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Introduction

Consider an analytic function f(z) = >, a,z" of n variables
defined in a neighborhood of the origin of C". Assume that we are
given a good resolution

a:X=0C"

of the function f and let Ei, ..., Es be the exceptional divisors of
#, that is #*f ~1(V) = V UL, E; where V is the strict transform
of the hypersurface V = f~1(0). Consider the open dense subset

EJ{I = EJ N 7,1\'71(0) \ \7 Uijzj E;.

Let m; be the multiplicity of #*f along E;. By A’Campo [1], the
zeta function of the Milnor monodromy at the origin is given as
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(AC) ((0) = [ - tm) €.

Suppose that f(z) is Newton non-degenerate. Then using a toric
modification 7 : X — C" which is admissible with the dual Newton
diagram [*(f), the zeta function can be computed combinatorially
(Varchenko, [16]). More precisely the zeta function is given as

(V) <) =T1La(t), G(t) =TIlgep (1 - td(Q;f’))ﬂ((Q)

P, is the set of primitive integer weight vectors of the coordinate
subspace C' which correspond to the maximal faces of I'(f'). For
I =A{1,...,n}, we simply denote P.
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The number x(Q) in (V) is defined as follows.
X(Q) = (D)1 1|1Vol C(A(Q; '), 01)/d(@: ')

Here C(A(Q;f!), Oy) is the cone over A(Q; ') with a vertex at
the origin O; of C!. See [16, 13] or Chapter 3 of [11] for details. la
using a toric modification is convenient in such a situation, as it
express the geometry more directly.
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Fundamental Lemma

Lemma 1 (Kouchnirenko [6], Oka [14])

Assume that h(y) is Newton non-degenerate as a polynomial and
let V(h)* = {y € C*™| h(y) = 0}. Then the Euler characteristic is

g/ven as

x(V(h)*) = (=1)™ tm!Vol ,A(h).
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Purpose of this paper

The purpose of this talk is to generalize Varchenko's formula for
certain functions which have some Newton degenerate faces.

As an application of Main Theorem, we give a Zariski pair of links.
Namely we give two hypersurfaces of in C3 with the same zeta
function with different tangent cones in §4. In §5, we give a
formula of the Sift Formula of Milnor number.
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A good resolution of a function

Let f be an analytic function defined in a neighborhood U of the
origin of C". Let X be a complex manifold of dimension n and

@ : X — U is a proper holomorphic function. 7 : X — U is called
a good resolution of f if it satisfies the following:

(1) @ is biholomorphic on the restriction to

X\ 2 Y V)= U\V,V=F10). N N
Assume that the divisor (7*f) is given as V + fozl m;E; where V
is the strict transform of V = f~1(0) and mj is the multiplicity of
#*f along E;. Let Vi, i=1,..., m be the irreducible components
of V. N

(2) Each irreducible component V; and the divisors Ey, ..., Ex are
non-singular and V Uf-‘zl E; has, at most, ordinary normal crossing
singularities.
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The Newton boundary and the dual Newton diagram

Let f(z) = >, a,z” be a given holomorphic function defined by a
convergent series. The Newton polygon "(f) with respect to the
given coordinates z = (zi, ..., z,) is the convex hull of the union
Uya 2017 +RZy} and the Newton boundary ['(f) is defined by the
union of compact faces of (). An integral point
v=(v1,...,vn) € [T(f) corresponds to the monomial

z” = z;* ... z}» For a positive weight vector P = (p1,..., pn), we
consider the canonical linear function £p on '™ (f) which is defined
by (p(v) = >, vip;. This is nothing but the degree mapping
degpz” =Y., pivi. The minimal value of £p is denoted by
d(P;f). Put A(P;f):={v el ™(f)|lp(v) = d(P)}. We will use
the simplified notations d(P) and A(P) if any ambiguity seems
unlikely.
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Non-degeneracy and Dual Newton diagram

