Numerical verification of condition for ap-
proximately midconvex functions

P. Spurek and Ja. Tabor

Abstract. Let X be a normed space and V' be a convex subset of X. Let
a: Ry — Ry, A function f: V — R is called a-midconvez if

f(JU;‘y), f(m);f(y) <a(llz —yl)

It can be shown that every continuous a-midconvex function satisfies
the following estimation:

for z,y € V.

e}

Jlta+(1=t)y)—tf () <3 Srald@fe—yl)) forte 0,1
k=0
where d(t) := 2dist(¢, Z) for t € [0, 1].

An important problem lies in verifying for which functions « the
above estimation is optimal. The conjecture of Zs. Péles that this is the
case for functions of type a(r) = r? for p € (0,1), was proved by J.
Mako and Zs. Péles in [Approximate convexity of Takagi type function,
JMAA, 545-554 2010].

In this paper we present a computer assisted method to verifying
optimality of this estimation in the class of piecewise linear functions a.
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1. Introduction

Let V be a convex subset of a normed space X. The function f: V — R is
convex, if

Cflz,y;t) = flta+(1—-t)y)—tf(x)—(1—t)f(y) <0 for z,y € V.t €[0,1]

This work was completed with the support of our TEX-pert.
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and f: V — R is midconvex if

It = 5 (E42) - KoL I

<egllz—y|? foraz,yecV.

One of the natural generalization of convexity is (e, p)-midconvexity [5, 7].

Definition 1.1. Let X be a normed space, V be a convex subset of X. Let
e >0 and p > 0 be fixed. A function f: V — R is (e, p)-midconvex if

Jf(xy) <ellz —y|" forz,yeV.

The relation between approximate midconvexity and convexity is one
of the most important questions in the study of generalized convexity. Some
results in this direction should be mentioned. We start with the Bernstein-
Doetsch Theorem [8, Chapter 6.4], which tells that every locally bounded
midconvex function is convex. In all results quoted below we assume that f
is locally bounded.

In 1979 S. Rolewicz [12] proved that each (e, p)-midconvex function for
p € (2,00) is convex. C.T. Ng and K. Nikodem [10] found that the optimal
bound for C f(x,y;t), when p = 0 is given by the following inequality:

Cflz,yit) <e 2%]12(2’%) for t e [0,1],
k=0
where 17 denotes the characteristic function of Z.

A. Hazy and Zs. Péles considered first the case p = 1 in [11], and later

in [7] the case p € [0,1] and proved that

= dP(2Ft
it <ed P0 ey frrepy, @y
k=0

where

d(t) := 2dist(t; Z) for t € [0,1].
In the case where p = 1 Z. Boros [3] showed that inequality (1.1) is optimal.
Note that for p = 0 (1.1) reduces to the estimation obtained by C. T. Ng
and K. Nikodem. The case p € [1,2] was completely solved in [13], where
authors showed that the optimal estimation for the convexity differences of
(e, p)-midconvex functions is given by

dP(2Ft)
2k

oo

Cf(amy;t) SEZ

k=0

|z —y||P for r € [0,1].

To present the following results we need the generalization of the notion
of (&, p)-midconvexity:

Definition 1.2. Let X be a normed space, V be a convex subset of X and
let v : [0,diam V] — R4 be a given function. A function f: V. — R is
a-midconvex if

Jf(z,y) < alllz —yl)  forz,yeV.
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In [14] the authors showed that to check optimality of estimation (1.1)
in the class of a-midconvex functions it suffices to check two inequalities.
To quote this result it is convenient to formulate Condition T.

Definition 1.3 (Condition T'). Let a: [0,1] — R4 be a non-decreasing function
and let w = a o d. We say that function « satisfies the Condition T if

(T _w@) tuly) ol ty) - L w0a 2y (r—y
2 2 2 4 - 2
(1.2)

for (z,y) € B := conv{((), %) , (%, %) ,(0,1)}, and

w(x;y) _w(x);rw(y) +%w(x_y) §w<x;y> (1.3)

for (z,y) € D = conv{(0,0),(3,3),(0,1), (—3.%)} \ B.

Now the main result from [14] (see Proposition 3.1) can be reformulated
in the following form:

Theorem TT ([13]). Let «: [0,1] — R, be a non-decreasing function.
We assume that the function « satisfies the Condition 7. Then the
estimation
Cf(a,y;t) <3

k=0

Qika(d(zknux —yl) forte0,1] (1.4)

is optimal in class of a-midconvex functions.

