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Abstract

The Rényi R[ρ] = 1
1−q

∫
ρ(x)qdx and Shannon S[ρ] = −

∫
ρ(x) log ρ(x)dx en-

tropies are information-theoretic measures which have enabled to formulate the
position-momentum uncertainty principle in a much more adequate and stringent
way than the (variance-based) Heisenberg-like relation. They are also the basis
for their associated spreading lengths, that measure the spreading of a probabil-
ity density in a much more adequate way than the usual variance [1]. The Fisher
information F [ρ] =

∫ |∇ρ(x)|2
ρ(x) dx has been also used as an uncertainty measure, spe-

cially for central systems [2]. Moreover, all these information-theoretic measures
are closely related to various energetic density-functionals of quantum systems.

Here we find sharp upper bounds to the Rényi and Shannon entropies in terms
of the second order moment 〈x2〉 ≡

∫
x2ρ(x)dx of a probability density ρ(x) for

the densities associated to the eigenfunctions of general Schrödinger operators with
spherically symmetric potentials, which substantially improve previous results of
this type. This is done by means of a maximization procedure with a covariance
matrix constraint. The contributions to these bounds coming from the radial and
angular parts of the eigenfunctions are explicitly given. Finally, the application to
the D-dimensional (D ≥ 3) hydrogenic and oscillator like systems is done.

On the other hand, the minimization of the Cramér-Rao product of the Fisher
information and the second order moment 〈x2〉, defined on a domain Ω ⊂ RD,
is considered. It is found to have a minimum value for the density associated to
the eigenfunction with the lowest eigenvalue of the Schrödinger operator of the
harmonic oscillator in Ω, when Ω is an unbounded domain, and of the infinite well
in Ω, when Ω is bounded.
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