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Definition

Let f=(f',...,f"): C" — C" Be a polynomial map.

Definition
¥, € C" is a proper point of f,if
for any are x(t) : C* —» C",

lu_rQ) f(x(t) =y, = M?)X(t) exists in C".

\We consider the non-properness set of f:

St ={yo € C": y, is not a proper point of f}

. 3x(t) : C* — C" such that
=4 Yo € c": l'”}, f(X(t)) =Yo, llr%x(t) = 00



A preliminary consideration

Compactify f: C" — C" as

f:X—Y
where X and Y are suitakle projective manifolds.
Set X Cls Y = Yoo
Assume that X, and Y. are simple normal
crossing divisors. We then have

S = ?(XOO) nc”

Since f is proper, the set f(X.) is cosed in Y and
we ortain that 5S¢ is closed.



Jelonek’s results
r Theorem [Jelonek [993]

[£ a polynomial map f : C" — C" is dominantt,
then S is a C-uniruled hypersurface or empty.

A variety is a8 C-uniruled i it is the image of
X x C, for some X, By a Birational map.

Jelonek showed several dearee estimates of S¢.
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Newrton polyhedron

Set fi=% dx" j=1,...,n
Newrton polyhedron of f/ is defined ry

A(f) = convex hull of {v € R": ¢/, # 0}.
For pP= (pl,...,Pn) e L
di(p) = — min{(p,v) : v € A(F)}
5(p) ={v € A(F) : (p,v) = —di(p)}

where (p,v) = pivy + -+ PnVn.
We say v;(p) the face of A(f/) supported By p.



Example

(F (6 y), P y) = Py +xy +y + L%y +y + x + 1)

Vectors sup-
1 2
A(F) A(F5) porting faces

(0, —1) =2
dh(—1,1) =0 do(—1,1) =



MiNnkowski sum

o A(f) = A(f) +---+A(FY
o A*is the dual fan of A(f)
o fy=(fh,....f])where fl =37 cx¥

(F (%, 9), F2(x,y)) = Py +xy +y + Ly + y + x + 1)

A(F) @enerators of -cones of A*



Assume that f/ (j=1,...,n) are non-constant
polynomials with constant terms.

e For peZ”, v(p) = (n(p). -, 1(pP))
eforpeZ Jypy={i€c{l,...,n} 0 &}

o Av(f)={v(pP): pEZ"\ (Zx0)"}
the set of non-coordinate faces

e for JC{1,...,n}, we dencte
C'=C'xC’, Js={1,...,n}\J
e For JC {1,...,n}, we denote /= (f);c,
f.c"—c’

o f is dominant i det Jac(f) is not identically
zero.



Main Theorem
Set
Z(f5) ={x € (C)": f(x) = 0},
X ( ,,) ={x € (C")": rankJae(f,J,) < #J}.

We say that Z has a dense nonsingular [ocus i£
Z\ X is dense in Z

/ Theorem | ~N

[# f is dominant and Z(fJ) \ Z(f:',) is dense in
Z(f2) Vv € Dyo(f), J = J.,,-tker\

Ss= |J %

vy EAL(F)

\where Sy = f7(z(f)) x C~.




Non-deaeneracy condition

M.Chen, L.R.G&G Dias, K. Takeuchi and M. Tirar, Inver-tigle
polynomial mappings via Newton non-deaeneracy, Ann. Inst.
Fourier, Grenoegle L4, S (201), 18071822

define non-deceneracy condition as

Z(F)NE(F) =0, J=J, $or any 7.

Under this condition, they show that

ssc |J S

v €Anc(F)

They actually treated the Bifurcation set of a
polynomial map f : K™ - K" K=C, R, m> n.



