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Generic determinantal varieties

M n = set of m x n matrices with complex entries.
Definition
For each integer t such that 1 < t < min{m, n},

M = {A € M | rank(A) < t}.

M, , is a singular variety of codimension (m — t 4 1)(n — t +1) in M5,

called generic determinantal variety.

The singular set of M}, is M. 1.
The partition of M, defined by

t . i i—1
Mm,n - Ul:17~~~,f(Mm,n\Mm,n

is a Whitney stratification.

Jean-Paul Brasselet Essentially isolated determinantal singula GKLD , Nov. 26, 2021 2/31



Determinantal varieties

Let F: U — My, be a map defined by F(x) = (fjj(x)), whose entries are
complex analytic functions defined on an open domain U of CV.

Definition
The analytic variety X = F~*(M}, ) is called

determinantal variety of type (m, n, t),
if one has

codimen X = codimy,, , My, , = (m—t+1)(n—t+1).
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Essentially nonsingular points

Definition (Ebeling and Gusein-Zade, 2009)

Let F: U — Mp, , be a map as above and t, such that 1 < t < min(m, n).
We say that F : U — My, , is transversal to the stratification of MY, , if for
all x € U, withrank F(x) =i —1,0 < i <'t, then F is transversal to the
stratum {M,’nn\M,’n_,:} at the point F(x). In a precise way, if one has:

DF(X)(TX(U)) D TF(X)(MrIn,n\M;n_,r%) = TF(X)(Mm,n)'

Definition (Ebeling and Gusein-Zade, 2009)

A point x € X = F~Y(ML, ) such that rank F(x) = i — 1, i < t, is called
essentially nonsingular if the map F is transversal to the stratum
{M], \Mj 2} at the point F(x).

Notice that an essentially nonsingular point of a determinantal variety of
type (m, n, t) might be singular.
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Essentially Isolated Determinantal Singularity, EIDS

Definition (Ebeling and Gusein-Zade, 2009)

One says that a germ (X,0) C (CN,0) of a determinantal variety of type
(m, n, t) has an essentially isolated singular point at the origin (or is an
essentially isolated determinantal singularity, EIDS) if it has only essentially
nonsingular points in a punctured neighbourhood of the origin in X.

AnEIDS X c CN, X = F~1(ME, ) has an isolated singularity at the origin
if and only if N < (m—t+2)(n—t+2).

This follows from the transversality away from the origin of F to the
singular set Mf-1 of MY, .

In fact, the codimension of M, in My, is (m — t 4 2)(n — t + 2), hence
the condition N < (m — t + 2)(n — t + 2) implies that F_l(Mﬁ;nl) is either
empty or just the origin.

An EIDS with isolated singularity will be called isolated determinantal

singularity, denoted by IDS.
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Essential smoothing

We will consider deformations of an EIDS obtained by deformations of the
matrix which defines the EIDS, so these deformations are themselves
determinantal varieties of the same type.

F : U — Mp , a representative of the germ F and F:UxC— Mm.n an
analytic deformation of F with Fy(x) = F(x,s) and Fo(x) = F(x).

If X = F~1(ME, ) is an EIDS, then X; = F; }(M¢, ) also defines an EIDS
of type (m,n, t) in U.

Definition

If Fs : U — M, is transversal to the stratification of M,t,,’n, we say that

F.(x) = F(x,s) is an essential smoothing of (X,0).

We denote X = I?_l(M,tnyn).
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Smoothings

When N > (m —t+2)(n— t + 2), an essential smoothing is in general not
smooth, but the following holds.

Theorem (Wahl, 1981)

Let (X,0) C (CN,0) be the germ of a determinantal variety with isolated
singularity at the origin. Then,
X admits a smoothing if and only if N < (m —t +2)(n—t + 2).

The singular set of the essential smoothing X is stl(M,ﬁ,j,,l). Since F is
transversal to the strata of the Whitney stratification M the partition

m,n’

Xs = U]_S,'Stﬁsil(/\/’,’;hn\l\/l,’;,}) is a Whitney stratification of X;.
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Example

Let
F: (C4 — M273

zZ y+w x)

Cozm) o (0 T

and X = F~1(M33).
The matrix

F: C*xC — M2,3
z y+w Xx—+s

(x,y,z,w,s) — (W o y

defines an essential smoothing Xs = l?s_l(Mzzs) of X.
In this case the essential smoothing Xs is a smoothing.
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Local smoothing - Milnor fibre

