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The structure of the statement

° Central algebraic geometry

@ Weak normalisation and Seminormalisation of complex algebraic varieties

Q Regular functions, Rational continuous functions and regulous functions

° Examples
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The talk is based on the following papers:

e Integral closures in real algebraic geometry, G. Fichou, J-P. Monnier, R. Quarez, arXiv:1810.07556, to
appear in Journal of Algebraic Geometry
e Weak and semi normalization in real algebraic geometry, G. Fichou, J-P. Monnier, R. Quarez,

arXiv:1706.04467, to appear in Annali della Scuola Normale Superiore di Pisa, Classe di Scienze.
e Central algebraic geometry and seminormality, work in progress.
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Central algebraic geometry

Let A be a domain with fraction field % (A). We recall that the (Zariski) spectrum of A is
an ideal. The maximal spectrum of A is

SpecA = {pisaprimeidealof A}

The spectrum of A is a topological space where the closed subsets are %/(/) = {p € SpecA| I Cp}for I C A
the Nullstellensatz we get

Max A = {misamaximalideal of A}

MaxR[V] = V(C)
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If A=R[V] is the coordinate ring of an irreducible affine algebraic variety V over R (V = SpecR[V]) then by




Central algebraic geometry

Let A be a domain with fraction field % (A). We recall that the (Zariski) spectrum of A is

SpecA = {pisaprimeidealof A}
an ideal. The maximal spectrum of A is

The spectrum of A is a topological space where the closed subsets are %/(/) = {p € SpecA| I Cp}for I C A
the Nullstellensatz we get

Max A = {misamaximalideal of A}

Definition: (real ideal)

If A=R[V] is the coordinate ring of an irreducible affine algebraic variety V over R (V = SpecR[V]) then by
MaxR[V] = V(C)

Let / be an ideal of A. We say that / is real if for every a € A, for every by,...,bx € Awe have

St bicl = acl
For example, (x — 1) is real but (1 + x2) is not real in R[x].
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Central algebraic geometry
Let A be a domain with fraction field % (A). We recall that the (Zariski) spectrum of A is

SpecA = {pisaprimeidealof A}

The spectrum of A is a topological space where the closed subsets are %/(/) = {p € SpecA| I Cp}for I C A
an ideal. The maximal spectrum of A is

Max A = {misamaximalideal of A}

If A=R[V] is the coordinate ring of an irreducible affine algebraic variety V over R (V = SpecR[V]) then by
the Nullstellensatz we get
MaxR[V] = V(C)

Definition: (real ideal)

Let / be an ideal of A. We say that / is real if for every a € A, for every bs,...,bx € Awe have:

St bicl = acl

For example, (x — 1) is real but (1 + x2) is not real in R[x].
We recall that the real (Zariski) spectrum of A is

R-Spec A= {pisareal primeideal of A}
and the maximal real (Zariski) spectrum is

R-Max A = {m isareal and maximalideal of A}
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Central algebraic geometry

Let V be an affine algebraic variety over R, we denote by V(R) the real locus of V (the set of real closed
points i.e the set of maximal ideals with residue field equal to R). If / is an ideal of R[V] then

Z(l)= V()N V(R) = {x € V(R) | I C my} is the real zero set of /. If Sis a subset of V(R) then we denote
by 1(S) the ideal of f € R[V] such that S C Z(f).

Theorem: (Real Nullstellensatz)
Let V be an affine algebraic variety over R. Then:
I C R[V]is arealideal < = I(Z(/)).

In particular,
R-MaxR[V] = V(R)
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Central algebraic geometry
Definition: (central ideal)

Remark

Let / be an ideal of A. We say that / is central if for every a € A, for every by,..., b € K(A) we have:
b4 +b2cl= acl

l'is central = [is real = [ is radical.
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Central algebraic geometry
Definition: (central ideal)

Let / be an ideal of A. We say that / is central if for every a € A, for every by,
b4 +b2cl= acl
Remark

..., bk € K(A) we have
lis central = [is real = /s radical.

Then, the central spectrum of A is

and the maximal central spectrum is

C-Spec A = {pisacentral primeideal of A}

C-Max A = {m isacentraland maximalideal of A}
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Central algebraic geometry

Theorem: (Central Nullstellensatz)

Let V be an affine algebraic variety over R. Then:

I C R[V] is a central ideal < = I(V(/)NVieg(R) ) & 1= I(Z(]) N Veg(R)")
In particular,

C-MaxR[V] = V,e(R)
say that V is central if V(R) = Cent V.