Example (continued)
(F(x,y), FA(x,y)) = (P +xy +y + 1, X%y +y + x + 1)

(f)

NG NG

r

L =(x%y% + xy + 1, x(xy + 1)), Z(ff} ) ={xyale=0}
Foyo1) =(%y2 (X2 + 1)y)). Z(F83 ) =0

Foy(1-2) =02+ 1,Y), Z(F52 ) =0
Therefore

Sr={x*y*+xy+1:xy+1=0}xC
={P+t+1:t+1=0}xC={1}xC



Another example

(F1(x,y), FP(x.y) = (xy + y + L,x3y? + y* + xy + 1)

AR | AP [ [ A
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f =(xy + Lx%? +xy +1), Z(fo,  )=(C")?
Fao 1 =((x+1)y, (A +1)y?), Z(FI2 ) =0
Therefore

Se={(X,Y):3(x,y) st (X,Y)=(xy +1,x°y* + xy + 1)}
={(X,Y):3tst (X,Y)=(t+ 1,2 +t+1)}
={Y -X*+X-1=0}



Proo$ of Main Theorem

H is enouch to prove the following

r Theorem 2.
[£ f is dominant, then

U SScSc U S
¥ €Anc(F) ¥ €Anc(F)

where

C S!, =RSBISHEGEFEDEE, J = J,.

Here Z denotes the closure of Z.



Proo$ of Main Theorem
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Vv s V'), vo € (K")".

1

We denote A(p) the set of such ares.

Ar(p) = {x(t) € A(p) : Iy € Sr y = lim F(x(£))}



Prootobessc.di)ss,

¥ € A, (f)
Express fi(x(t)) as

Ax(8)) = 9 + ft+ -+ f_ 197 + Fe9 4 o(t?))
where d; = di(p). # y € S¢,then 3p € 2"\ (Z>)" and

Ix(t) € A(p) such that lirg) f(x(t)) =y,

o
oty

= - = IS =

>

In particuler, fj = £, (vo) =0 (j € .
As t 0, Fi(x(t) > = = (vo) G & N O



Proof of |J s cs
v € Dpe(f)
We have
f = (df)uo(vi) + H(vo,...,vii) (i=1,2,...)

where rl(vo,...,vi 1) is a suitaele polynomial of

Vo,..., Vi1 Let (a))jesk>1 Be any seqQuence. Assume
that we already take v, vy,..., vi_1 sO that

fl=d (1<k<ijel).

There exists v; so that fJ af for j € J, whenever
(dej)JeJ is of £ull rank at vy Tkus

SigESf (7 (£ o T (£ CF
CFI(Z(F)\X(F) xC! c S = &;. O




Generalizations

e t0 a polynomial map f : C™ — C" (our discussion
wOorks when f is generically proper, that is,
there is a8 nowhere dense sukset S Of its
imace so that F!(y) is compact if y & S)

But, when m > n, Sf = Im f, automatically.

e to relative version f = (f’, f"): C™ — C"~* x C*
f:X—=C"*x{yg}cC"

where X = (f")"}(yg).
e tO degenerate case:

Z(F)\ Z(F)\ () # 0 for some v € Anyr)

e tO real case



R_elative version

Set f' = (f1,....f"*) and " = (F"*1, .. 7).
Consider f'|x : X — C"™ " where X = (f")"(yy).

Assume that the reaular locus of X is dense in X.
ldentidy f'|x with f|x. For a face v = (71,...,7,) OF
A(f), define v' = (71, -, Y=k )y ¥ = (Yn—kt15 - - - 7n).
Set J=J,={je{l,...,n—k}:0¢&~}, and

S'Y,?'Y” :f‘,JYC/(Z(f.,J77 fﬁ;// — yg)) X CJ,

5,./7/;,7// :f-,.JYC/(Z(f.;jY7 fﬁ;// - yg) \ Z(f:i)) X CJ




R_elative version (Theorem)

s Theorem 3 ~

[# X does not have a component in {x; ---x, = 0},
then

U 5'/7’;'7” C Sf\x & U 5’7’;'7”'
¥ EAnc(f) ¥ EAnc(f)

N J
I8 Z(f2, F2., — y§) has 8 dense nonsinaular locus for
all v € A,(f), we have equalities.
[# X has a component X; in {x;---x, =0}, then we
could proceed a similar computation £or flx, which
Is 8 polynomial map with less nuweer Of variakles
and ogtain that 5, C S,




A trick for deaenerate case

Let h: K™tk - K"tk ge a polynomial map with
A" (x) = @i(X1, ... Xm) — Xmyi $OC i =1,... k.
Let X Be a sueset defined Ry
Xmai = 0i(x1, ..oy Xm), =1,... k.