Let (X,0) C (CN,0) be the germ of a d-dimensional variety with isolated
singularity at the origin. A local smoothing of (X, 0) is a flat morphism of
local spaces 7 : (X,0) — (C,0) such that 771(0) = X and 771(s) = A5 is
smooth for all s # 0 small. Let (X,0) < (X,0) c (CN x C,0), be a local
embedding of the family in CN x C such that 7 : CN x C — C is the
projection into the second factor. Then, we can choose sufficiently small
e-ball B. in CV x C, and a disk D,, C C, 0 < n < ¢ such that X intersects
S. = 0B. transversely; then

Tlz-1(D,\{0}) : 7~ YDy, \ {0}) N B — D, \ {0} is a locally trivial fibration.
The fiber B, N X5 = X, is the Milnor fibre of X at the origin.
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Let p: (X,0) — (C,0) be a complex analytic function defined in X with
isolated singularity at the origin. Let us consider a function

p: CVNxCc — C

(x,;s) = px,59),

such that p(x,0) = p(x) and for all s # 0, p(+,s) = ps is a complex Morse
function on Xs. That is its singularities are complex non-degenerate critical
points. We have the following diagram

Xs——=B.NnX cCVxC
Lps l(ﬁ’ﬂ')
Cx{s}—CxC
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Polar multiplicity

Let us denote by X (p, w)\;(reg the singular set of the map (p, ) restricted

to Xyeg and by Py((X,0),, p) = (P, 7)

|Xreg the relative polar variety of

X related to 7 and p.

Definition (Gaffney, 1993; Pereira and Ruas, 2014)
The d-local polar multiplicity of (X,0) is defined by

md((X,O),ﬂ',p) = mO(Pd((X70)77T>p))7

where mg is the multiplicity of Py((X,0),, p) at the origin.

In general my((X,0), 7, p) depends on the choices of X and p in the
neighbourhood of the origin. When (X, 0) has a unique smoothing ()~<, 0),
then my((X,0), 7, p) depends only on X and p in a neighbourhood of 0. If
p is a generic linear embedding, my((X,0), 7, p) is an invariant of the
EIDS X, denoted by my(X,0), d-polar multiplicity of X at the origin.
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Lé-Greuel formula type for IDS with smoothing

A determinantal variety is Cohen-Macaulay, then an IDS is normal and the
smoothing X; satisfies : b;(Xs) = 0.

Definition (Pereira and Ruas, 2014)

Let (X,0) C (CN,0) be a determinantal surface with isolated singularity at
the origin. The local Milnor number of (X,0), denoted by 1(X,0), is
defined as

u(X,0) = by(X).

The following result for determinantal surfaces in (C*,0) [Damon and Pike,
2014; Nufio Ballesteros, Oréfice-Okamoto and Tomazella, 2013; Pereira
and Ruas, 2014], also holds for any determinantal surface with isolated
singularity in CN admitting smoothing.

Theorem

Let (X,0) C (CN,0) be the germ of a determinantal surface with isolated
singularity at the origin admitting smoothing. One has the
Lé-Greuel formula : u(X,0) + u(X N p~1(0),0) = ma(X,0).
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Vanishing local Euler characteristic

When d = dim X > 2, then b;(X), 2 < i < d are not necessarily zero.
Definition

Let (X,0) C (CN,0) be an IDS such that N < (m —t +2)(n — t + 2).
The vanishing local Euler characteristic is defined by

V(X>0) = (_1)d(X(Xs) - 1)7

where Xs is a smoothing of X and x(Xs) is the Euler characteristic of X; .

4

Theorem (Nufio Ballesteros, Oréfice-Okamoto and Tomazella, 2013)

Let (X,0) C (CN,0) be an IDS with N < (m — t +2)(n — t +2) and let

p:(CN,0) — (C,0) be a generic linear projection whose restriction to X
has isolated singularity at the origin. Then,

v(X,0) 4+ v(X N p~1(0),0) = my(X,0).
When d = 2, then v(X,0) = u(X,0).
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Example

Let X = F~1(M33) C C* be the variety defined by:

[F« c* — M273
zZ y+w Xx\ .
Crzm) = (270X

The following matrix defines an essential smoothing Xs = .ES_l(M2273) of X

F: (C4><(C = M2,3

z y+w x+s
Corezms) = (5 VT T

Let p: C* — C be given by p(x,y,z,w) = w, then it follows that
mo(X,0) =3 and (X N p~1(0),0) = 2, then u(X,0) = 1.
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General and strongly general hyperplanes

We define general and strongly general hyperplanes over an EIDS in order
to extend previous results by J. Snoussi and L& D. T.

The two definitions are equivalent when the variety has an isolated
singularity.