A crucial result in this direction was obtained in 2010 J. Mako and
Zs. Péles [9, Theorem 9] who showed that the estimation (1.4) is optimal
for the class of functions a(r) = P for p € (0,1). In fact the even showed
the optimality in the large class of C! functions satisfying some additional
assumptions. The idea was based on verifying a nontrivial condition similar
in nature to Condition T, which the authors checked analytically for a.

In this paper, a different approach to this problem will be presented,
which allows to verify the optimality in the class of continuous piecewise
linear functions. In order of do that, a theorem from [14] and an algorithm
based on interval arithmetic will be used.

In the next chapter we demonstrate how to numerically verify Condition
T. In the last chapter of the paper results similar to those in [9] for continuous
piecewise linear functions will be achieved.

2. Optimality in the class of continuous piecewise linear
functions

In this chapter we show how to numerically verify optimality. Let us first
introduce some notation.
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For [a,b] C R and N € N let
k(b — a)

[a,b]N: :{a+ N

:k=0,...,N}
and let
Affn([a,b)): ={f € C([a,b],R): f|[a+k(b1\7u,) at D)0 —0)] is affine for k =0,..., N—1}.

Remark 2.1. In this article for simplicity the segment [a,b] is divided into
equal is but analogous reasoning can be performed on any finite division of
the interval [a, b].

We say that P C R? is a convez polygon if there exist n € N (n > 3) and
W = {w;}iez, C R? such that P is convex hull of W (P = conv(W)) and for
all i € Z,, (where Z,, cyclic group) points w;_1, w;, w;+1 are not collinear. The
set W will be called the set of vertices of the polygon P. Moreover, from now
on we assume that the sequence W is chosen so that W is minimal (which
means w; # w; for i # j) and

[wi, wit1]: = {tw; + (1 — wiq1: t €[0,1]} COP  for i € Z,,.
The collection of intervals
P = {[w;, wis]}iez,

will be called algebraic border of P. For a convex polygon P we consider
restrictions of affine and linear functions to P:

Affp == {f|lp|f: R? — Ris affine},

Linp := {f|p|f: R? — Rislinear and f # 0}.
For F C Linp, S finite subset of R and convex polygon P let

Linesp(F,S): =0PU{f ' (s)NnP: feF, sc S}
Observe that Linesp(F,S) is a finite collection of line-segments with ends
in OP. Let
Pointsp(F,S) =| J{kN1: k1€ Linesp(F,S), k #1}.
Ezample. Let T be a triangle with vertices wg, w1, ws. Let functions f1, fo
and points a1, as be such that lines I := fl_l(al), ly = f{l(ag) intersect
triangle T as in the picture below.
w2

ll l2

Yz &

p1 D2
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Then Linest({f1, fo}, {a1,a2}) = {[wo, w1], [wi, wa], [wa, wol, [p1, p3], [p2, pal}
and POintST({foQ}y {al7a2}) = {wOawhw2aplap27p37p4ac}'

Given any family of sets P by its support we understand
supp(P) = U P.
PcP
To proceed further we will need some technical results.

Proposition 2.2. Assume that P C R? is a convex polygon and |a,b] C R,
N € N. Let w; € Affn([a,b]) and f; € Linp be such that f;(P) C [a,b] for
ie{l,...,m}.

Let F: P — R be defined by the formula

F(z) =Y wi(fi(z)) forae P,
=0

Then for every connected component U of P\ supp(Linesp({fi}™, [a,b]n))
(a) U is a conver polygon;
(b) the set of vertices of U is a subset of Pointsp({fi}™,[a,b]n);
(c) Flg € Affy.

Proof. Let U be a connected component of P\supp(Linesp({fi}™, [a,b]n)).
(a) For every i € {1,...,m} there exists k; € {1,..., N — 1} such that

ko + 1
; (b—a)) forzel.

fi(x) € (a+ %(b—a),aJr

Then

N—1
k; ki+1
_ -1 M 2
U—iOle ((a+N,a+ N )>

Clearly f; " ([a + %, a+ kl;,rl]) N P is a convex polygon. Hence, U is a
convex polygon as an intersection of finite family of convex polygons.

(b) Let w be a point from set of vertices of U. Then w is an intersection of
two edges e, ez of U. Then e; (for i = 1,2) is either a subinterval of an
edge of P or e; is subinterval of f, '(c), for a certain k € {1,..., N —1}

and ¢ € [a,b]n. Consequently we obtain that
w € Pointsp({fi}it:, [a, b]n).

(c) For every i € {1,...,m} there exists k; € {1,..., N — 1} such that
ki ki+1

fi(z) € (a+ N(b —a),a+ ];’[_
Since for ¢ € {1,...,m} functions w; € Affy([a,b]), so w;(fily) €

Aff 5 ([a, b]). We obtain that F|; € Affi; as a sum of affine functions.
(]

(b—a)) forxzel.

