On the real algebra of quasianalytic function germs

Krzysztof Jan Nowak

IMUJ PREPRINT 2010/08

Abstract

Given a quasianalytic system Q = (Q_n)_{n∈N} of sheaves, denote by Q_n the local ring of Q-analytic function germs at 0 ∈ R^n. This paper introduces the concepts of Łojasiewicz radical and geometric spectrum Speg Q_n ⊂ Sper Q_n. Via the Łojasiewicz inequality, a version of the Nullstellensatz for Q_n is given. We establish a quasianalytic version of the Artin–Lang property for Q_n. Finally, we prove, by means of transformation to normal crossings by blowing up, that the Łojasiewicz radical £(I) of any ideal I ⊂ Q_n coincides with the contraction of the real radical ℜ(I ^Q_n).

1. Introduction. As in our previous paper [9, 10, 11, 12], we begin by fixing a quasianalytic system Q = (Q_n)_{n∈N} of sheaves of local R-algebras of smooth functions on R^n. For each open subset U ⊂ R^n, Q(U) = Q_n(U)

AMS Classification. 26E10, 14P15, 13J30.

Key words: quasianalytic functions, semi-quasianalytic sets, Artin–Lang property, Łojasiewicz radical, real Nullstellensatz.

is thus a subalgebra of the algebra C^∞_n (U) of real smooth functions on U. By a Q-analytic function (or a Q-function, for short) we mean any function f ∈ Q(U). Similarly,

f = (f_1, . . . , f_k) : U −→ R^k

is called Q-analytic (or a Q-mapping) if so are its components f_1, . . . , f_k. The following six conditions are imposed on this family of sheaves:

1. each algebra Q(U) contains the restrictions of polynomials;

2. Q is closed under composition, i.e. the composition of Q-mappings is a Q-mapping (whenever it is well defined);

3. Q is closed under inverse, i.e. if φ : U −→ V is a Q-mapping between open subsets U, V ⊂ R^n, a ∈ U, b ∈ V and if ∂φ/∂x(a) ≠ 0, then there are neighbourhoods U_a and V_b of a and b, respectively, and a Qdiffeomorphism ψ : V_b −→ U_a such that φ ∘ ψ is the identity mapping on V_b;

4. Q is closed under differentiation;

5. Q is closed under division by a coordinate, i.e. if f ∈ Q(U) and f(x_1, . . . , x_{i−1}, a_i, x_{i+1}, . . . , x_n) = 0 as a function in the variables x_j , j ≠ i, then f(x) = (x_i − a_i)g(x) with some g ∈ Q(U);

6. Q is quasianalytic, i.e. if f ∈ Q(U) and the Taylor series ^f_a of f at a point a ∈ U vanishes, then f vanishes in the vicinity of a.

Q-mappings give rise, in the ordinary manner, to the category Q of Qmanifolds and Q-mappings, which is a subcategory of that of smooth manifolds and smooth mappings. Similarly, Q-analytic, Q-semianalytic and Qsubanalytic sets can be defined. One of the most powerful tools of Q-analytic geometry is transformation to normal crossings by blowing up, which can be used, in particular, the achieve the Łojasioewicz inequality and topological noetherianity (cf. [3]).

Denote by Q_n the local ring of Q-analytic function germs at 0 ∈ R^n; it can be embedded into its completion in the Krull topology which is isomorphic to the formal power series ring ^Q_n ≡ R[[x]], x = (x_1, . . . , x_n).

Denote by R = R_Q the expansion of the real field R by restricted Qanalytic functions, i.e. functions of the form

~f(x) = � f(x), if x ∈ [−1, 1]^n 0, otherwise

where f(x) is a Q-function in the vicinity of the compact cube [−1, 1]^n. R_Q is a polynomially bounded o-minimal structure which is model complete and admits smooth cell decompositions (cf. [17, 9]). Therefore, the definable subsets in R_Q coincide with those subsets in R^n which are Q-subanalytic in a semialgebraic compactification of R^n. From now on, the word ”definable” means ”definable with parameters” in the structure R.

