4}, where the orthogonality refers to the original
inner product of £2(Chi(u)). As a consequence, {C, 4}t C {A“}++, and so there
exists ay, ¢ € C such that ¢, g = —av, gA". Hence, by the definition of ¢, 4, we have

(4.2.13) (Ryg)(v) = ||Sxevllg(v) + @y gAy, v € Chi(u).
Since M,, € B(¢*(Chi(u))), we see that

(4.2.12)

_au,g<Au7 h> <R:,<Lg’ Au><Au7 h>
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(4.2.13) - u u
=7 (Mug, X)X h) 4 g [ AP (A, h)

= (g, Mu(N)NX" ) + o g [N[2 (X", ), b€ £2(Chi(w)).
This and (3.1.4) imply that
(4214)  —uy(L+ [Saeal A" B) = (g, My(A") (A h), b € £2(Chiu).

Substituting o = A" into (4.2.14) and dividing both sides of (4.2.14) by [|A"||?
(which, according to our assumption, is nonzero), we get

(g, My (X")) 2
= 9 MulA )} hi(u)).
Qg 1+ [Sxeal?’ h € ¢ (Chi(u))
Hence
. (4213) {9, Mu(A")) yu 2
4.2.15 Rig "= g g - A ) yu ¢2(Chi(u)).
( ) wd 97 1 4 [Saenl? g € €(Chi(u))
As a consequence, we have
2 M, (A 2. .
(4216) RuRtg "2 p2g— L MuQD) gy 022 0 g2 (Chigu)).

1 [1Saeul)?

This, together with (4.2.10), implies that | T, | = ||Ru||* < ¢ for all u € V.
(ii)=-(i) Since the operator M, is bounded, we easily check that the operator
R,: K, — £?(Chi(u)) defined by equalities (4.2.8) and (4.2.9) is bounded as well. As
in the proof of implication (i)=-(ii), we verify that the formulas (4.2.15) and (4.2.16)
are valid. Hence, by (4.2.16), ||Ry|| < v/c for all u € V', where ¢ := sup,cy ||To]|-
Now, by reviewing in reverse order this part of the proof of (i)=-(ii) which begins
with (4.2.10) and ends with (4.2.6), we see that (i) holds. O

Remarks 4.2.3. 1) It follows from Proposition 4.2.1 (iv) and Theorem 4.2.2
that if Z2(S%) € Z(Sx), then for every u € V' and for all but at most one vertex
v € Chi(u), ||Sxes||? < C with C' = 2sup,cy ||T,|| < co. This fact, when combined
with Proposition 3.1.8, may suggest that in the case of directed binary (or more
complicated) trees the inclusion 2(S%) C 2(Sx) forces the operator Sx to be
bounded. However, this is not the case, which is illustrated in Example 4.3.1 below.
It is well known that in the case of classical weighted shifts none of the inclusions
2(Sx) € 2(53%) and 2(S%) € 2(S5x) implies the boundedness of the operator Sx.

2) Looking at the formula (4.2.2) and Theorem 4.2.2, it is tempting to ex-
pect that the uniform boundedness of the operators {Ty }ycv, which completely
characterizes the inclusion Z(S%) C 2(Sx), is equivalent to the uniform bound-
edness of the operators {M, },cv’. However, this is not the case. Indeed, assum-
ing that the operator Sy is densely defined and all the operators {M,},cv’ are
bounded, one can infer from (4.2.2) and Proposition 4.2.1 (ii) that 0 < T,, < M2
and consequently ||T,|| < ||M,|/>. This means that sup,cy. || M| < oo implies
sup, ey || Tull < co. In view of (4.2.1), the inequality sup, ey || M| < oo is equiv-
alent to sup,cyo [|Sxeu] < 00. Since erpor € Z(Sx) whenever 7 has a root, the
last inequality is equivalent to sup,cy ||Saew| < oo, which, by Proposition 3.1.8,
is equivalent to Sx € B(¢2(V)). Summarizing, we have shown that if the operator
S is densely defined, then the inequality sup,cy- || M| < oo is equivalent to the
boundedness of S\.
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3) According to (4.2.2) and Theorem 4.2.2, the question of when Z(S}) C
2(Sx) reduces to estimating the norms of rank one perturbations of positive di-
agonal operators. The class of such operators is still not very well understood,
despite the structural simplicity of diagonal operators (cf. [43, 28, 29] and ref-
erences therein; see also [73] for a more general situation®). As will be seen in
Example 4.3.1, the norms of unperturbed operators M2 may tend to oo, while the
norms of perturbed operators T, may be uniformly bounded.

To make the condition (4.2.4) of Theorem 4.2.2 more explicit and calculable,
we consider, instead of the usual operator norm, the Hilbert-Schmidt norm and the
trace norm, respectively.

PROPOSITION 4.2.4. Let Sx be a densely defined weighted shift on a directed
tree 7 with weights X = { Ay boeve. If there exists a constant C' > 0 such that

Z Se||2(1—|)\vl2>2<0 ueV’
Ay 1+||S>\6HH2 x Y, )

veChi(u)
(4.2.17) 2
Sxeu||[Av ||| Saew]| | Aw
> [[Selhseln ey,
v,weChi(u) 19xeul

vFEW

then 2(S3) C 2(Sx). In particular, this is the case if for some constant C > 0,
o2
4218 Sxew 2(1 — Ié) <C, ueV
(4:245) 2 ISl (- e
vEChi(u)

PRrROOF. First we consider the case when (4.2.17) holds. It follows from Propo-
sition 3.1.3 that {ey: u € V} C 2(Sx). We show that AY € 2(M,,) for every
u € V'. Indeed, there are two possibilities, either ||Sxe,|||Ay| = 0 for all v € Chi(u)
and hence A" € 2(M,), or ||Sxewl|||Aw| > 0 for some w € Chi(u) which together
with the second inequality in (4.2.17) implies that A* € 2(M,,). This means that
we can counsider the operators Ty, u € V'. Owing to Proposition 4.2.1, for every
u € V', the operator T, is closed and its domain contains the basis vectors e,,
v € Chi(u). It follows from (4.2.2) that
(4.2.19)

_ ISae[AollSxewlAw
T+ ISread?
where 0, ,, is the usual Kronecker delta. Thus, by (4.2.19) and (4.2.17), we have

NPT
(4.2.20) Z \(Tuev,ew>|2 — Z |:|S)\€'u||2<1 — 1+||S>|\6|2>}

v,weChi(u) v€eChi(u)

(Tyew, en) = [|Sxew]|*0p w v,w € Chi(u), u e V’,

Sxes|| Ao [Saew ||| Aw ?
S [u Aelm gerIII l} <20, ueV.
v, weChi(u) + || AGUH

vFW
We deduce from (4.2.20) that the operator Ty,|g, is bounded and || Ty|e, || < V2C.
Since T, is closed, we see that T, € B(¢*(Chi(u))) and ||T,|| < v2C for all u € V'.

6 1n [73] Barry Simon wrote: Finally to rank one perturbations—maybe something so easy
that I can say something useful! Alas, we’ll see even this is hard and exceedingly rich.
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By Theorem 4.2.2, we get Z(S5) € 2(Sx). Note that T, is a Hilbert-Schmidt
operator with Hilbert-Schmidt norm || T, |2 (cf. [76, page 66]) not exceeding v/2C.

We now claim that (4.2.18) implies (4.2.17) with the new constant C?. Fix
u € V'. For v,w € Chi(u), we denote by A, ,, the right-hand side of the equality
(4.2.19). First, we show that

(4.2.21) 1Ay wl? € Ap o, v,w € Chiu).

Since, A, = 0 for all v € Chi(u), it is enough to consider the case when v # w.
Under this assumption, we have

(3.1.4)

(1.2.22) Mof2 < ISneal = Pl? < 1+ 1Sheull? = ul?,
and, by symmetry,

(4.2.23) Awl? < 1+ [1Sxeull® = [Nl

It is now easily seen that (4.2.22) and (4.2.23) imply (4.2.21). Combining (4.2.21)
with (4.2.18), we get

(4.2.24) 3 \AW|2<( 3 Av,v)2<c2.

v,weChi(u) veChi(u)

Since the left-hand side of (4.2.24) is equal to the right-hand side of the equality
in (4.2.20), our claim is established. In view of (4.2.24) and the discussion in
the previous paragraph, we see that T, € B(¢?(Chi(u))) and ||T,|| < C for all
u € V', which completes the proof. Looking at (4.2.18) and (4.2.19), we deduce
that ZveChi(u) (Tuey, ey) < C, which means that the operator T, is of trace class
and its trace norm ||T3||; is less than or equal to C. O

An inspection of the proof of Proposition 4.2.4 shows that (4.2.17) is equivalent
to sup,cy |Tull2 < oo, while (4.2.18) is equivalent to sup,cy- || Tull1 < co. Since
1T < ||T)l2 and || T||2 < ||T|)1 for Hilbert-Schmidt and trace class operators, respec-
tively, we see why implications (4.2.18)=-(4.2.17) (possibly with different constants
C) and (4.2.17)=(4.2.4) are true.

COROLLARY 4.2.5. If Sy is a weighted shift on a directed tree T with weights
A = { M bveve, and sup,ey card(Chi(u)) < oo, then the following two assertions
hold:
(i) Sx is densely defined.
(if) 2(8%) C 2(Sx) if and only if there exists a positive constant C such that
P
1+ [[Sxeu?
PRrROOF. That S} is densely defined follows immediately from Proposition 3.1.3.
The “if” part of the assertion (ii) is a direct consequence of Proposition 4.2.4.

In turn, the “only if” part follows from Theorem 4.2.2 because, by (4.2.19), the
left-hand side of inequality (4.2.25) is equal to (Tye,, €,). O

(4.2.25) ||S>\ev||2(1 ) <O, wveChi(u), ue V'

The classical weighted shifts fall within the scope of Theorem 4.1.1 and Corol-
lary 4.2.5. We leave it to the reader to write the explicit inequalities characterizing
the inclusions 2(Sx) € 2(S3) and 2(S3) € 2(Sx) for classical weighted shifts
Si.
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4.3. An example. In this section we give an example highlighting the possible
relationships between domains of unbounded weighted shifts on directed trees and
their adjoints. Since classical weighted shifts are well developed, we concentrate
on weighted shifts on directed binary trees, the graphs which are essentially more
complicated than “line trees” involved in the definition of classical weighted shifts.
The other reason for this is that Propositions 3.1.8 and 4.2.1, and Theorem 4.2.2
may suggest at first glance that weighted shifts Sx on directed binary trees (or more
complicated directed trees) satisfying the inclusion 2(S53) C 2(Sx) are almost
always bounded. Fortunately, as shown below, this is not the case.

Example 4.3.1. Let 7 be the directed binary tree as in Figure 1 with V° given
by

Ve={(i,5):i=1,2,...,5=1,...,2'}.

Define the sets V' = {(i,j) € V°: j = 1} (gray filled ellipses in Figure 1 without
root) and Vg = V°\ V2 (white filled ellipses in Figure 1).

Figure 1

Let {u(i)}32, be a sequence of complex numbers and let Sy be the weighted shift
on .7 with weights X = {\(4, )} j)eve given by A(i,j) = 1 for (i,7) € V7, and
A(i, ) = p(i) for (i,7) € V. In view of Corollary 4.2.5, Sy is densely defined, and
2(5%) € 2(Sx) if and only if there exists a positive constant C' such that for all
ueV=V,

[Sxew, I(1 + [Av, )
L4 [Au, [2+ [ Ao, 2
If w € Vg, then (4.3.1) holds with C = 4/3. It is also easily seen that (4.3.1) is
valid for all u € V7 with some positive constant C'if and only if

1+ [p@+ 1))

i+ 1)
432 Ssu —<OO (<:> sup ——————= )
(432) SR 4 a2

Hence, 2(S3) € 2(Sx) if and only if (4.3.2) holds. Similar analysis based upon
Theorem 4.1.1 shows that Z(Sx) C 2(S3) if and only if

14 [ui)? ()2
433 sup ——————= < o0 (<:> sup —————= OO) .
(4.3.3) T i+ D2 T i+ D2

(4.3.1) <C, Ek1=1,2,k#1,Chi(u) = {v1,va}.

According to Corollary 3.1.9, Sx is bounded if and only if sup,>, |u(i)| < oco.
Clearly, if inf;>1 [u(4)| > 0, then (4.3.2) is equivalent to sup;q |u(i+1)/u(7)| < oo,
while (4.3.3) is equivalent to sup;; [u(i)/pu(i + 1)| < oo. This simple observation
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enables us to find unbounded sequences {p(2)}$2; C C (read: unbounded Sy’s) for
which any of the following four mutually exclusive conditions may hold
1° 2(Sx) = 2(S3) (e.g., u(i) = i* for some s € (0, 00), or pu(i) = ¢" for some
q € (1,00)),
2° 9(Sx) & 2(53) (e.g., (i) = i),
3° 2(5%) & 2(Sx) (eg., p(i) = i+ 11—k, if ky < @ < kpy1, where
{k,}22, is a strictly increasing sequence of integers such that ky = 1
and limy, 00 (kpy1 — kn) = 00),
4° 2(Sx) € 2(Sy) and 2(S3) € Z2(Sa) (e.g., p(i) = (i + 1 — k) if &y, <
i < kpt1, where {k,}52, is as in 3°).
The examples mentioned in 3° and 4° fit into a more general scheme. Given a
strictly increasing function ¢: {1,2,...} — (0,00) such that lim;_, . ¢(i) = oo, we
set p(@) = ¢t +1 —ky) + 1, if by, < 4 < kpy1, where {k,}52, is as in 3° and
{ln}52, C [0,00). Choosing appropriate ¢, {k,}>2; and {l,}5>;, we can find
examples of unbounded Sy’s satisfying 3° (e.g., ¢(i) = i, k,, = n® and [,, = n) and
4° (¢(i) = i!, kp, = n? and [,, = n) with the additional property that lim; . |u(i)| =
00.

One can construct unbounded weighted shifts on directed binary trees with the
required properties mentioned in conditions 1°-4° whose weights are more compli-
cated than those explicated in Figure 1. The simplest way of doing this is to draw
a directed binary tree with gray and white vertexes (read: filled ellipses) following
the rule that only one child of the gray vertex is gray, the other being white, and
that both children of the white vertex are white.
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Chapter 5. Hyponormality and cohyponormality

5.1. Hyponormality. Starting from this section, we shall concentrate mostly
on investigating bounded weighted shifts on directed trees. We begin with recalling
definitions of some important classes of operators (see also Corollary 3.4.4, Propo-
sition 8.1.4, Lemma 8.1.5 and Proposition 8.1.7 for characterizations of isometric,
coisometric, normal and quasinormal weighted shifts, respectively). Let H be a
complex Hilbert space. An operator A € B(H) is said to be subnormal if there ex-
ists a complex Hilbert space K and a normal operator N € B(K) such that H C K
(isometric embedding) and Ah = Nh for all h € H (cf. [39, 19]). An operator
A € B(H) is called hyponormal if |A*f]| < ||Af|| for all f € H. We say that
A € B(H) is paranormal if ||Af||2 < ||A2f||||f]| for all f € H. It is a well known
fact that subnormal operators are always hyponormal, but not conversely. The lat-
ter can be easily seen by considering classical weighted shifts. Also, it is well known
that hyponormal operators are paranormal (cf. [44, 34]), but not conversely (cf.
[34, Theorem 2]). As noticed by Furuta, the latter reduces to finding an example
of a hyponormal operator whose square is not hyponormal; the square is just the
wanted paranormal operator. Since paranormal unilateral classical weighted shifts
are automatically hyponormal, they are not proper candidates for operators with
the aforesaid property. Example 5.3.2 shows that weighted shifts on directed trees
are prospective candidates for this purpose.

As pointed out below, hyponormal weighted shifts on a directed tree with
nonzero weights must be injective.

PROPOSITION 5.1.1. Let F be a directed tree with V° # @. If Sx € B(£2(V))
is a hyponormal weighted shift on 7 whose all weights are monzero, then 7 is
leafless. In particular, Sy is injective and card(V) = Rq.

PROOF. Suppose that, contrary to our claim, Chi(u) = & for some u € V. Tt
follows from V° # @ and Corollary 2.1.5 that v € V°. Then we have (see also
(5.1.1))

(3.4.1) \\ (3.1.4)
Ml =T SReal® < ISaeul? =T Y P =0,
vEChi(u)
which is a contradiction. Since each leafless directed tree is infinite, Propositions

3.1.7 and 3.1.10 complete the proof. O

We now characterize the hyponormality of weighted shifts on directed trees in
terms of their weights (see Theorem 8.2.1 for the case of p-hyponormality). Given
a directed tree 7 and A = {\, }yeve C C, we define Chiy (u)

Chif (u) = {v € Chi(u): Z Aol >0}, uweV.
weChi(v)
If {ey}oev € 2(Sa) and u € V, then by (3.1.4),
Chiy (u) = {v € Chi(u): ||Sxey|| > 0} = Chi(u) N Vy,

and for every v € Chi(u), ||Sxey| = 0 if and only if A, = 0 for all w € Chi(v) (of
course, the case of Chi(v) = & is not excluded).

THEOREM 5.1.2. Let Sx € B(¢%(V)) be a weighted shift on a directed tree T
with weights X = { Ay foevo. Then the following assertions are equivalent:
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(i) Sx is hyponormal,
(ii) for every u € V, the following two conditions hold:

(5.1.1) if v € Chi(u) and ||Sxey|| =0, then A, =0,
Ao /?
5.1.2 —— < 1.
12 2 Toal
veChiy (u)

PRrROOF. Suppose that Sy is hyponormal. Arguing as in the proof of Theorem
4.1.1 up to the inequality (4.1.4) (with ¢ = 1 and ||Sxe,||? in place of 1+ ||Sxe,||?),
we deduce that

(5.13) | Y NSO < Y ISP @R f e A(Chi(u), ue V.
veChi(u) veChi(u)

If v € Chi(u) is such that ||Sxe,| = 0, then by substituting f = e, into (5.1.3), we
obtain A, = 0, which proves (5.1.1). In view of (5.1.1) and (5.1.3), we have

S X0 € X ISselPlF@)P, e PChiiw), ue V.

v€EChiY (u) v€EChiT (u)

‘ 2

(5.1.4)

This in turn implies (5.1.2) (consult the part of the proof of Theorem 4.1.1 which
comes after the inequality (4.1.4)). It is a matter of routine to verify that the above
reasoning can be reversed. (|

Remark 5.1.3. In view of Proposition 5.1.1, it is tempting to expect that weights
of an injective hyponormal weighted shift on a directed tree are all nonzero. How-
ever, this is not the case. Indeed, consider two injective hyponormal weighted
shifts Sx, and Sy, on directed trees 73 = (V4, E1) and % = (Va, E3) with nonzero
weights A; = {A1 4 foeve and Ao = {A24 }uevy, respectively, and assume that the
directed tree 5 has a root denoted by rooty (cf. Examples 5.3.2 and 5.3.3). Set
V=WViUV, and E = E; U Ey U {(wy,roota)}, where w; is an arbitrarily fixed
vertex of Z;. Then clearly 7 = (V, E) is a directed tree and V° = V° U V5. De-
fine a family A = {A, }yeve C C by setting A, = A1, for v € VP, A, = Ag,, for
v € Vi and Aroot, = 0. Applying Proposition 3.1.6 to u = rooty, we deduce that
Sx = Sx, @ Sx,, which implies that Sy is an injective hyponormal weighted shifts
with exactly one vanishing weight.