Two weight vectors are P ~ Q if and only if A(P) = A(Q) and
this equivalent relation gives a conical decomposition of the
positive weight vectors and we denote it as (1) and call it the
dual Newton diagram of f.

f is Newton non-degenerate on a face A of I'(f) if fao : C*" — C
has no critical points. f is Newton non-degenerate if it is
non-degenerate on every face A C I'(f) of any dimension. The
closure of an equivalent class can be irreduntantly expressed as

Cone(Py, ..., Py) = {Z AP N > 0}

where P, ..., Py are chosen to be primitive integer vectors. That
is, k is minimal among any possible such expressions.
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Simplicial, regular fan

A cone o = Cone (Py,..., Pg) is simplicial if dim 0 = k and o is
regular if Py1,..., Py are primitive integer vectors which can be
extended to a basis of the lattice Z" C R". Recall that f is
convenient if ['(f) touches with every coordinate axis. We say f is
pseudo-convenient if f is written as f(z) = z/°f'(z) where f'(z)
convenient and vq is a positive integer vector.
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Toric modification

A regular simplicial cone subdivision * of the space of positive
weight vectors Nif = R is admissible with the dual Newton
diagram [*(f) if ¥* is a subdivision of [*(f). For such a regular
simplicial cone subdivision, we associate a modification

7 : X — C" as follows: let S be the set of n-dimensional cones in
Y*. For each ¢ = Cone(P1,...,P,) € S, we identify o with the
unimodular matrix:

P11, --- Pin
o=1 : : ;
Pn1 ... Pnn
where P; = *(pij, ..., pnj). To each o € S, we associate an affine
coordlnate chart (C7,u,) where uy = (Up1,. .., Usn). The

modification 7 is defined as follows.
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Exceptional divisors

For each o € S, we associate a birational mapping

o :Cl—=C", z=ult. P i=1,...,n

and X is the complex manifold obtained by gluing C] and C! by
f-lo#, : C" — C! where it is well-defined. This defines the
modification 7 : X — C" which is proper and the restriction & to
the torus C3" is an isomorphism onto the torus C*" = (C*)" in the
base space. If o = Cone(P4, ..., P,) and 7 = Cone(Qy, ..., Qn)
have a same vertex Q1 = Pi, the hyperplane u,; = 0 glues
canonically with the hyperplane {u;1 = 0}. Thus any vertex P of
> *, gluing the hyperplanes on every such toric coordinates with

P1 = P, defines a divisor in X, and we denote this divisor by E(P)
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Note that if f is pseudo-convenient, there exists a regular simplicial
decomposition ~* whose vertices are strictly positive except for the

I
~—

canonical weight vectors ¢, = £(0,...,1,...,0),i =1,...,n. For
simplicity we assume hereafter that f(z) has a convenient or
pseudo-convenient Newton boundary and the vertices of X* are
strictly positive except the canonical weight vectors
ei,i=1,...,n. Recall E(e) is bijectively mapped onto {z = 0}.
Then #: X \ #71(0) — C"\ {0} is biholomorphic. Let V* be the
set of strictly positive vertices of ¥*. Then the exceptional divisors
of # : X — C" corresponds bijectively to the vertices of V1.
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Intersection criterion

The pull-back 7*f of f is expressed in the toric chart CJ with
o = Cone(P1, ..., Pp) as follows:

H u2 Y (u,)

and f(ug) is the defining function of the strict transform V of V.
The intersection E(P) := V N E(P) is defined in E(P) by

f(O, Ug2, -, Usn) = 0. E(P) is an exceptional divisor of the
restriction 7 := #|; : V — V. We recall that 7(O) is the union
of E(P) such that P € V* and A(P) > 1. Two exceptional
divisors £(P) and £(Q) intersect if and only if there isa o € S
such that o = Cone(P, Q, Ps, ..., P,). However for

E(P)N E(Q) # 0 it is also necessary that dim A(P)NA(Q) >1
See Proposition (1.3.2), in Chapter Il ([11]).