In Section 2, we introduce the concept of the Łojasiewicz radical of an ideal of Q_n along with a quasianalytic version of the Nullstellensatz. In the next section, we define formal zero locus (which consists of formal arcs through zero) and prove the Artin–Lang property for the ring of formal power series. The latter was first established by Artin [1], in relation to Hilbert’s 17-th problem, for the rings of polynomials with coefficients from a real closed field R. It says that there exists an ordering of the field of rational finctions R(x), x = (x_1, . . . , x_n), for which a finite number of polynomials g_1, . . . , g_l are positive iff there exists a point a ∈ R^n for which g_1(a) > 0, . . . , g_l(a) > 0. This result was later generalized by Lang [7] to finitely generated extensions of real closed fields. Our proof of the Artin–Lang property relies on the Weierstrass preparation theorem and the Cherlin–Dickmann theorem on quantifier elimination for real closed, non-trivially and convexly valued fields.

In Section 4, we introduce the notion of the geometric spectrum of the quasianalytic local ring Q_n and formulate a weak version of the Artin–Lang property for Q_n. The last section provides a relation between Łojasiewicz radical and real radical: the Łojasiewicz radical £(I) of an ideal I of Q_n coincides with the contraction of the real radical ℜ(I·R[[x]]), x = (x_1, . . . , x_n).

2. Zero locus and Łojasiewicz radical. In this section, we wish to introduce the notion of the zero locus V (I) of any ideal I in the quasianalytic local ring Q_n. This concept is clear for an ideal generated by a finite number of Q-analytic function germs, because one can take their representatives f_1, . . . , f_k which are Q-analytic in a common neighbourhood U of zero, and then the zero locus V (I) is determined by the zero set

V (f_1, . . . , f_k) := {x ∈ U : f_1(x) = . . . = f_k(x) = 0}.

We shall make no distinction in notation between germs and their representatives; this ambiguity will not lead to confusion.

In order to give the general definition of zero locus in Corollary 3 below, we still define the zero set

~V (f_1, . . . , f_k) := {γ(τ) = (γ_1(τ), . . . , γ_n(τ)) ∈ Q^n_1 :

γ(0) = 0 and f_1(γ) = . . . = f_k(γ) = 0}.

Clearly, there is a one-to-one correspondence between the set of Q-analytic arcs γ(τ) = (γ_1(τ), . . . , γ_n(τ)) through 0 ∈ R^n and the set of homomorphisms γ : Q_n −→ Q_1; namely, γ_i(τ) = γ(x_i), i = 1, . . . , n.

Further, we shall regard Q_1 as an ordered ring of function germs in one variable τ > 0. As before, we may identify homomorphisms γ : Q_n −→ Q_1 into the ordered ring Q_1 with the half-branches of the corresponding Qanalytic arcs γ(τ) = (γ_1(τ), . . . , γ_n(τ)) through 0 ∈ R^n. The theorem below demonstrates that those homomorphisms into the ordered ring Q_1 can be treated on a par with the ordinary points in the vicinity of 0 ∈ R^n.

Theorem 1. For f, g_1, . . . , g_l ∈ Q_n, put

S := {x ∈ R^n : f(x) = 0, g_1(x) > 0, . . . , g_l(x) > 0} and ~S := {γ(τ) ∈ Q^n_1 : γ(0) = 0, f(γ) = 0, g_1(γ) > 0, . . . , g_l(γ) > 0}.

Then S = ∅ iff ~S = ∅.