Remark 5.1.4. Tt is worth mentioning that the conclusion of Proposition 5.1.1
is no longer true if some weights of S vanish. Indeed, it is enough to modify the
example in Remark 5.1.3 simply by considering an injective hyponormal weighted
shift Sx, with nonzero weights and V, = {roota} (see the comment following Defi-
nition 3.1.1). Then the weighted shift Sx = Sx, ® Sx, = Sx, ® 0 is hyponormal, it
has exactly one vanishing weight and Chi(roots) = @.

Remark 5.1.5. The notion of hyponormality can be extended to the case of
unbounded operators. A densely defined operator A in a complex Hilbert space H
is said to be hyponormalif Z(A) C P(A*) and ||[A* f|| < ||Af| forall f € Z(A). Ttis
known that hyponormal operators are closable and their closures are hyponormal as
well (see [66, 50, 51, 52, 74] for elements of the theory of unbounded hyponormal
operators). A close inspection of the proof reveals that Theorem 5.1.2 remains true
for densely defined weighted shifts on directed trees (in the present more general
context the inequalities (5.1.3) and (5.1.4), which play a pivotal role in the proof,
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have to be considered for f € 2(Sx)). Note also that if Sy is a densely defined
weighted shift on a directed tree 7 with weights A = {\, },cvo, then the conditions
(5.1.1) and (5.1.2) imply (4.1.1) with ¢ = 1. Indeed, for all u € V,

)\v 2 -1 Av 2 )‘U g (5-12)
> e Y Y reeps X jeep <t
vEChi(u) v veChit (u) Y veChiy (u) !

As a consequence of Theorem 4.1.1, we get Z(Sx) C 2(S3).

5.2. Cohyponormality. Recall that an operator A € B(H) is said to be
cohyponormal if its adjoint A* is hyponormal. The question of cohyponormality of
weighted shifts on directed trees is more delicate than hyponormality. It requires
considering two distinct cases.

LEMMA 5.2.1. Let Sx € B(¢2(V)) be a weighted shift on a directed tree 7 with
weights X = {\, }yevo. Then the following assertions hold:

(i) if J has a root, then Sy is cohyponormal if and only if Sx =0,
(ii) if T is rootless, then Sx is cohyponormal if and only if for every u € V
the following two conditions are satisfied:
(a) card(Chif (u)) <1,
(b) if card(Chi{ (u)) = 1, then 0 < ||Sxe,|| < |Xo| for v € Chif(u) and
A = 0 for w € Chi(u) \ Chif (u).

PROOF. (i) Assume that .7 has a root and Sy is cohyponormal. Note that if
Syew = 0 for some u € V, then by the cohyponormality of Sx we have Sxe, =0,
which together with (3.1.4) implies that A, = 0 for all v € Chi(u), or equivalently
that Sxe, = 0 for all v € Chi(u) (use (3.4.1)). Since S}erot = 0, an induction
argument shows that A, = 0 for all v € Chit™ (u) and for all n = 1,2,... Applying
Corollary 2.1.5, wee see that A\, = 0 for all v € V°, which means that Sy = 0.

(i) Assume that .7 is rootless. Suppose first that Sy is cohyponormal. Arguing
as in the proof of Theorem 4.2.2 up to the inequality (4.2.5), we deduce that

(521 D ISsedPF@E<Y | Y Nfw)

ueV u€V  veChi(u)

2
. fer(V),

which by Proposition 2.1.2 takes the form

_ 2

(522) Y Y ISKelPUeP<Y | Y Nfw)| refw).
u€V veChi(u) ueV  veChi(u)

This in turn is equivalent to

(5.2.3) Do ISxelPIf @) < FHAP, € (Chi(w), ue V7,

v€Chi(u)
where X = {\, }yechi(u)- It follows from (5.2.3) that
£2(Chi(u)) © (A*) C £2(Chi(u)) © £2(Chi{ (u)), ueV’,

where (A") stands for the linear span of {A"}. Taking orthogonal complements in
£2(Chi(u)), we obtain ¢2(Chi{ (u)) € (A*). This implies that card(Chi} (u)) < 1. If
card(Chif (u)) = 1, say Chi} (u) = {v}, then ¢2(Chi{ (u)) = (A\*), which guarantees
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that A, # 0 and A\, = 0 for all w € Chi(u) \ {v}. In turn, by the cohyponormality
of Sy we have

" (3.4.1)
[Sxell < lISxeull =" [Ao]-

Reversing the above reasoning completes the proof. O

Lemma 5.2.1 enables us to give a complete description of cohyponormal weight-
ed shifts on a directed tree. In particular, the structure of a subtree corresponding
to nonzero weights of a cohyponormal weighted shift is established.

THEOREM 5.2.2. Let Sy € B({2(V)) be a nonzero weighted shift on a directed
tree T with weights A = {\y}yeve. Then Sx is cohyponormal if and only if the
tree T is rootless and one of the following two disjunctive conditions holds:

(i) there exists a sequence {un}22_ . CV such that

— 00

(5.2.4) 0 < |Au, | <A, | and up—1 = par(uy,)
for alln € Z, and X, =0 for allv € V\ {u,: n € Z},
(i) there exist a sequence {u,}0___ CV such that

(525)  0< > NP < ul® 0< | < A, | and up 1 = par(uy)
vEChi(ug)

for all integers n < 0, and A, =0 for allv € V' \ ({u,: n < 0} U Chi(ug)).

PROOF. Suppose that Sy is cohyponormal. Since Sy # 0, it follows from
Lemma 5.2.1 (i) that .7 is rootless. Hence, we have

(3.1.4) . (3.4.1)
(5.2.6) |/\u| < ||S)\6par(u)|| < ”S)\epar(u)H = |>\par(u)|7 u€eV.
Observe that

if u € V is such that card(Chiy (u)) = 1, then card(Chi{ (par(u))) = 1
and u € Chi} (par(u)).

Indeed, it follows from Lemma 5.2.1 (b) that 0 < ||Sxe, || < |\y|, where v € Chif (u).
As a consequence, we have \, # 0 and ||Sxe,|| > 0. Hence, u € Chi{ (par(u)) and
so, by Lemma 5.2.1 (a), card(Chi (par(u))) = 1.

Since 7 is rootless and Sy # 0, there exists u € V such that card(Chi} (u)) = 1.
Applying an induction procedure, we infer from (5.2.7) that there exists a back-
ward sequence {u, },1__ such that u,_; = par(u,) and card(Chi (u,)) = 1 for all
integers n < —1 with u_; = u (by Proposition 2.1.6, u,;, # u, whenever m # n).
Take v € Chi{ (u). If card(Chi{ (v)) = 1, then the new sequence {...,u_s,u_1,up}
with uy = v shares the same properties as {u,} 1 _ . There are now two pos-
sibilities. The first is that this procedure never terminates. Let us denote by
{un} _ . the resulting sequence. We show that {u,}>2 __ fulfills (i). For this,
take v € V '\ {up: n € Z}. Suppose that, contrary to our claim, A\, # 0. By Propo-
sition 2.1.4, there exists an integer k > 1 such that par®(v) € {u,: n € Z}, say
park(v) = w; with [ € Z, and par? (v) ¢ {u,: n € Z} for j =0,...,k — 1. Tt follows
from (5.2.6) that Apyk—1(,) # 0. Since Chiy () = {wi41}, par*~1(v) € Chi(u;) and
par*~1(v) # w41, we get a contradiction with Lemma 5.2.1 (b). The inequalities in
(5.2.4) follow from Lemma 5.2.1 (b).

(5.2.7)
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The other possibility is that our procedure terminates, which means that we
obtain a sequence {u,},1 . such that u,_; = par(u,) and card(Chi (u,)) = 1
for all integers n < —1, and

(5.2.8) card(Chi¥ (ug)) = 0 for a unique ug € Chi¥ (u_1).

We show that {u, }°___ fulfills (ii). Take v € V' \ ({u,,: n < 0}UChi(ug)). Suppose
that, contrary to our claim, A, # 0. As in the previous case, we find £ > 1 such
that par®(v) € {u,: n < 0} U Chi(ug) and parf(v) ¢ {u,: n < 0} U Chi(ug) for
J=0,...,k—1. By (5.2.6), we get Ayak-1(,) # 0. Now we have two possibilities,
either par®(v) € Chi(ug) which implies that par*(v) € Chi (uo), in contradiction
with (5.2.8), or par¥(v) € {u,: n < —1}, say par®(v) = u; with I < —1 (note that
the case of [ = 0 is impossible), which implies that Chiy (u;) = {u;11} (use (5.2.8)
if | = —1, and (5.2.7) if I < —2), par®~(v) € Chi(u;) and par*~1(v) # w41, in
contradiction with Lemma 5.2.1 (b). Since the inequalities in (5.2.5) hold due to
Lemma 5.2.1 (b), the “only if” part of the conclusion is justified.

Finally, applying Lemma 2.1.3 (with X = {u,: n € Z} or X = Chi(up) U
{un: n < 0}) and Lemma 5.2.1 (ii) completes the proof of the “if” part. O

The following corollary is a direct consequence of Proposition 3.1.7 and Theo-
rem 5.2.2. It asserts that injective cohyponormal weighted shifts on directed trees
are bilateral classical weighted shifts.

COROLLARY 5.2.3. A nonzero weighted shift Sx € B({2(V)) on a directed tree
T with weights X = { A, foevo is injective and cohyponormal if and only if there
exists a sequence {ur}p> o such that V. = {uy: k € Z}, u,—1 = par(u,) and
0 < |Au, | < | A, | for alln € Z.

A typical directed tree admitting a nonzero cohyponormal weighted shift Sy
that satisfies the condition (ii) of Theorem 5.2.2 is illustrated in Figure 2 below
(such directed tree is infinite). Only edges joining vertexes corresponding to nonzero
weights of Sy are drawn. Of course, the tree may have more edges however their
arrowheads must correspond to zero weights of Sx; they are not drawn.

Figure 2

Remark 5.2.4. A closed densely defined operator A in a complex Hilbert space
H is said to be cohyponormal if A* is hyponormal (cf. Remark 5.1.5), i.e., Z(A*) C
2(A) and ||Af]| < ||A*f| for all f € Z(A*). A thorough inspection of proofs shows
that Lemma 5.2.1, Theorem 5.2.2 and Corollary 5.2.3 remain true for densely de-
fined weighted shifts on directed trees (now we have to employ Propositions 3.1.3 (v)
and 3.4.1 (ii); moreover, the inequalities (5.2.1) and (5.2.2) have to be considered
for f € 2(S%)).
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5.3. Examples. We begin by giving an example of a bounded injective weight-
ed shift on a directed tree which is paranormal but not hyponormal (see Section 5.1
for definitions). In view of Remark 3.1.4, the directed tree considered in Example
5.3.1 below is one step more complicated than that appearing in the case of classical
weighted shifts.

Example 5.3.1. Let 7 be the directed tree as in Figure 3 with V° given by
Ve={(i,j):i=1,2,j=1,2,...} (note that 7 = J, cf. (6.2.10)).

@@@@®
Q=D —GesD—CGeaD

Figure 3

Let Sx be the weighted shift on .7 with weights A = {\(,7)}@ j)eve given by
A(1,1) =1, A(1,j) = 2 for all j > 2, A(2,2) = 1/2 and A\(2,j) = 1 for all j # 2.
By Corollary 3.1.9 and Proposition 3.1.7, Sy € B(¢*(V)) and A4 (Sx) = {0}. To
make the notation more readable, we write e; ; instead of e, for u = (i,7) € V°. It
follows from (3.1.4) that

{SA(Groot) =e11+e21, Sxaler;)=2ey 41 forj>1,

(5.3.1) ,
S)\(eg’l) = %62_’2, SA(QQJ) = 627j+1 fOI' ] 2 2

Take f = aemot—l—z;”;l aijer —I—Z;il s jea; € (2(V). Then, by (5.3.1), we have

oo 1 oo
Sxaf=aei1 +aey; +2 E a1 je1j+1 T 5021622 + g Q2 €2 11,
j=1 Jj=2

1 oo 1 oo
2
Saf =2aei 2+ 50€2,2 +4 E ayjé1ji2 + 52,1€2;3 + E Q2 €2 j12.
P i=2

Putting all this together implies that

oo oo
AP = fal® + D lan 1 + laza* + ) las,

2

9

j=1 j=2
[ee] oo
1
ISafI? = 2laf® +4) " loa 1> + Z|0%2,1|2 + ) lan sl
j=1 j=2

1S3/ = ZWZ +16)  Jaa;* + 1|012,1|2 + ) sl
j=1 =2

Substituting z1 = |a|?, 22 = Zjoil |1 |2, 3 = |ag1|? and x4 = Z;‘;Q |ove ;]2 into
the following inequality”
1 2 17 1
(2331 + 4dxg + 773 + 9U4> < ($1 +xo+ 23+ $4> . (Zﬂh + 1622 + 773 + $4>a
which is true for all nonnegative reals z1,z2, 3, x4, we get ||Sxf[|* < || £]12[1S%.f])>.
This means that Sy is paranormal. Since, by (5.3.1) and (3.4.1), [|Sae21| = % and
[|Sxe2,1]| = 1, we conclude that Sy is not hyponormal.

7 which can be obtained from the Cauchy-Schwarz inequality, or by direct computation
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Recall that there are bounded hyponormal operators whose squares are not
hyponormal (see [39, 45, 41, 26]). This cannot happen for classical weighted
shifts. However, this really happens for weighted shifts on directed trees. Our next
example is build on a very simple directed tree (though a little bit more complicated
than that in Example 5.3.1). It is parameterized by four real parameters g, r, s
and ¢ (in fact, by three independent real parameters, cf. (5.3.2)). In Example 5.3.3
below, we demonstrate yet another sample of a hyponormal weighted shift with
non-hyponormal square which is indexed only by two real parameters, however it
is build on a more complicated directed tree. It seems to be impossible to reduce
the number of parameters.

Example 5.3.2. Let 7 be the directed tree as in Figure 4 with V° given by
Ve ={(0,00}U{(i,j): i =1,2; j =1,2,...} (note that .7 = 5 1, cf. (6.2.10)).

Figure 4

Fix positive real numbers ¢, r, s, t such that

ssn QPG @ 6w ()

(e.g,q=4,7=8,5s=1andt € [2/V3,2) are sample numbers satisfying (5.3.2)).
Let Sx be the weighted shift on 7 with weights A = {\(,7)} @ j)eve given by
A0,0) = A(1,1) = ¢, AM(2,1) = s, M(1,5) = r and A(2,5) =t for j = 2,3,... By
Corollary 3.1.9 and Proposition 3.1.7, Sx € B(f?(V)) and .4 (S») = {0}. It is a
routine matter to verify that Sy satisfies the inequality (5.1.2). Hence, by Theorem
5.1.2, Sx is hyponormal. It follows from (3.1.4) and (3.4.1) that S3ea; = t%ea3
and S3%e21 = SG€root, Which, by the right-hand inequality in (5.3.2), implies that
S3e2.1] < [|S52e2,1]|. This means that S3 is not hyponormal.

Example 5.3.3. Let 7 be the directed binary tree as in Figure 5 with V° given
by
Ve ={(i,j):i=1,2,...,5=1,...,27 1}

Fix positive real numbers «, 3. Let Sy be the weighted shift on .7 with weights
A= {A(4,7) }ij)eve given by

a ifi=j5=1,

Mi,j)=Ra ifi>2and j=1,...,272,

B ifi>2and j=2"241,...,20"L
By Corollary 3.1.9 and Proposition 3.1.7, Sx € B(¢*(V)) and .4 (Sx) = {0}. In
virtue of Theorem 5.1.2, Sy is hyponormal. Assume now that o > 25. Then

S% is not hyponormal because, by (3.1.4) and (3.4.1), we have (see the notational
convention used in Example 5.3.1)

[S32e2ell = B > 283% = ||S3e2.2].
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Figure 5
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Chapter 6. Subnormality

6.1. A general approach. Our goal in this section is to find a characteriza-
tion of subnormality of weighted shifts on directed trees (see Section 5.1 for the defi-
nition of a subnormal operator). We begin by attaching to a family X = {\, },cve of
weights of a weighted shift Sx on a directed tree .7 a new family {Ayv fuev,vepes(u)

defined by
I 1 if v = u,
TS Apariey i v € Chit™ (w), n > 1.
Owing to (2.1.10), the above definition is correct. It is easily seen that the following
recurrence formula holds:
(6.1.1) Aup = Ayjpar(m)Avs  u €V, v € Des(u), v # u,
(612) )‘par(v)|w = >\v)‘v\w7 veV we DES(U).
LEMMA 6.1.1. If Sx € B(¢%(V)) is a weighted shift on a directed tree T with

weights X = {\, }yevo, then the following two conditions hold:

(i) Sxe, = ZveChi<">(u) Aujv € for allu € V andn € Z,

(i) ||SRe|* = 2 veChit™ () [Aujol® for allu eV andn € Z,.

PrOOF. All we need to prove is the equality in the condition (i). We proceed
by induction on n. The case n = 0 is obvious. Suppose that (i) holds for a given

integer n > 0. It follows from the definition of Chi<"+1>(u) and Proposition 2.1.2
that

(6.1.3) Chi™*Vw)= || Chi(v).
vEChI{™) (u)
Then by the induction hypothesis and the continuity of Sx we have

SiTlew = Sa(Sxew) = D> Ay Sacy
veChi{(™ (u)

(3‘;4) Z@ Z Au\v)‘wew

v€Chi{™) (u) weChi(v)

(6.1.3) (6.1.1)
= Do Muparw)Muew = > Auueus
weChi{m 1) () weChi{m 1) (u)

where the symbol > is reserved for denoting the orthogonal series. This completes
the proof. ([l

We say that a sequence {t,}52, of real numbers is a Hamburger moment se-
quence if there exists a positive Borel measure p on R such that

tn = / Snd,u(s)a ne Z-i—;
R

w is called a representing measure of {t,}52 . In view of Hamburger’s theorem (cf.
[71, Theorem 1.2]), a sequence {t,}22 of real numbers is a Hamburger moment
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sequence if and only if it is positive definite, i.e.,

n
Z tkriaka; 20, ag,...,a, €C, neZs.
k,1=0
A Hamburger moment sequence is said to be determinate if it has only one repre-
senting measure. Let us recall a useful criterion for determinacy.