The set X is isomotrphic to K" By x — (X, pi(x))
where x = (xi,...,xm) # f(x) = h(x, p1(x),. .., 0x(x)),
then we have

S = Shix

via the identification of K” with K” x {0}.



Decenerate example

Let h: K3 — K3 e the map defined By
h(x,y,z) = (1 + x £ 25,1+ 5@z y° —5°— 2).

Let X Be the sukset of K3 defined By z = y? — x5
Then the map h|x is isomorphic to the map
f : K?> = K2 defined Ry

f,y)=(1+x+ (=) 1+x+(y* — x%)3).

Applyina Theorem 3, we conclude that h is proper,
and thus so is f.



Another idea for deq case

Assume that, for some v € A, (f),

= Z(f)\ Z(fs) \ Sl
Remark that
Ss=|J  Sr(p). Si(p) :{y eC”: |ir3nxf(ra(€t;)l(£)y}-
PEL"\(Z>)" i
Set
F(x) = f(X)+F (X)+ -, FL(tPxq, ..., tP7x,) = =9I (x).

Remark that fi = fvf;(p) and thus fo = f ().



Another idea for deq case
(continued)

Ix € Vo), ¥y = f'Jvc(p)(X)
Wip)={yeC: . 24#8 () | _ 2418 () F )y | 0
a3 (x) o (x) ()

dx € V. y' =FfL (%)
W (D= Wi(p) - v(p); v(P) 5
(p) {y S (p) rank (alebl (X)),':]_ .= #J//

where J = Jyp) = {J: di(p) > 0},
J={jed:d(p)=1}, S ={je:d(p)>2}

- Theorem 4+

L Vo) #0 = W(p) C S¢(p) C W(p)

R 1



A decenerate example

Consider the map f : K3 — K3 defined Ry

e X1X3 + XoX3
f(X]_,X2,X3) = 1+X1(]. —X1X3+X2X3) o

1 T X2(]. — X1X3 aF X2X3)
X3 X3 X3
A(f1) A(f?) A(f?)
X1 X1 X1
We easily see that

Sqan-n(f)={n=y=1}, Sya12(f)={y2+ys =2},
Sycron(f) ={n=2,y3=1}, Sy0-11)(F) ={y =0,y = 1}.

X3

A(f)

X1



Example (continued)
fy1,-11) s decenerate. W(—1,-1,1) is aiven By

Ix 1 —x1x3 +x2x3 = 0,y1 = 1 + x1x3 + X2x3,
1 —2x1x3 + x2X3 X1X3 xie —x1) l—y2\ _
rank =1
X2X3 1—x1x3+2x2x3 Xxo(x2—x1) 1—y3

={y1(y2 — y3) — 2y» + 2 = 0}.
P RKExK K3 (x,y)—z= <)/1a)/2a ?)/2 +y3>-
il

is well-defined alona arc in A(—1,—-1,1) when t — 0.
g(x) = ®(x, f(x)) is non-decenerate and we manace
to show that

W(*]_ *1 1) = 57(,1_,1,1).
We conclude that

SRR S S (i ).



R_eal version

Change C By R
Everything works!

Causion: 5¢ is semi-alaeBraic, in general.
For f :R™ — R", m > n, 5 may not Be
f(R™).




Thank you very much
for your attention!

Dzie kuje rardzo za
uwace!