Theorem 1 will be proven once we know that any Q-semianalytic set germ at zero has an arbitrarily small representative which is a union of Q-analytic arcs through zero. The latter follows from our theorem on decomposition of a Q-semianalytic set into special cubes (cf. [9]). Indeed, a Q-semianalytic representative of the germ S in an arbitrarily small ball is a finite union of special cubes, i.e. sets of the form S_j = φ_j ((0, 1)^{dj} ), j = 1, . . . , s, where each φ_j is a mapping Q-analytic in the vicinity of [0, 1]^{dj} such that its restriction to (0, 1)^{dj} is a diffeomorphism onto S_j; actually, the mappings φ_j can be taken as the restrictions of certain compositions of finitely many blowings-up along smooth centers. Then the germ S is represented by the finite union of those special cubes which are adjacent to zero. Clearly, this representative is a union of Q-analytic arcs through zero, as required.

It follows immediately from this theorem that the above two concepts of zero locus V (f_1, . . . , f_k) and ~V (f_1, . . . , f_n) are equivalent:

Corollary 1. If f_1, . . . , f_k, g_1, . . . , g_l ∈ Q_n, then

V (f_1, . . . , f_k) = V (g_1, . . . , g_l) iff ~V (f_1, . . . , f_k) = ~V (g_1, . . . , g_l).

Corollary 2. Let f_1, . . . , f_k, f ∈ Q_n and suppose that f ∈ k� i=1 f_i · R[[x]] ∩ Q_n = k� i=1 f_i · Q_n ∩ Q_n.

Then V (f_1, . . . , f_k) = V (f_1, . . . , f_k, f).

Corollary 3. (on zero locus) Let I ⊂ Q_n be an ideal, f_1, . . . , f_k ∈ I be generators of the ideal I · R[[x]] and V = V (f_1, . . . , f_k) be their zero set germ. Then each Q-analytic function germ f ∈ I · R[[x]] ∩ Q_n vanishes on V .

Therefore, one can define the zero locus V (I) by putting V (I) := V .

Corollary 4. (on topological noetherianity) Every descending sequence (V_j)_{j∈N} of Q-analytic set germs stabilizes, i.e. there is an integer N such that V_j = V_N for all j ≥ N.

Indeed, let I_j ⊂ Q_n be the ideal of those Q-analytic function germs which vanish on V_j, j ∈ N. Then

I_j = I_j · R[[x]] ∩ Q_n for j ∈ N.

Therefore, since the ascending sequence of ideals (I_j · R[[x]])_{j∈N} stabilizes, so do the sequences (I_j )_{j∈N} and (V_j )_{j∈N}, as required.

We now turn to the concept of Łojasiewicz radical. Let I ⊂ Q_n be a proper ideal, V = V (I) its zero locus and suppose that a Q-analytic function germ g ∈ Q_n vanishes on V . By topological noetherianity, there are f_1, . . . , f_k ∈ I such that

V = V (f_1, . . . , f_k) = V (f^2_1 + . . . + f^2_k ) = V (f)

with f = f^2_1 + . . . + f^2_k ∈ I. It follows from the Łojasiewicz inequality that there are a positive integer s and a positive constant C for which

|g(x)|^s ≤ C|f(z)| whence |g(x)|^{s+1} ≤ |f(x)|

in the vicinity of zero. This reasoning leads to the following definition: the Łojasiewicz radical of an ideal I ⊂ Q_n is the ideal

£(I) := {g ∈ Q_n : |g|^r ≤ |f| for some f ∈ I and r ∈ N.

The name is thus justified by a quasianalytic version of the Nullstellensatz presented below, which comes immediately from the Łojasiewicz inequality.

Proposition 1. The Łojasiewicz radical £(I) of any ideal I ⊂ Q_n coincides with the zero ideal I(V (I)) of those Q-analytic function germs which vanish on V (I): £(I) = I(V (I)).

3. Formal zero locus and formal Artin-Lang property. In this section, we recall a well-known theorem concerning the real spectrum of the real formal power series ring (Theorem 2) and a formal version of the real Nullstellensatz. The latter result was established by Riesler [15] (convergent version) and Lassalle [8] (formal version). Inspired by these papers, Ruiz proved a certain convergent version of the former (cf. [18], Chap. IV, Prop. 3.4).