Almost non-degenerate functions and a Zariski pair of links



A’Campo-Varchenko formula

If f is Newton non-degenerate, any admissible toric modification
7+ X — C" gives a good resolution of f and by (AC) the zeta
function is written as

C(t) = H(l—td(P))*X(E(P)H) (1)
Pevt
E(PY = E(P)\ (VUger.arr E(Q)) (2)

where V is the strict transform of V = £~1(0) on X.
Let E(P)* := E(P)nC* and E(P)! = E(P)NC*'. Then we use
the toric decomposition £(P) = U;E(P)*! and the equality

X(E(P)") = x(Q) = (=1)7H1]!Vol C(A(Q) N R', 0)/d(Q)

for the computation of the Euler characteristic y(E(P)") where
Q € N is chosen to be a primitive integer vector such that

A(Q) = A(P)NR' (See [6, 14]).
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Almost non-degenerate functions

Consider a function f(z) =), a,z” which is expanded in the
Taylor series and let I'(f) be the Newton boundary. Let

@ : X — C” be a toric modification with respect to X* which is a
simplicial regular subdivision of the dual Newton diagram *(f).
Let M be the set of maximal dimensional faces of I'(f) and let
My be the subset of M so that for A €¢ M, fp :C*" — C is
degenerate if and only if A € Mg. For P which corresponds to a
maximal face A € M, we denote the exceptional divisor by E(P)
which corresponds to P.
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Conditions(A1) and (A2)

We say that f is an almost non-degenerate function if it satisfies
the following conditions.

(A1) For A € My, fa : C*" — C has a finite number of
1-dimensional critical loci which are C*-orbits through the origin.
(For any face A of ['(f) with either A € M\ Mg or

dim A < n—2, f is Newton non-degenerate on A. )

Here we recall that fa(z) is a weighted homogeneous polynomial
with respect to the weight vector P and there is an associated
C*-action defined by t o (z1,...,2,) = (tPz1,...,tPz,), t € C*
where A(P) = A and P =*(pa,..., pn). Critical points loci of fa
are stable under this action.
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Local description of E(P)

Let 0 = Cone(P4,..., P,) be a simplicial cone in £* such that
A(P1) = A € Mo. Let u, = (Uo1, ..., Uyn) be the corresponding
toric coordinate chart. The strict transform V' of V/(f) is defined
by f(u,) = 0 where f is defined by the equality:

(Hum ) fluy) =

and E(P;) C Ey is defined by {us | us1 = 0,8a(Us2; - - -, Ugn) = O}
where ga(Us2,. .., Usn) = f(0, Uy2, ..., Uspn).
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Admissible coordinates

The assumption (A1) implies E(P;) has a finite number of isolated
singular points. Let S(A) be the set of the singular points of
E(Py). Take any g € S(A) and assume g = (0, 82,...,[(,) in CL.
An admissible coordinate chart at g is an analytic coordinate chart
(Ug,w), w = (wy,...,w,) centered at g where Ug is an open
neighborhood of g and (wa, ..., w,) is an analytic coordinate
change of (us2,. .., Uysn), but Wi = u,; and we do not change u,1.
(In many cases, we can take w; = u,; — 3, i = 2,...,n.) We fix
W1 = Uy as Ug1 = 0 is the defining function of I?(Pl).
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As a second condition, we assume

(A2) Forany A € Mg and q € S(A), there exists an admissible
coordinate (Ug, w) centered at q such that 7*f(w) is Newton
non-degenerate and pseudo-convenient with respect to this
coordinates (Uq, w).
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Milnor fibration:First modification of f

We assume that f(z) is an almost non-degenerate function and we
take an admissible toric modification as in the previous section.
We consider the tubular Milnor fibration

