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I Equisingular familiesof complex plane curve singularities
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Definition Zariski studies in equisingularity I 1965
Equivalent singularitiesof plane Algebroid Curves

FamilyXf4ft x y1 0 is equisincgular if familyofdiscriminants is equimultiple
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II parameterized Puiseux Theorem

Let yo x t i L d be the roots of ft Then

The IN Lo set y can t are analytic
and I y Uk unit Cu t

if ft irreducible then n d and

Jx

x t E bein Hochk I I



HI Theorem TF AE
i Xe is Zariski equisingular
ii Xt admits parameterized Puiseux
iii G Xt is ambient topologically trivial
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I X T T is a Whitney stratification of X
u constancy of numerical invariants

Puiseux pairs and intersection numbers of branches

IT Comments

In Ii and ii one should add F systemofcoordinates x y
A syst of word x y is transverse In if

multo f molto f d

We have iii Cio Esco Ce Lii for a word syst
7 i forany In word syst
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Zariski equisingaylarity is a stratifying condition

t ft is not equisingular at e is Zariski closed nowhere dense
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VI Addendum TFA E to Q Cir

cri ph.am Teissier Iof iii can be choosen
bi Lipschitz

Civic X T T is a Lipschitz stratification in the sense
of Mostowski

a lift of Lipschitz vector field fromGoxCif tox is Lipschitz
Example
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lift of to X is Lipschitz



VM Families of surface singularities in Q
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Definition
Xe fit is Zariski equisingular 2E if Aflag t O defines
an equisingular family

First reflex Everything goes wrong

Suppose for simplicity T Lx y z O Sing X X f IO

X T T Whitney
2 E on ee cooed system

Topological triviality ZE in a h cooed systemI J Z E in a generic cooed system



VI Second thought some things go right

ZE topological triviality Vavchenko

ZE Whitney Speder for generic ZEP P for transverse 2 E

AU these hold in arbitrary dimension

Theorem P paunescu

If a familyof surfacesingularities in E3 is generically 2E then
then X 852 EUI T T

is Lipschitz stratification in the sense of Mostowski

con'echeered by T P Henry T Mostowski
Under same assumptions A Pichon NW Neumann showed
bi Lipchitz triviality preprint 2013



III Polar curves and polar wedges

Given Xo f c y 2 O c CE O

I Xsing f fo fly fat 0 singular points of X
E f fed 0 contour curve

C E E polar aeroe
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Polar wedge Ie Eb Ii u Cb PIN 2 a Pwi

Tb b I the discriminant levees

T
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In particular we suppose Briangou Henry Condition

equisingular family of planeb s Ab curve singularities

feefter a breakthrough peeper of I Brianson T P Henry
Bull Soc Math France 1980



KT parameterization of polar wedges
Theorem
It the system is sufficientlygeneric then each polarwedge Pwican be parameterized
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This was proven in pameterized case by Pichon Neumann
using the key Lemma of Brincenson Henry

XII key Lemma l Briangon Henry
Under the assumption b Bb equi singular
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proof
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XIIT Polar wedges in families of surfaces
We suppose the fit generically ZE Then in a generic
cooedsystem bit 7 blocy b t is ZE family of curves and

thepolarwedges can be parameterized by
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This can be used to extend Lipschitz vector fields

XIV What is Lipschitz stratification
Let X U Si be a stratification
Lipschitz stratification is given by conditions on anglesbetween tangent spaces to different strata

Equivalently it can be expressed by the following property
of extension of Lipschitz vector fields tangent to strafe

X Xk Xk to Xl
defines Lipschitz stratification bytaking connected components
of Xi Xi das i dimensional strata if and only if Fi w

Xida w e Xi
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XI Why It can beextended fromT to a Lipschitz v f on X
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For two polarwedges de Yi Zi fun Yj 2J
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and similar for zi zj This shows that IT can beextended

from T to a Lipschitz v f on the union of polarwedges


