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Newton non-degenerate (Nnd) hypersurface germs, V (f ) ⊂ (Cn, o), are (often) simple to deal with. Their
topological type is determined by the Newton diagram. (Hence various topological invariants can be
computed combinatorially.) But being Nnd is a highly restrictive condition, even for plane curve germs.

In arXiv:0807.5135 I have introduced a generalization of Nnd-hypersurface singularities. An isolated
hypersurface germ is called "directionally Newton-non-degenerate" (dNnd) if the non-degeneracy holds
"in each particular direction". Equivalently, such a singularity is resolvable by a "poly-toric blowup".
For such singularities various invariants (e.g. the Milnor number, the zeta function) are determined by the
collection of Newton diagrams.

The class of dNnd singularities is still restricted, even for plane curve germs. The broadest generalization

of Newton-non-degeneracy is obtained by considering all the Newton diagrams (in all the possible

coordinate systems).
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Newton-non-degeneracy

In this talk: (X , o) ⊂ (Cn, o) is an (analytic) hypersurface germ. Fix some
coordinates, then (X , o) = V (f ). Take the Newton diagram Γf ⊆ Rn

≥0.

Example (n = 2) f (x , y) =
∑

aij 6=0 aijx
iy j .
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∪
aij 6=0
{(i,j)} ∪

aij 6=0
{(i,j)+R2

≥0} Conv [∪
aij 6=0
{(i,j)+R2

≥0}] ∂
[
Conv [∪

aij 6=0
{(i,j)+R2

≥0}]
]

Γf := ∪{ compact edges}.

For each edge (face) σ ⊂ Γf take the restriction f |σ :=
∑

(i,j)∈σ aijx
iy j ∈ C[x , y ].

(weighted homogeneous)

Def. f ∈C{x} is calledNewton-non-degenerate (Nnd) if f|σ is non-degenerate ∀σ⊂Γ.
(i.e. f |σ has no critical points inside (C∗)n)

(X , o) ⊂ (Cn, o) is called Nnd if (in some coordinates) (X , o)=V (f ) with f -Nnd.

Theorem. Let V (f ) be Nnd, with isolated singularity. Then Γf determines the
embedded topological type of V (f ). Namely:
1. If Γf =Γf̃ , with f,f̃ -Nnd, then (Cn,o)⊃V (f ) ∼−→V (f̃ )⊂(Cn, o), ambient homeo.
2. The toric modification associated to Γf resolves the singularity of V (f ).

Corollary. All the topological invariants of V (f ) are determined by Γf .
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ŷ

•

•

• •

@
@
@
@
@
@
@
@
@
@
@
@
@
@
@
@
@
@
@
@HHHHHHHHHHHHHH``̀̀̀ `̀̀̀ `̀̀

.

....................
....................

....................
...................

.
...................................

..................................
.

..............................................................................................
..................

. ..........................................

∪
aij 6=0
{(i,j)} ∪

aij 6=0
{(i,j)+R2

≥0} Conv [∪
aij 6=0
{(i,j)+R2

≥0}] ∂
[
Conv [∪

aij 6=0
{(i,j)+R2

≥0}]
]

Γf := ∪{ compact edges}.

For each edge (face) σ ⊂ Γf take the restriction f |σ :=
∑

(i,j)∈σ aijx
iy j ∈ C[x , y ].

(weighted homogeneous)

Def. f ∈C{x} is calledNewton-non-degenerate (Nnd) if f|σ is non-degenerate ∀σ⊂Γ.
(i.e. f |σ has no critical points inside (C∗)n)

(X , o) ⊂ (Cn, o) is called Nnd if (in some coordinates) (X , o)=V (f ) with f -Nnd.

Theorem. Let V (f ) be Nnd, with isolated singularity. Then Γf determines the
embedded topological type of V (f ). Namely:
1. If Γf =Γf̃ , with f,f̃ -Nnd, then (Cn,o)⊃V (f ) ∼−→V (f̃ )⊂(Cn, o), ambient homeo.
2. The toric modification associated to Γf resolves the singularity of V (f ).