(x) f:U(g,0)" = D5, U(g,0) ={z|0 < |[f(2)| <9, ||z|| < e}, d K e.
This fibration is isomorphically lifted on X so that
(x2) f:0(e,0)* — D}

is equivalent to the Milnor fibration (x). Here

U(e,0)* :== #71(U(e,8)) and  := f o #. This fibration (x2) can
be decomposed as the union of the fibrations along £(P) for

P € V* and local Milnor fibrations of f at g € S(A), A € M.
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Figure: Milnor Fibation
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Local fibration at g

At each g € S(A), we take a small ball B./(q) and we consider the
local Milnor fibration of the function f(w) := #*f(w) at g¢:

f: Ug(e',6)" — D;,
where g € S(A) and
Ug(e',0)" = {w € Uy |0 < |f(w)] < 6, ||w|| <€}, 6 < min{e’,e}.

We assume 4§ is small enough so that we can use the same § in (%)
for the local Milnor fibrations at g. This means that for any
n#0, |n| < 6, the level hypersurface #~1(1) intersects
transversely with the sphere S2"(g). Note that f does not have
an isolated singularity at g but Newton non-degenerate.
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Uq(gla 5)

Figure: Uq(g’,9)

Almost non-degenerate functions and a Zariski pair of links



Here we assume that w is an admissible coordinate at q. Let us
consider the decomposition of of the total space of the lifted
Milnor fibration U(e,d)*,

0(5,5)* = 0(6,5)/ U (quA,AeMo Uq(€/,5))
where U(e,8) := U(e,8)* \ U (Ugea,aem, Ug(€”, 9))

and we consider the corresponding decomposition of the Milnor
fibration. We take £” a bit smaller than &’. Assume

{q1,....9m} ={g € S(A)| A € My} and consider the sequence
of subspaces

Uo(g,8) € Ur(e,6) C - C Up(e,8) = U(e, d)
where 0,-(5,5) U(e, 8) U Ug, (€0)).

i<i
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Computation of '(t)

Let ¢(t) be the zeta function of the restriction f : U(e, §) — D}
and let (,(t) be the zeta function of the local Milnor fibration of f
at g. (f is the total pull-back of ). We denote the set of primitive
weight vectors by P and Py which correspond to M and My
respectively. Then we have
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Lemma 2
Assume that f(z) is an almost non-degenerate function as above.
Then the zeta function of f is given as the product

=< I (3)

qeS(A)

where each product factor (4(t) can be computed by Varchenko's
formula (V) and ('(t) is given as

¢ = I o JI @-e®)y>® (4)

IC{im}  PEP\Po
x [T (@ — t4P) P+ Eaesaey o
PePy
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Outline of the proof

Proof: We give an outline of a proof of the assertion by an
inductive argument on i, showing the zeta function ¢(+1(¢t) of
f: Uit1(e,6) = Dj is given as

(1) = (O(1)qa(e), 0<i < m. ®)

For the proof, we use the following Sublemma 26 and Proposition
27.

Almost non-degenerate functions and a Zariski pair of links



Two basic tools

Sublemma/Lemma (5.3), [11]] Let U C #=*(U(e, §)) and suppose
that there is a manifold M and a submersion p : U — M so that
pxf:U—Mx D3 is a locally trivial fibration. lIts restriction to
p~X(m), f : p~Y(m) — D}, with m € M is also a fibration. Let
¢(t) and (jy(t) be the respective zeta functions of the fibrations
f:U— Dj and f p~t(m) — Df. Then we have the equality:
() = (Gh(£)XM.

The assertion is trivial when p: U — M is a trivial fibration. Then
we apply Mayer-Vietoris argument. (z;(t) is called the normal zeta
function along M.