In our approach, we shall formulate and prove Theorem 2^∗ which is a strengthening of the former theorem. Our short proof applies the following two tools: the Weierstrass preparation theorem and the Cherlin–Dickmann theorem (cf. [6]) on quantifier elimination for real closed, non-trivially and convexly valued fields. As an immediate corollary to Theorem 2 we shall obtain the Nullstellensatz for real formal power series.

The real spectrum of a ring A shall be denoted by Sper A. One may regard an element σ ∈ Sper A as a homomorphism σ : A −→ R into a real closed field R containing the ordered residue field of ker σ. We are now concerned with the ring R[[x]] of real formal power series in several variables x = (x_1, . . . , x_n). We establish the following formal Artin–Lang property:

Theorem 2. Take f, g_1, . . . , g_m ∈ R[[x]]. Then there is a σ ∈ Sper R[[x]] such that σ(f) = 0, σ(g_1) > 0, . . . , σ(g_m) > 0,

iff there is a homomorphism γ : R[[x]] −→ R[[τ]] into the ordered ring of formal power series in one variable τ > 0 such that

γ(f) = 0, γ(g_1) > 0, . . . , γ(g_m) > 0.

Clearly, the if part of the equivalence is trivial, and so we must prove the converse implication. We are, in fact, going to establish its strengthening, stated below, which enables us to make use of the Cherlin–Dieckmann theorem. Let R be a real closed field with a non-trivial valuation v whose valuation ring V is a convex subset of R. Consider the language L of ordered rings with an extra unary relation symbol to denote V . The latter theorem can be formulated as follows. The real closed valued field R admits quantifier elimination in the language L augmented by a binary relation symbol ≺ construed by putting a ≺ b if v(a) < v(b) or, equivalently, if a/b ∉ V . In what follows we shall regard the ordered ring R[[τ]] of formal power series in one variable τ > 0 as a subring of the quotient field F of the formal Puiseux series in the variable τ. The latter is a real closed field, and the order function is a non-trivial valuation; the set of elements bounded with respect to the real field R forms its valuation ring, whose maximal ideal coincides with the set of all infinitesimals.

Theorem 2^∗. Take f, g_1, . . . , g_m, a_1, b_1. . . . , a_p, b_p ∈ R[[x]]. If

σ(f) = 0, σ(g_1) > 0, . . . , σ(g_m) > 0, σ(b_1) ≻ σ(a_1), . . . , σ(b_p) ≻ σ(a_p),

for some σ ∈ Sper R[[x]], then there is a homomorphism γ : R[[x]] −→ R[[τ]] such that

γ(f) = 0, γ(g_1) > 0, . . . , γ(g_m) > 0, γ(b_1) ≻ γ(a_1), . . . , γ(b_p) ≻ γ(a_p).

We proceed by induction with respect to the number n of variables. The case n = 1 is evident. Suppose the assertion holds for n; we will prove it for n + 1. By the Weierstrass preparation theorem, we can assume that all the formal power series under consideration are polynomial with respect to the variable x_{n+1}, and thus there are polynomials

F, G_1, . . . , G_m, A_1, B_1. . . . , A_p, B_p ∈ R[x_{n+1}, C], C = (C_1, . . . , C_s), and h(x^′) = (h_1(x^′), . . . , h_s(x^′)) ∈ R[[x^′]]^s, x^′ = (x_1, . . . , x_n),

such that f(x) = F (x_{n+1}, h(x^′), g_i(x) = G_i(x_{n+1}, h(x^′)),

a_j (x) = A_j(x_{n+1}, h(x^′)), b_j (x) = B_j (x_{n+1}, h(x^′)).

