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which ¢(X) = X.

Theorem (Bruce-Roberts)

Let X be an analytic subvariety of (C",0) and let f € O,. Then the
following conditions are equivalent:

(1) px(f) is finite.

(2) V(df(ex)) C {0}.

(3) fhas an R(X)-versal unfolding.

(4) fis finitely R(X)-determined.

(5) The restriction of f to each logarithmic stratum of X is a
submersion except, possibly, at 0.
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(2) If fis a generic linear form, pux(f) =1
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pnx(f) and deformations of f

The logarithmic caracteristic variety

X

Definition

The , is defined as
follows. Suppose that 41, ..., ds generate the module ©x in some

neighbourhood U of 0 € C". Let T;;C" denote the restriction to U of the
cotangent bundle of C". We define LCy(X) to be

{(x,6) € TH(C") : £(6;) = 0,1 < i < s}

LC(X) is the germ of LCy(X) at 0 € C".
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Weighted homogeneous hypersurfaces

Theorem (Aleksandrov-Kersken, Wahl)

Let w € Z2,, and 6, = wy xy a% + -+ + WnXnze (Euler v.).
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Weighted homogeneous hypersurfaces

Theorem (Aleksandrov-Kersken, Wahl)

Letw e Z>1, and 6, = Wy X a% + -+ + WnXnz- (Euler

v.f.).

Let X = h=1(0), h=(hy,..., hp) be a weighted homogeneous ICIS

with respect tow, n— p > 1. Then ©y is generated by

{Ow, h ,8X ci=1,...,p,j=1,...,n}, and the derivations coming from
9o .. 9
(9X1 8Xn
ohy . Ol
ox 0X
Ier‘I 1 " (2)
ohp . O
8X1 ’ 8Xh

In particular, given any function f € O, we have

JH(Ox) = (Bw(F)) + (1, ... hp)J(F) + I(F, by, . ..

Maria Aparecida Soares Ruas Mixed Bruce-Roberts numbers

, hp).

February 26, 2021

8))

12/30



Weighted homogeneous hypersurfaces

Theorem (Nufo-Ballesteros, Oréfice-Okamoto, Tomazella, 2013)
@ If X = h='(0) is a weighted homogeneous hypersurface with
isolated singularity, and px(f) < oo, then

px(f) = u(f) + (X 0 £77(0))
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Weighted homogeneous hypersurfaces

Theorem (Nufo-Ballesteros, Oréfice-Okamoto, Tomazella, 2013)
@ If X = h='(0) is a weighted homogeneous hypersurface with
isolated singularity, and px(f) < oo, then

px(f) = u(f) + (X 0 £77(0))

@ LC(X) is Cohen-Macaulay.

Recall Lé-Greuel formula

@]
1 T n
u(f) + (XN fF(0)) = dlmcim TR
The above result is not verified for non-homogeneous hypersurfaces
and neither for homogeneous ICIS. “
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Weighted homogeneous hypersurfaces

The formula px(f) = u(f) + (X N f~1(0)), X weighted homogeneous
has been generalized recently independently

Theorem (K. Kourliouros; B. de Lima Pereira, J. Nufio-Ballesteros, B.
Oréfice-Okamoto, J. Tomazella)

Let h € O, with isolated singularity at the origin and let X = h='(0).
Let f € O, such that ux(f) < co. Then (f, h) : (C",0) — (C2,0) is an
ICIS whose Milnor number satisfies the relation
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Weighted homogeneous hypersurfaces

The formula px(f) = u(f) + (X N f~1(0)), X weighted homogeneous
has been generalized recently independently

Theorem (K. Kourliouros; B. de Lima Pereira, J. Nufio-Ballesteros, B.
Oréfice-Okamoto, J. Tomazella)

Let h € O, with isolated singularity at the origin and let X = h='(0).
Let f € O, such that ux(f) < co. Then (f, h) : (C",0) — (C2,0) is an
ICIS whose Milnor number satisfies the relation

Lima Pereira, Nuno-Ballesteros, Oréfice-Okamoto, Tomazella: If X is a
hypersurface with isolated singularities, LC(X) is Cohen-Macaulay g@%
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The Bruce-Roberts Tjurina number

The Bruce-Roberts Tjurina number

Definition
Let X be an analytic subvariety of (C",0) and let f € O,. We define

On

{#+ dfex) ®

x(f) = dim¢

When the colength on the right is finite, we refer to 7x(f) as the
Bruce-Roberts Tjurina number of f with respect to X.
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The Bruce-Roberts Tjurina number

Let R be aring and let / be an ideal of R. For any f € R, we define
rf(l)=min{reZsy:f €l}.