Almost non-degenerate functions and a Zariski pair of links



Second tool

[Proposition (2.8), [11]] Let U = U; U U, be an open covering of
the fibration p : U — D5 where the restriction of p to U, Uz and
Uiz := Ui N Us is also fibration. Consider four fibrations. Let
F,Fi1, Fp, F12 be the respective fibers and let ¢, (1(t), (2(t), (12 be
their zeta functions. Then

X(F) = x(F1) + x(F2) = x(Fr2),  ¢(t) = Gu()¢a(t)¢ra(t)

The assertion follows easily from the Mayer-Vietoris argument.
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We apply Proposition 27 to the union

U,'+1(€,(5) = U,'(&‘,5) U qu+1(6,’5)' Let

Wiyt = Uqg,,(€',0) \ Uq,,, (€7,6) = Ui(e,0) N Ug,,, (€,6). The
proof of the inductive assertion (5) follows from the next assertion.

Assertion 0.1

The contribution to the zeta function from

Wit1 = Ui(e, 0) N Ug,,, (€', 9) is trivial.

Assuming Assertion 0.1, Lemma 2 follows by the inductive
argument.
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Zeta function (’(t) and the proof of (4)

Recall that ¢’(t) is the zeta function for the first toric modification,
outside of the singular points {g|g € S(A), A € Mo}. Applying
A'Campo’s formula and Varchenko's description, we get a formula
for the zeta function {’(t) which is given as follows.

For A € M\ Moy, the calculation is the same as in the proof of
Theorem (5.3), [11]. Assume that A € My. Let P be the
primitive weight vector which corresponds to A and take a toric
chart CJ, 0 = Cone(Px, ..., P,) with P = P; and let

u, = (Up1, ..., Uspn) the toric coordinate of this chart. Then as in
the previous section, the exceptional divisor E(P) is defined by
ty1 =0 and E(P) := E(P) N V is defined in E(P) by

gp(Uy2, ..., Usn) = 0 where
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gP(U027‘--7uan) = ( a27~~7uan)~

Let 11q be the Milnor number of (gp, q) as a germ of a
hypersurface at g € E(P). We take a small ball By(¢) centered at
g for g € S(A). Let us consider a small perturbation family

fs(z), |s| < 1 of the coefficients of f so that f = fy, ['(f;) = T(f)
for any s and fs is non-degenerate for s # 0. More precisely, we
need only move a bit the coefficients of fao, A € My. The same
toric modification 7 : X — C" gives a good resolution of the
family £ for any s # 0. LetNC(S)(t) be the zeta function of

fs, s # 0. Let Vo = V and V; be the strict transform of f~1(0)
and £.71(0) respectively.
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Let E(P)’S’ be the corresponding factor of the exceptional divisor of
E(P) which appears in the product expression of ¢(*)(t) in the
formula (AC) of A’Campo and (V) of Varchenko and let E(P)s
and E(P)o (= E(P) the intersections of E(P) and the strict
transforms Vi of fs = 0 and Vj of fy = 0 respectively. Note that

X(E(P)) = x(E(P)s) + (-1)"* >_qes(n) Hq- Therefore

X(E(P)\ (Vo Ugzp E(Q))) = X(E(P) \ (Vs Ugzp E(Q))

anMq

qes(h)
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Thus the factor of zeta function ¢’(t) coming from the divisor
E(P) is changed from

(1 B td(P))fx(E(P);’) N (1 _ td(P))—X(E(P);,)+(—1)"71 qus(A) Ha
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For A € My, take P € Py with A(P) = A and we put

a® =TI .

qeS(A)
er(t) i= (1 — ¢4PHED" Laesa) #a

¢r(t):= [[ ¢X(t)

AeEMy
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Using the above notations, we now obtain the equality:

d= T a@ JI @-ed®)y~®

1C{1,....n} PEP\Po

x T (1 9Py XEPRIH1 sy
PPy

= (O)(e)¢ (1)
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Second modifications, calculation of (4(t)

For A € My and g € S(A), we choose admissible coordinates

w = (wi,...,w,) centered at g and take an admissible regular
simplicial subdivision X7 of M*(f;w). As f(w) is
pseudo-convenient, we assume that the vertices of X7 are strictly
positive except ey, ..., e,. Then we take the toric modification

&g : Yq — X with respect to 2. Taking the toric modification at
each g € S(A), A € My, let & : Y — X is the union of the toric
modification. Here Y is the canonical gluing of the union of

Yy, g € S(A), A € Mp. The composition

M. y-2sx-tsen

gives a good resolution of f. The exceptional divisors of I1 are all
compact. The zeta function (4(t) is described by (AC) or (V).
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Thus by Lemma 2, we have the following generalization of
Varchenko's formula:

Theorem 3
The zeta function of f is given by

() = ¢ (0) T] caln).