Remark 2.3. Let P C R? be a convex polygon. It is well-known that an
affine function F': P — R attains its maximum (and minimum) in one of the
vertices of P.
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Now we can prove the theorem:

Theorem 2.4. Let P C R? be a conver polygon and [a,b] C R. Let N € N,
w; € Affn([a,b]) and let f; € Linp be such that f;(P) C dom(w;) for i =
1,...,m. Let F': P — R be given by:

F(r) = Zwi(fi(x))-

Then the following conditions are equivalent:
(a) F(z) <0 forxz e P,
(b) F(x) <0 for x € Pointsp({fi}"1, [a,b]n).

Proof. Implication a) = b) is obvious. We show the opposite one.
Assumptions of Proposition 2.2 are met. To check condition a), it is
sufficient to show that the maximum of the function F(x) is attained on

Pointsp({fi}it,[a,b]n).

Let {U;}._, for I € N be the collection of connected components of the set P\
supp(Linesp({fi}7,, [a,b]n)). Thank to Proposition 2.2 a) each element of
{U;}._, is convex polygon. By Proposition 2.2 ¢) we obtain that Flg, € Afly,
for all s € {1,...,1}. Thanks to Remark 2.3 we get that the maximum of the
function F is attained on the one of the vertices of U; for some i € {1,...,1}.
To finish this proof it is enough to notice that vertices of U; for i € {1,...,1}
are included in Pointsp({fi}74,[a,b]n), see Proposition 2.2 b). O

As a corollary from the above theorem we get the following result.

Theorem 2.5. Let o € Affx([—1,1]), N € N and let w = awod. Then the
function « satisfies the Condition T if and only if

w(2x)+w(2
" (:c—i—y)_w(x) —|—w(y)+w(x—|—y) - w_’_w@x —2y) <w (:E —y)

2 2 2 4 2
(2.1)
for (z,y) € (F5 x &) N ([-1,1] x [0,1]) N B where
B := conv{ (O, ;) , (;, ;) ,(0,1)},
and
w<x;y> _w(x);rw(y) +;w(x—y)§w(x2y> (2.2)
for (z,y) € (5% x 5%) N ([-1,1] x [0,1]) N D where

D := conv{(0,0), (%, %)7 (0,1), (-; ;)} \ B.

Proof. The implication Condition T = inequality (5, 6) is obvious. We show
the opposite implication.

To check the Condition T we need to verify two inequalities (5) and (6)
in two sets D and B. Set B is itself a convex polygon and D is union of convex
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polygons Dy: = conv{(—%, ) (O, %) ,(0,1)}, Dy: = conv{(—%, %) ,(0,0), (0, %)},

(0,1)
Dy B
(-0.5,0.5) (0.5,0.5)
Dy Ds
0.5 0 0.5

We have to show that (2.1) holds for all (z,y) € B and that (2.2) holds
for all (x,y) € D1, (x,y) € Do (z,y) € D3. We show that (2.1) is valid for
all (z,y) € B, the other inequalities can be shown analogically.

Thanks to Theorem 2.4 we know that to check the inequality (1.2) from
Condition T it is enough to verify

Tty w) twy) wety) - LB o0 -2y)  la-y
w( > )— 5 + 5 + 1 —w ( 5 ) <0
(2.3)

for (z,y) € Poz'mfsB({fl-}18:17 [—1,1]n). Let
filz,y) = 52, wi(r) = w(z), fa(z,y) = =, wa(z) = —3w(x),
f3('1:ay) =Y, UJg(I‘) = —%OJ(CC), f4(xay) =T +y? w4($) = %UJ(ZE),
f5(1:ay) = 23:7 UJ5(I‘) = _Zw('x)a fﬁ('xay) =2 ) wﬁ(x) = —%UJ(.I'),
fr(@y) =20 =2y, wi(z) = qw(2), fe(z,y) =34  ws(e) = —w(z).