Then

σ(f) = F (σ(x_{n+1}), σ(h)) = 0, σ(g_i) = G_i(σ(x_{n+1}), σ(h)) > 0,

σ(b_j ) = B_j(σ(x_{n+1}), σ(h)) ≻ σ(a_j ) = A_j (σ(x_{n+1}), σ(h)).

Consider the formula

∃ y F (y, C) = 0, m� i=1 G_i(y, C) > 0, p� j=1 B_j (y, C) ≻ A_j (y, C).

By the Cherlin–Dickmann theorem, this formula is equivalent in (R, V ) to a quantifier-free formula, which can obviously be taken as a finite disjunction of some finite conjunctions of the form as above. Then one of those conjunctions defines a subset of R^s containing σ(h). It follows from the induction hypothesis that there is a homomorphism γ : R[[x^′]] −→ R[[τ]] for which γ(h) ∈ F^s satisfies that conjunction construed over the valued field F . Via quantifier elimination, there is an element γ_{n+1} ∈ F such that

F (γ_{n+1}, γ(h)) = 0, G_i(γ_{n+1}, γ(h)) > 0, B_j (γ_{n+1}, γ(h)) ≻ A_j (γ_{n+1}, γ(h)).

But we may always assume, without loss of generality, that the conditions σ(x_i) ≻ 1, i = 1, . . . , n+1, occur among the initial ones. We can thus find an element γ_{n+1} ∈ F as above which is a formal Puiseux series with γ_{n+1}(0) = 0; say γ_{n+1} ∈ R[[τ^{1/r}]] for a positive integer r. By putting γ(x_{n+1}) = γ_{n+1}, we extend the homomorphism γ to a homomorphism R[[x]] −→ F which fulfills the required conditions. Since the assignment τ → τ^r determines an increasing automorphism φ of the field F , the composition φ ∘ γ is a homomorphism R[[x]] −→ R[[τ]] we are looking for. This completes the proof.

Clearly, there is a one-to-one correspondence between the set of homomorphisms γ : R[[x]] −→ R[[τ]] into the ordered ring R[[τ]], τ > 0, and the set of the half-branches τ > 0 of formal arcs γ(τ) = (γ_1(τ), . . . , γ_n(τ)) through 0 ∈ R^n; namely, γ_i(τ) = γ(x_i), i = 1, . . . , n. Hence and by Theorem 2, we can treat those half-branches of formal arcs as ”basic points” in the real spectrum.

This legitimizes the following definition of the formal zero locus ^V (I) of an ideal I ⊂ R[[x]]: ^V (I) is the set ^R^n_0 of all homomorphisms γ : R[[x]] −→ R[[τ]] or, equivalently, of all formal arcs γ(τ) = (γ_1(τ), . . . , γ_n(τ)) through 0 ∈ R^n, such that γ(f) = f(γ_1(τ), . . . , γ_n(τ)) = 0

for every f ∈ I; here γ_i(τ) = γ(x_i) for i = 1, . . . , n. Such an approach to zero locus may be connected to the model theoretic ones of Robinson [16] and Prestel [14].

For a subset V of ^R^n_0 , define the zero ideal ^I(V ) by putting

^I(V ) := {f ∈ R[[x]] : γ(f) = 0 for all γ ∈ V } = � {ker γ : γ ∈ V }.

As an immediate consequence of Theorem 2, we obtain the following result due to Lassalle [8]:

Corollary. (formal Nullstellensatz) The real radical ℜ(I) of an ideal I ⊂ R[[x]] coincides with ^I( ^V (I)):

ℜ(I) = ^I( ^V (I)) = � {ker γ : γ ∈ ^R^n_0 , γ|I = 0}.

Remark. Theorems 2, 2^∗ and the above corollary remain valid, with the same proof, for the case of convergent power series.

4. Geometric spectrum and quasianalytic Artin–Lang property. We begin with the following

Theorem 3. If q ∈ Sper R[[x]] and p := q ∩ Q_n ∈ Sper Q_n, then £(p) = p.