Corollary. All the topological invariants of V (f ) are determined by Γf .

2 / 9



Newton-non-degeneracy
In this talk: (X , o) ⊂ (Cn, o) is an (analytic) hypersurface germ. Fix some
coordinates, then (X , o) = V (f ). Take the Newton diagram Γf ⊆ Rn

≥0.

Example (n = 2) f (x , y) =
∑

aij 6=0 aijx
iy j .

-

6

x̂

ŷ
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ŷ

•

•

• •

@
@
@
@
@
@
@
@
@
@
@
@
@
@
@
@
@
@
@
@HHHHHHHHHHHHHH``̀̀̀ `̀̀̀ `̀̀

.

....................
....................

....................
...................

.
...................................

..................................
.

..............................................................................................
..................

. ..........................................

∪
aij 6=0
{(i,j)} ∪

aij 6=0
{(i,j)+R2

≥0} Conv [∪
aij 6=0
{(i,j)+R2

≥0}] ∂
[
Conv [∪

aij 6=0
{(i,j)+R2

≥0}]
]

Γf := ∪{ compact edges}.

For each edge (face) σ ⊂ Γf take the restriction f |σ :=
∑

(i,j)∈σ aijx
iy j ∈ C[x , y ].

(weighted homogeneous)

Def. f ∈C{x} is calledNewton-non-degenerate (Nnd) if f|σ is non-degenerate ∀σ⊂Γ.
(i.e. f |σ has no critical points inside (C∗)n)

(X , o) ⊂ (Cn, o) is called Nnd if (in some coordinates) (X , o)=V (f ) with f -Nnd.

Theorem. Let V (f ) be Nnd, with isolated singularity. Then Γf determines the
embedded topological type of V (f ). Namely:
1. If Γf =Γf̃ , with f,f̃ -Nnd, then (Cn,o)⊃V (f ) ∼−→V (f̃ )⊂(Cn, o), ambient homeo.

2. The toric modification associated to Γf resolves the singularity of V (f ).

Corollary. All the topological invariants of V (f ) are determined by Γf .

2 / 9



Newton-non-degeneracy
In this talk: (X , o) ⊂ (Cn, o) is an (analytic) hypersurface germ. Fix some
coordinates, then (X , o) = V (f ). Take the Newton diagram Γf ⊆ Rn

≥0.

Example (n = 2) f (x , y) =
∑

aij 6=0 aijx
iy j .

-

6

x̂

ŷ
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ŷ

•

•

• •

@
@
@
@
@
@
@
@
@
@
@
@
@
@
@
@
@
@
@
@HHHHHHHHHHHHHH``̀̀̀ `̀̀̀ `̀̀

.

....................
....................

....................
...................

.
...................................

..................................
.

..............................................................................................
..................

. ..........................................

∪
aij 6=0
{(i,j)} ∪

aij 6=0
{(i,j)+R2

≥0} Conv [∪
aij 6=0
{(i,j)+R2

≥0}] ∂
[
Conv [∪

aij 6=0
{(i,j)+R2

≥0}]
]

Γf := ∪{ compact edges}.

For each edge (face) σ ⊂ Γf take the restriction f |σ :=
∑

(i,j)∈σ aijx
iy j ∈ C[x , y ].

(weighted homogeneous)

Def. f ∈C{x} is calledNewton-non-degenerate (Nnd) if f|σ is non-degenerate ∀σ⊂Γ.
(i.e. f |σ has no critical points inside (C∗)n)

(X , o) ⊂ (Cn, o) is called Nnd if (in some coordinates) (X , o)=V (f ) with f -Nnd.

Theorem. Let V (f ) be Nnd, with isolated singularity. Then Γf determines the
embedded topological type of V (f ). Namely:
1. If Γf =Γf̃ , with f,f̃ -Nnd, then (Cn,o)⊃V (f ) ∼−→V (f̃ )⊂(Cn, o), ambient homeo.
2. The toric modification associated to Γf resolves the singularity of V (f ).