AeMy

where C(5)(t) is the zeta function of the Newton non-degenerate
function fs with T'(fs) = ().

Almost non-degenerate functions and a Zariski pair of links



Example 2.

Consider f = z3 + y3 + 23 — 3xyz + z*. Note that

x3 4+ y3 + 23 — 3xyz = 0 consists of three planes
X+y+z=0,x+wy+w?z=0,x+w?y +wz=0with

w = exp(2mi/3). The dual Newton diagram has a single strictly
positive vertex P = £(1,1,1) and it is already regular simplicial
cone subdivision. The corresponding toric modification is nothing
but the ordinary blowing up. After one blowing up, we work in the
toric coordinate chart C3, u, = (uy1, U2, Us3) Where

o = Cone(P, e1, ), P="11,1,1) and

X = Up1lUg2, Y = Ug1lUy3,Z = Uy1. We have

™ f = u3,f(ug),
f(uy) = (Uo2 + Up3 + 1) (Up2 + Witg3 + w?) (g2 + W2 ty3 + W) + g1
and E(P) is defined by u,1 = 0, (0, ty2, Uy3) = O which consists

of three P! and three singular points are go := (0,1, 1),
g1 = (0,w,w?) and ¢» = (0, w?, w).
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For example, at qo, taking the coordinate
Wi = Uy1, Wo = Uyo — 1, w3 = uy3 — 1, A*F is written as

FF = 03, (135 4 U3 — 3up3tion + Upy + 1)

= W13(W33 + W23 +3W3? — 3wz wo +3W22 + wp)

By the symmetry of the equation, the singularities of E(P) are
isomorphic at any g;. They are Ay singularity and pg, = 1. Thus

¢O(t) = (1-2%)73 ¢(t) = (1 - %) and (1) = 1. (g (1) is

given as (1 — t*)~1. Thus we get
Assertion 0.2

(t)=(@1 -t 3 and p = 11.
Observe that 11 =8 +3- 1.
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Example 3

. Let f4(x,y, z) be an irreducible convenient homogeneous
polynomial which defines a projective curve of degree d with

k < W nodes. See [10] for an example of such a curve. We
consider f = f; + x9t1. As an affine polynomial, f4 has a single
maximal dimensional face with weight vector P = %(1,1,1) and it
is Newton degenerate.

The local zeta function is (g, (t) = (1 — t?+1)~! and we get

C(t) — (1 - td)—d2+3d—3+k(l o t_d-i-l)—k7 ,LL(f) — (C/ _ 1)3 + k.
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Application: A Zariski pair of links

It is well-known that there exists a pair of projective curves

{C, C'} of degree 6 (so called a Zariski pair) with 6 cusps whose
complements have different topologies (Zariski [17]). The first
curve C is sextic of torus type. A typical one is defined as follows:

C :={(x,y,2) € P?| fs(x,y,2) = 0}
f6:f23+f32,f2:X2+y2+Z2,f3:X3+y3+Z3.
Another curve C’ is a sextic with 6 cusps such that there exists no

conic which contains these 6 points. We use the sextic which is

given in [12]. For our purpose, we took the change of coordinates
(x,y)— (x+1/2,y +2).
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Non-conical 6 cuspidal sextic

C/: g6(X7yvz):0
21525 B1xz® 63x2z2* 3x3z23 9x%z7?
— + +

64 16 6 2 4 (6)

