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Introduction

e f:(U,0) — (C,0) - complex analytic function with singularity
at 0 (not necessarily isolated), U - open neighbourhood of 0
in C", z=(z,...,2z,) - fixed system of linear coordinates,
> f - critical locus of f.
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Introduction

e f:(U,0) — (C,0) - complex analytic function with singularity
at 0 (not necessarily isolated), U - open neighbourhood of 0
in C", z=(z,...,2z,) - fixed system of linear coordinates,
> f - critical locus of f.

o dimgXf =0, f — ur(0)
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Introduction

e f:(U,0) — (C,0) - complex analytic function with singularity
at 0 (not necessarily isolated), U - open neighbourhood of 0
in C", z=(z,...,2z,) - fixed system of linear coordinates,
> f - critical locus of f.

o dimgXf =0, f — ur(0)

o dimpXf =d >0,
f— Ar2(0) := (Af,(0), A71(0), ..., A2 ,(0))
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Introduction

f:(U,0) — (C,0) - complex analytic function with singularity
at 0 (not necessarily isolated), U - open neighbourhood of 0
in C", z=(z,...,2z,) - fixed system of linear coordinates,

> f - critical locus of f.

dimoXf =0, f — ur(0)

dimgXf =d >0,
f— Ar2(0) := (Af,(0), A71(0), ..., A2 ,(0))

dimpXf =0= )\972(0) = 1r(0)
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Jump of L& numbers

@ 1£(0) - upper-semicontinuous in the family of deformation of
f
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Jump of L& numbers

@ 1£(0) - upper-semicontinuous in the family of deformation of
f

@ 1(0) — £ (0) - jump of deformation of Milnor number of £
(A. Bodin, Sz. Brzostowski, S. Guzein-Zade, T. Krasinski, J.
Walewska)
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Jump of L& numbers

@ 1£(0) - upper-semicontinuous in the family of deformation of
f

@ 1(0) — £ (0) - jump of deformation of Milnor number of £
(A. Bodin, Sz. Brzostowski, S. Guzein-Zade, T. Krasinski, J.
Walewska)

® Ar,(0) - upper-semicontinuous in the family of deformation of
f in the lexicographical order
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Jump of L& numbers

@ 1£(0) - upper-semicontinuous in the family of deformation of
f

@ 1(0) — £ (0) - jump of deformation of Milnor number of £
(A. Bodin, Sz. Brzostowski, S. Guzein-Zade, T. Krasinski, J.
Walewska)

® Ar,(0) - upper-semicontinuous in the family of deformation of
f in the lexicographical order

@ Ar,(0) — A 2(0) - jump of L& numbers of deformation f;
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e (X, Ox) - complex analytic space, W C X - analytic subset,
& - coherent sheaf of ideals in Ox, V(.#) - analytic space
defined by the vanishing of .#.
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e (X, Ox) - complex analytic space, W C X - analytic subset,
& - coherent sheaf of ideals in Ox, V(.#) - analytic space
defined by the vanishing of .#.

@ Take these components of V/(.#), which are contained in W.
Let x € V(.#). Take a minimal primary decomposition of the
stalk 7, of . in Ox . Define the ideal £, —~W in Ox
consisting of the intersection of those (possibly embedded)
primary components Q of ., such that V(Q) € W.
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e (X, Ox) - complex analytic space, W C X - analytic subset,
& - coherent sheaf of ideals in Ox, V(.#) - analytic space
defined by the vanishing of .#.

@ Take these components of V/(.#), which are contained in W.
Let x € V(.#). Take a minimal primary decomposition of the
stalk 7, of . in Ox . Define the ideal £, —~W in Ox
consisting of the intersection of those (possibly embedded)
primary components Q of ., such that V(Q) € W.

@ This definition does not depend on the choice of minimal
primary decomposition of .%.

Grzegorz Oleksik, Adam Rézycki University of Lodz On jumps of the L& numbers in the family of line singularities



e (X, Ox) - complex analytic space, W C X - analytic subset,
& - coherent sheaf of ideals in Ox, V(.#) - analytic space
defined by the vanishing of .#.

@ Take these components of V/(.#), which are contained in W.
Let x € V(.#). Take a minimal primary decomposition of the
stalk 7, of . in Ox . Define the ideal £, —~W in Ox
consisting of the intersection of those (possibly embedded)
primary components Q of ., such that V(Q) € W.

@ This definition does not depend on the choice of minimal
primary decomposition of .%.

@ Perform the operation described above at all points of V/(.%).
We obtain a coherent sheaf of ideals called a gap sheaf and
denoted by #—W. We denote by V(.#)=W complex space
V(I7-=W).
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Lé cycle and L& numbers

e f: (U,0) — (C,0) - analytic function, U - open
neighbourhood of 0 in C", z = (z,..., z,) - fixed system of
coordinates , > f - critical locus of f.
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Lé cycle and L& numbers

e f: (U,0) — (C,0) - analytic function, U - open
neighbourhood of 0 in C", z = (z,..., z,) - fixed system of
coordinates , > f - critical locus of f.