If {t,}52, is a Hamburger moment sequence such that a :=

(6.1.4) limsup,, . t5>" < oo, then it is determinate and its unique rep-

resenting measure is concentrated on [—a, al.
Indeed, if p is a representing measure of {¢,}52, then the closed support of y is
contained in [—a, a] (cf. [68, page 71]), and so p is a unique representing measure
of {t,}22, (see [30]). Yet another approach to (6.1.4) is in [77, Theorem 2].
A Hamburger moment sequence having a representing measure concentrated
on [0,00) is called a Stieltjes moment sequence. Clearly

(6.1.5) if {t,},2 is a Stieltjes moment sequence, then so is {tn+1}neg-

The above property is no longer valid for Hamburger moment sequences. By Stielt-
jes theorem (cf. [71, Theorem 1.3]), a sequence {t,,}°2, C R is a Stieltjes moment
sequence if and only if the sequences {¢,}>2 , and {t,4+1}52, are positive definite.

The question of backward extendibility of Hamburger or Stieltjes moment se-
quences has known solutions (see e.g., [20, Proposition 8] and [78]). What we
further need is a variant of this question.

LEMMA 6.1.2. Let {t,}22, be a Stieltjes moment sequence. Sett_1 = 1. Then
the following three conditions are equivalent:

(1) {tn—1}52¢ is a Stieltjes moment sequence,
(ii) {tn—1}52 is positive definite,
(iii) there exists a representing measure p of {t,}>2, concentrated on [0,00)
such that® [ Ldu(s) < 1.

If p is as in (iii), then the positive Borel measure v on R defined by

(6.1.6) V(U):/Uédp(s)—i— (1—/000 “du(s))dolo), o € B(R),

is a representing measure of {t,_1}>2 concentrated on [0, 00); moreover, v({0}) =
. . o0
0 if and only if fo %d,u(s) =1.

PRrROOF. (i)<(ii) Apply the Stieltjes theorem.
(i)=-(iii) Let p be a representing measure of {t,,_1}°2, concentrated on [0, c0).
Define the positive Borel measure p on [0,00) by du(s) = sdp(s). Then

b=t = [ S"sdpls) = [ Sduls), meZe
0 0
Clearly, 11({0}) = 0 and consequently

/ " Laues) = /( ) =p((0:00) = | sdn(s) - pl10}) =1 - ({0,

[0,00)
This implies that [ Ldu(s) < 1.

8 We adhere to the convention that % := oo. Hence, [;~ %d,u(s) < oo implies p({0}) = 0.
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(iii)=(i) It is easily verifiable that the measure v defined by (6.1.6) is concen-
trated on [0,00) and t,—1 = [, s"dw(s) for all n € Zy. Hence {t,_1}32, is a
Stieltjes moment sequence. The “moreover” part of the conclusion is obvious. [

Let us recall Lambert’s characterization of subnormality (cf. [57]; see also [75,
Theorem 7] for the general, not necessarily injective, case): an operator T € B(H)
is subnormal if and only if {||T"f]|?}2%, is a Stieltjes moment sequence for all
f € H. Since Tt f = T"(Tf), we infer from the Stieltjes theorem that

(6.1.7) an operator T' € B(H) is subnormal if and only if {||T"f||?}5°,

o is a Hamburger moment sequence for all f € H.
Lambert’s theorem enables us to write a complete characterization of subnormality
of weighted shifts on directed trees.

THEOREM 6.1.3. If Sx € B({*(V)) is a weighted shift on a directed tree T
with weights X = {\, fveve, then the following conditions are equivalent:
(1) Sa s subnormal,
(i) { > |)‘u|v|2}zo:0 is a Stieltjes moment sequence for every u € V,
vEChI{™ (u)
(iii) {]S¥eu|l?}S, is a Stieltjes moment sequence for every u € V,
(iv) {l|S%eul?}oe,y is a Hamburger moment sequence for every u € V,
(V) ko S5+ e, ||2arar = 0 for all ag,...,a, € C, n € Zy andu € V.

PRrROOF. (i)=-(ii) Employ the Lambert theorem (or rather its easier part) and
Proposition 6.1.1 (ii).

(ii)=(iii) Apply Lemma 6.1.1 (ii).

(ili)=(iv) Evident.

(iv)=(i) Take f € (V). An induction argument shows that for a fixed integer
n > 0, the sets Chi’™ (u), u € V, are pairwise disjoint. By Lemma 6.1.1 (i), this
implies that

6.18)  ISa/I2 = ||>2 f () S3e

ueV

2
=D If@PISRedl®, nezZy.
ueV

Since the sequence {||Sye,||?}5, is positive definite, we can easily infer from (6.1.8)
that the sequence {||S% f||2}22, is positive definite as well. Applying the Hamburger
theorem and (6.1.7), we get the subnormality of Sj.

The equivalence (iv)<(v) is a direct consequence of the Hamburger theorem.
This completes the proof. O

One of the consequences of Theorem 6.1.3 is that the study of subnormality of
weighted shifts on directed trees reduces to the case of trees with root.

COROLLARY 6.1.4. Let Sy € B((*(V)) be a weighted shift on a directed tree
T with weights A = {\y}veve. Suppose that X is a subset of V' such that V =
U.ecx Des(x). Then Sy is subnormal if and only if the operator Sx_ (g is subnormal
for every x € X (cf. Notation 3.1.5).

PrOOF. Note that by (2.1.8) the space ¢?(Des(u)) is invariant for Sy and
Sx_(w) = Sxle2(Des(u))-

Hence, by Theorem 6.1.3, Sx is subnormal if and only if Sy _(,) is subnormal for
every u € V. Since Sx_(,) € Sx_ () Whenever u € Des(x), the conclusion follows
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from the above characterization of subnormality and the equality V' = (J,. x Des(z).
(]

It turns out that in some instances the condition (iii) of Theorem 6.1.3 can
be essentially weakened without spoiling the equivalence (i)<(iii). This effect is
similar to that appearing in the case of classical weighted shifts. The result which
follows will be referred to as the small lemma (see also Lemma 6.1.10).

LEMMA 6.1.5. Let Sx € B({2(V)) be a weighted shift on a directed tree T
with weights X = {A, }veve and let ug,uyr € V be such that Chi(ug) = {ui}. If
{1185 e 12355, is a Stieltjes moment sequence and A\,, # 0, then {||S%eu, ||*}52,
is a Stieltjes moment sequence.

PROOF. Observing that
E (3.1.4) 1

|Au, [?
and applying (6.1.5), we complete the proof. O

[SXeu, | ISx  ewll®, n € Zy,

Note that Lemma 6.1.5 is no longer true if card(Chi(ug)) > 2.

Ezample 6.1.6. Let S be a weighted shift on the directed tree 3 ¢ (cf. (6.2.10))
with weights {)\U}UGV;O given by {A\1;}52; = {a,%,%,l,l,...} and {2152, =
{0, %, 3,1,1, ...}, where a,b € (0,1) are such that a < b and a? + b?> = 1. Then
Sy is bounded, {[|S¥eol*}52, = {1,1,...} is a Stieltjes moment sequence and
neither of the sequences {[|S%e1,1]/2}5, = {1, (2)%,1,1,...} and {||Syes1[?}52, =
{1,(%)%,1,1,.. .} is a Stieltjes moment sequence (consult also Proposition 6.2.4).

As an immediate consequence of Theorem 6.1.3 and Lemma 6.1.5 (see also
Remark 3.1.4), we obtain the Berger-Gellar-Wallen criterion for subnormality of
injective unilateral classical weighted shifts (cf. [36, 40]).

COROLLARY 6.1.7. A bounded injective unilateral classical weighted shift with
weights { A, }52 1 (with notation as in (1.3)) is subnormal if and only if the sequence
{1, 1A102, (A2 )%, A deAs|?, ...} is a Stieltjes moment sequence.

Before formulating the next corollary, we recall that a two-sided sequence
{tn}32 _ of real numbers is said to be a two-sided Stieltjes moment sequence
if there exists a positive Borel measure p on (0, 00) such that

by = / s"du(s), n€Z;
(0,00)

w is called a representing measure of {t,}>2 _ . It is easily seen that

{tn}22 _ oo € Ris a two-sided Stieltjes moment sequence if and only
(6.1.9) if {tp4r}22_ is a two-sided Stieltjes moment sequence for some
(equivalently: for all) k € Z.

It is known that (cf. [53, Theorem 6.3] and [12, page 202])

(6.1.10) {tn}5L _ oo € Ris a two-sided Stieltjes moment sequence if and only
o if the sequences {t,,_1}°2,, k =0,1,2,..., are positive definite.
We are now in a position to deduce an analogue of the Berger-Gellar-Wallen
criterion for subnormality of injective bilateral classical weighted shifts (cf. [19,
Theorem I1.6.12] and [75, Theorem 5]). Another proof of this fact will be given

just after Remark 6.1.11.
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COROLLARY 6.1.8. A bounded injective bilateral classical weighted shift S with
weights {\n tnez (with notation as in (1.3)) is subnormal if and only if the two-sided
sequence {t,}°2 _  defined by

AL A ? forn >1,
(6.1.11) t, =<1 forn =0,
Ani1--Xo|™2  forn < —1,

is a two-sided Stieltjes moment sequence.

— 00

ProOF. By Lemma 6.1.5 and Theorem 6.1.3 (iii), S is subnormal if and only if
{115™(S~*eg) 2152, is a Stieltjes moment sequence for every k € Z,. This, when
combined with (6.1.10), completes the proof. O

Taking into account (6.1.10), we can rephrase Corollary 6.1.8 as follows: S is
subnormal if and only if {...,|A_1Xo| 72, |Ao|7%, 1, | A1 [%, M1 A2[?, .. .} is a two-sided
Stieltjes moment sequence no matter which position is chosen as the zero one.

Another question worth exploring is to find relationships between representing
measures of Stieltjes moment sequences {|Sye,[|?}52, u € V. We begin by fixing
notation.

NOTATION 6.1.9. Let Sx € B(¢%(V)) be a weighted shift on a directed tree
T . If for some u € V, {||S¥e,||?}52, is a Stieltjes moment sequence, then, in view
of (6.1.4), it is determinate and its unique representing measure is concentrated
on [0,]|Sx|?]. Denote this measure by s, (or by p if we wish to make clear the
dependence of p, on 7).

The result which follows will be referred to as the big lemma (as opposed to
Lemma 6.1.5 which is called the small lemma).

LEMMA 6.1.10. Let Sx € B(¢*(V)) be a weighted shift on a directed tree T
with weights X = {\, }ueve, and let u € V' be such that {||S%e,||?}52, is a Stieltjes
moment sequence for every v € Chi(u). Then the following conditions are equiva-
lent?:

(1) {l|SReul?}22 is a Stieltjes moment sequence,
(ii) Sx satisfies the consistency condition at u, i.e.,

1
(6.1.12) > |)\v\2/ —dpy(s) < 1.
vEChi(u) o 5

If (i) holds, then p,({0}) = 0 for every v € Chi(u) such that A\, # 0, and the
representing measure ji, of {||S§eu||2}zo:0 is given by

(6.1.13)
i@ = 0 P [ S+ (13 P [ Sdis)dlo)
vEChi(u) o vEChi(u) 0

for o € B(R); moreover, 1, ({0}) = 0 if and only if Sx satisfies the strong consis-
tency condition at u, i.e.,

(6.1.14) 3 |)\U2/OOO éd,uv(s) _1

veChi(u)

91In (6.1.12), we adhere to the standard convention that 0 - co = 0; see also footnote 8.
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PROOF. Define the set function p on Borel subsets of R by
wo)= Y (o), o€ BR).
veChi(u)
Then y is a positive Borel measure concentrated on [0, 00), and'®
(6.1.15) / fdu= Y |A,,\2/ fdp,
0 vEChi(u) 0
for every Borel function f: [0,00) — [0, 00]. In particular, we have
<1 1
(6.1.16) [ an= 5 WP [ .
0 vEChi(u) 0

Combining (2.1.6) with the fact that the sets Chi‘™ (u), u € V, are pairwise disjoint
for every fixed integer n > 0, we deduce that
(6.1.17) Chi"Vw) = || Chi"™(v).
veChi(u)
Employing twice Lemma 6.1.1 (ii), we get

(6.1.18) 1Sy le,|? = Z Aujwl?
weChi{m 1) (u)

(6.1:.17) Z Z |)‘u\w|2

vEChi(u) weChi{™) (v)

(6é2) Z |)‘v|2 Z |)‘v|w|2

vEChi(u) wGChi<">(v)
= Y INLISkel? nezs.
veChi(u)

This implies that

n < 6115y [
1S3 eul® = Y |Aq,|2/ " dpo(s) = / s"du(s), neZy,
vEChi(u) 0 0

which means that {[|SY"'e,[?}22, is a Stieltjes moment sequence with a repre-
senting measure . Since limsup,,_ .. (|[Sy ™ e,]|?)/™ < ||Sa]|?, we deduce from
(6.1.4) that {||S3y e, |?}2%, is a determinate Hamburger moment sequence, and
consequently, p is its unique representing measure. Employing now the equality
(6.1.16) and Lemma 6.1.2 with t,, = |[Sye,||?, we see that the conditions (i) and
(ii) are equivalent. The formula (6.1.13) can easily be inferred from (6.1.6) by ap-
plying (6.1.15) (consult Notation 6.1.9). The remaining part of conclusion is now
obvious. (]

Remark 6.1.11. A thorough inspection of the proof of Lemma 6.1.10 reveals
that the implication (ii)=-(i) can be justified without recourse to the determinacy of
Stieltjes moment sequences. In particular, the formula (6.1.13) gives a representing
measure of {||S%e, |2} ", provided i, is a representing measure of {||S%e,||*} "

10 Apply the Lebesgue monotone convergence theorem to measures p, ., and to the counting
measure on Chi(u); note also that the cardinality of Chi(u) may be larger than Rg.
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concentrated on [0, 00) for every v € Chi(u). This observation seems to be of poten-
tial relevance because it can be used to produce examples of unbounded weighted
shifts on directed trees. However, the proof of the implication (i)=-(ii) requires
using the determinacy of the sequence {||S3+ e, [?}52,.

Lemma 6.1.10 turns out to be a useful tool for verifying subnormality of
weighted shifts on directed trees. First, we apply it to give another proof (with-
out recourse to (6.1.10)) of the Berger-Gellar-Wallen criterion for subnormality of
injective bilateral classical weighted shifts.

SECOND PROOF OF COROLLARY 6.1.8. Suppose first that S is subnormal. Ap-
plying Lemma 6.1.10 to u = eg_1, k € Z, we deduce that pui({0}) =0 for all k € Z.
As a consequence, we see that the inequality (6.1.12) turns into the equality (6.1.14),
and the second term of the right-hand side of the equality (6.1.13) vanishes. This,
when applied to u = e_1, leads to ‘/\%lg = Jo7 T dpo(s) and du—1(s) = ol 0‘ dpo(s)

(be aware of (1.3)). Employing an induction argument, we show that for every
keZs,

1 1 Ak Aol?
(6.1.19) Pavwe = i skﬁduo(s) and dp—g—1(s) = Tduo(s),

which completes the proof of the “only if” part of the conclusion.

Reversely, if {t,}22__ in (6.1.11) is a two-sided Stieltjes moment sequence
with a representing measure g, then the equality |S™e_x||? = |A_ks1 -+ Xo|*tn_k
which holds for all £ € N and n € Z, implies that for every k € N, the sequence
{18 e—k||?}52, is a Stieltjes moment sequence with a representing measure p_j
defined in (6.1.19). By Lemma 6.1.5, {||S™ex||?}5°, is a Stieltjes moment sequence
for every k € Z,4. This, together with Theorem 6.1.3, completes the proof of the
“if” part. U

The ensuing proposition which concerns subnormal extendibility of weights will
be illustrated in Example 6.3.5 in the context of directed trees .7, .

PROPOSITION 6.1.12. Let 7 = (V, E) be a subtree of a directed tree 7 = (V, F)
such that Chiz(w) # Chiz(w) for some w € V\Root(.7), and Des 7 (v) = Des ;(v)
for all v € Chig(w). Suppose that Sx € B(¢*(V)) is a subnormal weighted shift on
the directed tree 7 with nonzero weights A = {\, tuevo. Then the directed tree T
is leafless and there exists no subnormal wezght@d shift S € B(2(V)) on T with

nonzero weights X = { Yucpo such that X C A, ice, Ay = Ay for all u e V°,
Note that the directed tree .7 in Proposition 6.1.12 may not be leafless.

PROOF OF PROPOSITION 6.1.12. Suppose that, contrary to our claim, such
an S exists. It follows from Proposition 5.1.1 that .7 and 7 are leafless. Hence
Chig(w) # @. Applying Lemma 6.1.10 to Sy and v = par(w), we see that
w7 ({0}) = 0. Next, applying Lemma 6.1.10 to Sy and u = w, we get

1
(6.1.20) 1= > |/\U|2/ ~du7 (s) (see Notation 6.1.9).
vE€Chig (w) o 5

The same is true for S5. Hence, we have
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o 1 5
1= Y e[ sl

v€Chi 4 (w)

*) ~1 < 1.5

=D DRV A L AORID DIV LA
vEChi & (w) 0 vEChi 5 (w)\Chi 7 (w) 0

(6.1.20) . 1 5
ST DR ML (74O}

vEChi 4 (w)\Chig (w)

which implies that A, = 0 for all v € Chi s (w) \ Chiz(w) # @, a contradiction. The

equality (%) follows from A C A and the fact that 7 = M;j} for all v € Chig(w),
the latter being a direct consequence of the equality Sx|s(pes, (v)) = Sj“ﬂ(Desﬁ(v))
which holds for all v € Chig(w). This completes the proof.

Note that Proposition 6.1.12 is no longer true when w = root(.7) (cf. Example
6.3.5).

6.2. Subnormality on assorted directed trees. Classical weighted shifts
are built on very special directed trees which are characterized by the property that
each vertex has exactly one child (cf. Remark 3.1.4). In this section, we consider
one step more complicated directed trees, namely those with the property that each
vertex except one has exactly one child; the exceptional vertex is assumed to be a
branching vertex (cf. (2.1.2)).

Below we adhere to Notation 3.1.5. Set J, = {k € N: k < ¢} for ¢ € Z, L {o0}.
Note that Jy = @ and J,, = N.

THEOREM 6.2.1. Suppose that 7 is a directed tree for which there exists w € V
such that card(Chi(w)) > 2 and card(Chi(v)) = 1 for every v € V \ {w}. Let
Sx € B({?(V)) be a weighted shift on the directed tree T with nonzero weights
A ={X}veve. Then the following assertions are valid.

(i) If w € Root(.7), then Sx is subnormal if and only if (6.1.12) holds for
u = w and {||S%e,||?}32, is a Stielties moment sequence for every v €
Chi(w).