In the sequel, we denote by Cent V the set C-MaxR[V] = V,eg(]R)E, it is called the central locus of V. We

o F = E DAy
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Central algebraic geometry

Examples

e Let V be the Whitney umbrella i.e the real algebraic surface with equation y? = zx2. Then

p = (x,¥) C R[V] is a central prime ideal since Z(p) (the “z"-axis and the stick of the umbrella) meets
Cent V in dimension one (the intersection is half of the stick).

e Let V be the Cartan umbrella i.e the real algebraic surface with equation x® = z(x? + y?). Then

p = (x,y) C R[V] is not a central prime ideal since Z(p) (the “z™-axis and the stick of the umbrella) meets
Cent V in a single point. We prove now without the Nullstellensatz that p is not central:

We have

6 _ 3x4y2 4 3x2y% 4 B
(X2 +y2)2 (x2+y2)2

b=x2+y -2 =x2+y*— € (L K(V)*)NR[V]

thus 22 +b=x>+y>cpbutz¢p.
w
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The Whitney Umbrella

Figure: Whitney Umbrella
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The Cartan Umbrella

Figure: Cartan Umbrella
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Lying-over property

When you normalize an affine algebraic variety the associated extension of coordinate rings is integral (even
finite) and birational (same ring of fractions). Indeed if V is an (irreducible) affine algebraic variety over a field
k the coordinate ring k[V'] of the normalisation V'’ of V is the integral closure of k[V] in K (V) i.e

KV = k[VIx,
So to understand the normalization of algebraic varieties then we have to understand the properties of integral
extensions of rings and we consider domains in order to simplify.
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Lying-over property

When you normalize an affine algebraic variety the associated extension of coordinate rings is integral (even
finite) and birational (same ring of fractions). Indeed if V is an (irreducible) affine algebraic variety over a field
k the coordinate ring k[V'] of the normalisation V'’ of V is the integral closure of k[V] in K (V) i.e

KV = k[VIx,
So to understand the normalization of algebraic varieties then we have to understand the properties of integral
extensions of rings and we consider domains in order to simplify.

Proposition: (Lying-over)

If A— Bis an integral extension of rings then the associated maps Spec B — Spec A and Max B — Max A,
p — pN A are well defined and surjective.
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Lying-over property

When you normalize an affine algebraic variety the associated extension of coordinate rings is integral (even
finite) and birational (same ring of fractions). Indeed if V is an (irreducible) affine algebraic variety over a field
k the coordinate ring k[ V'] of the normalisation V' of V is the integral closure of k[V] in K (V) i.e

V'] = K[V

So to understand the normalization of algebraic varieties then we have to understand the properties of integral
extensions of rings and we consider domains in order to simplify.

Proposition: (Lying-over)

If A— Bis an integral extension of rings then the associated maps Spec B — Spec A and Max B — Max A,
p — pN A are well defined and surjective.

Example: No real lying-over!

If A— Bis an integral extension of rings then the associated map R-Spec B — R-SpecA, p — pNAis well
defined but not always surjective. Consider the plane isolated nodal cubic C given with coordinate ring

R[C] = R[x,y]/(y? — x3(x — 1)). Let C' be the normalization of C, we have

R[C'] =R[x, Y]/(Y? — (x — 1)) = R[C][y/x] and the finite birational extension R[C] — R[C’] is given by
sending x to x and y to Yx. Over the real and maximal ideal (x, y) of R[C] there is a unique maximal ideal of
R[C'], namely (x, Y2+ 1), and this ideal is not real.
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Lying-over property

We have a lying-over property for central ideals. This is a "central” result in our work!

Theorem: (Central lying-over)
Let A— B be an integral extension of domains. The maps C-Spec B — C-SpecA and C-Max B — C-Max A,

p — pN A are well defined. Moreover, if the extension is birational (i.e induces an isomorphism
K (A) ~ K(B)) then these maps are surjective.
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Lying-over property

We have a lying-over property for central ideals. This is a "central” result in our work!
Theorem: (Central lying-over)
Let A— B be an integral extension of domains. The maps C-Spec B — C-SpecA and C-Max B — C-Max A,

p — pN A are well defined. Moreover, if the extension is birational (i.e induces an isomorphism
K (A) ~ K(B)) then these maps are surjective.

Corollary

Let ¢ : V — W be a finite and birational morphism between two irreducible affine varieties over R. The maps
C-SpecR[W] — C-SpecR[V] and Cent W — Cent V are well defined and surjective. Moreover, the last one
is also closed for the euclidean topology and thus is a quotient map.

v
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WN and SN of complex algebraic varieties

set and

Let V be an irreducible affine algebraic variety over C. We have V = SpecC[V], V(C) is a complex algebraic

CVI=Clx1,..., %]/ 1(V) = O(V(C)) € K (V) = K(V(C))

o F = E DAy
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WN and SN of complex algebraic varieties

Let V be an irreducible affine algebraic variety over C. We have V = SpecC[V], V(C) is a complex algebraic
set and

CVI=Clx1,..., %]/ 1(V) = O(V(C)) € K (V) = K(V(C))

The normalization V' of V is the algebraic variety such that C[V'] = (C[V]/:J((v)' The morphism ' : V/ — V is
finite and birational.
Example

Let V be the nodal plane curve with equation y? — x2(x +1) = 0 then C[V'] = C[V][y/x] and
(y/x)? = (x+1)=0.