Our proof makes use of Theorem 2 and the formal positivstellensatz (cf. [4], Prop. 4.4.1) applied to the power series ring. Denote by Σ^2 the cone of finite suns of squares of formal power series from R[[x]].

Suppose g ∈ £(p), i.e. g^{2k} ≤ f for some f ∈ p and k ∈ N. Then h := f − g^{2k} ≥ 0, and thus γ(h) ≥ 0 for every γ ∈ ^R^n_0 . Hence and by Theorem 2, σ(h) ≥ 0 for every σ ∈ Sper R[[x]]. Therefore, it follows from the formal positivstellensatz that

ha = h^{2m} + b for some a, b ∈ Σ^2,

and thus h = h^2a h^{2m} + b = h^2a (h^{2m} + b)^{2k−1} (h^{2m} + b)^{2k} . Putting c := h^{2m} + b, we get

hc^{2k} ∈ Σ^2 whence fc^{2k} ∈ ((gc)^{2k} + Σ^2) ∩ p · R[[x]].

Consequently, gc ∈ ℜ(p · R[[x]]) ⊂ q.

We now have the following dichotomy: either c ∉ q or c ∈ q. In the first case, we get g ∈ q ∩ Q_n = p, as required. In the other one, h^{2m} + b ∈ q, and since b ∈ Σ^2, we get h = f − g^{2k} ∈ ℜ(q) = q.

Therefore, g^{2k} ∈ q and again we get g ∈ q ∩ Q_n = p, concluding the proof.

Hence and by the quasianalytic Nullstellensatz (Proposition 1), we obtain immediately the

Corollary. Under the foregoing assumptions, we have p = I(V (p)). This legitimizes the following definition: the geometric spectrum Speg Q_n of the quasianalytic local ring Q_n is the subset of the real spectrum Sper Q_n of all ideals p = q ∩ Q_n with q ∈ Sper R[[x]].

Before establishing a quasianalytic version of the Artin–Lang property, we achieve, via transformation to normal crossings by blowing up, a partial result, stated below.

Proposition 2. For f, g_1, . . . , g_m ∈ Q_n, put ~S := {γ(τ) ∈ Q^n_1 : γ(0) = 0, f(γ) = 0, g_1(γ) > 0, . . . , g_l(γ) > 0} and ^S := {γ(τ) ∈ R[[τ]]^n : γ(0) = 0, f(γ) = 0, g_1(γ) > 0, . . . , g_l(γ) > 0}.

Then ^S = ∅ iff ~S = ∅.

Suppose f, g_1, . . . , g_m are functions Q-analytic in a ball around zero, and regard S as a Q-semianalytic subset in this ball. Consider a transformation φ : M −→ B to the normal crossings: f^φ := f ∘ φ, g^φ_1 := g_1 ∘ φ, . . . , g^φ_l := g_l ∘ φ, and assume, for the sake of simplicity, that φ is a finite composition of definable blowings-up with global smooth Q-analytic centers (cf. [2, 3]). Then E := φ^{−1}(0) is a compact Q-analytic subset of M.

Since every Q-analytic and every formal arc can be lifted when blowing up, ~S ≠ ∅ or, respectively, ^S ≠ ∅, iff there exist a point b ∈ E and a Q-analytic arc ~ϑ(τ) or, respectively, a formal arc ^ϑ(τ), through b such that f^φ(~ϑ) = 0, g^φ_1 (~ϑ) > 0, . . . , g^φ_l (~ϑ) > 0 or, respectively, f^φ(^ϑ) = 0, g^φ_1 (^ϑ) > 0, . . . , g^φ_l (^ϑ) > 0.

But the existence of such arcs ~ϑ(τ) and ^ϑ(τ) is equivalent, because the functions f^φ, g^φ_1 , . . . , g^φ_l are normal crossings at each point b ∈ E. This completes the proof.