Corollary. All the topological invariants of V (f ) are determined by Γf .
2 / 9



Problem: to be Nnd is a very restrictive condition, even for (C , o) ⊂ (C2, o).

Example. 1. A plane branch (C , o)⊂(C2, o) is Nnd iff it has just one Puiseux pair.

2.(Not “too many" branches are allowed.) Take the tangent cone
T(C ,o) =(p1l1,. . ., pr lr )⊂C2. Fact: If (C , o) is Nnd then pi > 1 at most twice.

Explicit cases: fxp−yq

-

6.

............
............
............
............
............
.........T(C,o)

f f

-

6T(C1,o)
.

...........
...........
...........
........

.
.....................

.....................
..........

T(C2,o)

f
C1

fC2

f

C3

??
Need 3 coordinate axes?

Guess: Take three coordinate choices, with the axes (TC1 , generic),
(TC2 , generic), (TC3 , generic). We will get the diagrams Γ1, Γ2, Γ3. Maybe these
together will determine the topological type?
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Directionally Newton-non-degenerate (dNnd) curve germs.

-

6li

generic line

.
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...........
........

.
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............

............
............
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............

..

.

.............
.............

.............
.............

.......

•

•

•
•

Γ
(i)
(C ,o)

.

.................
.................
.................
.................
.................
.................
................

.

...................
...................

...................
.................

∆(i)

45o

45o<α

Let (C , o)⊂(C2, o). The tangent cone T(C ,o) ={p1l1, . . . , pr lr}⊂C2.
For each i take the coordinates (li , generic line). Get the diagram:
∆(i) =the union of edges ‘inclined" to li -axis.
Def. (C , o) ⊂ (C2, o) is called dNnd if for each li ∈ T(C ,o) exists
a coordinate system, with li = Span(x̂2), ∆(i) ⊂ Γ

(i)
(C ,o) and f |∆(i)

non-degenerate. i.e., f |σ has no critical points in (C∗)2 for each σ ⊆ ∆(i)

Example. Let (C,o)=∪(Ci,o)⊂(C2,o) pairwise non-tangent branches,
each with one Puiseux pair. Then (C,o) is dNnd.
Note: (C,o) is Nnd iff there are at most two singular branches. f f

ff

Theorem. The embedded top. type of a dNnd-germ (C , o) is
determined by the set of diagrams {Γ(i)

(C ,o)}. Namely:
1. If the sets {Γ(i)

(C ,o)} and {Γ
(j)

(C̃ ,o)
} coincide then (C , o)∼=(C̃ , o), ambient homeo.

2. The good embedded resolution of (C,o) is done by the “poly-toric" modification.

Details: Each Γ ⊂ R2
≥0 defines the toric modification

φΓ : UΓ → Blo(C2, o)→ (C2, o).
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Directionally Newton-non-degenerate curve germs, cont-d

Corollary. Topological invariants of a dNnd germ (C,o) are determined by {Γ(i)
(C ,o)}.

Question. How large is the class of dNnd plane curve singularities?

Let (C , o) with T(C ,o) = {p1l1, . . . , pr lr}. Take the directional decomposition
(C , o) = ∪(C (i), o). Here (C (i), o)=the union of the branches tangent to li .
T(C (i),o) = {pi li}.

Proposition. (C , o) is dNnd iff each (C (i), o) is Nnd (in some coordinates).
(Thus (C , o) is non-degenerate “in each direction".)
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Directionally Newton-non-degenerate hypersurface germs

-
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Take a hypersurface (X,o) ⊂ (Cn,o) and the tangent cone
T(X,o)⊂Cn. Take a line o∈ l⊂T(X,o). We want (X,o) to be
Nnd “in the direction of l" (as in the case n=2). Draw Γ(X,o) :

A face σ ⊂ Γ is called “inclined to x̂n-axis" if (v̂σ)n <
1√
n
.

Denote ∆:=∪{top-dimensional faces inclined to x̂n-axis}⊂Γ.