If no such r exist, then we set ry(/) = cc.

i R/IT— R/ wr(9) = fg
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The Bruce-Roberts Tjurina number

Let R be aring and let / be an ideal of R. For any f € R, we define
rf(l)=min{reZsy:f €l}.

If no such r exist, then we set ry(/) = cc.

i R/IT— R/ wr(9) = fg

Theorem (Bivia-Ausina and Ruas)
Let (R, m) be a Noetherian local ring. Let / be an ideal of R of finite
colength and let f € R such that r¢(/) < co. Then

()

¢ ()

and equality holds if and only if ker(if ) = W%W where r = r¢(1).

< ri(l)
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The Bruce-Roberts Tjurina number

Estimating px(f)/7x(f)

Corollary (Bivia-Ausina, Ruas)

X C (C",0). Let f € O, such that px(f) < co. Then

(7 < () ™

and equality holds if and only if ker(¢r gr(o)) = %, where
r = r(df(©x)).
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Corollary (Bivia-Ausina, Ruas)

X C (C",0). Let f € O, such that px(f) < co. Then

(7 < () ™

and equality holds if and only if ker(¢r gr(o)) = %, where
r = r(df(©x)).

Example
Let h(x,y) = xy® + x*y* + x10 X = h=1(0),
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The Bruce-Roberts Tjurina number

Estimating px(f)/7x(f)

Corollary (Bivia-Ausina, Ruas)
X C (C",0). Let f € O, such that px(f) < co. Then

< ry(df(©x)) (7)

and equality holds if and only if ker(¢r gr(o)) = %, where
r = r(df(©x)).

Example
Let h(x,y) = xy® + x*y* + x10, X = h=1(0),
Ox = ((—2x*y®,5y° + 2x%y* + 5x%), (2x, 3y)).
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The Bruce-Roberts Tjurina number

Estimating px(f)/7x(f)

Corollary (Bivia-Ausina, Ruas)
X C (C",0). Let f € O, such that px(f) < co. Then

< ry(df(©x)) (7)

and equality holds if and only if ker(¢r gr(o)) = %, where

r = r(df(©x)).

Example

Let h(x,y) = xy® + x*y* + x10, X = h=1(0),

Ox = ((—2x*y3,5y% + 2x3y* + 5x9), (2x,3y)).Given f(x,y) = x + y,

ux(f) =6and 7x(f) =1, r(Jx(f)) =6. /
Mixed Bruce-Roberts numbers February 26,2021  17/30




The Bruce-Roberts Tjurina number

Theorem (Bivia-Ausina and Ruas)
h = (hy,..., hp) weighted homogeneous ICIS with respect to w,
p<n-—1.Letfe On ux(f)<oo. Then (f, h)isalso an Icis and

p(h) < (r—=1)u(f, h), (8)

r= Ity ((J(F, 0y, Bp))),and m: Of — <h107"h,,> Moreover, if
R = On/((h1,..., hp)), then equality holds if and only if the kernel of
the automorphism of R defined by multiplication by 6,(f) is the ideal
generated by the image of 6,,(f)"" in R.

Maria Aparecida Soares Ruas Mixed Bruce-Roberts numbers February 26, 2021

18/30



px(f) = 7x(f)

Bivia-Ausina, Kourliouros, Ruas, (in progress).
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px(f) = 7x(f)
Bivia-Ausina, Kourliouros, Ruas, (in progress).
The following conditions are equivalent:

@ The equality 7x(f) = ux(f)

@ fe df(@x),
@ There exists a vector field § € ©x such that §(f) = f.

Definition

The pair (f, X) is if there exist a
coordinate system such that both f and X are weighted homogeneous
with the same rational weights w € Q7.
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Relative weighted homogeneity

Relative Saito’s theorem

Conjectura (Bivia-Ausina, Kourliouros and Ruas)
Let (f, X) be a pair with px(f) < oo. Then px(f) = 7x(f) if and only if
(f, X) is relatively quasihomogeneous.

Mixed Bruce-Roberts numbers February 26, 2021 20/30



Relative weighted homogeneity

Relative Saito’s theorem

Conjectura (Bivia-Ausina, Kourliouros and Ruas)
Let (f, X) be a pair with px(f) < oo. Then px(f) = 7x(f) if and only if
(f, X) is relatively quasihomogeneous.

Mixed Bruce-Roberts numbers February 26, 2021 20/30



Relative weighted homogeneity

Relative Saito’s theorem

Conjectura (Bivia-Ausina, Kourliouros and Ruas)

Let (f, X) be a pair with px(f) < oo. Then px(f) = 7x(f) if and only if
(f, X) is relatively quasihomogeneous.

