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De�nitions

De�nition 1. Let F = (F1; :::; Fm) : Cn ! Cm be a polynomial mapping. The ×o-
jasiewicz exponent of F at in�nity is de�ned as the biggest exponent � for which the
following inequality

(1.1) jF (z)j > C jzj�

holds for some constant C and su¢ ciently large jzj : Precisely

L1(F ) := sup

8>>><>>>:� 2 R : 9
C > 0

9
R > 0

8
z 2 Cn
jzj � R

jF (z)j > C jzj�

9>>>=>>>;
We denote this exponent by L1(F ):

De�nition 2. Let F = (F1; :::; Fm) : Cn ! Cm be a polynomial mapping and S � Cn
be an unbounded set. The ×ojasiewicz exponent of F at in�nity on S is de�ned as the
best exponent � for which the following inequality holds

jF (z)j > C jzj�

for some constant C and su¢ ciently large jzj in S: Precisely

L1(F jS) := sup

8>>><>>>:� 2 R : 9
C > 0

9
R > 0

8
z 2 S
jzj � R

jF (z)j > C jzj�

9>>>=>>>;
We denote this exponent by L1(F jS):

Examples

Example 1. Let
F (x; y) = (x; xy � 1) : C2 ! C2:

Then
L1(F ) = �1;

If S := fy = 0g; then
L1(F jS) = 1:

Example 2. Take p; q 2 N; 0 < q < p and de�ne
f(x; y) : = y + y1+qxp�q : C2 ! C
F (x; y) : = grad f = ((p� q)y1+qxp�q�1; 1 + (1 + q)yqxp�q) : C2 ! C2:

Then
L1(F ) = �

p

q
:



3

Basic properties of the ×ojasiewicz exponent at
in�nity

Let F = (F1; :::; Fm) : Cn ! Cm be a polynomial mapping.

1. L1(F ) is an invariant of linear automorphisms of Cn and Cm:

2. L1(F ) is not an invariant of polynomial automorphisms of Cn and Cm:

L1(F ) =
�
1 if F (x; y) = (x; y)
1
2
if F (x; y) = (x+ y2; y)

L1(F ) =
�
1 if F (x; y) = (x; xy � 1)
�1 if F (x; y) = (x; xy)

3. L1(F ) > �1 i¤ the zero-set V (F ) of F is isolated (i.e. #F�1(0) < +1):

4. L1(F ) 6 max(degF1; :::; degFm) for any n;m:

5. L1(F ) is attained on a meromorphic curve i.e.
L1(F ) = L1(F j�);

where � is a meromorphic curve.

6. L1(F ) is a rational number.

7. L1(F ) is attained i.e.
jF (z)j > C jzjL1(F ) for su¢ ciently large z:
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Applications of the ×ojasiewicz exponent at in�nity
I. Jacobian Conjecture

Proposition 1.1. Let F = (F1; :::; Fm) : Cn ! Cm be a polynomial mapping. Then F
is a proper mapping if and only if L1(F ) > 0:

Theorem 1.2. Jacobian Conjecture holds for F : Cn ! Cn; JacF = 1; if and only
if L1(F ) > 0:

Let f : Cn ! C be a non-constant polynomial. The gradient grad f := ( @f
@z1
; :::; @f

@zn
) :

Cn ! Cn is a polynomial mapping.

Theorem 1.3 (Ch ¾adzyński, Krasiński 1992). A polynomial f : C2 ! C is a coordinate
of a polynomial automorphism of C2 if and only if V (grad f) = ; and L1(grad f) >
�1:
Theorem 1.4 (P÷oski 1985). A polynomial mapping F : C2 ! C2; is a polynomial
automorphism of C2 if and only if and L1(F ) = 1= degF:

II. Bifurcation points of polynomials

De�nition 3. . Let f : Cn ! C be a non-constant polynomial. A point � 2 C is a
critical value of f at in�nity (or an atypical value of f) if there exists no neighbourhood
U of � such that

f jf�1(U) : f�1(U)! U

is a trivial C1-bundle outside a compact set K. The set of critical values of f at
in�nity we will denote by �(f).

Fig. 1. � is a critical value of f at in�nity
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Fig. 2. � is not a critical value of f at in�nity

Example 3. The point 0 is a critical value of f(x; y) := xy2 � y at in�nity.
Theorem 1.5 (Pham 1983). #�(f) < +1:

De�nition 4. Let � 2 C. The ×ojasiewicz exponent at in�nity near a �bre f�1(�) of
f is de�ned by

(1.2) L1;�(f) := lim
�!0+

L1(grad f jf�1(K�))

where K� is a disc of radius � with the centre at �: Equivalently

L1;�(f) := inf
�
L1(grad f j�)

where � is a meromorphic curve approximating f�1(�) at 1:

A complete characterization of �(f) for n = 2:

Theorem 1.6 (Ha Huy Vui 1990). Let f : C2 ! C be a non-constant polynomial.
Then � 2 �(f) if and only if L1;�(f) < �1 (an equivalent condition L1;�(f) < 0):

A partial characterization of �(f) for n � 2:
Theorem 1.7 (Parusiński 1995). Let f : Cn ! C be a non-constant polynomial.
1. If � 2 �(f) then L1;�(f) � �1:
2. If L1;�(f) � �1 and f has only isolated singularities at in�nity, then � 2 �(f):

The inverse implication in 1 of the above theorem does not hold in general.