Def. A hypersurface V (f ) ⊂ (Cn, o) is called dNnd if:
i. PTV (f ) ⊂ Pn−1 has only isolated singularities;
ii. for every l ⊂ Sing(TV (f )) exists a coordinate choice with l = Span(x̂n) such

that f |∆ is Nnd, and moreover, xp1 , . . . , x
p
n−1 ∈ f . p = ord(f )

Examples. 1. For n = 2 we get the dNnd plane-curve germs, as before.
2. Let f = fp + fp+q + (h.o.t.), where V (fp) ⊂ Pn−1 has only isolated singularities
that are ordinary multiple points, and Sing(Vp) ∩ V (fp+q) = ∅ ⊂ Pn−1.
Then V (f ) ⊂ (Cn, o) is dNnd.
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Topological invariants for dNnd hypersurface germs

[Kouchnirenko.1976] Let (X , o) ⊂ (Cn, o) be Nnd. Then the Milnor number is:
µ(f ) = µ(Γf ) := n! · voln(Γf )− (n − 1)! · voln−1(Γf ) + · · ·+ (−1)n.

-
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∆(i)

Proposition [K.2008] Let (X , o) ⊂ (Cn, o) be dNnd, of multiplicity
p, with the diagrams {Γ(i)

(X ,o)}i . Then
µ(X , o) =

∑r
i=1 µ(Γ

(i)
(X ,o))− (r − 1) · µ(

∑n
i=1 x

p
i ).

[Varchenko.1976] Let V (f ) ⊂ (Cn, o) be Nnd. Then the zeta func-
tion of monodromy is ξ(V (f )) = ξ(Γ) :=(an explicit expression).

Proposition [K.2008] Let (X , o) ⊂ (Cn, o) be dNnd, of multiplicity p, with the

diagrams {Γ(i)
(X ,o)}i . Then ξ(X , o) =

∏r
i=1 ξ(Γ

(i)

(X,o)
)

ξ(
∑

xp
j )r−1 .

Problem: Being dNnd is still a restictive condition. Any further generalization?
For dNnd-germs we took coordinate systems corresponding to the singular points
of PT(X ,o). But we can take many more coordinate systems and Newton diagrams.
Question: What is determined by all the possible Newton diagrams of f
(in all the coordinate systems)?
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Checking all the possible diagrams (weakly Newton non-degenerate hypersurface germs)

Question: Given (X , o), (X̃ , o) ⊂ (Cn, o), suppose Γ(X ,o) = Γ(X̃ ,o) in any
coordinate system. How (X , o) is related to (X̃ , o)? (The same top.type?)

Example, n=2. Suppose Γ(C ,o) = Γ(C̃ ,o) in any coordinate system.
1 Extract the union of smooth branches, (C smooth, o) ⊆ (C , o). Then

(C smooth, o) = (C̃ smooth, o).
2 This does not hold for singular branches. E.g. take (C , o) = V (y4 − x6) and

(C̃ , o) = V ((y2 − x3)2 − yx5). Then Γ(C ,o) = Γ(C̃ ,o).
The results for singular branches are weaker and more technical.

Proposition, n ≥ 3n ≥ 3n ≥ 3. Let (X , o) ⊂ (Cn, o) irreducible. Suppose Γ(X ,o) = Γ(X̃ ,o) in
any coordinate system. Suppose a section (C2, o) ∩ (X , o) contains a (reduced)
smooth branch. Then (X , o) = (X̃ , o).
Without such a smooth branch the results are weaker and more technical. What about the top.type ofV (f )?

Def. 1. The Newton-diagram stratum ΣΓ
f := {f̃ | Γf = Γf̃ in any coordinates}.

2. An isolated sing. V (f ) is called weakly-Newton-non-degenerate if any small
deformation of (X , o) inside ΣΓ

f is µ = const.
The properties of wNnd germs are studied in arXiv:0807.5135.
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The properties of wNnd germs are studied in arXiv:0807.5135.