@ Clearly if (f, X) is relatively quasihomogeneous, then
px(f) = 7x(f).

February 26, 2021 20/30
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Relative weighted homogeneity

Relative Saito’s theorem

Conjectura (Bivia-Ausina, Kourliouros and Ruas)
Let (f, X) be a pair with px(f) < oo. Then px(f) = 7x(f) if and only if
(f, X) is relatively quasihomogeneous.

@ Clearly if (f, X) is relatively quasihomogeneous, then
px(f) = 7x(f).

@ Notice that the equality px(f) = 7x(f) implies u(f) = 7(f), so that f
is weighted homogeneous in some coordinate system. But we
don’t know if X is weighted homogeneous with respect to the

same weights. g@
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Relative weighted homogeneity

Theorem (Bivia-Ausina, Kourliouros and Ruas)
The conjecture is true in the following cases:
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Relative weighted homogeneity

Theorem (Bivia-Ausina, Kourliouros and Ruas)
The conjecture is true in the following cases:

@ (a)fe M3
@ (b) X is an IHS (isolated hypersurface singularity).

Theorem
X is weighted homogeneous if and only if there is a logarithmic vector
field 6 € ©, 6(0) = 0 such that ¢ has positive rational eigenvalues

w e Q.
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Relative weighted homogeneity

Theorem (Bivia-Ausina, Kourliouros and Ruas)
The conjecture is true in the following cases:

@ (a)fe M3
@ (b) X is an IHS (isolated hypersurface singularity).

Theorem

X is weighted homogeneous if and only if there is a logarithmic vector
field 6 € ©, 6(0) = 0 such that ¢ has positive rational eigenvalues

w € Q. ( Saito (1971), Scheja and Wiebe (1973, 1977, 1980),
Domitrz, Janeczko and Zhitomirskii (2004), Kruff (2020).

v
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Relative weighted homogeneity

Theorem (Bivia-Ausina, Kourliouros and Ruas)
The conjecture is true in the following cases:

@ (a)fe M3

@ (b) X is an IHS (isolated hypersurface singularity).

Theorem

X is weighted homogeneous if and only if there is a logarithmic vector
field 6 € ©, 6(0) = 0 such that ¢ has positive rational eigenvalues

w € Q. ( Saito (1971), Scheja and Wiebe (1973, 1977, 1980),
Domitrz, Janeczko and Zhitomirskii (2004), Kruff (2020).
Poincaré-Dulac form

6 =dg+ 0N
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Relative weighted homogeneity

Idea of the proof of the theorem

Lemma 1
Let (, X) be a pair with pix(f) < co. Let Y = f~'(0), and
Hy :=kerdf(.) C ©y, where df(.) : ©, — Op. Then

px(f) = pu(f) + u(fx),

where y(fx) = dimc 20
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Relative weighted homogeneity

Idea of the proof of the theorem

Lemma 1
Let (f, X) be a pair with ux(f) < cc. Let Y = f~'(0), and
Hy :=kerdf(.) C ©y, where df(.) : ©, — Op. Then

px () = p(f) + pu(fx),

where y(fx) = dimc 20

Lemma 2
Let (f, X) be a pair with px(f) < co. Let Y = f~1(0),

x(f) = 7(f) + (),

where 7(fx) = dimc &-5%-.
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Relative weighted homogeneity

Write
ax(f) = ux(f) = 7x(f), q(f) = u(f) = 7(f),  q(fx) = pu(fx) — 7(fx)
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Write
ax(f) = ux(f) = 7x(f), q(f) = u(f) = 7(f),  q(fx) = pu(fx) — 7(fx)

Corollary
Let (f, X) be a pair with px(f) < oo. Then
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Relative weighted homogeneity

Write
ax(f) = ux(f) = 7x(f), q(f) = u(f) = 7(f),  q(fx) = pu(fx) — 7(fx)

Corollary
Let (f, X) be a pair with px(f) < oo. Then

df(©n)+<f>

where g(f) = dim¢ e
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Write
ax(f) = ux(f) — x(f), q(f) = u(f) — 7(f),

Corollary
Let (f, X) be a pair with px(f) < oo. Then

where q(f) = dimg #(En <>

q(fx) = u(fx) — 7(fx)

e — and q(fx) = dimciefﬁ,,y
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Relative weighted homogeneity

Write
ax(f) = ux(f) = 7x(f), q(f) = u(f) = 7(f),  q(fx) = pu(fx) — 7(fx)