By virtue of Theorems 1 and 2, Proposition 2 yields the following version of the Artin–Lang property:

Theorem 4. For f, g_1, . . . , g_m ∈ Q_n, put ^S_f := {σ ∈ Sper R[[x]] : γ(0) = 0, f(γ) = 0, g_1(γ) > 0, . . . , g_l(γ) > 0}, and let S be the set germ at 0 ∈ R^n determined by the conditions f(x) = 0, g_1(x) > 0, . . . , g_m(x) > 0.

Then ^S_f = ∅ iff S = ∅.

Remark. In the case of function germs in two variables, n = 2, this result was proven by Pieroni (cf. [13], Section 9) under the additional assumption that the quasianalytic local ring Q_2 is closed under division, i.e. if f, g ∈ Q_2 are such that f = gh with a smooth function germ h, then h ∈ Q_2.

On the other hand, for smooth, non-flat function germs in several variables x = (x_1, . . . , x_n), Broglia–Pernazza [5] proved a special case of the above result where the function germ f, which occurs in the equation defining S, is an analytic one.

From the definition of geometric spectrum, we immediately obtain a weak quasianalytic version of the Artin–Lang property:

Corollary. Take f, g_1, . . . , g_m ∈ Q_n. Then

σ(f) = 0, σ(g_1) > 0, . . . , σ(g_m) > 0,

for some σ ∈ Speg Q_n iff the set germ

S := {x ∈ R^n : f(x) = 0, g_1(x) > 0 . . . , g_l(x) > 0} ≠ ∅

is non-empty.

5. Łojasiewicz radical as the contraction of real radical. We first establish the following

Proposition 3. Let I ⊂ Q_n be an ideal, and V := V (I) and ^V := ^V (I) be their zero and formal zero loci, respectively. Then the zero ideals ^I(V ) and ^I( ^V ) coincide: ^I(V ) = ^I( ^V ).

As for Proposition 2, the proof relies again on transformation to normal crossings by blowing up. By Corollary 4 to Theorem 1, we may assume that the ideal I is principal, say, I = (f) with f being a function Q-analytic in a ball B around 0 ∈ R^n. Consider a transformation φ : M −→ B to the normal crossing f^φ := f ∘ φ, which is a finite composition of definable blowings-up with global smooth Q-analytic centers. As before, E := φ^{−1}(0) is a compact Q-analytic subset of M and, for any g ∈ R[[x]], we have the equvalences:

g ∈ ^I(V ) iff for every Q-analytic arc γ(τ) through zero

f ∘ γ = 0 ⇒ g ∘ γ = 0 iff for each point b ∈ E and every Q-analytic arc ϑ(τ) through b f^φ ∘ γ = 0 ⇒ g^φ ∘ γ = 0.

Similarly, g ∈ ^I( ^V ) iff for every formal arc γ(τ) through zero f ∘ γ = 0 ⇒ g ∘ γ = 0 iff for each point b ∈ E and every formal arc ϑ(τ) through b f^φ ∘ γ = 0 ⇒ g^φ ∘ γ = 0.

Since f^φ is a normal crossing at each point b ∈ E, it is of the form f^φ(y) = u(y) · y^β in local coordinates near b with y(b) = 0, where u(y) is a Q-analytic unit at b, u(b) ≠ 0, and β ∈ N^n. Therefore, both the last conditions in the above two sequences of equivalences mean the same, namely, that g^φ vanishes on the hypersurface y^β near b. Consequently, g ∈ ^I(V ) iff g ∈ ^I( ^V ), as asserted.

Corollary. Put

I(V ) := {g ∈ Q_n : g ∘ γ = 0 for every γ ∈ V } and I( ^V ) := {g ∈ Q_n : g ∘ γ = 0 for every γ ∈ ^V }.

Then I(V ) = I( ^V ).