(ii) If T has a root and w # root, then Sx is subnormal if and only if any
one of the following two equivalent conditions holds:

(ii-a) Sx_(w) is subnormal, (6.1.14) is valid for u = w,

1 > 1
(6.2.1) e /0 s

k—1 -
| HJ‘:O Apari () |* veChi(w)
forallk € Jo_1, and

1 >~ 1
(6.2.2) — 2 Y |/\v|2/0 sl 08

k—1
‘ Hj:0 )‘parj (w) ‘ veChi(w)

where K is a unique positive integer such that par®(w) = root;
(ii-b) {I|SRerot||? 122 and {||Ske, |2}, are Stielties moment sequences
for all v € Chi(w).
(iii) If T is rootless, then Sy is subnormal if and only if any one of the fol-
lowing two equivalent conditions holds:
(iii-a) Sx_(w) is subnormal, (6.1.14) is valid for u = w, and (6.2.1) is valid
forallk e N,
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(iii-b) {11SX epart () I*}ozo and {||Sxe, ||}y are Stieltjes moment sequenc-
es for infinitely many integers k > 1 and for all v € Chi(w).

PRrROOF. (i) To prove the “if” part of the conclusion of (i), denote by .# the
set of all v € V such that {|\S§ey||2}zozo is a Stieltjes moment sequence. Then, by
Lemma 6.1.10, {w} U Chi(w) C .. In turn, by Corollary 2.1.5 and Lemma 6.1.5,
we see that V'\ ({w} U Chi(w)) C .#, which together with Theorem 6.1.3 completes
the proof of the “if” part. The “only if” part is a direct consequence of Theorem
6.1.3 and Lemma 6.1.10.

(ii) It follows from our assumptions on .7 and Proposition 2.1.7 that there
exists a unique x € N satisfying the equality par®(u) = root, and that

(6.2.3) V ={par’(w): j=1,...,k} UDes(w).

We first prove the “only if” part of the conclusion of (ii). For this, suppose that
S is subnormal. Then Sy_ () is subnormal as a restriction of Sy to its invariant
subspace ¢2(Des(w)). Applying Lemma 6.1.10 to u = par*(w), k € J,., we deduce
that fipark (o) ({0}) = 0 for all k = 0,...,x — 1. This, when combined with Lemma

6.1.10, applied to u = par®(w) with k =0, ..., x, leads to

620) 3 WP [ Lan( =1,

veChi(w)
<1
(625) ‘)‘par"’(w)|2/ ; dupark(w)(s) =1, ke€eZ, 0<k<Kk—2
0
<1

(6'2'6) ‘)‘par"v—l(w)|2/0 g dﬂpar“—l(w)(s) <1,
021 ml)= 3 P

v€Chi(w) e

1

(628) Hpark (w) (J) = |)‘par’“*1(w)|2/ gduparkfl(w)(s)v o€ %(R)v k€ Je-1.

Using an induction argument, we deduce from (6.2.5), (6.2.7) and (6.2.8) that
(6.2.1) holds for every k € J, 1, and that the measures fipok(y), K € Jo—1, are
given by

Hpark (w) (0) . 2 1
(629) |1—[k—1>\—|2 = Z ‘)\’U| 8k+1 d,UnU(S), (S %(R)
j=0 “‘pard (w) veChi(w) o

%d,uv(s), o € B(R),

(To show that (6.2.1) holds for k£ + 1 in place of k, we have to employ the formula
(6.2.9).) Next, we infer (6.2.2) from (6.2.6), (6.2.7) (if x = 1) and (6.2.9) (if k > 2,
with & = k — 1). This means that (ii-a) holds. Clearly, the condition (ii-b) is a
direct consequence of Theorem 6.1.3.

Let us turn to the proof of the “if” part of the conclusion of (ii). Assume first
that (ii-a) holds. By subnormality of Sx () = Sx|e2(Des(w)), We have Des(w) C .7
(cf. Theorem 6.1.3). This and (6.2.4), when combined with Lemma 6.1.10, yields
(6.2.7). If k = 1, then the formula (6.2.7) for u,, enables us to rewrite the inequality
(6.2.2) as [Ay|? [;° £ dpw(s) < 1. By Lemma 6.1.10 (ii), root = par(w) € ., which
together with (6.2.3) and Theorem 6.1.3 implies subnormality of Sx. If kK > 2, then
the equality (6.2.1) with k = 1 takes the form [A,|? [;° L duw(s) = 1. Applying
Lemma 6.1.10 again, we see that par(w) € . and the measure fipar(.) is given
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by (6.2.9) with £ = 1. An induction argument shows that for every k € J,_1,
park(w) € . and the measure Hpark () 18 given by (6.2.9). Finally, the formula
(6.2.9) with k = K — 1 for pipa~—1(,) enables us to rewrite the inequality (6.2.2) as
‘)\parn—l(w)|2fooo %dupa,h—,_l(w)(s) < 1. By Lemma 6.1.10 (ii), root = par®(w) € &.
This combined with (6.2.3) and Theorem 6.1.3 shows that Sy is subnormal.

Suppose now that (ii-b) holds. Employing Lemma 6.1.5 repeatedly first to
up = root = par®(w), then to ug = par® !(w) and so on up to ug = par'(w), we
see that {par’(w): j =0,...,k} C .. The same procedure applied to members of
Chi(w) shows that Des(w)\{w} C ., which by (6.2.3) and Theorem 6.1.3 completes
the proof of (ii).

(iii) Let J be an infinite subset of N. In view of Proposition 2.1.6 (iii), we
can apply Corollary 6.1.4 to X = {par®(w): k € J}. What we get is that Sy is
subnormal if and only if Sy _ ;) is subnormal for every # € X. Since for every z € X,
Sx_(z) = SAle2(Des(z)) and the directed tree Ipes(y) has the property required in (ii),
we see that (iii) can be deduced from (ii) by applying the aforesaid characterization
of subnormality of Sx. This completes the proof. O

Our next aim is to rewrite Theorem 6.2.1 in terms of weights of weighted shifts
being studied. In view of Proposition 5.1.1, there is no loss of generality in assuming
that card(Chi(w)) < Rg. A careful look at the proof of Theorem 6.2.1 reveals that
the directed trees considered therein can be modelled as follows (see Figure 6).
Given 1,k € Zy U {oo} with n > 2, we define the directed tree .7, . = (Vy,, En i)
by (recall that J, = {k € N: k < ¢} for t € Z; U {o0})

Vow={—k:ke J.}u{0tu{(ij):ieJy, jeN},
(6.2.10)  E,.=E.U{(0,(,1)):i€ J,} U{((i,4),(G,j+1)):i€Jy, jeN},
E.={(~k,~k+1): ke J.}.

Figure 6

If k < o0, then the directed tree 7}, ,, has a root and root(.7, ») = —k. In turn, if
Kk = 00, then the directed tree .7,  is rootless. In all cases, the branching vertex w
is equal to 0. Note that the simplest!! leafless directed tree which is not isomorphic
to Z4 and Z (cf. Remark 3.1.4) coincides with 5 g.

We are now ready to reformulate Theorem 6.2.1 in terms of weights. Writing
the counterpart of (iii-b), being a little bit too long, is left to the reader. Below we
adhere to notation )\; ; instead of a more formal expression A ;).

COROLLARY 6.2.2. Let Sx € B({*(V,,)) be a weighted shift on the directed
tree T . with nonzero weights A = {)\v}vevnih.- Then the following assertions hold.

1L This means that there is no proper leafless subtree of the underlying directed tree which
is not isomorphic to Z.
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(i) If kK =0, then Sy is subnormal if and only if there exist Borel probability
measures {;};_; on [0,00) such that

n+1

6.2.11 /sd,u, 7l A
(6.2.11) i H]

n
(6.2.12) > I
1=1

(ii) If 0 < Kk < o0, then Sy is subnormal if and only if one of the following
two equivalent conditions holds:
(ii-a) there exist Borel probability measures {p;};_, on [0,00) which satisfy
(6.2.11) and the following requirements:

n [e%e)
1
(6.2.13) Z'A“'z/o < dui(s) =1,
n

1
(6.2.14) s =3 A 11|2/ Srd(s). ke do,
*] =1

n

6.2.15 7/ i1 i
(6.2.15) S _j|2 > |/ —t

(ii-b) there exist Borel probability measures {p;};—_, and v on [0,00) which
satisfy (6.2.11) and the equations below

o {Il_l] pn =il ifn € Jy,
/ s"dv(s) = B
0 |Hj:0 A P( ?:1ll_l?:f Aijl?) ifneN\ J.
(iii) If k = oo, then Sy is subnormal if and only if there exist Borel probability
measures {u;};_, on [0,00) satisfying (6.2.11), (6.2.13) and (6.2.14).
Moreover, if Sx is subnormal and {p;};_, are Borel probability measures on [0, 00)

satisfying (6.2.11), then p; = p;1 for all i € Jy.
PrOOF. Apply Theorem 6.2.1 (consult also (6.1.4)). O

, neN,ieJy,

1
? *dﬂl()\L
0

Corollary 6.2.2 suggests the possibility of singling out a class of subnormal
weighted shifts on 7, . (with x € N) whose behaviour on eno is, in a sense,
extreme.

Remark 6.2.3. Suppose that x € N. We say that a subnormal weighted shift
Sx € B(t*(V,,)) on 7, ., with nonzero weights A = {)\v}vev,;{ﬁ is extremal if

||S)\eroot|| = max HSS\erootH;

where the maximum is taken over all subnormal weighted shifts S5 € B (éQ(V ®))

on J, . with nonzero weights A= {S\U}vGV;N such that Sx_(—.4+1) = Sx k1)

or equivalently that A\, = \, for all v # —k + 1. It follows from Corollary 6.2.2
that a subnormal weighted shift Sx € B(¢*(V,)) on 7, , with nonzero weights

= {Ao}vevp, is extremal if and only if Sx satlsﬁes the condition (ii-a) with the
inequality in (6.2.15) replaced by equality; in other words, Sy is extremal if and
only if S satisfies the strong consistency condition at each vertex u € V, . (cf.
(6.1.14)). Hence, if Sx € B(¢?(V,)) is a subnormal weighted shift on 7, , with
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nonzero weights A = {A, },eve . then any weighted shift S5 on 7, . with nonzero
weights A = {;\v}vEVn".n satisfying the following equalities

[As] for v # —k +1,
N n 2 [° 1 —1/2 .
o] = ( Xl SNﬁdui(s)) forv=—-x+1ifxk=1,

~ N 172 _
H;:g |)\,j|( KEPRDYRTL SN%dui(s)) forv=—-k+1if x> 1,
is bounded (cf. Proposition 3.1.8), subnormal and extremal.

If a weighted shift Sy on the directed tree .7, o is an isometry, then Sy is
subnormal and ||Syeg|> = 1 for all n € Z,.. It turns out that the reverse implication
holds as well even if subnormality is relaxed into hyponormality. According to
Example 6.1.6 and Proposition 6.2.4 below, the assumption ||S¥eol|? = 1, n € Z,
by itself does not imply the isometricity of Sy. This phenomenon is quite different
comparing with the case of unilateral classical weighted shifts in which the aforesaid
assumption always implies isometricity.

PROPOSITION 6.2.4. If Sx € B(¢*(V,,0)) is a weighted shift on Fy, o with posi-
tive weights {/\v}vGV,f’C); then the following conditions are equivalent:

(1) Sa is an isometry,
(ii) Sx is hyponormal and ||Syeo|*> =1 for alln € Z,
(il)) Y27 A2, =1 and A\ij =1 for alli € J, and j =2,3,...
PROOF. (i)=-(ii) Obvious.
(ii)=-(iii) Fix an integer j > 2. Consider first the case when ), ; > 1 for some
i € Jy,. Since Sy is hyponormal, we see that A; 2 < Aj3 < A4 < ... (cf. Theorem
5.1.2). Hence, we have

Jj—1 Jj+n n j+n )
A2 (TTA2e) < TT A2 <D TT e = IS8 eol> =1, n>0,
k=1 k=1 =1 k=1

which contradicts A; ; > 1. Thus, we must have \; ; <1 for all ¢ € J;,. This in turn
implies that A; ; =1 for i € J,;, because if \; ; < 1 for some i € J,;, then

n j—1 n J
- .
185 eoll> =Y [T A%k < D TT A = I15%eoll®,
1=1 k=1 =1 k=1
which is a contradiction.
(iii)=-(i) Apply Corollary 3.4.4. O

PROPOSITION 6.2.5. If Sx € B({*(V,,.)) is a weighted shift on F,, . with posi-
tive weights {)‘U}vGVi’,K and k = 1, then the following conditions are equivalent:
(i) Sx is an isometry,
(ii) ||S%eol|* =1 for all n € Zy, and either Sy is subnormal and extremal if
K < 00, or Sx is subnormal if Kk = oo,
(iii) Y7 A2, =1, Ni; =1 foralli € J, and j =2,3,..., and A_j, = 1 for
all integers k such that 0 < k < k.

PROOF. As in the previous proof, we verify that the only implication which
requires explanation is (ii)=-(iii). Applying Proposition 6.2.4 to the subnormal
operator Sx_ (o), we see that condition (iii) of this proposition holds. Since evidently
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o = 01, we deduce from the strong consistency condition at v = —1 (which is
guaranteed either by Lemma 6.1.10, or by the extremality of Sx, cf. Remark 6.2.3)
that Ao = 1. This in turn implies that g_; = §;. Using this procedure repeatedly
completes the proof. O

Ezxample 6.2.6. In general, if k € N, it is impossible to relax extremal subnor-
mality into subnormality in the condition (ii) of Proposition 6.2.5 without affecting
the implication (ii)=-(i). Indeed, using Proposition 6.2.5, we construct an isometric
weighted shift Sx € B(¢*(V,)) on 7, , with positive weights A = {/\U}UE‘/,?K~
In particular, A_ = 1 for all integers k such that 0 < k < k. For a fixed
t € (0,1), we define the weighted shift S5 € B(¢*(V,.x)) on 7, , with positive
weights A = {;\v}vev,gn by Ay = Ay for every v # —rk + 1, and 5\—n+1 = t. Since 61
is the representing measure of the Stieltjes moment sequence {||Sye,||?}22, for all
v € V) x, we infer from Corollary 6.2.2 (ii-a) that Sy is subnormal but not isometric.

It turns out that if K = oo, then the implication (ii)=-(i) of Proposition 6.2.5 is
no longer true if subnormality is replaced by hyponormality (compare with Propo-
sition 6.2.4). Indeed, using Theorem 5.1.2, one can construct a non-isometric hy-
ponormal Sy with isometric Sy_ o).

6.3. Modelling subnormality on .7, .. Corollary 6.2.2 enables us to give
a method of constructing all possible bounded subnormal weighted shifts on the
directed tree .7, . with nonzero weights (see (6.2.10) for the definition of 7, ,).
This is done in Procedure 6.3.1 below. By virtue of Theorem 3.2.1, there is no loss
of generality in assuming that weighted shifts under consideration have positive
weights. Note also that, in view of Notation 6.1.9, the Borel probability measures
{u;}!_, appearing in Corollary 6.2.2 are unique, concentrated on a common finite
subinterval of [0, 00) and

<1
(6.3.1) /0 s—kdui(s) <00, k&€Jey1,1€ Jy.

PROCEDURE 6.3.1. Let {y;};_; be a sequence of Borel probability measures on
[0, 00) satisfying (6.3.1) and concentrated on a common finite subinterval of [0, c0).
It is easily seen that then

O</ s"dpi(s) <oo, neZ,nz=—(k+1),i€Jy.
0

Set M = sup;¢ 5, sup supp(u; ), where supp(u;) stands for the closed support of the
measure p;. Define

fooo s tdp,(s)

fooo s7=2dpi(s)’
If K = 0, we take a sequence {\;1}ics, of positive real numbers satisfying (6.2.12).
Then clearly the weights A = {Ay}ueve, just defined satisfy (6.2.11) and (6.2.12).

If Kk > 1, we take a sequence {\;1}ics, of positive real numbers solving (6.2.13)
and satisfying the following condition

(6.3.2) /\i7j = =2,3,4,..., 1€ JV]'

o)
0

n
1
(6.3.3) Z/\il/ edni(s) <00, k€ Jupr.
=1
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(The question of the existence of such a sequence is discussed in Lemma 6.3.2
below.) The remaining weights {\_; }#_, are defined by

21 fooo ﬁduz(s)
i=1"" lf() k1+2 d:uz(s)

Zz 1)‘§1 - 1d/~Lz()
21:1 i.lfo Wdﬂi()

One can easily verify that the full system of weights A = {A,}vevp, satisfies
(6.2.11), (6.2.13), (6.2.14) and (6.2.15) (of course, if x = 1, then (6.2.14) and
(6.3.4) do not appear; similarly, if kK = co, then (6.2.15) and (6.3.5) do not appear).
Thus we are left with proving the boundedness of the weighted shift Sx. We will
also give an explicit formula for the norm of Sy.

Fix i € J, and set a;, = fooo s"dp;(s) for n € Z,. Applying the Cauchy-
Schwarz inequality in L?(u;), we get

(6.3.4) Aj = , ke€Zi,0<k<r—1,

(6.3.5) Akt1 =1, where 0 < 9 <

0%2,”+1 S Qi Qing2, NE Ly
Hence, the sequence {22} | is monotonically increasing. This combined with
[68, Exercise 23, page 74] gives
6.3. s
(6.3.6) sup [Sxeij|* = Sup)\ 22 su p—— Qinmtl _ QL sup supp(u;).
j=1 j=2 n>0 in n—oo Q4 p

Since p;, @ € Jy, are probability measures, we deduce from (6.2.12) that

(6.3.7) ISxeoll® =D A <MD A} / fd,ui(s) < M.

iEJn ZEJU

Together with Proposition 3.1.8, this implies that if k = 0, then Sy is bounded and
|Sxl|? = M. The case of £ > 1 needs a little more effort. By the Cauchy-Schwarz
inequality for integrals and series, we get

7 ) o] 1 2
Z)\i’l/o Skﬁdui(s)
=1

(Z)\Z /Ooskﬂduz )(Z)\ / kl%dui(s)>, ke,

i=1
which, in view of (6.3.4) and (6.3.5), means that
(6.3.8) Ak S Aop = [ISxe_y)ll, kK€Zy, 0<k<r—1

Combining (6.3.6), (6.3.7) and (6.3.8) with Proposition 3.1.8 and Corollary 6.2.2, we
see that Sy is a bounded subnormal operator and ||Sy|? = max{M, \3}. Applying
Theorem 5.1.2 to u = —1 and then (6.3.7), we deduce that A2 < [|[Sxeol|? < M.
Summarizing, we have proved that (k is arbitrary)

(6.3.9) 1Sx]l* = sup sup supp(p;).
i€Jy
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We now discuss the question of the existence of a sequence {\; 1 }ic, of positive
real numbers satisfying (6.2.13) and (6.3.3).

LEMMA 6.3.2. Let {u;}]_; be a sequence of Borel probability measures concen-
trated on a common finite subinterval [0, M] of R. Then a sequence {\i1}ics, C
(0,00) satisfying (6.2.13) and (6.3.3) exists if and only if one of the following two
disjunctive conditions holds:

(i) Jo° srdpi(s) < oo for all i € Jy, provided k < oo,
(ii) fooo Jrdpi(s) < oo for allk € N and i € J,), provided k = cc.

PROOF. Since the necessity is obvious, we only need to consider the sufficiency.