@ For every 0 < k < n—1, we define kth polar variety of f with
respect to z as

of of
rk —v A B ')
.z <6Zk+1 ’ ’ 82,,)
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Lé cycle and L& numbers

e f: (U,0) — (C,0) - analytic function, U - open
neighbourhood of 0 in C", z = (z,..., z,) - fixed system of
coordinates , > f - critical locus of f.

@ For every 0 < k < n—1, we define kth polar variety of f with
respect to z as

of of
rk —v A B ')
.z <6Zk+1 ’ ’ 82,,)

@ Analytic cycle

of
k 1.— |kt —|Tf
Af.] = [rf,z n V<82k+1>] [rf’z}

is called kth Lé cycle of f with respect to z.
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Lé cycle and Lé numbers

e f: (U,0) — (C,0) - analytic function, U - open
neighbourhood of 0 in C", z = (z,..., z,) - fixed system of
coordinates , > f - critical locus of f.

@ For every 0 < k < n—1, we define kth polar variety of f with
respect to z as

of of
rk —v A B ')
.z <6Zk+1 ’ ’ 82,,)

@ Analytic cycle

of
k L k+1 - X
Af.] = [rf,z n V<62k+1>] [rf’z}

is called kth Lé cycle of f with respect to z.

o We define kth Lé number of f at 0 € C" with respect to z

)‘lf<7z(0) = ([A’fg,z] ’ [V(Zla s Zk)])o
provided that this intersection is O-dimensionalbor empty-at 0;
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Lé cycle and L& numbers

if 0 is an isolated singularity of f, then:

1 _ of of
o rﬂz = V(Bzﬂ‘"’&z,,)
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Lé cycle and L& numbers

if 0 is an isolated singularity of f, then:

1 _ of
orfz V<822 "782,,>

o X?.(0) = [r mv<821)]0: [v(ngl,...,ngn)]o:uf(O).
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o f(z1,20,23) := 7225 + 23 + 73
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o f(z1,20,23) := 7225 + 23 + 73
e YXf={zm=2z3=0} =2z —axis, d =dimpXf =1
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o f(z1,20,23) := 7225 + 23 + 73

e YXf={zm=2z3=0} =2z —axis, d =dimpXf =1
°

of
r%’z = V<az3>—|V(22,Z3) = V(Zg’)—!V(Z2,Z3) = V(zg’),
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o f(z1,20,23) := 7225 + 23 + 73
e YXf={zm=2z3=0} =2z —axis, d =dimpXf =1

o
of
32 = V(o ) Vi m) = V() Ve 2) = V()
Z3
o
of of
1 — —/
I'f = V<822 823> V(ZQ,Z3)

= V(2(227 +423),23)~V (2, z3) = V(227 + 423, 23).
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o f(z1,20,23) := 7225 + 23 + 73
e YXf={zm=2z3=0} =2z —axis, d =dimpXf =1

°
of
32 = V(o ) Vi m) = V() Ve 2) = V()
°
of of
1 — —/
I'f = V<822 823> V(ZQ,Z3)
= V(2(227 +423),23)~V (2, z3) = V(227 + 423, 23).
°

- ()] [

= [V(5) N V(2027 +423))] - [V(27 + 423, 23)]
=[V(2, 23)]
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1.1 = v (5]

= [V(222 + 423,23) N V(2123)]

= [V(ZleZZ’ZZ’?)] + [V(Zl27222’23§)]'
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of
1.1 = v (5]
= [V(222 + 423,23) N V(2123)]
= [V(ZleZZ’ZZ’?)] + [V(Zl27222’23§)]'

Mz = (N2 [V(2)])o = [V(z1, 22, 23)]0 = 3
A, = (N z]-C3)o:6+12:18.
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Uniform lomdine-Lé-Massey formula

e (ft): (D x U,D x {0}) — (C,0) - deformation of f,
0eDcC

THEOREM (Uniform lomdine-Lé-Massey formula)

For sufficiently large integer j and any sufficiently small complex
number t, we have:

o Y(f; +z)) = £f, N V(z1) in a neighbourhood of the origin;
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Uniform lomdine-Lé-Massey formula

e (ft): (D x U,D x {0}) — (C,0) - deformation of f,
0eDcC
@ d=dmgXf >1

THEOREM (Uniform lomdine-Lé-Massey formula)