The sections defined by the intersection of the IDS (resp. EIDS) and the

general hyperplane (resp. strongly general hyperplane) determine another
IDS (resp. EIDS).

Definition

Let X C CN be a d-dimensional analytic complex variety, and let {V} xen
be a stratification of X. The hyperplane H C CN, given by the kernel of the
linear function p : CN — C is called general for X at 0 if H is transversal
to all T which are limits at O of tangent spaces to the regular part of X.
We say that H is strongly general at the origin if it is general and there

exists a neighbourhood U of 0 such that for all strata V/\ of X, with
0 € V), we have that H is transversal to Vy at x, for all x € U\{0}.
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Example of a general hyperplane for X at 0 which is not strongly general.

Example

Let X be the swallowtail surface in C3 defined by the zeros of
25623 — 27x* — 12822y2 + 144zx2y + 16zy4 — 4x2y3 =0.

The set of the limits of tangent hyperplanes to X at zero is given by the
hyperplane z = 0.

Any hyperplane different of the hyperplane z = 0 is general, in particular
the plane H = {(x,y,z) : x = 0} is general, but H is not transversal to the
limits of lines tangent to the strata of dimension 1.

v

nzij ParametricPlot3p[{-2u (ve+2u?), v, -u? (ve3u?)}, (v, -2, 2}, (u, -1, 1}]
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Theorem

Let (X,0) C (CN,0) be an EIDS of type (m,n,t). If HC CN is a strongly
general hyperplane at the origin, then (X N H,0) is a (d — 1)-dimensional
EIDS in (CN=1,0) of the same type.

Dowdd.

Let F: CN — Mp, , be a map defining X = F~1(ME, ). As X is an EIDS
at the origin, then F is transversal to the strata of M}, , in U\{0}, where
U is a sufficiently small neighbourhood of the origin. By hypothesis H is
transversal to the strata of X outside the origin. Let i : CV=1 — CN be a
linear embedding such i(CN=1) = H. Then Foi:CN=t — M, , is
transversal to all the strata of M/, , outside the origin, so

XNH=(Foi) }(ME,) C CN~1is an EIDS of the same type of X and
dim(XNH)=d—1in CN-L. O
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Minimality of the Milnor number

B. Teissier, J.-P. Henry and Lé D. T. studied the minimality of the Milnor
number of generic sections of hypersurfaces with isolated singularities.

T. Gaffney proved the result for isolated complete intersection singularity

(ICIS) and J. Snoussi considered the case of normal surfaces in CV.

We denote by Cx , the tangent cone of X at x with its reduced analytic

structure.

Proposition (Snoussi, 2001)

Let (X,0) C (CN,0) be the germ of a normal analytic surface. A
hyperplane H in CN that does not contain any irreducible component of
the tangent cone Cx ¢ is general for X at 0 if and only if the section X N H
is reduced and the local Milnor number ;1(X N H,0) is minimum.
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We extend the Snoussi Proposition to 3-determinantal varieties with
isolated singularities.

Theorem

Let (X,0) C (CN,0) be the germ of a 3-dimensional determinantal variety
with isolated singularity and H a hyperplane in CN. Suppose that X N H
has an isolated singular point at the origin, then the following conditions
are equivalent.

(i) the hyperplane H is general for X at the isolated singularity 0.

(ii) the Milnor number (X N H,0) is minimum and the Milnor number

uw(X N HNH'0) is minimum for any hyperplane H' general for X and
XNH at0.

<
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Example

Let X C C be a 3-determinantal variety with isolated singularity defined by

F : (C5 — M273
(ysz,wyv) o (X vz )

w v x®4y?

Let H and H' be hyperplanes given by the kernels of
p(x,y,z,w,v) =w — z and p'(x,y,z,w,v) = x — v. The surfaces X " H
and X N H' are represented by the following matrices

Xy z X y z .
(z , X2+y2> and (W . y2> respectively.

It follows (from [Pereira and Ruas, 2014]) that (X N H,0) = 4 and
w(X N H',0) =2, and that u(X N H',0) = 2 is the minimum Milnor
number.
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Sections of EIDS

The following result is a generalization of a result of L D. T.

Theorem

Let (X9,0) C (CV,0) be an EIDS, X9 = F~Y(ME, ). Let H, H' be
strongly general hyperplanes for (X,0) at the origin.
Then H and H' contain planes P and P’ respectively such that
codim P = codim P’ = d — 2 and for which the determinantal surfaces
X NP and X N P’ satisfy the following conditions :

a) The varieties X N P and X N P’ have isolated singularity.

b) The varieties X N P and X N P" admit smoothing.
c) The Milnor numbers (X N P,0) and (X N P’,0) are the same.
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Example

Let F: CN — My be an analytic map, N > 7 defined by

F(><,y)=<x1 N )

xa x5 xo+g(y)

where x = (x1,x2,...,%), ¥ = (V1,---,Yn_¢) and g : CN=6 = C is an
analytic function with g(0) = 0. Then X = F~*(M}, ) is a
Cohen-Macaulay codimension 2 singularity in CN.