Assume that x < co. Since supp(y;) C [0, M], we see that 0 < [° Jrdus(s) <
oo for all k € Jeq1 (i € J,). This enables us to find a sequence {\;1};_; of
positive real numbers such that t := Y7 | A2, [ Jedp(s) < oo for all k € Jup1.
Replacing \; 1 by A;1/v/t1, we get the required sequence.

The same reasoning applies in the case of k = oo; now the sequence {\; 1},
may be chosen as follows: \; 1 := 27%(maxje, fooo Zrdp(s))~V? foralli € J,. O

If Sy is a bounded subnormal weighted shift on .7, ., with positive weights, then
by Proposition 3.1.3 weights corresponding to Chi(0) are always square summable.
We now show that for any square summable sequence {z;}ic,, of positive real
numbers, there exists a bounded subnormal weighted shift Sx on .7, , with positive
weights A = {)‘U}UEVW".K such that A\; 1 = «; for all ¢ € J,,. In fact, Sx can always
be chosen to be a scalar multiple of an isometry.

Ezample 6.3.3. Let {x;};cs, be a square summable sequence of positive real
numbers. Take any sequence {t;};cs, of positive real numbers such that 0 <
infie g, i, Sup;e, ti < oo and ZieJ,, ﬁ = 1 (the simplest possible solution is the
constant one t; = > jed, x?) Consider any family {u;}ics, of Borel probability
measures on [0, 00) such that tl = [;7 Ldus(s) for alli € J,), 0 < infe s, inf supp(u;)
and M := sup;c;, sup supp(p;) < oo (again this is always possible, e.g., p; = d¢,
does the job). Applying Procedure 6.3.1 to A; 1 = z;, ¢ € J;, we obtain the required
weighted shift Sx on 7}, .; without loss of generality we can also assume that Sx
is extremal in the case when x € N. Moreover, by (6.3.9), we have || Sx|[? = M.
In particular, if y; = 4, for all i € J,, then [|Sx|* = sup;e s, ti- 1 additionally
t; = ZjeJn 3 for all i € J,, then [[Sx|| 7' Sy is an isometry (use Propositions 6.2.4
and 6.2.5).

Let S be a bounded subnormal unilateral classical weighted shift with positive
weights {a,, }52 ;. Then {|S"eo||*}32, (cf. Remark 3.1.4) is a determinate Stieltjes
moment sequence, whose unique representing measure is called a Berger measure
of S. Given an integer k > 1, we say that S has a subnormal k-step backward
extension if for some positive scalars x1,...,x; the unilateral classical weighted
shift with weights {x,...,21,a1,a2,...} is subnormal. If S has a subnormal k-
step backward extension for all £ € N, then S is said to have a subnormal co-step
backward extension. The following elegant characterization of subnormal k-step
backward extendibility is to be found in [22, Corollary 6.2] (see also [20, Proposition
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8] for the case k = 1).

If k € NU {0}, then S has a subnormal k-step backward extension
(6.3.10)  if and only if [;° Z-du(s) < oo for all n € Jj, where y is the Berger
measure of S.
Note that according to Notation 6.1.9, we have p = . Let us mention that there
are subnormal unilateral classical weighted shifts which have no subnormal back-

ward extensions. The famous Bergman shift with weights { #_1}10;1 is among

them. On the other hand, the Hardy shift with weights {1,1,1,...} does have a
subnormal oco-step backward extension (see [20, 42, 22] for more examples; see
also [54] for subnormal backward extensions of general subnormal operators and
[21, 24, 23] for subnormal backward extensions of two-variable weighted shifts).
We now relate the subnormality of weighted shifts on the directed tree .7,  to that
of unilateral classical weighted shifts which have subnormal (x + 1)-step backward
extensions.

PROPOSITION 6.3.4. Let k,n € Zy U{oco} and let n > 2. If for every i € Jy,
S; is a bounded unilateral classical weighted shift with positive weights {0 n}5% 4,
then the following two conditions are equivalent:

(i) there exists a system X = {Av}oevye, of positive scalars such that the
weighted shift Sx on the directed tree T, .. is bounded and subnormal, and
(6311) Qi p = )\i7n+1, n e N, 1€ J777

(ii) S; has a subnormal (k + 1)-step backward extension for every i € J,, and
sup;e g, |15 < oo.
Moreover, if Sx is as in (i), then |[Sx[| = sup;c;, [1Si]-

ProOOF. (1):>(11) It follows from (6311) that S)\ﬂ(i,l) = S)\‘EQ(Des(Ll)) is uni-
tarily equivalent to S; for all i € J,,. Hence sup;c; [|Si| < [[Sa] and S%e;1]|* =
|Sieg||? for all n € Z., which implies that y; 1 is the Berger measure of S;. Owing
to Corollary 6.2.2, [ Jrdu;1(s) < oo for all k € Jeqq. By (6.3.10), (ii) holds.

(ii)=>(i) Let w; be the Berger measure of S;. Since supsupp(p;) = ||Si||?, we
deduce that the Borel probability measures u;, ¢ € J,, are concentrated on the
common finite interval [0, M] with M := sup;c;, |S;]12. As S; has a subnormal
(k 4 1)-step backward extension, we infer from (6.3.10) that [ Jrdui(s) < oo
for all k € J;+1. Applying Lemma 6.3.2 and Procedure 6.3.1, we find a bounded
subnormal weighted shift Sy on .7, .. with positive weights A = {)\U}Uev;m which
satisfy (6.3.2). Hence o, = Ajpny1 for all n € N and ¢ € J,. Employing (6.3.9)
completes the proof. O

We now illustrate the question of extendibility discussed in Proposition 6.1.12.

Ezample 6.3.5. Fix parameters 7,7, 1, k, k" € Z4 U {oco} such that 2 < n <7/
and 1 < ¢ < k < K. Tt is evident that %,,{ can be regarded as a proper subtree
of the directed tree ., .. Denote by 71, the proper subtree of the directed tree
Ik With Vi, = { —k: ke JL} u{o}u {(1,j): jEe N}. Clearly, the directed tree
1, can be identified with Z; when ¢ < oo, or with Z if + = co. It is easily seen
that each pair (7,.7) € {(Fi.1s Tpn)s (Tnw» Ty w)} stisfies the assumptions of
Proposition 6.1.12 with w = 0. As a consequence, there are no bounded subnor-
mal weighted shifts Sy and S5 on 7 and 7 with nonzero weights A = { Ay buevo
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and A = {j‘u}uevov respectively, such that A C X. Of course, in the case of the
pairs (7,7) € {(Pn, i)y (T, Tyr)} there always exist bounded subnor-
mal weighted shifts Sy and S5 with nonzero weights such that X C . Isometric
weighted shifts are the simplest examples of such operators (cf. Corollary 3.4.4).
Consider now the pair (7,.7) = (.00 Ty 0)- We construct subnormal weight-
ed shifts Sx € B((*(V)) and S5 € B(2(V)) on .7 and .7 with positive weights
A = { A ueve and A= {j‘u}uef/m respectively, such that A C . Set Xij = S\l’j =1
fori e J,, I € Jy and j = 2,3,... Let {5\1-’1}1-6;”, be a system of positive real
numbers such that ZieJn/ 5\121 < 1. Set A1 = 5\2»,1 for i € J,. It follows from
Proposition 3.1.8 that Sx € B(¢*(V)) and S5 € B(3(V)). Since ufl = uﬁ =01
for all ¢ € J;, and I € J,y, we see that Sy and Sj satisfy the consistency condition
(6.2.12) at u = 0. As a consequence of Corollary 6.2.2, Sx and S are bounded

subnormal weighted shifts with positive weights such that A C A. This shows that
Proposition 6.1.12 is no longer true when w = root(.7).
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Chapter 7. Complete hyperexpansivity

7.1. A general approach. A sequence {a,}>2, C R is said to be completely
alternating if

Z(—I)J (?)amﬂ <0, me Z+, n € N.
=0

As an immediate consequence of the definition, we have
(7.1.1)  if a sequence {an}o is completely alternating, then so is {an4+1 -

By [12, Proposition 4.6.12] (see also [7, Remark 1]), a sequence {a,}5>, C R is
completely alternating if and only if there exists a positive Borel measure 7 on the
closed interval [0, 1] such that

1
(7.1.2) an :a0+/ (1+...+s"Vdr(s), n=12,...
0

(from now on, we abbreviate f[o ;) to fol). The measure 7 is unique (cf. [46, Lemma
4.1]) and finite. Call it the representing measure of {a,}5%.

LEMMA 7.1.1. If a sequence {a,}22, C R is completely alternating and ag = 1,

then a, = 1 for alln € Zy and the corresponding sequence of quotients {%}210
is monotonically decreasing.
PROOF. Argue as in the proof of [7, Proposition 4]. O

The question of backward extendibility of completely alternating sequences has
the following solution (compare with Lemma 6.1.2).

LEMMA 7.1.2. Let {a,}52 be a completely alternating sequence with the rep-
resenting measure 7. Set a_y = 1. Then the following conditions are equivalent:

(i) the sequence {an—1}52, is completely alternating,
(i) 1+ [, 1dr(s) < ao.
If (i) holds, then 7({0}) = 0, and the positive Borel measure g on [0,1] defined by
1 "1
(7.13)  olo) = / ~dr(s) + (a0 —1 - / ~d(s))30(0), o € B((0,1]),
o 0

is the representing measure of {an—1}22,. Moreover, p({0}) = 0 if and only if
1+ fol %dT(S) = ayp.

PROOF. (i)=-(ii) Let ¢ be a representing measure of {a,—1}5°,. Then
(7.1.4) ap=a1-1 =a_1+ /O1 1do(s) =1+ o([0,1)).
Define the positive Borel measure 7 on [0,1] by d7(s) = sdo(s). Then, we have
Up = Q(ng1)—1 = -1+ /01(1 + ...+ s")do(s)

=1+ o([0, 1})4—/0 (14 ...+ 5" sdo(s)

1
(714 a0+/ (1+...+s" Hdi(s), n=1,2,...
0
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By the uniqueness of the representing measure, we have 7 = 7. This implies that
7({0}) = 0, and consequently

a0 "= 1 p({0}) + p((0,1]) = 1+ p({0}) + /0 Ja6)

Hence (ii) holds.
(ii)=-(i) Define the positive Borel measure g on [0, 1] by (7.1.3). Then

a_1+/0 (14 ... 45" do(s)

:1+/01 LRt L AR (ao—1—/01 1clT(s))

S S

=1+ /01 %dr(s) + /01(1 + . 8" Hdr(s) + (ao e /01 1d7'(s))

s
1
:a0+/ (1+...+s"2)d7(s) = an_1, n=2,3,...
0
Since
1 1
1. 1
a_q —|—/ 1dp(s) (TL3) —|—/ ng(s) + (ao —1-
0 0

we deduce that the sequence {a,_1}52, is completely alternating with the repre-
senting measure o. This completes the proof. O

1

1
| ng(s)) =ag=ai_1,

We are now ready to recall the definition of our present object of study from
[7]. Let H be a complex Hilbert space. An operator A € B(H) is said to be
completely hyperezpansive if the sequence {||A™h[|?}5, is completely alternating
for every h € H. In view of the above discussion, A is completely hyperexpansive
if and only if (substitute A™h in place of h)

(7.1.5) (—1)7 (?) |A’R|2 <0, neN, heH,
7=0

Completely hyperexpansive operators are antithetical to contractive subnormal op-
erators in the sense that their defining properties and behavior are related to the
theory of completely alternating functions on abelian semigroups (subnormality is
connected with positive definiteness). This is their great advantage and one of the
reasons why they attract attention of researchers (see e.g., [4, 1, 2, 3, 7, 11, 72,
9, 10, 46, 8, 47, 27]).

Note that if A is a completely hyperexpansive operator, then ||Ah|| > ||A| for
all h € H (apply (7.1.5) to n = 1), which means that A is injective. In view of
this, we can deduce from Proposition 3.1.7 that a directed tree which admits a
completely hyperexpansive weighted shift must be leafless.

PROPOSITION 7.1.3. If Sx € B(¢*(V)) is a completely hyperezpansive weighted
shift on a directed tree T with weights X = {\, }veve, then T is leafless and
2 veChi() Ao >0 for allueV.

Complete hyperexpansivity of weighted shifts on directed trees can be charac-
terized as follows.
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THEOREM 7.1.4. If Sx € B({*(V)) is a weighted shift on a directed tree T
with weights X = {\, }veve, then the following conditions are equivalent:

(i) Sx is completely hyperexpansive,
i { X |)\u|v|2}zo:0 is a completely alternating sequence for alluw € V,
vEChiI{™ (u)
(iii) {]S¥eul|?}5ey is a completely alternating sequence for all u € V,
(iv) Xio(=17(7)1Sxeull* <0 for alln € N and u € V.
PRrOOF. The implications (i)=-(iii) and (iii)=-(iv) are evident. By Lemma 6.1.1,

the conditions (ii) and (iii) are equivalent.
(iv)=(i) Take f € (2(V). It follows from (6.1.8) that

S0 ()i = ey () S swrisie

J j=0 ueV
n .
2 (M i 2\ W
= > P (D07 () 185eal?) <0
ueV §=0 J
for all n € N. This, together with (7.1.5), completes the proof. O

As shown in Corollary 7.1.5 below, the study of complete hyperexpansivity of
weighted shifts on directed trees reduces to the case of trees with root. This is
very similar to what happens in the case of subnormality. The proof of Corollary
7.1.5 is essentially the same as that of Corollary 6.1.4 (use Theorem 7.1.4 instead
of Theorem 6.1.3).

COROLLARY 7.1.5. Let Sx € B({*(V)) be a weighted shift on a directed tree
T with weights A = {A\,}veve. Suppose that X is a subset of V' such that V =
U,cx Des(x). Then Sx is completely hyperezpansive if and only if the operator
Sx_(z) is completely hyperezpansive for every x € X (cf. Notation 3.1.5).

We now formulate the counterpart of the small lemma (cf. Lemma 6.1.5) for
completely hyperexpansive weighted shifts on directed trees.

LEMMA 7.1.6. Let Sx € B(¢?(V)) be a weighted shift on a directed tree T
with weights A = { Ay fveve and let ug,u; € V' be such that Chi(ug) = {u1}. If the
sequence {||Syeqy, 12152, is completely alternating and \,, # 0, then the sequence
{1185 e, 12355, is completely alternating.

Proor. Noticing that

. (3.1.4) 1 n
||S)\€u1||2 = |)\ |2||S)\+1€u0||27 TLEZJ”
ug
and employing (7.1.1), we complete the proof. O

It turns out that Lemma 7.1.6 is no longer true if card(Chi(ug)) > 2. Indeed,
the weighted shift Sy on 7 defined in Example 6.1.6 has the property that the
sequence {|S¥eo||?}52 = {1,1,...} is completely alternating (with the represent-
ing measure 7 = 0, cf. (7.1.2)), and neither of the sequences {||S¥e;1]?}52, =
{1,(2)2,1,1,.. .} and {[|SRea1]2}220 = {1, (%)% 1,1,...} is completely alternating
(as neither of them is monotonically increasing).
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Our next goal is to find relationships between representing measures of com-
pletely alternating sequences {|Sye,[|?}5%,, u € V. Let us first fix the notation
that is used throughout (compare with Notation 6.1.9).

NOTATION 7.1.7. Let Sx € B(¢*(V)) be a weighted shift on a directed tree 7.
If for some u € V, the sequence {[|S¥e,|[*}52, is completely alternating, then its
unique representing measure which is concentrated on [0, 1] will be denoted by T,
(or by 7.7 if we wish to make clear the dependence of 7, on 7).

The result which follows is a counterpart of the big lemma (cf. Lemma 6.1.10)
for completely hyperexpansive weighted shifts on directed trees.

LEMMA 7.1.8. Let Sx € B(¢%(V)) be a weighted shift on a directed tree T with
weights A = {\,}yeve, and let uw € V' be such that the sequence {||Sye,|*}52,
is completely alternating for every v € Chi(u). Then the following conditions are
equivalent:

(i) the sequence {||Sye,||*>}o2, is completely alternating,
(ii) Sx satisfies the consistency condition at u, i.e.,

(7.1.6) S+ Y |>\v|2/ %dn,(s).

1
vEChi(u) vEChi(u) 0
If (i) holds, then 7,({0}) = 0 for every v € Chi(u) such that A\, # 0, and

)= Y P [ dan

v€Chi(u) e
(7.1.7) -
+( Yoo P10 |)‘v|2/ ;dTv(s>)5O(U)
vEChi(u) vEChi(u) 0

for every o € B([0,1]). Moreover, 7,({0}) = 0 if and only if Sx satisfies the strong
consistency condition at u, i.e.,

1
1
7.1.8 M? =1 Aﬂ/ —dry(s).
(7.05) > Pe1e T e[ San
veChi(u) veChi(u)
PROOF. Define the positive Borel measure 7 on [0, 1] by
o)=Y [MPrlo), o€ B([0,1)).
veChi(u)
Applying a version of (6.1.15) (with g = 7 and p, = 7,), we see that

(6.1.18) "
ISxteal® =" > INlPlSRenl?
veChi(u)

= 2 ' s" Ndr, (s
= > In (1+/0(1+...+ Yd7y(s))

veChi(u)
1
@¥W&QW+/YLw~+w*Mﬂ$ n=12..,
0

which means that the sequence {||Sy " e, [|2}52 is completely alternating with the
representing measure 7. Employing now a version of (6.1.16) and Lemma 7.1.2
with a, = ||Sy e,||?, we see that the conditions (i) and (ii) are equivalent. The
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formula (7.1.7) can be inferred from (7.1.3) by applying a version of (6.1.15). The
rest of the conclusion is clearly true. ([

Because of uniqueness of representing measures 7,, there is strong hope that
Lemma 7.1.8 holds for unbounded completely hyperexpansive weighted shifts on
directed trees (see [49, 46, 47] for an invitation to unbounded completely hyper-
expansive operators).

It is interesting to note that the direct counterpart of Proposition 6.1.12 for
completely hyperexpansive weighted shifts on directed trees is no longer true (cf.
Example 7.5.2). However, its weaker version remains valid (cf. Proposition 7.5.1).

7.2. Complete hyperexpansivity on .7, .. Now we confine our attention
to discussing the question of complete hyperexpansivity of weighted shifts on the
directed trees 7, .. (cf. (6.2.10)). Before formulating the counterpart of Theorem
6.2.1 for completely hyperexpansive weighted shifts, we first recall the definition
of completely hyperexpansive k-step backward extendibility of unilateral classical
weighted shifts (cf. [48, Definition 4.1]). Given an integer k > 1, we say that a uni-
lateral classical weighted shift with positive weights {\,,}22; (cf. Remark 3.1.4) has
a completely hyperexpansive k-step backward extension if for some positive scalars
A—k+1,-- -5 Ao, the unilateral classical weighted shift with weights {A_j4,}02 is
completely hyperexpansive (note that completely hyperexpansive unilateral classi-
cal weighted shifts are automatically bounded, cf. [49, Proposition 6.2 (i)]). Each
unilateral classical weighted shift which has a completely hyperexpansive k-step
backward extension is automatically completely hyperexpansive (cf. [48, Section
1)).