For sufficiently large integer j and any sufficiently small complex
number t, we have:

o Y(f; +z)) = £f, N V(z1) in a neighbourhood of the origin;
o dmoX(fh+2)=d—1;
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Uniform lomdine-Lé-Massey formula

e (ft): (D x U,D x {0}) — (C,0) - deformation of f,
0eDcC

@ d=dmgXf >1

THEOREM (Uniform lomdine-Lé-Massey formula)

For sufficiently large integer j and any sufficiently small complex
number t, we have:

o Y(f; +z)) = £f, N V(z1) in a neighbourhood of the origin;
o dmoX(fhi+2)=d—1
o Lé numbers \k . (0) exist for every 0 < k < d — 1 and

fitz,,7
X121 5(0) =A22(0) + (= 1)AE (0); (0.1)
N A0 =U=DMEO) for 1<k<d—1 (02)
where Z = (z2, ..., zp, 21).
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Lé numbers of deformation

COROLLARY

/\’;hz(O) - defined for every k < d and independent of t for
sufficiently small t
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Lé numbers of deformation

THEOREM

The tuple of L& numbers (X,{’Z(O), A ,2(0)) is
lexicographically upper-semicontinuous in the variable t, i.e. for all
t sufficiently small, either )\?’Z(O) > AgyZ(O)

or A _(0) =g ,(0) and A '(0)>A{H(0)

or

or A7 ,(0) = AZ ,(0),..., A7 ,(0) = A% ;(0), A ,(0) = A2 (0).
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Jumps of Lé numbers

@ (f¢) - deformation of f
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Jumps of Lé numbers

@ (f¢) - deformation of f

@ dimg Xf; = dimg Xf for sufficiently small t
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Jumps of Lé numbers

@ (f¢) - deformation of f

@ dimg Xf; = dimg Xf for sufficiently small t

® Ar(0) — A; 2(0) - jump of L& numbers of deformation of f;

f(x,y,z) =y>+ 23, Af,2(0) = (2,0)
ff = f +tx¥2%, A ,(0) = (1,3k — 1)
)\f7z(0) — )\fhz(O) = (1, 1— 3k) .
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Line singularities

f:(U,0) — (C,0) - line singularity i.e.
Yf={zeC":zp=---=2,=0}
f|V(z1) - has an isolated singularity at 0

THEOREM (Massey)

A tuple of Lé numbers
Ar,z(0) = (A7 (0), A71(0), ..., A2 .(0))

is a topological invariant in the class of line singularities.
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(f) - deformation of f such that f; line singularity for small t

THEOREM (Main Theorem)

f - nondegenerate line singularity, )\,9’2(0) > 0. Then there exists a
deformation (f;) such that

and

Fy,2) = y2 4 2 4 X222, Ar2(0) = (1,5).
f = f + tz? - deformation f, Ar, ,(0) = (1,0).
Af,z(o) - )\ft,Z(O) = (0)5)

This deformation "straightens” the line singularity along its critical
locus.
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Minimal jumps of L& numbers

o D = {(f) : Arz(0) — Ar.(0) # 0}
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Minimal jumps of L& numbers

o D = {(f) : Arz(0) — Ar.(0) # 0}

® min(g)epi{Ar,z(0) — A, 2(0)} - the minimal jump of L&
numbers of deformation f;
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Geometric interpretation

o [Xf]= )\}72(0)[21 — axis] + )\?,Z(O)[O] - critical cycle of f
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Geometric interpretation

o [Xf]= )\}72(0)[21 — axis] + )\?,Z(O)[O] - critical cycle of f

o [Zf] = AL, (0)[z1 — axis] + A% ,(0)[0] - critical cycle of £,
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Geometric interpretation

° [Xf] = )\},z(o)[zl — axis| + )\?,Z(O)[O] - critical cycle of f
o [Zf] = AL, (0)[z1 — axis] + A% ,(0)[0] - critical cycle of £,

e Minimal jump of ()\}’Z(O),)\?,Z(O)) we may interpret as
"nearness” of the above cycles
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Jump of A7 (0)

f - line sigularity. Then

A?.(0) # 1.

EXAMPLE

| A

f(x,y,2z) = y? + 23 + x2%, A\r2(0) = (1,2)
f = f + tz? - deformacja f, A .(0) = (1,0)
Af,2(0) — A 2(0) = (0,2) - minimal jump
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Jump of ¢ ,(0)
We consider the jump of A} (0)
Dt ={(f) : A7 .(0) = A ,(0) # 0}
PROPOSITION
There exists a singularity f: (C3,0) — (C,0) such, that

min (31,(0) =210} > 1.

EXAMPLE

Sz. Brzostowski, T. Krasiriski

f(x,y,z) = y4 + 24+ y2z2

A 2(0) = po(Flxeso) = 9.
(

f;) — deformation of f

)‘tlft,z(o) = ,uo(ft|xzxo) S 7
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Thank you very much for your attention!
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