41yz°
+3x%z 4+ x°% — % +8xyz* +10x%yz> — 4 x*yz —

86 =
571 y2z*
48

22 xy?z3 n 47 x?y? 72 4 o 190 y3z3  8xy32°

3 6 7 27 3
8x%y3z _ 85y%2z2  xy*z n x2y* B 4y5z B ny
3 36 3 3 9 27
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To make the singularity of £, 1(0) and g5 *(0) to be isolated at the
origin, we put

f=fh+z, g=go+2
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and we consider the corresponding hypersurface f~*(0) and

g7 1(0) at the origin. We will show that they have the same
Newton boundary, the same zeta function (thus the same Milnor
number too) and their links M¢ and M, are diffeomorphic where
Ms = V(f)N S2"~1 and M, = V(g) N S2"~1 and ¢ is small
enough. However the tangent cones are not isomorphic. We call
such a pair of links of hypersurfaces V/(f), V(g) a Zariski pair of
links.
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Torus type sextic as the tangent cone

We consider first V = f~1(0). Consider the polynomials:

h=x>+y*+22, =x>+y>+ 23
fo="f +f;, f="fo+z
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We first take an ordinary blowing up # : X — C3 and we take the
chart (U,u,) = (U1, U2, Uy3)) with

"(ua) = (Up1Us3, Us2Us3, Us3). Denote the exceptional divisor by
EO which is P2 and it is defined by us3 =0in U. Eo = Eo NVis
the exceptional divisor of the restriction of T to V, corresponding
to the strict transform of fg = 0. More precisely we have:

A*f_u (f6+uo3) f6—f2 +F2,
f2:ucrl+ua'2+17 f3:u01+ucr2+1'
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Let V be the strict transform of V. 6 singular points of Eg are
located at the intesection fo = f3 = 0 and they are A, singularities.
On each intersection, » = 0 and f; = 0 are non-singular and
intersect transversely. Put them p1,...,ps. As

V(£), V(f), V(uys3) intersect transversely at p;, we can take

wi = fa, wo = f3, W3 = U,3 as analytic coordinates in a small
neighborhood U; of p; and then we have

#*f = wd(wi + wi + ws).

The dual Newton diagram *(f) is as Figure 3 and we take a
regular subdivision X7 as in Figure 3.
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€1

P=1%(2,3,6), T =%1,2,3), S =(1,1,2), R = £(1,1,1)
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take the associated toric modification @; : Y; — U;. It has four
exceptional divisors E£(P), E(T), E(S), E(R). The strict
transform \7, of V is smooth. The restriction w; . \7, S Visa
resolution of V/ at p; and it has three exceptional divisors
E(P)=E(P)NV;, E(T) = E(T)NV; and E(S) = E(S)N V. On
the other hand, £(R) N V; is empty as A(R) = {(0,0,7)}. (See
for example Proposition (3.7), page 131, [11].) E(e1), E(e2) are
strict transforms of the conic f; = 0 and the cubic 3 = 0. E(e3) is
(the pull-back of) the exceptional divisor Eg. To distinguish
divisors over other singular points p;,1 < i < 6, we denote them by
E(P)i, E(T):, E(S):.
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Resolution of V¢

We do the same toric modification at p1, ..., pe and let

@ : Y — X be the union of these modifications and let
NM=#0&:Y — X = C" the composition of the modifications.
The exceptional divisors of Mis given as

6
D:=MA"10)NV==E+ > (E(P);+ E(T)i + E(S))).

19 exceptional divisors of star-shaped.
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Assertion 0.3

Eo has genus 4.