Corollary

Let (f, X) be a pair with px(f) < oo. Then

df(©n)+<f>

where q(f) = dime Sgra5"= and q(fx) = dimc 2%

If gx(f) =0, then q(f) =0and g(fx) =0:
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Relative weighted homogeneity

Write
ax(f) = ux(f) = 7x(f), q(f) = u(f) = 7(f),  q(fx) = pu(fx) — 7(fx)

Corollary

Let (f, X) be a pair with px(f) < oo. Then

df(©n)+<f>

where q(f) = dime Sgra5"= and q(fx) = dimc 2%

If gx(f) =0, then q(f) =0and g(fx) =0:
@ 3 an Euler vector field 67, € ©y such that 6, (f) = f
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Relative weighted homogeneity

Write
ax(f) = ux(f) = 7x(f), q(f) = u(f) = 7(f),  q(fx) = pu(fx) — 7(fx)

Corollary

Let (f, X) be a pair with px(f) < oo. Then

df(©n)+<f>

where q(f) = dime Sgra5"= and q(fx) = dimc 2%

If gx(f) =0, then q(f) =0and g(fx) =0:
@ 3 an Euler vector field 67, € ©y such that 6, (f) = f
@ 36X € ©x N Oy, I’ € Hy such that 6% = 0f, + 1
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Relative weighted homogeneity

@ (a)lf , then all vector fields in Hy are nilpotent, with zero
eigenvalues,
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@ (a)lf , then all vector fields in Hy are nilpotent, with zero
eigenvalues,so that taking the semisimple part of 6% we get

@ (b) If , then it suffices to consider
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Relative weighted homogeneity

@ (a)lf , then all vector fields in Hy are nilpotent, with zero
eigenvalues,so that taking the semisimple part of 6% we get

@ (b) If , then it suffices to consider
(as in this case the roles of f and h can be
interchanged)
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Relative weighted homogeneity

@ (a)lf , then all vector fields in Hy are nilpotent, with zero
eigenvalues,so that taking the semisimple part of 6% we get

@ (b) If , then it suffices to consider
(as in this case the roles of f and h can be
interchanged)

(this can be done with the help of Saito’s normal forms)

Mixed Bruce-Roberts numbers February 26, 2021 24/30



Relative weighted homogeneity

Remark: The missing case
X has nonisolated singularities, px(f) < oo, mp(f) =1, 2.
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In particular, when my(f) = 1, i.e. , regular sections of X :
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Relative weighted homogeneity

Remark: The missing case
X has nonisolated singularities, ux(f) < oo, mp(f) =1, 2.
In particular, when my(f) = 1, i.e. , regular sections of X :
@ (Hyperplane) Sections H = f~'(0) of discriminants X = A(G) of a
stable mapping G. (almost free divisors) (Damon).
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normal crossing divisors.
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Relative weighted homogeneity

Remark: The missing case
X has nonisolated singularities, ux(f) < oo, mp(f) =1, 2.
In particular, when my(f) = 1, i.e. , regular sections of X :
@ (Hyperplane) Sections H = f~'(0) of discriminants X = A(G) of a
stable mapping G. (almost free divisors) (Damon). Example:
normal crossing divisors.

@ Determinantal varieties represented by square matrices and their
(hyperplane) sections. (Mond and Goryunov)
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Relative weighted homogeneity

Remark: The missing case
X has nonisolated singularities, px(f) < oo, mp(f) =1, 2.

In particular, when my(f) = 1, i.e. , regular sections of X :
@ (Hyperplane) Sections H = f~'(0) of discriminants X = A(G) of a
stable mapping G. (almost free divisors) (Damon). Example:
normal crossing divisors.

@ Determinantal varieties represented by square matrices and their
(hyperplane) sections. (Mond and Goryunov)

@ Sections of line singularities. (Massey, Siersma, Eyral)
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Bruce-Roberts numbers and linear sections

Teissier’s ;,*-sequence

@ f:(C",0)— (C,0), u(f)<oo

Mixed Bruce-Roberts numbers February 26, 2021 26/30



Bruce-Roberts numbers and linear sections

Teissier’s ;,*-sequence

@ f:(C",0)— (C,0), u(f)<oo

@ Fori=1,...,n, H' linear space of dimension i, define

Mixed Bruce-Roberts numbers February 26, 2021 26/30



Bruce-Roberts numbers and linear sections

Teissier’s ;,*-sequence

@ f:(C",0)— (C,0), u(f)<oo

@ Fori=1,...,n, H' linear space of dimension i, define

Mixed Bruce-Roberts numbers February 26, 2021 26/30



Bruce-Roberts numbers and linear sections

Teissier’s ;,*-sequence

@ f:(C",0)— (C,0), u(f)<oo

@ Fori=1,...,n, H' linear space of dimension i, define

(1) pM(f) = ord(f) — 1.
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Bruce-Roberts numbers and linear sections

Teissier’s ;,*-sequence

® f:(C",0) = (C,0), u(f)< oo

@ Fori=1,...,n, H linear space of dimension i, define

(1) pM(f) = ord(f) — 1.
(2) p(f) = plr=D(f) = - = ().