Recall that a unilateral classical weighted shift S with positive weights {A,}22
is completely hyperexpansive if and only if the sequence {||S"eg |2} is completely
alternating (cf. [7, Proposition 3]); the representing measure of {||S™eql|?}52, will
be called the representing measure of S. The following characterization of com-
pletely hyperexpansive k-step backward extendibility was given in [48, Theorem
4.2).

If £ € N, then S has a completely hyperexpansive k-step back-
(7.2.1) W?,I‘d extension if and only if S is completely hyperexpansive and
In Zle 4rd7(s) < 1, where 7 is the representing measure of S.

Below we adhere to Notation 7.1.7.

THEOREM 7.2.1. Suppose that .7 is a directed tree for which there exists w € V
such that card(Chi(w)) > 2 and card(Chi(v)) = 1 for every v € V \ {w}. Let
Sx € B({3(V)) be a weighted shift on the directed tree T with nonzero weights
A ={\,}veve. Then the following assertions hold.

(i) If w = root, then Sy is completely hyperexpansive if and only if the se-
quence {||Sye,||>}5%, is completely alternating for every v € Chi(w), and
S satisfies the consistency condition at w, i.e., (7.1.6) is valid for u = w.
(ii) If 7 has a root and w # root, then Sy is completely hyperexpansive if and
only if one of the following two equivalent conditions holds:
(ii-a) Sx_(u) is completely hyperezpansive, (7.1.8) is valid for u = w,

2 ! 1
Z | Aw] ) SkﬁdTv(s)

k—1
A =1 —_—ni
| par’“*l(w)| =1+ H pari (w)
=0 vEChi(w)
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forallk € Jo—_1, and

k—1 2 1
|Apar”*1(w)‘2 > 14 ‘ H )\parj(w)‘ Z |/\v|2/0 s dry(s),
j=0

veChi(w)

where K is a unique positive integer such that par”(w) = root,
(ii-b) the sequences {||Syerot||?}52y and {||S%e.||*}o2, are completely al-
ternating for all v € Chi(w).
(iii) If 7 is rootless, then Sy is completely hyperezpansive if and only if Sy is
an isometry.

PROOF. The proofs of (i) and (ii) are essentially the same as the corresponding
parts of the proof of Theorem 6.2.1. We only have to use Lemmas 7.1.6 and 7.1.8 and
Theorem 7.1.4 in place of Lemmas 6.1.5 and 6.1.10 and Theorem 6.1.3, respectively.
Moreover, in proving (ii) we need to exploit the explicit formulas for representing
MeAasUres Tpark (w), K € Jx—1, which are given by

M: Z |)\v|2/ k+1dTv( s), o€ B(R)

| H Apari (w)|? v€Chi(w) o

(the measure 7, is given by 7.,(0) = >, cchi(w) [Av 12 [, 1d7,(s) for o € B([0,1])).

(iii) Suppose that .7 is rootless and Sy is completely hyperexpansive. Then
the sequences { || S%epark () 1> oo and {||Ske, [ }n2y are completely alternating for
all k € Z and v € Chi(w). Fix k € Z. Consider the umlateral clabblcal weighted
shift W}, with weights {HS”epa,k(w - 1Sy~ 1epa,k - 1} 7, Proposition 3],
Wy, is completely hyperexpansive. Since, by (3.1. 4)

Sé\eparkﬂ(w) = )\parkJrl—l(w) s )\park(w)epark(w), leN,
we deduce that

l
HS§+ epar’*‘“(w)” _ ”Sgepark(w)H
— —_ )
||S; 1_'_lepark“(m)‘l ”S; 16par""(w)”

n,l > 1.

As Wi, is completely hyperexpansive, we see that the unilateral classical weighted
shift Wi, has a completely hyperexpansive [-step backward extension for all integers
[ > 1. Hence, by [48, Corollary 4.6 (i)], the weights of W}, are equal to 1, which,
together with (3.1.4), implies that

IA k1 )\2 for k € N,
7.2.2 L= [[Sxeparr@l? = o
(7.22) Sx6pars ] {Zvecm(w) [Aof* for k= 0.

Applying the consistency condition (7.1.6) at u = w and (7.2.2), we deduce that
7o = 0 for all v € Chi(w). Employing the integral representation (7.1.2), we see
that ||S¥e,|| = 1 for all n € Z; and v € Chi(w). Next, using an induction argument
and (2.1.10) (with v = w), we infer that ||[Sxe,|| = 1 for all u € Des(w). Finally,
applying Proposition 2.1.6 (iv) to u = w and Corollary 3.4.4, we conclude that Sy
is an isometry. The reverse implication is obvious. This completes the proof. [

Remark 7.2.2. A careful look at the proof of Theorem 7.2.1 reveals that the
characterization (ii-a) of complete hyperexpansivity of bounded weighted shifts on
Z with nonzero weights remains valid even if w has only one child.
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As an immediate application of Theorem 7.2.1 we have the following result, be-
ing a counterpart of Corollary 6.2.2 for completely hyperexpansive weighted shifts.
As before, we adhere to notation JA;; instead of a more formal expression A ;).
Recall also that 0,k € Z4 U {oco} and n > 2.

COROLLARY 7.2.3. Let Sx € B({*(V,,)) be a weighted shift on the directed
tree Iy . with nonzero weights A = {/\v}veV;ﬁ- Then the following assertions hold.
(i) If kK = 0, then Sx is completely hyperexpansive if and only if there exist

positive Borel measures {7;}._; on [0,1] such that

2
, neN,ieJy,

1 n+1
(7.2.3) 1 +/0 (1+...+s"Hdn(s) = ‘ H Aij
j=2

n n 1
1
(7.2.4) Z|)\i71|2 D 1+Z|)\i71|2/ ngi(3)~
i=1 i=1 0

(ii) If 0 < Kk < oo, then Sy is completely hyperexpansive if and only if one of
the following two equivalent conditions holds:
(ii-a) there emist positive Borel measures {r;}._; on [0,1] which satisfy
(7.2.3) and the following requirements:

n n 1
1
(7.2.5) d ialf=14> |)\i,1|2/ S drils).
i—1 i=1 0

k—1 9 M 1 1
(7.2.6) |A_(k_1)|z:1+‘]'[x,j’ ZWHZ/O Srrdni(s), k€ Jun,
§=0 i=1

K—1 2 n 1 1
(727) PP > 1 TLA] 3 aal / pdni(s):
j=0 i=1

(ii-b) there exist positive Borel measures {7;};_; and v on [0,1] which sat-
isfy (7.2.3) and the equations below

Tz A2 ifne g,

J=K—n
TS0 AP (S T Aigl?) ifne N\ ..

(iii) If k = oo, then Sx is completely hyperexpansive if and only if Sx is an
1sometry.

1+/01(1+...—|—3"_1)d1/(3) = {

Moreover, if Sx is completely hyperezpansive and {7;}]_, are positive Borel mea-
sures on [0,1] satisfying (7.2.3), then 7; = 7,1 for all i € J,,.

7.3. Modelling complete hyperexpansivity on .7, .. Our aim in this sec-
tion is to find a model for completely hyperexpansive weighted shifts (with nonzero
weights) on 7, . (cf. (6.2.10)). In view of Theorem 3.2.1 and Corollary 7.2.3, we
can confine ourselves to discussing the case when k is finite and the weights of
weighted shifts under consideration are positive. We begin by formulating a sim-
ple necessary condition which has to be satisfied by representing measures 7; 1 (see
Notation 7.1.7).

LEMMA 7.3.1. If k € Zy and Sx € B({*(V,.)) is a completely hyperezpansive
weighted shift on 7, . with nonzero weights, then SUP;e s, 7:1([0,1]) < o0.
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PROOF. By (7.1.2), we have 7,1([0,1]) = [|Sxe;1]|> —1 < ||Sal]* — 1 for all
i € Jy, which completes the proof. ([

We now show that a completely hyperexpansive weighted shift on the directed
tree .7}, , is determined, in a sense, by its weights which correspond to Chi(0).

LEMMA 7.3.2. Letn € {2,3,...} U{oc} and k € Z4. Suppose that T = {;}]_,
is a sequence of positive Borel measures on [0,1] such that sup;c;, 7:([0,1]) < oo.
Then the following assertions hold.
(i) If Sx € B(3(Vy,.)) is a completely hyperezpansive weighted shift on T,
with positive wezghts A={X\ }veV,;’,N such that ;1 = 7; for alli € J,, then
the system t := {t;}]_, with t; := \; 1 satisfies the following conditions:

n
(7.3.1) D 8 <o,
i=1
n " 1
th}l—I—Zt? dri(s) if k=0,
(7.3.2) i S
=1 +th/ ~dr(s)  if k>0,
i=1 i=1 70
1

U n 1 1

(ii) Let t = {t;}]_; C (0,00) satisfy (7.3.1), (7.3.2) and (7.3.3). Then there
exists a completely hyperezpansive weighted shift Sx € B((*(V, ) on
Ty With positive weights A = {)\v}veV;ﬁ such that \;1 =1t; and 1,1 = 7
foralli € J,. If k =0, Sx is unique. If Kk > 1, all the weights of Sx,
except for A_.4+1, are uniquely determined by t and T; the weight A_ .11

can be chosen arbitrarily within the interval [ Ccil , oo), where

(7.3.4) gku# 17/ Zfdﬂ ) k€ Jeir.

Moreover, the norm of Sx is given by

{Zz 1 mSUPieJ (1+Tz ([0,1]) } for k =0,

(7.3.5) ||S)\||2 = .
max {)‘—(nqy SupieJ,,(l + ([0, } fork>1

It is worth noting that if k = 0, then (7.3.2) implies (7.3.3). Observe also that
the quantities ( are defined only in the case when x > 1, and that (; = 1 (use
(7.3.2)).

PROOF OF LEMMA 7.3.2. (i) In view of Corollary 7.2.3, fo arrdri(s) < oo
forall k € J, and i € J,,. By (3.1.4), we have >/, 17 = ||Sxeg||* < oo, which gives
(7.3.1). The condition (7.3.2) follows from (7.2.4) and (7.2.5). Thus, it remains to
prove (7.3.3).

If k = 0, then, as noted just above, (7.3.2) implies (7.3.3).
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If kK = 1, then by applying the inequality (7.2.7) we get

(7.3.6) 1<3(1 *th/ 247())
_ )\g((1 — Zt?) + Zt?(l - /01 S%dTi(S)))
(7:25) A%ﬁ:tf (1 - /01 (é N Siz)dn(g)) = A3 ¢o,

where (, is as in (7.3.4). Hence, (7.3.3) follows from (7.3.6).
Assume now that k = 2. Arguing as in (7.3.6) and using (7.2.6) in place of
(7.2.7), we obtain

(7.3.7) 1= 226,
It follows from (7.2.7) that

(7.3.8) <A (1—/\22t2/ — dri( ))

(727) A21 1 o 1=1 ’L fO s3de )
1= 1t$(1—f0 Jj= lstTl( )>
€}
_)\2
Yo'

which together with (7.3.7) implies (7.3.3).
Suppose now that k > 3. We claim that the following two conditions hold for
all k€ {2,...,k —1}:

1 k+1
(7.3.9) Zt2 > Zt2 / Z Lan(s
Cht1
7.3.10 1=X, .
( ) (k 1) Ck

Arguing as in (7.3.6) and (7.3.8), and using (7.2.6) with k = 1,2 in place of (7.2.7),
we get (7.3.7) and the equality
G
1=X2 =,
e
which implies that (7.3.9) and (7.3.10) hold for k£ = 2. This proves our claim for
k = 3. If Kk > 4, we proceed by induction. Fix an integer n such that 2 <n <k —1

and assume that (7.3.9) and (7.3.10) hold for all k = 2,...,n. By (7.2.6), applied
to k =n+ 1, we obtain (note that (7.3.7) is valid for k > 2)

2 242 2
(7.3.11) 1:>\_n(1—>\0>\_1 2 e 1)216 / e dr (s))

(7.3.7)&(7.3.10) | o 1 ¢
= )\_n(l—gc—g- Z / sn+2d7—1

CnJrl
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1 1 1 1 Cn+2
=21 >t /0 S,mdn(s)) =\

Cnt1 i

which shows that (7.3.9) and (7.3.10) hold for & = n + 1. This proves our claim.
Arguing as in the proof of (7.3.11) with n = k — 1 and using (7.2.7) in place of
(7.2.6), we get

(7.3.12) 1<\ Srtt

which, when combined with (7.3.9) applied to k = x — 1, implies (7.3.3). Hence (i)
is proved.

(ii) Assume that ¢ := {¢;}]_; C (0, c0) satisfies (7.3.1), (7.3.2) and (7.3.3). Our
aim now is to define the system A = {A, }veve  C (0,00). For i € J,, we set

ti for j = 1,

1+ 7;(]0,1]) for j = 2,
(7.3.13) Aij =

L+ [ (L4 ...+ s972)d7i(s)
1+ fol(l + ...+ s973)dr(s)

for j = 3.

If & = 0, then the weights A = {A, }yeve, just defined satisfy (7.2.3) and (7.2.4)
(the latter because of (7.3.2)). '

If k = 1, then \¢ can be considered as any number from the interval [1//(2, o0).
Clearly, (7.2.3) is valid. It follows from (7.3.2) with x = 1 that (7.2.5) holds. Hence,
we can reverse the reasoning in (7.3.6) and verify that (7.2.7) is valid for k = 1.

Ifk>2and ¥ € [ . 7oo)7 then we define the weights {\_,}7_} by

Crt1
1 —
e for k=0,
(7.3.14) Ak =4 4/EEL fork € Jyos,
) for k=x—1.

(Of course, if kK = 2, then the middle expression in (7.3.14) does not appear.)
According to (7.3.1) and (7.3.3), the above definition is correct. Reversing the
reasonings in (7.3.7) and (7.3.11), we deduce that (7.2.6) holds. Arguing as in
(7.3.11) with n = k — 1, we see that (7.2.7) holds. As above, we conclude that
(7.2.3) and (7.2.5) are valid as well.

Thus, it remains to show that the weighted shift Sy is bounded. It follows
from (7.3.13) and Lemma 7.1.1 that for every i € J, the sequence {\;;}32, is
monotonically decreasing. As a consequence, we have

(7.3.15) sup sup A7 ; = sup (1 4 7;((0,1])) < oo.
i€, j>2 i€d,

Combining this with (7.3.1) and £ < oo, we see that sup,cy, > echi(u) A<
oo. Hence, by Proposition 3.1.8, Sx € B(¢*(V,,)). Applying Corollary 7.2.3, we
conclude that the weighted shift Sy is completely hyperexpansive and 7;; = 7; for

all ¢ € J,. The uniqueness assertion in (ii) can be deduced from (7.3.13), (7.3.7)
and (7.3.10).
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We now prove the “moreover” part of (ii). If k = 0, then the top equality
n (7.3.5) follows from (3.1.7) and (7.3.15). Assume that x > 1. Since the se-
quence {||Ste_,[/?}52, is completely alternating, we infer from Lemma 7.1.1 that
the corresponding sequence of quotients

(7.3.16) pEr— Amzt? Yimi b 1+?2([0 1]))7“'}

i=1"1

is monotonically decreasing. In particular, we have )\_(K_l) > 2N =Y

This, combined with (3.1.7) and (7.3.15), yields the bottom equality in (7.3.5). O

Remark 7.3.3. As in the subnormal case, we can single out a class of extremal
completely hyperexpansive weighted shifts on .7, ,; (cf. Remark 6.2.3). Suppose that
x € N. We say that a completely hyperexpansive weighted shift Sx € B(¢*(V;, )
on 7, ., with nonzero weights A = {Av}vevnim is extremal if

||S)\eroot|| = min ||Sj\erootH;

where the minimum is taken over all completely hyperexpansive weighted shifts
S5 € B(?(V,,)) on 9,, with nonzero weights )1 = {)\v}vgvrﬁn such that
SA_(—rt1) = S;\ﬁ(fnﬂ), or equivalently that A\, = A, for all v # —x + 1. It
follows from Corollary 7.2.3 that a completely hyperexpansive weighted shift Sy €
B((*(V,.)) on 7, . with nonzero weights A = {Avtvevye, is extremal if and only if
S satisfies the condition (ii-a) with the inequality in (7.2.7) replaced by equality;
in other words, Sy is extremal if and only if Sy satisfies the strong consistency
condition at each vertex u € Vj, . (cf. (7.1.8)).

As stated in Theorem 7.3.4 below, extremal completely hyperexpansive weight-
ed shifts on .7, . with a fixed system of representing measures {7;1}; ; are in
one-to-one and onto correspondence with sequences {¢;}!_; C (0, c0) satisfying the
conditions (7.3.1), (7.3.2) and (7.3.3).

THEOREM 7.3.4. Let n € {2,3,...}U{co} and k € Z;. Assume T = {7;}]_,
is a sequence of positive Borel measures on [0, 1] such that sup,c ;, 7i([0,1]) < oo.
Let U, be the set of all sequences t = {t;};_; C (0,00) satzsfymg (7.3.1), (7.3.2)
and (7.3.3), and let Y, be the set of all completely hyperexpansive weighted shifts
Sx € B(t*(V,.5)) on T, . with positive weights A = {)\v}ueV,;i,i such that 1,1 = 7
for all i € J,. Denote by #,T, the set of all completely hyperezpansive weighted
shifts Sx € ¥,7,, which are extremal. If k = 0, then the mapping

0:%"' Bt'—MS')\E”f/T
defined by (7.3.13) is a bijection. If k > 1, then the mapping
@n’,@u: 02/7]’,{ St Sy € %77:%

defined by (7.3.13) and

1
f fO’I" k= 07
(7.3.17) Ap=14 "7
E:E fork e J._q,
is a bijection (see (7.3.4) for the definition of (). Moreover, if Sx € V7., then

t= {ti}y € %, with ti = Nia, Awin € [/c85,00) and A, = A, for all
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v # —k+ 1, where S5 = Dy (). Conversely, if t € %, and Sx = D, ,(t), then
for every ¥ € [ CC-L , oo) , the weighted shift S5 with weights A= {S\’U}UEVWOH given

by Ay = Ay for allv # —k+ 1, and 5\—;«”+1 =19 is a member of V.7,

PRrROOF. Apply Lemma 7.3.2 as well as its proof. ([

Our next aim is to find necessary and sufficient conditions for the parameter-
izing set %,7,, to be nonempty.

PROPOSITION 7.3.5. Ifn, x, T = {mi};_, and %, are as in Theorem 7.3.4,
then the following two conditions are equivalent:

(') Tk 7D,
(ii) fo SKHdTl(s) < oo for alli € Jy, and fo St 2rdTi,(s) < 1 for some
19 € J

Proor. Note that if (i) or (ii) holds, then fo —d7i(s) < oo for all i € J, and
J € Jut1.

First, we consider the case when x = 0.