8 / 9



Checking all the possible diagrams (weakly Newton non-degenerate hypersurface germs)
Question: Given (X , o), (X̃ , o) ⊂ (Cn, o), suppose Γ(X ,o) = Γ(X̃ ,o) in any
coordinate system. How (X , o) is related to (X̃ , o)? (The same top.type?)

Example, n=2. Suppose Γ(C ,o) = Γ(C̃ ,o) in any coordinate system.
1 Extract the union of smooth branches, (C smooth, o) ⊆ (C , o). Then

(C smooth, o) = (C̃ smooth, o).
2 This does not hold for singular branches. E.g. take (C , o) = V (y4 − x6) and

(C̃ , o) = V ((y2 − x3)2 − yx5). Then Γ(C ,o) = Γ(C̃ ,o).
The results for singular branches are weaker and more technical.

Proposition, n ≥ 3n ≥ 3n ≥ 3. Let (X , o) ⊂ (Cn, o) irreducible. Suppose Γ(X ,o) = Γ(X̃ ,o) in
any coordinate system. Suppose a section (C2, o) ∩ (X , o) contains a (reduced)
smooth branch. Then (X , o) = (X̃ , o).
Without such a smooth branch the results are weaker and more technical.

What about the top.type ofV (f )?

Def. 1. The Newton-diagram stratum ΣΓ
f := {f̃ | Γf = Γf̃ in any coordinates}.

2. An isolated sing. V (f ) is called weakly-Newton-non-degenerate if any small
deformation of (X , o) inside ΣΓ

f is µ = const.
The properties of wNnd germs are studied in arXiv:0807.5135.

8 / 9



Checking all the possible diagrams (weakly Newton non-degenerate hypersurface germs)
Question: Given (X , o), (X̃ , o) ⊂ (Cn, o), suppose Γ(X ,o) = Γ(X̃ ,o) in any
coordinate system. How (X , o) is related to (X̃ , o)? (The same top.type?)

Example, n=2. Suppose Γ(C ,o) = Γ(C̃ ,o) in any coordinate system.
1 Extract the union of smooth branches, (C smooth, o) ⊆ (C , o). Then

(C smooth, o) = (C̃ smooth, o).
2 This does not hold for singular branches. E.g. take (C , o) = V (y4 − x6) and

(C̃ , o) = V ((y2 − x3)2 − yx5). Then Γ(C ,o) = Γ(C̃ ,o).
The results for singular branches are weaker and more technical.

Proposition, n ≥ 3n ≥ 3n ≥ 3. Let (X , o) ⊂ (Cn, o) irreducible. Suppose Γ(X ,o) = Γ(X̃ ,o) in
any coordinate system. Suppose a section (C2, o) ∩ (X , o) contains a (reduced)
smooth branch. Then (X , o) = (X̃ , o).
Without such a smooth branch the results are weaker and more technical. What about the top.type ofV (f )?

Def. 1. The Newton-diagram stratum ΣΓ
f := {f̃ | Γf = Γf̃ in any coordinates}.

2. An isolated sing. V (f ) is called weakly-Newton-non-degenerate if any small
deformation of (X , o) inside ΣΓ

f is µ = const.
The properties of wNnd germs are studied in arXiv:0807.5135.

8 / 9



Checking all the possible diagrams (weakly Newton non-degenerate hypersurface germs)
Question: Given (X , o), (X̃ , o) ⊂ (Cn, o), suppose Γ(X ,o) = Γ(X̃ ,o) in any
coordinate system. How (X , o) is related to (X̃ , o)? (The same top.type?)

Example, n=2. Suppose Γ(C ,o) = Γ(C̃ ,o) in any coordinate system.
1 Extract the union of smooth branches, (C smooth, o) ⊆ (C , o). Then

(C smooth, o) = (C̃ smooth, o).
2 This does not hold for singular branches. E.g. take (C , o) = V (y4 − x6) and

(C̃ , o) = V ((y2 − x3)2 − yx5). Then Γ(C ,o) = Γ(C̃ ,o).
The results for singular branches are weaker and more technical.