Example

@ f:(C",0) = (C,0), f(x,y,z,w)=x2+y?+ 2%+ w?
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Bruce-Roberts numbers and linear sections

Teissier’s ;,*-sequence

® f:(C",0) = (C,0), u(f)< oo

@ Fori=1,...,n, H linear space of dimension i, define

(1) pM(f) = ord(f) — 1.
(2) p(f) = plr=D(f) = - = ().

Example
@ f:(C",0) = (C,0), f(x,y,z,w)=x2+y?+ 2%+ w?
° pu*(f)=(1,1,1,1)
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Bruce-Roberts numbers and linear sections

Teissier’s ;,*-sequence

® f:(C",0) = (C,0), u(f)< oo

@ Fori=1,...,n, H linear space of dimension i, define

(1) pM(f) = ord(f) — 1.
(2) p(f) = plr=D(f) = - = ().

Example
@ f:(C",0) = (C,0), f(x,y,z,w)=x2+y?+ 2%+ w?
o u*(f)=(1,1,1,1)
o ai(f) = iyl
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Bruce-Roberts numbers and linear sections

Teissier’s ;,*-sequence

® f:(C",0) = (C,0), u(f)< oo

@ Fori=1,...,n, H linear space of dimension i, define

(1) pM(f) = ord(f) — 1.

(2) p(f) > =D (f) > - > @),

Example
@ f:(C",0)— (C,0), f(x,y,z,w)=x%+y?+ 2% + w?
o u*(f)=(1,1,1,1)
@ o/(f) := puyi(f), ao*=(1,2,3,4)
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Bruce-Roberts numbers and linear sections

Bruce-Roberts numbers and linear sections

@ feOp u(f)y<oco and X C (C",0).
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Bruce-Roberts numbers and linear sections

@ feOp u(f)y<oco and X C (C",0).
@ Forie{1,...,n},letL;,:={p:C' — C", linear embedding}
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Bruce-Roberts numbers and linear sections

Bruce-Roberts numbers and linear sections

@ feOp u(f)y<oco and X C (C",0).
@ Forie{1,...,n},letL;,:={p:C' — C", linear embedding}
@ Ljn(f, X) :={p € Linsuch that yu,—1(x)(f o p) is finite }
Definition
Forany i€ {1,...,n} such that L; ,(f, X) # 0, we define the number

D — :
py (f) = peLT,,IG,X) tp-1(x)(f o p).
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Bruce-Roberts numbers and linear sections

Bruce-Roberts numbers and linear sections

@ feOp u(f)y<oco and X C (C",0).
@ Forie{1,...,n},letL;,:={p:C' — C", linear embedding}
@ Ljn(f, X) :={p € Linsuch that yu,—1(x)(f o p) is finite }
Definition
Forany i€ {1,...,n} such that L; ,(f, X) # 0, we define the number

D — :
py (f) = peLT,,IG,X) tp-1(x)(f o p).
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P(x)

08
06

oy

Figure: X : 2x2y? + y% — 22 + x4y = 0; P(u,v)

(0,u,v)
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Figure: X : 2x2y2 + y3 — 22 + x*y = 0; P(u,v) = (0,u,Vv)

Question: Is the sequence 1 (f) a complete invariant of the Whitney gee
equisingularity of families f;, ux(f;) < oo defined on X?
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Derlog and lowerable vector fields

Definition
@ Lowx(p) = {0 €0;:dpofh =nop, forsomen e @x} lowerable
vector fields with respect to p and X.
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Derlog and lowerable vector fields

Definition
@ Lowx(p) = {9 €0;:dpofh =nop, forsomen e @x} lowerable
vector fields with respect to p and X.

@ Lifx(p) :={n € ©x |30 € ©; such thatdpo § = no p}
Lowx(p) is an O;-submodule of ©; Lifx(p) is an O,-submodule of ©,.

Proposition

Let h: (C",0) — (C™, 0) be a homogeneous ICIS, n— m > 1 and
X=h"0).Letp:C' - C", ic {m+1,...,n}, pe L;,suchthat
hop: (C',0) — (C™ 0) is an ICIS of positive dimension. Then

LOWX(p) = @p_1(X). (9) /
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Thank you!
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