Then inequality (2.3) can be rewritten as

8
> wilfilx,y)) <0.
i=1

Thanks to equality

8
POintSB({fi}ZS:l,[—l,l]N) = U POi?’LtSB({fi,fj}, [—1,1]]\[)
inj=1,i#]
and the fact that 9B C Linesg({f;}5_;,[-1,1]n), to calculate Pointsg({f;}5_,,[~1,1]n)
it is enough to solve for 4,5 € {1,...,8} and a,b € [—1, 1]y the equations

{ fl(x7y) = a,
fj(xvy) =b,
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and take the union of points which are unique solutions of above equations.
Thus our aim is to show that all unique solutions of the equations

Az 4+ By = a,
{ Cx+ Dy =0, (2.4)

for (Aa B)a (Cv D) € {(%a %)7 (170)v (07 1)7 (1v 1)7 (07 2)3 (2’0)7 (2a 72)7 (la 71)}
and a,b € [-1,1]y, lie in the set
Z Z
— X —.
4N 4N
Without loss of generality we can consider (4, B), (C, D) € {(2,-2),(0,2),(2,0),(1,1)},
because for given r1,7o € R and n € Z,n # 0 we have
{(z,y): Mz +mry € Z} C {(z,y): nrixz + nray € Z}).
We consider ounly coefficients A, B, C, D such that (2.4) has unique solution;
so AD — BC' # 0. Then
_ Ab—Ca _aD—-bB
~Aap-BCc'Y T AD-BC
Since AD — BC'is an element of {—4,—2,—1,1,2,4} and a = %, b =
(for some I,k € {1,...,N}) we obtain that Pointsg({f:}5_1,[~1,1]n)

9
Z 7
iN X iN-

T

O n ==

We can see that to verify Condition T it is enough to check finite number
of inequalities. In order to do this, a computer program will be used.

3. Strict numerical verification

3.1. Interval arithmetic and reduction of similar terms

In this chapter it will be shown how to strictly verify Condition T using a
computer assisted approach.

One of the greatest problems concerning strict numerical calculations is
caused by the rounding errors connected with the computer representation
of real numbers. Interval arithmetic helps to deal with them, unfortunately
it also causes some complications.

For the convenience of the reader we give a short description of the
interval arithmetic. Interval arithmetic [4, chapter 2.5.3] is based on the op-
erations on segments. Let P be a finite subset of R consisting of numbers
which we interpret as representable. Let P = P U {—o0, +c}. For z € R let

zp: =sup{a € P:a<z}and 2¥: =inf{a € P:a > z}.
Interval approximation of a real numbers we define by
[z]p: = [zp,z”)]. (3.1)

Directly from definition we have x € [z]p, but for ¢ P we have {z} C [z]p.
It is obvious that the use of interval arithmetic does not usually give accurate
results.
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The collection of representable intervals we denote as
Ip: ={[z,y]: z,y € P}.
Ezample. Let P = {-1,0,1,2}, then [—6]p = [—00, —1], [0.5]p = [0, 1].
Ezample. If P = {z € R: 10°z € Z} N [~2,2], then [v2]p = [1.414,1.415].
In the collection of segments some operations can be defined.

Definition 3.1. Let f: R® — R where ”—" means that f is a partial map.
We say that the operation fp: Zp — Zp is a P—extension of f: R — R iff

fx1,. . 20) € fp([za]p, .- - [Tn]p) for (21,...,2,) € domf.
From now on by fp we denote extension of f: R® — R for n € N.

Example. Let P be given and let Zp be the set of intervals. Operation
+p:Zp X Ip — Ip defined by the formula

[zlp +2 Wlp: =z +y)p, (x+9)"]
is a well-defined P—extension of +: R x R — R.

Let P be given and let +p, -p be P—extantion of standard operation on
real numbers. Instead of writing +p, -p for the shortness of notation we will
write +, . Let n € N and w: R — R be given. Let R be a finite subset of R.
Interval arithmetic will be used to obtain estimation of the value of:

> kiw(r) (3.2)
i=1

for r; € R and k; € Z.
By direct use of interval arthmetic we get the following approximation
of (3.2):

n

> kiw(ri) € Y [kilp - wp(lrilp). (3:3)
1=1

i=1
This approach, as will be shown in the next example, is insufficient for our
needs.

Ezample. Let 7 = £, P = {z € R: 103z € Z} N[-2,2]. Then [ro]p = [%]P =

[0.333,0.334] and R = {3}. Let w : R — R be such that w(z) = z and ky = 1,
ko = —1, 71 =79 =T. By (3.3) we obtain

e[l [ -

[0.333,0.334] — [0.333,0.334] = [—0.001, 0.001] # [0]p.

Consequently [r1]p — [r2]p is not always zero.
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To obtain better approximation of (3.2) reduction of similar terms can
be used. By simple change of summation in (3.2) we get

Zkiw(ri) = Z < Z kl> w(r) c Z < Z [k‘z]p> wp(’l“>. (34)

reR \i:r;=r recR \i:r;=r

As we can see in the following examples, by this simple operation we obtain
better estimation. In the next example we assume that {—1,0,1} C P.