The assertion follows from the Euler characteristic calculation,
X(Eo) = —18 +6-2 = —6. Here 18 is the Euler characteristic of
the smooth sextic Egs = Eg N Vs (genus 10) and —12 is the defect
from 6 cusps.
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Intersection numbers

The link of V' is diffeomorphic to the boundary of the tubular
neighborhood of the total exceptional divisor D. To compute the
intersection numbers, we use (I1*£) and the property

(M*f) - E = 0. We use three toric charts ¢ = Cone(P, T, e3),

7 = Cone(P, S, e3) and £ = Cone(S, e1, e3) with respective toric
coordinates (Uy1, Ug2, Ug3), (Ur1, Ur2, ur3) and (ugr, Ugo, ug3). Thus
we have

6
(M"h) =26+ Vo + Y _(14E(P); + TE(T); + 5E(S):).
i=1

Here V5 is the strict transform of V(f;). Let If be the 19 x 19-
intersection matrix of the exceptional divisors. Thus we conclude

E(P)? = —1, E(T)? = =2, E(S)? = —3, E5 = —42, det [ = 6.
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Non Torus type sextic as the tangent cone

We consider V(g) where g = gg + z” and gg is given in (6). First
we take a blowing up at the origin. Using the same coordinates
(u017 Us2, UU3),

g = u3(86(Uo1, Uo2) + Uo3)
B6(Uo1, Up2) = 1728 up1® + 5184 up1® + (—1728 uyn? — 6912 U, — 3888)
—2592 uy1® + (576 uyn” + 4608 uyo> + 13536 upo® + 17280 o + 68
+ (576 upa™® + 4608 uyp® + 12672 uyo® + 13824 uyo + 5508)
— 768 Uyp® — 4080 Uyp? — 12160 uyp® — 20556 upo? — 177121
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The graph of gg = 0 is given in Figure 5. The singular points are

1 1 1
P11 = (57_170% P2 = (§a _37 0)7 pP3 = (_57_170%
1 1 V6 1 1 V6 1
P4 = (_57 _370)> P5 = (_5 + ?7 _an)a Pe = (_5 - ?7_5?0)

and the tangent cones are vertical for {p1, p2} and horizontal for
{p3, pa, ps, pe}. This implies the elementary choice of coordinates
are admissible. The resolutions are similar for p1, p» and also the
resolutions for ps3, ..., ps are similar. So we will see two resolutions
at p1 and ps.
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We do a practical resolutions at p1, ..., ps. WE omit the detail but
found that the resution graph is the same as that of V/(f).
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Theorem 4
The links of f and g have the same zeta function:

421 _ 414
(t)=(1- t6)797 Coi(t) = ((11 _tt42))((11 _tt7))

1 (=2 —ah)°
(1) = (1- 1_'6)9 ( (1- t42)(1 —t7) )

and the Milnor number is 137. They also have the same graph of
the resolution and the determinants of the intersection matrices
are —6.
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First homology group

Theorem 5
The surfaces V/(f) and V(g) have the same zeta function and the
same Milnor number 137 but their links are diffeomorohic and

Hi(M¢) = HM,) = Z8 & Z./6.

The order of the torsion parts come from the absolute values of
the respective determinant of the intersection matrices.
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Is the diffeomorphism of M¢ and M, a restriction of a
diffeomorphism of S27?
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Sift Formula of Milnor number

Consider a convenient homogeneous polynomial f4(z) of degree d
which defines a projective hypersurface V with s isolated singular

points p1,..., ps. We assume the singular points are in the
projective chart {z, # 0} with coordinates
X= (X1, yXn-1), Xi = Zi/2Zn, i =1,...,n—1 and we assume

that for each p;, there exists a local coordinates (U;, w(?)) so that
the local equation of V' N U,, is a Newton non-degenerate function
f',-(w(i)). Put ;i the Milnor number of f; at p; and peor = > 1q Hi-
Consider the modified function

f(2) = fa(2) + 23+
which makes V/(f) has an isolated singularity at the origin. Then
we have:

Theorem 6
f(z) is an almost Newton non-degenerate function and the Milnor
number u(f) of f is given as u(f) = (d — 1)" + pitor-
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Thank you for the attention!
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