Proposition, n ≥ 3n ≥ 3n ≥ 3. Let (X , o) ⊂ (Cn, o) irreducible. Suppose Γ(X ,o) = Γ(X̃ ,o) in
any coordinate system. Suppose a section (C2, o) ∩ (X , o) contains a (reduced)
smooth branch. Then (X , o) = (X̃ , o).
Without such a smooth branch the results are weaker and more technical. What about the top.type ofV (f )?

Def. 1. The Newton-diagram stratum ΣΓ
f := {f̃ | Γf = Γf̃ in any coordinates}.

2. An isolated sing. V (f ) is called weakly-Newton-non-degenerate if any small
deformation of (X , o) inside ΣΓ

f is µ = const.
The properties of wNnd germs are studied in arXiv:0807.5135.

8 / 9



Checking all the possible diagrams (weakly Newton non-degenerate hypersurface germs)
Question: Given (X , o), (X̃ , o) ⊂ (Cn, o), suppose Γ(X ,o) = Γ(X̃ ,o) in any
coordinate system. How (X , o) is related to (X̃ , o)? (The same top.type?)

Example, n=2. Suppose Γ(C ,o) = Γ(C̃ ,o) in any coordinate system.
1 Extract the union of smooth branches, (C smooth, o) ⊆ (C , o). Then

(C smooth, o) = (C̃ smooth, o).
2 This does not hold for singular branches. E.g. take (C , o) = V (y4 − x6) and

(C̃ , o) = V ((y2 − x3)2 − yx5). Then Γ(C ,o) = Γ(C̃ ,o).
The results for singular branches are weaker and more technical.

Proposition, n ≥ 3n ≥ 3n ≥ 3. Let (X , o) ⊂ (Cn, o) irreducible. Suppose Γ(X ,o) = Γ(X̃ ,o) in
any coordinate system. Suppose a section (C2, o) ∩ (X , o) contains a (reduced)
smooth branch. Then (X , o) = (X̃ , o).
Without such a smooth branch the results are weaker and more technical. What about the top.type ofV (f )?

Def. 1. The Newton-diagram stratum ΣΓ
f := {f̃ | Γf = Γf̃ in any coordinates}.

2. An isolated sing. V (f ) is called weakly-Newton-non-degenerate if any small
deformation of (X , o) inside ΣΓ

f is µ = const.

The properties of wNnd germs are studied in arXiv:0807.5135.

8 / 9



Checking all the possible diagrams (weakly Newton non-degenerate hypersurface germs)
Question: Given (X , o), (X̃ , o) ⊂ (Cn, o), suppose Γ(X ,o) = Γ(X̃ ,o) in any
coordinate system. How (X , o) is related to (X̃ , o)? (The same top.type?)

Example, n=2. Suppose Γ(C ,o) = Γ(C̃ ,o) in any coordinate system.
1 Extract the union of smooth branches, (C smooth, o) ⊆ (C , o). Then

(C smooth, o) = (C̃ smooth, o).
2 This does not hold for singular branches. E.g. take (C , o) = V (y4 − x6) and

(C̃ , o) = V ((y2 − x3)2 − yx5). Then Γ(C ,o) = Γ(C̃ ,o).
The results for singular branches are weaker and more technical.

Proposition, n ≥ 3n ≥ 3n ≥ 3. Let (X , o) ⊂ (Cn, o) irreducible. Suppose Γ(X ,o) = Γ(X̃ ,o) in
any coordinate system. Suppose a section (C2, o) ∩ (X , o) contains a (reduced)
smooth branch. Then (X , o) = (X̃ , o).
Without such a smooth branch the results are weaker and more technical. What about the top.type ofV (f )?

Def. 1. The Newton-diagram stratum ΣΓ
f := {f̃ | Γf = Γf̃ in any coordinates}.

2. An isolated sing. V (f ) is called weakly-Newton-non-degenerate if any small
deformation of (X , o) inside ΣΓ

f is µ = const.
The properties of wNnd germs are studied in arXiv:0807.5135.

8 / 9



Thanks for your attention!

9 / 9