Ezample. Let R={%,1, 1}, P={z € R: 10%z € Z} N[-2,2] and w(z) = =.
We put

T = %) kl = 1a T2 = %, k2 = _17
7‘3:?) k3:15 7‘4:§, k4:_17
=1, ks=1 re=5, ke=1
By (3.3) we get

- 1 1 1
Zkiw(n—)— —Z"‘*_*"‘*“r‘*e
=1

<[5l lsl,+ 5, - 3, [3], + ], -
31p 45 6]p 31p 4|5 6]p

= BL — [;L +[0.25], — [0.25]5 + E]P + EL =

[, Bl e -

= [-0.001,0.001}p + [2]p - {] :
P
while the (3.4) gives

zn:k.w(r.)_l_1+l_l+}+l_
izl’ Y73 4 6 3 4 6

— (- 1)% . 1)% L+ 1)% ey ( > [ki]p> wp(r) = [2p - EL

reP \i:r;=r

Ezample. Let us come back to situation from Example 3.1. By use of (3.4)
we get

-3 |3~k 5| ~n
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3.2. Algorithm

To implement the algorithm the boost interval library [2] and map standard
library from C++ will be used(map standard library is used to reduce similar
terms).

Let N € N. The algorithm will check the Condition T for f € Aff 5 ([—1,1]).
Thanks to Theorem 2.5 it is enough to show inequalities (2.1) and (2.2) from
assertion of this theorem. We present algorithm only for inequality (2.2) (in-
equality (2.1) can be verified analogically). For the convenience of the reader
we recall inequality (2.2). Let w = f od and let

Gty <x+y> el rel) 1 <xy> |

2 2 2 2

Our aim is to show that

7 7
26, (wy) <0 for (a,y) € (

X 2N> N ([~1,1] x [0,1]) N D,

where
D = conv{(0,0), (%, %), 0,1), (—; ;)}\conv{<0, ;) , (; ;) (0,1)}.

We consider the inequality 2G,(z,y) < 0 instead of G, (z,y) < 0 since the
first has integer coefficients, and consequently we do not have errors caused
by division.

The algorithm consists of two parts. First, we reduce similar terms in
2G,,. Then we calculate segments containing strict values of G, by using
interval arithmetic. At the end we verify the above inequality. The source
code is available on website [1].
for i j from O to 2*N do

if ( i/2%N , j/2*N ) in D
reduce_similar_terms( 2G ( i/2%N , j/2*N ) )
if upper_bound of interval( 2G ) > O then

print( "The Condition was not verified" )
break
print( "The Condition was verified" )

3.3. Verification for affine approximation of the function o, (z) = 2?

In this chapter we show similar result to that from [9] but for continuous
piecewise linear approximations of function a, = a? for p € (0,1).

Definition 3.2. For continuous function «: [0,1] — R let [a]y € Affx([0,1])
be the unique function satisfying

[oz]N\[%@] is affine for k =0, ..., N.

Erample. Let o 1 (x) = z%. On the picture we can see comparison of function
oy and [ay]y for N =10 and N = 100.
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FIGURE 1. Above plots show graphs of o and [a1]y.

[N

Observe that the functions « and [a]x are close, for N sufficiently large.
Thanks to Theorem 2.5 and above algorithm we can verify optimality of
function [ay]n, where as we recall a,(r) = rP for p € [0, 1].

Ezxample. We show that for N € N we have
1
1IN llsup = Wia
To prove that, we consider the interval [k/N, (k + 1)/N]. Clearly

s — [ (3.5)

llevt [pe/n, 1)/ = g v |y, ey /vy lsup = sup g ()],
z€[k/N,(k+1)/N]

where

(2) = VT — VN VRVE+]
= VE+VE+1T  VNWEk+VE+1)

To find the desired extreme let’s calculate the derivative of the function gy.

o . . 1 __ VN _
Comparing it to zero and solving the equation e T Vit i s 0, we get
/ 2
that ¢, has the maximum at z = i(\f]ﬁ%m, which equals
(VE —VE+1)?

W) = N r VT
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Since the function z — ((\‘fﬁ;ri \/9%11))2 is decreasing for = € [0,00), to find
|a—[a]n || we take k = 0 and get go(3) = 31/ % — ﬁ, which proves (3.5).

Thanks to our algorithm [1] we can get optimality of [a,]1000 for ev-
ery p € [0.1,0.9]. To do so we verify that inequalities (2.1) and (2.2) from
Theorem 2.5 are valid for every p € P, where P € [0.1,0.9]1000 is arbitrary:

Corollary 3.3. Let N = 1000 and let p € [0.1,0.9] be arbitrary. Then the
estimation (1.4) is optimal in the class of o] n-midconver functions.
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