(1)=(ii) Suppose that, contrary to our claim, fol 1dr;(s) = 1foralli € J,. Take

{t:}]_, € %T,.. Then > | ¢ fol 1dr;(s) = 37, t2, which contradicts (7.3.3).
(if)= (i) Set

1 1
_ 1 . 1
J;:{zeJn: 17/0 gdn(s)>0}, T, :{zGJn: 1—/0 ;dn(s)go}.

Then J,, = J,;F UJ, and ig € J,F. Let {t}}ie]# and {{i}ieJn’ be systems of positive
real numbers such that (see the convention preceding Proposition 3.1.3)

Zf?<oo,25§<ooandﬁ: t?/ —dri(s —1
i€ i€dy iedy
Then clearly a := Zie It t2 f dTZ < oo. If we consider the sequence
t = {t;}]_, given by
. rlt}- foriéJ;r,
rot; fori € Iy
where 71,79 € R, then the inequality in (7.3.2) takes the form 1 < rfa — r3f.
Since a € (0, 00), we deduce that this inequality has a solution in positive reals r4

and ro. Hence the sequence {t;}/_, satisfies (7.3.1) and (7.3.2), and consequently
(7 3. 3) In fact, the sequence t can be chosen so as to satisfy (7.3.1) and the equality

1
=1 z _1+Zz 1 zfo 1dTZ
Consider now the case When k> 1.

(i)=(ii) Repeat the argument used in the proof of the case k = 0.

(it)= (i) Set
J;Jr:{iejn:lf/ dn()>0&:1/1,§ Sdni(s) > 0},
0

1 k+1

T ={iea, 1—/ ~dni( )>o&1—/z —dri(s) <0},
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1 k+1

1
Jn—+:{z’eJn:1—/O ;dn(s)go&1—/ Z —dri(s }
11 1/{+1
Jn”:{iej,,:l—/o gcm(s)<<)&<:1—/2 —dri(s \0}

It is clear that Jf* = {i € J,: 1 fo St Ldri(s) > 0} # 2, J,t = @ and
Jym={ie ;11— fol 1dr;(s) < 0}. Moreover, the sets J/, JF~ and J, ~ are
pairwise disjoint and J, = J*t U JF~ U J~. Arguing as in Section 6.3, we find
square summable systems {fi}ieJ;r+, {Ei}ieJ,T* , {Ei}ieJ;* C (0,00) such that

X (- jn)

it

91 = +7 ( / —dr;( )) < 0,
PRVE R
A i 1) <ox,

i€ ]Jr*

Qg 1= /i; )<oo

zeJ,,**

1

1921

Since the system {fi}ie g is square summable, we deduce that

1 k+1
0<ap:= 17/2 —dri(s )

ZGJ++
If we consider the sequence t = {¢;};_, given by
rot; forie I,
ti =< rmt; forie i,
rot; fori e J T,
where rg,71,r2 € R, then the conditions (7.3.2) and (7.3.3) take the following form:
(7.3.18) L=r+ 7791 — 1302, riap—ria; —rias > 0.
Since oy € (0, 00), we easily verify that there exist positive real numbers ro, r; and

r9, which satisfy (7.3.18). This completes the proof. (]

It may be worth noting that the proof of Proposition 7.3.5 also works without
assuming that sup;c ; 7:([0, 1]) < oc.

We are now ready to give a method of constructing all possible completely
hyperexpansive bounded weighted shifts with nonzero weights on the directed tree
Iy with £ < co. The reader is asked to compare this method with that for
subnormal weighted shifts described in Procedure 6.3.1. In particular, Procedure
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6.3.1 enables us to construct bounded subnormal weighted shifts on .7, o, with
nonzero weights which are not isometric. In view of Corollary 7.2.3 (iii), this never
happens in the case of completely hyperexpansive weighted shifts, because such
operators are isometric. Isometric weighted shifts are discussed in Propositions
6.2.4 and 6.2.5 (the case of the directed tree .7, ,) and in Corollary 3.4.4 (the
general situation).

PROCEDURE 7.3.6. Fix n € {2,3,...} U {oc} and k € Z;. Let {r}]_, be
a sequence of positive Borel measures on [0,1] such that sup,c; 7:([0,1]) < oo,

fol —rdri(s) < oo for all i € J, and fo St ddr,(s) < 1 for some iy € J,.
Using Proposition 7.3.5, we get a sequence t = {t;}/_, of positive real numbers
satisfying the conditions (7.3.1), (7.3.2) and (7.3.3). Next, applying Theorem 7.3.4,
we get a completely hyperexpansive weighted shift Sy € B(¢3(V,, ;) on 7}, . with
positive weights A = {)‘U}“E“rﬁm such that A\; 1 = t; and 7;; = 7; for all ¢ € J,,.

7.4. Completion of weights on 7 .. Using the modelling procedure de-
scribed in Section 7.3, we give a deeper insight into complete hyperexpansivity of
weighted shifts on 7, .. We begin with writing some estimates (from above and
from below) for Y77, A7, and 7;,([0,1]), j € J,. Under some circumstances, this
enables us to simplify the formula (7.3.5) for the norm of a completely hyperexpan-
sive weighted shift on the directed tree .7, ..

PROPOSITION 7.4.1. Let n € {2,3,...} U{oo} and k € Z;. Assume that
Sx € B(3(V,,11)) is a completely hyperezpansive weighted shift on 7, . with positive
weights X = {/\v}vGVn‘)n' Set ; =71 and t; = N1 for i € J,. Then the following
assertions hold. ’

(i) There exists ig € J,, such that 7;,([0,1]) < %H
(ii) 7 2 > 1; moreover, Y|, t7 = 1 if and only if either k = 0 and Sx
is an isometry or k = 1 and Sx_(—x41) 15 an isometry (if Sx is extremal,

then >0 2 =1 zf cmd only if Sx is an isometry).
(ii )Iffi>1 then S°7_ 2 < &EL

iv) S 2>1+ 1nf{n([0 1])Hz € Jy}.
(v) If 7([0,1]) = 71([0,1]) for alli € J,, then

t2 for k=0,

zlz

)\Q_(H_l) for k > 1.

(7.4.1) ISx1* =

ProoOF. (i) It follows from Theorem 7.3.4 and Proposition 7.3.5 that the exists
io € Jy such that fO Z”H dd7;,(s) < 1. As a consequence, we have

1 k+1

(k 4+ 1)1, (]0,1]) / Z —dTi, (s
0 =1
(ii) The inequality > 7, ¢? > 1 follows from (7.3.2). Suppose that Y./, t? = 1.

Using (7.3.2) again, we see that 7, = 0 for all ¢ € J,;, which in view of Theorem 7.3.4
implies that 3, cpicu) A =1forallu €V, , whenx =0, and for allu € V,, ,,\{—x}
when x > 1. Thus, by Corollary 3.4.4, Sy is an isometry when £ = 0, and Sx__ K1)
is an isometry when x > 1. The reverse implication is obvious. A similar reasoning
applies to the case when Sy is extremal (cf. Remark 7.3.3).
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(iii) It follows from Lemma 7.3.2 (i) that
n n 1
(7.3.3) 1
Zt? > Zt?/o (;—f— K_,’_l)d’i'l( (k+1) ZR/ —dri(s
i=1 i=1
T2 (k4 1) (th )

which implies that Y7, 7 < £,
(iv) Since the sequence {||S§eo||2}$f:0 is completely alternating, we infer from
(7.3.13) and Lemma 7.1.1 that the corresponding sequence of quotients

(Sop Thdn@)

2
i=1 =1 tz

is monotonically decreasing. This implies that Y7 | 7 > 1 + inf;c ;. 7([0,1]).

(v) Apply (iv), (7.3.5) and (7.3.16). O
Regarding parts (i) and (iii) of Proposition 7.4.1, it is worth noting that if
x = 0, then there is no upper bound for Y7 2. Moreover for each © € [1, 2L)

(with the usual convention that % = 00) there exists a completely hyperexpansive
weighted shift Sx € B(¢%(V,,x)) on 7, ., with positive weights A = {Av}vevy, such
that © = >°7 | A7 ;. In fact, we can prove a more general result (see Example 6.3.3
for the discussion of the case of subnormality).

PROPOSITION 7.4.2. Let n € {2,3,...} U{oo} and k € Zy. If {t;}] ;| is a
sequence of positive real numbers such that 1 < Z t "TH, then there exists

a completely hyperexpansive weighted shift Sx € B(Zg( %)) on Ty . with positive
weights X = {Aytveve, such that Ai1 =t; for alli € J,.

PRrROOF. Set @ = > T t2. According to our assumptions, we have © €

[1, 21). Define the sequence {r;}/_; of positive Borel measures on [0,1] by 7; =
%51 for i € J,. It is easily seen that

Zt2—1+2t2/ ~dri(s

Hence, if k = 0, then by applying Lemma 7.3.2 (ii) we get the required weighted
shift Sx. If £ > 1, then 1 < © < £t implies that 1 — (k + 1) %5 o1

it?(l/ol(i+.,.+ )dn ) th(l— )%>>O,

which enables us once more to employ Lemma 7.3.2 (ii). O

If total masses of representing measures 7; are not identical, then the formula
(7.4.1) for the norm of Sy is no longer true.

Ezxample 7.4.3. Consider the case when k = 1, 7 =2, 77 = 0 and 75 = ;.
Set t; = 1 and take any ¢3 € (0,1). We easily verify that the conditions (7.3.1)-
(7.3.3) are satisfied. By Theorem 7.3.4, there exists a unique extremal completely
hyperexpansive weighted shift Sy € B(£?(Vz,1)) on Z 1 with positive weights A =
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{/\U}UEV;1 such that X\;1 =¢; and 7,1 = 7; for i = 1,2. Applying (7.3.17), we see

that Ao = \/1%5

If ¢, € (0, %), then Ao € (1,v/2) and so A2 < 2 = max{1 + 7;([0,1]): i = 1,2}.
Hence, by (7.3.5), [|Sx]|> = max{1 + 7;([0,1]): i = 1,2}, which means that (7.4.1)
does not hold.

Ifto = %, then Ao = v/2 and ||Sx|? = A3 = max{1+7;([0,1]): i = 1,2}. Thus
(7.4.1) holds.

Finally, if t5 € (%, 1), then \g € (v/2,00), which implies that [|Sx[|?> = A3 >

max{1 + 7;([0,1]): i = 1,2}. Therefore (7.4.1) also holds.

The following result is a counterpart of Proposition 6.3.4 for completely hy-
perexpansive weighted shifts (see Section 7.2 for the definition of k-step backward
extendibility). The reader should be aware of the difference between the condition
(ii) of Proposition 6.3.4 and its counterpart in Proposition 7.4.4 below.

PROPOSITION 7.4.4. Letn € {2,3,...} U{co} and k € Z. If for every i € J,,

S; is a bounded unilateral classical weighted shift with positive weights {a; n}0% 4,
then the following two conditions are equivalent:

(i) there exists a system X = {Av}oevye, of positive scalars such that the

weighted shift Sx on the directed tree 7, ,; is bounded and completely hy-

perexpansive, and
(742) QG = )\i,n+17 neN, i€ J”I’

(ii) the operator S; is completely hyperexpansive and fol ﬁdﬁ(s) < oo for
every i € Jy, (; is the representing measure of S;), S;, has a completely
hyperezpansive (k + 1)-step backward extension for some ig € Jp, and
sup;e g, |15 < oo.

PROOF. We argue essentially as in the proof of Proposition 6.3.4.

(i)=(ii) By (7.4.2), the operator Sx|¢(pes(i,1)) is unitarily equivalent to S;, and
hence sup;e 5 [|Sil| < [|Sall. Since [S%e;1]|? = ||Sleo||® for all n € Z, we see that
S; is completely hyperexpansive and 7;; is the representing measure of S;. Owing
to Theorem 7.3.4 and Proposition 7.3.5, fol —Ardri(s) < oo for all i € J,, and
fol St Ldriga(s) < 1 for some g € J,,. Applying (7.2.1) to Sy, we get (ii).

(ii)=-(i) Since the weights of a completely hyperexpansive unilateral classical
weighted shift are monotonically decreasing (use (7.1.2) and Lemma 7.1.1), we
deduce that ||S;||> = 1 + 7;([0,1]). This yields sup;e s, 7i([0,1]) < oo. It follows
from (7.2.1), applied to S;,, that fol St Ldr,(s) < 1. Employing Procedure
7.3.6, we get a bounded completely hyperexpansive weighted shift Sy on .7, ,, with
positive weights A = {/\U}vevn% such that 7; 1 = 7; for all i € .J,. Hence || S¥e;1||> =
|Sireo|? for all n € Z, and i € J,), which implies (7.4.2). O

COROLLARY 7.4.5. Letn, &, {a;n}22, and S; be as in Proposition 7.4.4. If S;
has a completely hyperexpansive (k + 1)-step backward extension for every i € J,
and sup;¢ 5 [|Si|| < oo, then there exists a completely hyperezpansive weighted shift
Sy € B(EQ(VW{)) on Iy . with positive weights X = {)‘”}UGVWC’,N such that oy, =
Xin+1 for alln € N and i € J,.

Proor. Apply (7.2.1) and Proposition 7.4.4. O
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The converse of Corollary 7.4.5 does not hold. In fact, one can construct a
completely hyperexpansive weighted shift Sx € B(¢%(V;, ) on 7, . with positive
weights such that the set of all ¢ € J,, for which S; has a completely hyperexpansive
(k + 1)-step backward extension consists of one point (e.g., the required weighted
shift can be obtained by applying Procedure 7.3.6 to the measures {7;}ic,, given
by 71 =0 and 7; = §; for i # 1).

7.5. Graph extensions. It turns out that the direct counterpart of Propo-
sition 6.1.12 for complete hyperexpansivity is no longer true (cf. Example 7.5.2).
In fact, the situation is now more complicated, and so we have to make stronger
assumptions.

PROPOSITION 7.5.1. Let T = (V, E) be a subtree of a directed tree 7 = (V, E)
such that, for some w € V \ Root(7), Chig(w) # Chiz(w), Chlg(par( ) =
Chi 4 (par(w)), and Des 7 (v) = Des 4 (v) for allv € Chig(w)U( Chiz(par(w))\{w}).
Assume that Sx € B((*(V)) is a completely hyperexpansive weighted shift on T
with nonzero weights X = {A\, }ueve. If Sx satisfies one of the following conditions:

(i) w e V'\ (Root(.7) U Chi(Root(7))),
(il) Sx satisfies the strong consistency condition at u = par(w), i.e., (7.1.8) is
valid for u = par(w),
then there exists no completely hyperezpansive wezghted shzft S5 € B(EQ( )) on T

with nonzero weights A= {/\u} such that A C )\ G Ay = A for allu e Ve°.

ueve
PROOF. Applying Lemma 7.1.8 to u = par?(w), we see that (i) implies (ii).
Assume that (ii) holds. Suppose that, contrary to our claim, such an Sy exists. It

follows from Proposition 7.1.3 that 7 and .7 are leafless. Hence @ 7é Chig(w) €
Chi s (w). Applying Lemma 7.1.8 to u = par(w), we deduce that 7, 7({0}) = 0,
which, again by Lemma 7.1.8 applied now to u = w, yields

1
(7.5.1) 1= Y |)\v\2(1—/ *dT{?(S)).
vEChi 7 (w) U

The same is true for S5. Since A C Xand 77 = Tf for all v € Chiz(w) (see the
proof of Proposition 6.1.12), we have

= Y |?\1)|2<1/012de(5)>

v€Chi 5 (w)
1
— Z |/\v|2<1—/ *dT{?(S))
v€Chigz (w) o ®
R 1q 5
Y R [ e e)
vEChi 5 (w)\Chi 7 (w) U

S |%U|2(1/Iidrf<s>)7

v€Chi 5 (w)\Chiz (w)
which implies that

(7.5.2) 3 |}v\2(1 - /01 édff(g)) =0.

vEChi 5 (w)\Chiz (w)
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We now turn to the second part of the proof. Applying Lemma 7.1.8 to
u = par(w) (as well as to both operators Sy and S5 ), and using the assumption
Chiz(par(w)) = Chi s (par(w)), we deduce that

| (ii)
.D. 1 2 Z 47 S 2
(753) DI L ACE D SR

vE€Chig (par(w)) vE€Chig (par(w))

ACA R . 19 X
= > 1 > sz/ =dr (s).
[Aol” =1+ ol f 5 dr ()

v€Chi 5 (par(w)) v€Chi 5 (par(w))

It follows from our assumptions that 7.7 = Tf for all v € Chig(par(w)) \ {w}.
Hence, by (7.5.3) and A C A, we have

| 1.5
(7.5.4) —dr7 (s) 2/ —dr7 (s)
0o S 0o S

Applying Lemma 7.1.8 to u = w (recall that 7.7 ({0}) = 7,7 ({0}) =0), we deduce
from (7.1.7) that

2 1i7’98= Tey
>R g = [ el

vEChiz (w)
(7.5.4) 11 .
S = AR SR |2/ L arZ (s
U v€Chi 5 (w)
ACA
= |>\ |2/ —dr7 Ao |2/ — dr;
vEChlg UGChlg(w \Chi g (w)

which implies that

A |2/ —dr7

veChi 5 (w) \Chlg(w

Since Chi s (w) \ Chiz(w) # @ and all the weights Ay are nonzero, we conclude that

7 =0 for all v € Chiz(w) \ Chiz(w), which contradicts (7.5.2). This completes
the proof. O

Regarding Proposition 7.5.1, note that if 7 = 7, ; and w = 0, then (ii) is
equivalent to assuming that Sy is extremal.

We now show by example that the conclusion of Proposition 7.5.1 can fail if
one of the assumptions (i) or (ii) is not satisfied. In fact, we give a method of
constructing such examples. The reader who is interested in a simple example may
consider the measures {7;};c s, given by 7; = 0 for i € J, and 7; = §; for i € J;\ Jy.

Ezample 7.5.2. Let n,7 € {2 3,...}U{oo} be such that n < 7 and let & € Z.
Set T = Fy0, T = Typand T = T .. Take a (finite) sequence {7;}7_, of positive
Borel measures on [0, 1] such that sup,c; 7:([0,1]) < oo, fol —rdri(s) < oo for

all ¢ € J, and fo Zerll ddri,(s) < 1 for some iy € J,. Applying Procedure
7.3.6 to 7, we deduce that there exists a completely hyperexpansive weighted shift
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S5 € B(2(V,2)) on 7 with positive weights X = {}, Jvevye, such that Tf{ =7
for all i € J,,. It follows from (7.3.3), applied to S5, that

1 A+1

(7.5.5) i}gl( /Z ~dri(s )
=1

Consider now a supplementary sequence {7;};c J\J, of positive Borel measures on
[0,1] such that

1
1 .
1
1
(7.5.7) / Ldn(s) =1, i€ i\
0

Since fol 1d7;(s) = 7;([0,1]), we deduce from (7.5.7) that sup;e s, 7i([0,1]) < oo. By
(7.5.5) and (7.5.6), there exists a square summable sequence {t; };c s, \ s, of positive

1 A+l
S z|1 Jo S s%dﬂ(s)’ < 0o and

(7.5.8) zn: 1—/“%1 ~dr(s ) " t2 1_/1KZ+1 ~dry(s )

real numbers such that Z

Note that the sequence t := {fi}?zl given by ¢; = )‘231 for i € J, and t; = t; for
i € Jy \ Jy is square summable and (apply (7.3.2) to Sy)

n 1 if i =
(7.5.9) ZtQ(l —/ L4 ari(s)) V30X, (1 —/ 1dn(s)) {2 bre=0,
0 s — 0 8 =1 ifa>1.
In view of '? (7.5.8) and (7.5.9), we can apply Theorem 7.3.4 to the directed tree
7 and to the sequences {7; };c s, and t. In this way we obtain a completely hyper-
expansive weighted shift S € B ((2(Viy.2)) on F (which is extremal when & > 1)
with positive weights X = {Av}vev;_& such that

(7.5.10) Xig =1; and 77 = 7; for all i € Jj.