Universal property for the normalization

Letw: W — V be a morphism between affine algebraic varieties over C. Then, 7t is finite and birational iff
there exists a unique morphism v : V/ — W such that @’ = oy

w 5 v

TC/
T
V/
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WN and SN of complex algebraic varieties
The weak normalization V* (WN for short) of V (Andreotti and Bombieri (1969)) is the algebraic variety with

coordinate ring
C[V"] = {f € C[V'] | fis constant on the fibers of T’ : V/(C) — V(C)}

= {feC[V'] | Ym € MaxSpecC[V], f € C[V]n +Rad(C[V']m)}

We have a finite and birational morphism % : V% — V.
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WN and SN of complex algebraic varieties
The weak normalization V" (WN for short) of V (Andreotti and Bombieri (1969)) is the algebraic variety with
coordinate ring

C[V"] = {f € C[V'] | fis constant on the fibers of T’ : V'(C) — V(C)}

= {feC[V'] | Ym € MaxSpecC[V], f € C[V]n +Rad(C[V']m)}
We have a finite and birational morphism % : V% — V.
The seminormalization T A (SN for short) of a domain A with integral closure A’ (Traverso (1970)) is

tA={fe A |VpcSpecA, f e A, +Rad(A,)}

Traverso has shown that T A is the biggest subring B C A’ such that Spec B — SpecA, p — pN A’is bijective
and equiresidual i.e the extension k(p N A) — k(p) is an isomorphism.
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WN and SN of complex algebraic varieties
The weak normalization V" (WN for short) of V (Andreotti and Bombieri (1969)) is the algebraic variety with
coordinate ring

C[V"] = {f € C[V'] | fis constant on the fibers of T’ : V'(C) — V(C)}
= {feC[V'] | Ym € MaxSpecC[V], f € C[V]n +Rad(C[V']m)}

We have a finite and birational morphism % : V% — V.
The seminormalization T A (SN for short) of a domain A with integral closure A’ (Traverso (1970)) is

tA={fe A |VpcSpecA, f e A, +Rad(A,)}

Traverso has shown that T A is the biggest subring B C A’ such that Spec B — SpecA, p — pN A’is bijective
and equiresidual i.e the extension k(p N A) — k(p) is an isomorphism.

WN=SN for complex varieties!
We have TC[V] = C[V"].

Universal property for the seminormalization
Let w: W — V be a morphism between affine algebraic varieties over C. Then, 7 is finite and birational and
the map W(C) — V(C) is bijective iff there exists a unique morphism y : V* — W such that T = moy

w v

Nt s

vv
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WN and SN of complex algebraic varieties

The plane nodal curve with equation y? — x? (x+ 1) = 0 is seminormal, the seminormalization of the cuspidal
plane curve with equation y2 — x® = 0 is its normalization, the threefolium curve with equation
(x2 + y?)2 — x(x% — 3y?) = 0 is not seminormal.

The real case doesn’t work well!

There exists an irreducible affine variety V over R such that the set of affine varieties W with a finite and
birational morphism W — V such that W(R) — V(R) is a bijection doesn’t have a biggest element.

o =3 DA
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Rational continuous functions

Two founding papers by Kollar and Nowak (Math. Z. 2015) and Fichou, Huisman, Mangolte and M. (Crelle’s
journal 2016). A talk at ICM Rio 2018 by Kucharz and Kurdyka on the subject.

Let V be an irreducible affine algebraic variety over R (such that V(RR) is Zariski dense in V(C)). Then, V(R)
is a real algebraic set (a real algebraic variety in the classical sense) and

O(V(R)) = {f € K(V) | f doesn't have poles on V(R)}

is the ring of regular functions on V(R). For example, %5 € O(A'(R))\R[A].

Classically (following the complex case), we consider real algebraic varieties provided with the sheaf of regular
functions and there are a lot of problems: Not a classical Nullstellensatz, no Theorems A and B of Cartan! It
was our motivation to introduce the sheaf of regulous functions on real algebraic varieties, we have now a

classical Nullstellensatz and Theorems A and B of Cartan.
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Rational continuous functions

Two founding papers by Kollar and Nowak (Math. Z. 2015) and Fichou, Huisman, Mangolte and M. (Crelle’s
journal 2016). A talk at ICM Rio 2018 by Kucharz and Kurdyka on the subject.