We conclude this paper with a theorem on Łojasiewicz radical, stated below. It follows directly from Proposition 3 and the quasianalytic and formal versions of the Nullstellensatz.

Theorem 5. If I is an ideal of the ring Q_n, then £(I) = ℜ(I · R[[x]]) ∩ Q_n.

Indeed, with the foregoing notation, we get the following equalities: I(V (I)) = £(I) — by Proposition 1;

^I( ^V (I)) = ℜ(I · R[[x]]) — by the corollary to Theorem 2; ^I( ^V (I)) = ^I(V (I)) — by Proposition 3.

Hence

£(I) = ^I(V (I)) ∩ Q_n = ^I( ^V (I)) ∩ Q_n = ℜ(I · R[[x]]) ∩ Q_n,

which completes the proof.

References

[1] E. Artin, Über die Zerlegung definiter Funktionen in Quadrate, Abh.

Math. Sem. Hamburg Univ. 5 (1927), 100–115.

[2] E. Bierstone, P.D. Milman, Canonical desingularization in characteristic zero by blowing up the maximum strata of a local invariant, Invent. Math. 128 (1997), 207–302.

[3] —, —, Resolution of singularities in Denjoy–Caleman classes, Selecta Math., New Ser. 10 (2004), 1–28.

[4] J. Bochnak, M. Coste, M-F. Roy, Real Algebraic Geometry, Ergebnisse der Mathematik und ihrer Grenzgebiete (3) 36, Springer-Verlag, 1998.

[5] F. Broglia, L. Pernazza, An Artin–Lang property for germs of C^∞ functions, J. Reine Angew. Math. 526 (2000), 61–88.

[6] G. Cherlin, M.A. Dickmann, Real closed rings, II: Model Theory, Ann.

Pure Appl. Logic 25 (1983), 213–231.

[7] S. Lang, The theory of real places, Ann. Math. 57 (1953), 378–391.

[8] G. Lassalle, Sur le théoréme des zéros différentiable; In: Singularités d’applications différentiables, Lect. Notes Math. 535, Springer, Berlin, 1975, 70–97.

[9] K.J. Nowak, Decomposition into special cubes and its application to quasi-subanalytic geometry, Ann. Polon. Math. 96 (2009) (1) (2009), 65–74.

[10] —, Quantifier elimination, valuation property and preparation theorem in quasianalytic geometry via transformation to normal crossings, Ann. Polon. Math. 96 (2009) (3) (2009), 247–282.

[11] —, Quasianalytic perturbation of multi-parameter hyperbolic polynomials and symmetric matrices, to appear in Ann. Polon. Math.

[12] —, Quasianalytic version of Tamm’s theorem, RAAG Preprint 313, IMUJ Preprint 2010/07.

[13] F. Pieroni, On the real algebra of Denjoy–Carleman classes, Selecta Math., New Ser. 13 (2007), 321–351.

[14] A. Prestel, Model theorey for the real algebraic geometer, Dip.— Mat.

Univ. Pisa, Dottorato di Ricerca in Matematica, Istituti Editoriali e Poligrafici Internazionali, Pisa, 1998.

[15] J.-J. Risler, Les théorèmes des zéros en géometries algébrique et analytique réelles, Bull. Soc. Math. France 104, 113–127.

[16] A. Robinson, Germs; In: Applications of Model Theory, Holt-Rinehart- Winston, New York, 1969.

[17] J.-P. Rolin, P. Speissegger, A.J. Wilkie, Quasianalytic Denjoy–Carleman classes and o-minimality, J. Amer. Math. Soc. 16 (2003), 751–777.

[18] J.M. Ruiz, The basic theory of power series, Adv. Lect. Math., Vieweg, 1993.

Institute of Mathematics Jagiellonian University ul. Profesora Łojasiewicza 6 30-348 Kraków, Poland e-mail address: nowak@im.uj.edu.pl