Example 4 (Paunescu-Zaharia 1999). De�ne

f(x; y; z) := x� 3x3y2 + 2x4y3 + yz:
Then
1. �(f) = ; (because f is a coordinate i.e. a component of a polynomial automor-

phism),
2. L1;0(f) = �1:
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Formulas and estimations of the ×ojasiewicz
exponent at in�nity

Let F = (F1; :::; Fm) : Cn ! Cm be a polynomial mapping.
Almost all is known on the ×ojasiewicz exponent at in�nity in two-dimensional case

(n = m = 2)

Two-dimensional case

Theorem 1.8. Let F = (f; g) : C2 ! C2 be a polynomial mapping. Then
L1(F ) = L1(F jV (f) [ V (g)):

Fig. 3.

Remark 1 (Ch ¾adzyński, Krasiński 1997). The same theorem is true in general case
F : Cn ! Cm:

L1(F ) = L1(F jV (F1) [ : : : [ V (Fn)):

An e¤ective formula for L1(F )
Theorem 1.9 (Ha Huy Vui 1990, Ch ¾adzyński, Krasiński 1992). Let F = (f; g) :
C2 ! C2 be a polynomial mapping 0 < deg f = degy f; 0 < deg g = degy g and
Resy(f(x; y)� u; g(x; y)� v) = Q0(u; v)xN + � � � +QN(u; v); Q0 6= 0; be the resultant
of f(x; y)� u and g(x; y)� v with respect to y (u; v are new variables). Then

L1(F ) =

8>>>>>>>>>>>><>>>>>>>>>>>>:

�
max
16i6N

degQi
i

��1
if Q0 = const:

0 if Q0 6= const:; Q0(0; 0) 6= 0

�
�
min
06i6r

ord(0;0)Qi
r+1�i

��1
if

Q0(0; 0) = ::: = Qr(0; 0) = 0;
Qr+1(0; 0) 6= 0

�1 if Q0(0; 0) = ::: = QN(0; 0) = 0:
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Other formulas for L1(F ) :

1.Ha Huy Vui, Cassou-Noguès 1995. A formula for L1(grad f) in terms of the
Eisenbud-Neumann diagrams of f at in�nity.

2. Gwózdziewicz, P÷oski 2005. A formula for L1(grad f) in terms of the polar
quotients at points of f at in�nity.

3. Lenarcik 1999. A formula for L1(grad f) in terms of the Newton polygon of f
at in�nity (in non-degenerate case).

4. Ch ¾adzyński, Krasínski. 2003. A formula for L1;�(f) in terms of the resultant
Resy(f(x; y)� �; f 0y(x; y)� u):

General case

In this case we have only estimations of L1(F )
Theorem 1.10. Let F = (F1; :::; Fm) : Cn ! Cm be a polynomial mapping. Then

L1(F ) � min
i
(degFi) + d(F )�

mY
i=1

deg(Fi);

where
d(F ) = geometric degree of F :=

X
P2F�1(0)

�P (F )

(�P (F ) - multiplicity of F at P ):

It was proved by:
Ch ¾adzyński 1983 for n = m = 2:

P÷oski 1985 for n = m and F proper

Cygan, Tworzewski and Krasínski 1999 in general.

Other estimations:
Brownawell (1987), Kollar (1988, 1999), P÷oski (1992), P÷oski, Tworzewski

(1996), Spodzieja (2002), Bivia-Ausina (2006).
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Remarks

Remark 1. The above facts have local counterparts i.e. properties of the local
×ojasiewicz exponent L0(F ) for holomorphic mappings. A particular case of it i.e.
L0(grad f) is a very important invariant of a singularity f:

Remark 2. There are also results on the ×ojasiewicz exponent at in�nity in real
case i.e. for polynomial mappings F = (F1; :::; Fm) : Rn ! Rm

(Gwózdziewicz, Kollár , Bivia-Ausina).

Problems
Problem 1. Find e¤ective formulas for the ×ojasiewicz exponent at in�nity L1(F )

for polynomial mappings F in n-dimensional case.

Problem 2. Find e¤ective formulas for the×ojasiewicz exponent at in�nityL1(grad f)
of the gradient of a polynomial f in the nondegenerate case in terms of its Newton
polyhedron at in�nity in n-dimensional case.

Problem 3. Find e¤ective formulas for the ×ojasiewicz exponent at in�nity of the
gradient L1(grad f) of a quasi homogeneous polynomial f:

Problem 4. Characterize critical values at in�nity of a polynomial f in terms of
the ×ojasiewicz exponent in n-dimensional case.