Let P={(x,y)| x1 = x5, xo =x6, y =0}. Then X NP is a
determinantal surface in C* defined by

X1 X2 X3
X4 X1 X2

and p(X N P,0)=1.
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Nash transformation

Let M be a complex analytic manifold, of complex dimension N. Let X be
an d-dimensional semi-analytic complex variety, X C M. We denote by
Xreg the regular part of X.

The Grassmann bundle of d (complex) planes in TM is denoted by
G4(TM). The fiber G4(TxM) over x € M is the set of d-planes in T, (M)
and is isomorphic to G4(CN). An element of G4(TM) is denoted by (x, P)
where x € M and P € G4(TM).

On the regular part of X, the Gauss map is defined by

v+ Xeeg —> Gg(TM) Y(x) = (%, Tx(Xreg))-

The Nash transformation X is the closure of the image of  in Gg(TM).

Gy(TM) X = Ty Go(TM)
e ]
Xreg——> M XC— =M

reg
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Rysunek: The Nash transformation.
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Mather classes

The fiber of the tautological bundle 7 over G4(TM), at point N

P € G4(TM), is the set of vectors v in the d-plane P. The bundle E,
restriction of 7 to X, is called the Nash bundle of X. It is equipped with
the projection map 7.

An element of E is written (x, P, v) where x € X, P is a d-plane in T,(M)
and v is a vector in P. We have the following diagram:

E < T
T {

X < Gy(TM)
vl {

X < M.

MacPherson defined the Mather classes, by the formula
oma(X) = vu(c(E) N[X]),

where [X] denotes the fundamental (orientation) homology class of X.
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Local Euler obstruction

Whitney condition (a) implies that a stratified vector field v defined on
A C X admits a canonical lifting ¥ on v~1(A) as a section of E.

E—% TM|x 7(%) = (x, %, v(x))
I
X—2 X

Consider a radial stratified vector field v in a neighbourhood of the point
{a} € X so that there exists g9 > 0 such that for all €, 0 < & < &9, the
vector v(x) is pointing outwards the ball B. (centered at a) over the
boundary S, = 0B.. If ¢ is small enough, then S; is transverse to the
strata V,,.
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%/—/
v1(B: N X)

Rysunek: The local Euler obstruction.

Definition

Let v be a stratified vector field pointing outwards B. along S. and V the
lifting of v on v=1(X N'S.). The local Euler obstruction Eug(X) is the
obstruction to extend ¥ as a nowhere zero section of E over v"1(X NB.),
evaluated on the orientation class O, -1(s,) ,-1(s.)-

Eu,(X) = Obs(v, E,v (X N B.)).

.
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In (2018) Nancy Chachapoyas—Siesquén computes the local Euler
obstruction of EIDS. The author obtains explicit formulae to calculate the
local Euler obstruction for the determinantal varieties whose singular set is
an isolated complete intersection singularity (ICIS).

In (2019) Terence Gaffney, Nivaldo G. Grulha Jr. and Maria A. S. Ruas
compute the local Euler obstruction of generic determinantal varieties and
apply this result to compute the Chern-Schwartz-MacPherson class of such
varieties.

Theorem

Let ¥ € Hom(C",C"*k) be a generic determinantal variety. The local
Euler obstruction of X° at 0 is

Euo(Zs):< n1>, for1 <s<n.

The authors provide explicit formulae, in different particular situations and,
in particular, they recover the Chachapoyas formula.
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In (2018) Xiping Zhang gives explicit formulae computing the
Chern-Mather class and the Chern-Schwartz-MacPherson class of generic
determinantal varieties. He also obtains formulae for the conormal cycles
and the characteristic cycles of these varieties. For some small values of n, k
and s, Zhang uses Macaulay?2 to exhibit examples of the considered classes.
In (2021), Xiping Zhang finds explicit formulae for
Chern-Schwartz-MacPherson classes and Chern-Mather classes of EIDS via
Schubert calculus. As corollaries the author obtains formulae for their
generic sectional Euler characteristics, characteristic cycles and polar
classes.
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Thank you for your attention.

Dziekuje za uwage

o = = E A
Jean-Paul Brasselet Essentially isolated determinantal singulai