We are now ready to show that the conclusion of Proposition 7.5.1 may not hold
if w € Root(.7). Indeed, applying Theorem 7.3.4 to .7, , {Ti}?zl and t = {\1}7,,
we get a completely hyperexpansive weighted shift Sy € B(¢? (V 0)) on J with
positive weights A = {\, }vEV" such that 7 A =T and Ay = )\Z 1 for all i € J,.
Since, by (7.5.10), A1 = A1 and 77 1= ’7'1 1 7 for all i € Jy, we deduce from (7.3.13)
that A C A.

Next example shows that the direct counterpart of Proposition 6.1.12 for com-
plete hyperexpansivity breaks down when w € Chi(Root(.7)). Moreover, it exhibits
that Proposition 7.5.1 is no longer true if Sy does not satisfy the strong consistency
condition at u = par(w) (even though Sy satisfies the strong consistency condition
at u = par(w)). For this purpose, we consider the pair (.7,.7) with & = 1, i.e.,
T = Iy and T = Ty1. Let S5 and S5 be as in the penultimate paragraph.
Define the new system A’ = {)‘E}}UGV;{I of positive weights by modifying the old

12 The reader should be aware of the fact that ZZ 1t fo Z;Hrl Ldr(s) < oo
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one A as follows: )\E, =\, for all v # 0 and )\% = Xo. Since Sy is extremal, we infer
from (7.3.17) and (7.5.10) that

1
\/Z D2, (1 S hn(s))
1
\/Z >‘121 1*fo Zl 15 dTi(s))* i=n+1 z(fO Zz 1 1ld7'z() )
1

\/E )\221 fol 212:1 sildea;i(S)) |

where the last inequality is a consequence of the following estimate

1(757’/ /Z Zdri(s), i€ Jy\Jy
0 ;_

Hence, by Theorem 7.3.4, Sy, € B(¢*(V, . 1))isa completely hyperexpansive weight-
ed shift on .7 with positive weights A" such that A* C A. Certainly, Sy» is not
extremal, or equivalently Sy» does not satisfy the strong consistency condition at
u = par(w) = —1. However, S5 does satisfy the strong consistency condition at
u = par(w).
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Chapter 8. Miscellanea

8.1. Admissibility of assorted weighted shifts. In this section we char-
acterize directed trees admitting weighted shifts with assorted properties. To be
more precise, a directed tree  is said to admit a weighted shift with a property P
if there exists a weighted shift on 7 with this property. First, we describe directed
trees admitting weighted shifts with dense range. For this, we prove the following
lemma (see Remarks 3.1.4 and 3.4.2 for the definitions of directed trees Z and Z_).

LEMMA 8.1.1. If Sy is a densely defined weighted shift on a directed tree T
with weights X = {\, }veve, then the following two conditions are equivalent:
(i) Z(Sx) is dense in (2(V),
(ii) the directed tree T is isomorphic either to Z_ or to Z, and A, # 0 for all
ueV.

PrOOF. (i)=-(ii) It follows from Proposition 3.5.1 (ii) that the directed tree .7
is rootless and dim (¢(Chi(u)) © (A")) = 0 for all u € V’. It is a matter of routine
to verify that the latter implies that

(8.1.1) card(Chi(u)) =1, weV’,

and A" # 0 for all w € V’. Since 7 is rootless, we deduce that A\, # 0 for all
v e V. Fix w € V. By (8.1.1) and Proposition 2.1.6 (i) and (iv), the entries of
the sequence {par®(w)}$, are distinct and V' = {par®(w)}?, U Des(w). This,
together with (2.1.10) and (8.1.1), implies that either Chi™ (w) # @ for all n € N
and consequently .7 is isomorphic to Z, or there exists a smallest positive integer

n such that Chi‘™ (w) = @ and consequently 7 is isomorphic to Z_.
(ii)=(i) Evident due to (3.1.4). O

By Lemma 8.1.1, the only densely defined weighted shifts on directed trees with
dense range are either bilateral classical weighted shifts with nonzero weights or the
adjoints of unilateral classical weighted shifts with nonzero weights.

ProroOSITION 8.1.2. If T is a directed tree, then the following conditions are
equivalent:

(i) J admits a densely defined weighted shift with dense range,
(ii) the directed tree T is isomorphic either to Z_ or to Z.

Moreover, if (i) holds, then each densely defined weighted shift on T with nonzero
weights has dense range.

ProoF. (i)=(ii) Apply Lemma 8.1.1.
(ii)=-(i) Consider the bounded weighted shift on Z_ (or on Z) with A, = 1. O

The question of when a directed tree admits a weighted shift which is respec-
tively hyponormal, subnormal and completely hyperexpansive, has a simple answer.

PROPOSITION 8.1.3. If .7 is a directed tree with V° # &, then the following
conditions are equivalent:

(i) J admits a bounded hyponormal weighted shift with nonzero weights,

(ii) 7 admits a bounded subnormal weighted shift with nonzero weights,

(iii) 7 admits an isometric weighted shift with nonzero weights,

(iv) Z admits a bounded completely hyperexpansive weighted shift with nonzero
weights,
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(v) T is leafless and card(V') = Ny,
(vi) Z admits a bounded injective weighted shift with nonzero weights.

PRrROOF. (i)=(v) Apply Proposition 5.1.1.

(v)=(iii)&(v)=>(vi) Argue as in the proof of Proposition 3.1.10 and use Corol-
lary 3.4.4.

(iv)=(v) Apply Propositions 3.1.10 and 7.1.3.

Since the implications (iii)=-(iv), (ili)=-(ii) and (ii)=(i) are obvious, and the
implication (vi)=(v) is a consequence of Propositions 3.1.7 and 3.1.10, the proof is
complete. O

Proposition 8.1.3 fails to hold if the requirement of nonzero weights is dropped.
Indeed, if 7 is a directed tree which comes from Z, by gluing a leaf to the directed
tree Z, at its root, and Sy is the weighted shifts on 7 with 0 weight attached to
the glued leaf, the remaining weights being equal to 1, then Sy is subnormal, but
7 is not leafless.

As stated below, admissibility of adjoints of isometric (in short: coisometric)
weighted shifts is much more restrictive.

PRrROPOSITION 8.1.4. If T is a directed tree, then the following assertions hold.

(i) F admits a coisometric weighted shift if and only if the directed tree T is
isomorphic either to Z_ or to Z; moreover, if Sx is a coisometric weighted
shift on 7, then all its weights are nonzero.

(il) J admits a unitary weighted shift if and only if 7 is isomorphic to Z.

PROOF. The assertion (i) is a direct consequence of Lemma 8.1.1 because each
coisometry is surjective (consult also Remark 3.4.2). In turn, the assertion (ii)
follows from (i) because any bounded weighted shift on Z_ is not injective. O

Using Theorem 5.2.2, one can construct bounded cohyponormal weighted shifts
on directed trees with nonzero weights which are non-injective and non-coisometric.
Most of the model trees appearing in Theorem 5.2.2 (ii) are far from being isomor-
phic to the directed trees Z_ and Z. Hence, by Lemma 8.1.1, weighted shifts on
these model trees (except for Z_ and Z) do not have dense range.

We now discuss the question of when a given directed tree admits a bounded
normal weighted shift with nonzero weights.

LEMMA 8.1.5. If Sx € B(£*(V)) is a nonzero weighted shift on a directed tree
T with weights X = {\, }veve, then the following two conditions are equivalent:
(1) Sa is normal,
(i) there exists a sequence {u,}>2 _  CV such that
Up—-1 = par(un) and |>\un—1‘ = ‘)\un|
foralln € Z, and A\, =0 for allv e V\ {u,: n € Z}.
PrOOF. (i)=-(ii) Note first that if u € V°, then by (3.1.4) and (3.4.1) we have
(8.1.2)  ||Sxewll®en = SiSxew = SaSien = |Aul?eu + > Ao Ag€o.
veChi(par(w)\{u}

Hence, if ||Sxey|| = 0 for some u € V°, then A, = 0. This, combined with Theorem
5.2.2 and (8.1.2), establishes the implication (i)=-(ii) (observe that the situation
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described in Theorem 5.2.2 (ii) is excluded because it forces Sx to be the zero
operator).
(ii)=(i) Argue as in (8.1.2). O

ProrosITION 8.1.6. If T is a directed tree with V° # &, then the following
two conditions are equivalent:

(i) 7 admits a bounded normal weighted shift with nonzero weights,
(ii) the directed tree T is isomorphic to Z.

PRrROOF. (i)=-(ii) Apply Lemma 8.1.5.
(ii)=-(i) Obvious. O

It turns out that quasinormal weighted shifts on directed trees with nonzero
weights are scalar multiplies of isometric operators. Recall that an operator A €
B(H) acting on a complex Hilbert space H is said to be quasinormal if A|A| =
|A|A, or equivalently if AA*A = A*AA. It is well known that normal operators
are quasinormal and quasinormal operators are subnormal, but neither of these
implications is reversible in general (cf. [19]).

PROPOSITION 8.1.7. Let Sx € B({2(V)) be a weighted shift on a directed tree
T with weights X = {\, }vevo. Then the following conditions are equivalent:

(i) Sa is quasinormal,

(ii) ||Sxewll = [|Sxeu|| for allu € V and v € Chi(u) such that \, # 0.
Moreover, if V° # & and A, # 0 for allv € V°, then Sx is quasinormal if and only
if |SAl| =S is an isometry.

PRrROOF. It follows from Proposition 3.4.3 that
* 3.1.4
SA(S350)ew = [SxeulSae "2V ST SaeulPhven, ueV,
v€eChi(u)
and
(S3Sx)Sxnew = D> A(SxSx)ev= > [ISxeul*Mvey, uweV.
veChi(u) veChi(u)

Putting this all together completes the proof of the equivalence (i)<(ii).
Suppose now that Sy is quasinormal, V° # @ and A, # 0 for all v € V°. First,

we claim that ||Sxe,|| = const. For this, take v € V. Using an induction argument
and the implication (i)=(ii), we see that ||Sxe,|| = ||Sxeu| for all v € Chi‘™ (u)
and n € Z4. In view of (2.1.10), this implies that || Sxe,|| = ||Saey|| for all v €

Des(u). An application of Proposition 2.1.4 proves our claim. Hence, by (3.1.4) and
Corollary 3.4.4, the operator ||Sx||~1Sx is an isometry. The reverse implication is
obvious. O

Note that if 7 is a directed tree (with or without root) such that
1 < card(Chi(u)) = card(Chi(v)) < 00, wu,v €V,

then the weighted shift Sy on .7 with weights A, = const is bounded and quasi-
normal.
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8.2. p-hyponormality. Recall that an operator A € B(H) acting on a com-
plex Hilbert space H is said to be p-hyponormal, where p is a positive real number,
if |A*|?? < |A|*". By the Lowner-Heinz inequality, for all positive real numbers p, q
such that p < ¢, if A € B(H) is ¢-hyponormal, then A is p-hyponormal (see [81] and
[35] for more information on the subject). Clearly, the notions of 1-hyponormality
and hyponormality coincide. This means that the following characterization of
p-hyponormality can be thought of as a generalization of Theorem 5.1.2.

THEOREM 8.2.1. Let Sy € B(?(V)) be a weighted shift on a directed tree T
with weights A = {\, }yeve, and let p be a positive real number. Then the following
assertions are equivalent:

(i) Sx is p-hyponormal,
(i) the following two conditions hold:

(8.2.1) for every u € V, if v € Chi(u) and ||Sxey|| =0, then A, =0,
Aol?
8.2.2 Sxey||?®—1 W <1 Vi,
( ) || A€ ” Z [Sxeo|2? o uwEeVy
vEChiY (u)

Note that if Sy € B(¢%(V)) is a p-hyponormal weighted shift on a directed
tree .7, then for every u € V; , the left-hand side of the inequality (8.2.2) never
vanishes.

PROOF OF THEOREM 8.2.1. We make use of some ideas from the proof of
Theorem 5.1.2. Let Sy = U|Sx| be the polar decomposition of Sx. It follows from
Propositions 3.4.1 (iii) and 3.5.1 that for every f € ¢2(V),

EremT A f(v) forue Vi,
(8.2.3) U*f)(u) = Sxeull ZUEChl(u) (v) N
0 forueV\ V;_

Since |S3|*? = U|SA|??U* (cf. [35, Theorem 4 in §2.2.2]), we deduce from Proposi-
tion 3.4.3 (iv) that
(SAPPP£.f) = (ISxlPPU*f,U" f)
= > USAPPU ) (@)U f)(w)

ucV

(8.2.4) = > ISxeulPPIU™ ) (w)?

ueV

(8:2.3) Z ||S>\eu|\2(p_1)‘ Z Ao f(v)

UEV; veChi(u)

2

. felv).

Similar reasoning leads to

(SAPPPE ) =D 1Sxeul | f (w)]?
ueV

2.1.3
(8.2.5) CL2 ) Sxeroot 7| £ (root)

+3 Y ISel®lf@P fefw),

ueV 'uEChii' (u)
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where the term || Sxeroot||??| f(root)|? appears in (8.2.5) only if 7 has a root. Com-
bining (8.2.4) with (8.2.5) (see also the proof of Theorem 4.1.1), we deduce that Sx
is p-hyponormal if and only if

S ISl Y X

uEV; v€EChi(u)

<Y ISell@P. fefw).

ueV vEChii(u)

(8.2.6)

Suppose that Sy is p-hyponormal. If v € Chi(u) is such that ||Sxe,|| = 0, then
by substituting f = e, into (8.2.6) we obtain A, = 0, which proves (8.2.1) (note
that if uw € V' \ V4, then automatically A, = 0). In view of (8.2.1) and (8.2.6), we
see that for every u € V; ,

_ 2
ISl Y Kpe < X ISl S € C(Chi w).
veChiY (u) veChi} (u)
This implies (8.2.2) (consult the part of the proof of Theorem 4.1.1 which comes

after the inequality (4.1.4)). It is a simple matter to verify that the above reasoning
can be reversed. This completes the proof. ([

The following well known fact is a direct consequence of Theorem 8.2.1.

COROLLARY 8.2.2. Let p € (0,00). A bounded unilateral or bilateral classical
weighted shift S with nonzero weights is p-hyponormal if and only if it is hyponor-
mal.

PROOF. The inequalities (8.2.2) are easily seen to be equivalent to the fact
that the moduli of weights of S form a monotonically increasing sequence, which
in turn is equivalent to the hyponormality of S. O

Theorem 8.2.1 provides us with a handy characterization of the p-hyponormality
of weighted shifts on the directed tree .7, . defined in (6.2.10).

COROLLARY 8.2.3. Letn € {2,3,...} U{oc}, k € Z; U {oo} and p € (0,00).
A weighted shift Sx € B(t*(V,,.)) on Z, . with nonzero weights A = {Aotoevp, is
p-hyponormal if and only if SA satisfies the following conditions:

‘)‘ij‘<|)\ij+1|f0’/'alli€<] and j > 2
p 1 |)\11|
Zuz %) (Zl )<L

n
Mol <D hial? provided k> 1,

i=1
Aoy < [Ag] for k=0,...,k =2, provided k > 2

We now show how to separate p-hyponormality classes with weighted shifts on
the directed tree 7% 1 (see [55, 56] and [17] for analogous results for weighted shifts
with special matrix weights and composition operators, respectively).

Ezample 8.2.4. Let a, b be positive real numbers. Consider a weighted shift Sx
on %71 with weights A= {/\1,}1}6\/;1 such that /\0 S (0,00), )\171 = /\2,1 = 1/\@
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and A1 j = 1/a, Ao j = 1/bfor j =2,3,... By Corollary 3.1.9, Sx € B({*(Va1)). It
follows from Corollary 8.2.3 that

(8.2.7) S is p-hyponormal if and only if A\g < 1 and (a,b) € A,

where A, = {(z,y) € R?: z,y > 0, 2% 4+ y?» < 2}. Observe that the set A,
consists of all points of the first open quarter of the plane which lie on or below the
graph of the function z — %/2 — 22 (see Figure 7). By more or less elementary
calculations, one can verify that A, ¢ A, for all p,¢ € (0,00) such that p < g.
What is more, if 0 < p < ¢, then (1,1) is the only point of A, which is in the
topological boundary of A,. One can also check that

(8.2.8) A= ()4 ={(z,y) eR*:0<z<1,0<y< 1},
p>0
Ay = U A, ={(z,y) eER*: 2,y > 0, 2y < 1} U{(1,1)}.
p>0

The sets A, are plotted in Figure 7 for some choices of p; the most external one
corresponds to p = 0, while the most internal to p = cc.

27 A
N N
AR
NN
] N
1.5 \\\ .
] N
{p= N
=5 NN
p=2 — — D
b 1
p=co
\-
N
N
\\ N oo
AR N
0.5 \ N \P=0.3
| AN
\p=6.'5
] S
] p=1 N
o 1 | |subnormalX\
0 0.5 1 1.5 2
Figure 7

By (8.2.7) and (8.2.8), the operator Sy is co-hyponormal (i.e., p-hyponormal for all
p € (0,00)) if and only if Ao, a,b < 1. Owing to Proposition 6.2.5, Sy is an isometry
if and only if A\y = @ = b = 1. Subnormality of S can also be described in terms
of the parameters a, b and \g. Namely, applying Corollary 6.2.2 (ii) to p1 = 01/q2
and iz = 0142, we deduce that

At 1
@+t < = and a® + b = 2.

(8.2.9) S is subnormal if and only if 5 2
0
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Fix now any real Ay such that 0 < Ay < % Since 22 4 y? = 2 implies 3542#1’4 < /\%
whenever z,y > 0, we deduce from (8.2.7) and (8.2.9) that Sx is p-hyponormal if
and only if (a,b) € A,, and Sy is subnormal if and only if a® + b* = 2. In view
of the above discussion, if (a,b) # (1,1), then the operator Sy is simultaneously
subnormal and p-hyponormal if and only if 0 < p < 1 and a? + b%> = 2. What
is more, if (a,b) € Ax \ {(1,1)}, then Sy is oo-hyponormal but not subnormal.
On the other hand, if a 4+ b% = 2 and (a,b) # (1,1), then Sy is subnormal but
not oo-hyponormal (see [17, Examples 3.2 and 3.3] for the case of composition
operators).
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