Let V be an irreducible affine algebraic variety over R (such that V(RR) is Zariski dense in V(C)). Then, V(R)
is a real algebraic set (a real algebraic variety in the classical sense) and

O(V(R)) = {f € K(V) | f doesn't have poles on V(R)}

is the ring of regular functions on V(R). For example, %5 € O(A'(R))\R[A].

Classically (following the complex case), we consider real algebraic varieties provided with the sheaf of regular
functions and there are a lot of problems: Not a classical Nullstellensatz, no Theorems A and B of Cartan! It
was our motivation to introduce the sheaf of regulous functions on real algebraic varieties, we have now a

classical Nullstellensatz and Theorems A and B of Cartan.

Definition: (rational continuous function)

A real function f on V(IR) is called a rational continuous function if f is continuous and rational (is regular on a
non-empty Zariski open subset of V(R)). Let X°(V(R)) be the ring of rational continuous functions on V(R).

e The function ﬁ € KO(A%(R)).
o Rational continuous=Blow-regular.
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Regulous functions

Definition: (regulous function)

A rational continuous function f on V(R) is called regulous if for any p € R-SpecR[V] then fi 5, is still
rational. Let ®°(V(R)) be the ring of regulous functions on V(R).

e If V(R) is smooth (Kollar) or dim V = 1 (M.) then R°(V(R)) = K°(V(R)).
e A regulous function admits a Zariski locally closed stratification where the function is regular on each

stratum.

o If for example V is the Cartan or the Whitney umbrella then we do not have inclusions of ®°(V(R)) and
K°(V(R)) in K(V). So, in order to get inclusions in K (V) it is better to consider regulous and rational
functions on the central locus Cent V. The definitions are similar, to be regulous functions on Cent V we
require for f € K°(Cent V) that for any p € C-SpecR[V] then fiz(p)ncent v i still rational. We get now

RO(Cent V) € K°(Cent V) C K(V)
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The Kollar surface

Let V be the surface given by the equation y* — x*(1+ z2) = 0. Then V is central (V(R) = Cent V) and the
singular locus of V(R) is Z(p) = (x,y)). If we consider the real function f = y/x extended on Z(p) by
(1+22)" B then f € KO(V(R))\ R°(V(R)).

Graph of 2 VT + 22
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Several normalizations

following sequence of inclusions

Let V be an irreducible affine algebraic variety over R (such that V(R) is Zariski dense in V(C)). We have the

R[V] € O(V(R)) c R%(Cent V) € K(Cent V) C K(V)

o F = E DAy
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Several normalizations

following sequence of inclusions

Let V be an irreducible affine algebraic variety over R (such that V(R) is Zariski dense in V(C)). We have the

R[V] € O(V(R)) c R%(Cent V) € K(Cent V) C K(V)
Theorem and definition

e The integral closure R[V]’K(V) of R[V] in K (V) is the coordinate ring of an affine algebraic variety over R,
denoted by V/, and called the normalization of V (Noether).

v
=} F = E DAy
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Several normalizations

Let V be an irreducible affine algebraic variety over R (such that V(R) is Zariski dense in V(C)). We have the
following sequence of inclusions

R[V] € O(V(R)) c R%(Cent V) € K(Cent V) C K(V)

Theorem and definition

e The integral closure ]R[V]’K( v of R[V]in K (V) is the coordinate ring of an affine algebraic variety over R,
denoted by V/, and called the normalization of V (Noether).

e The integral closure R[V],ﬂcﬂ(cent v) of R[V] in K°(Cent V) is the coordinate ring of an affine algebraic
variety over R, denoted by V"¢, and called the central weak-normalization of V or w,-normalization of V.
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Several normalizations

Let V be an irreducible affine algebraic variety over R (such that V(R) is Zariski dense in V(C)). We have the
following sequence of inclusions

R[V] € O(V(R)) c R%(Cent V) € K(Cent V) C K(V)

Theorem and definition

e The integral closure R[V]’K( v) of R[V] in K(V) is the coordinate ring of an affine algebraic variety over R,

denoted by V/, and called the normalization of V (Noether).
e The integral closure IR[V]’KO(Cent vy of R[V] in X°(Cent V) is the coordinate ring of an affine algebraic

variety over R, denoted by V"¢, and called the central weak-normalization of V or w,-normalization of V.
e The integral closure ]R[V]Ko Centv) Of R[V] in R(Cent V) is the coordinate ring of an affine algebraic

variety over R, denoted by V°¢, and called the central seminormalization of V or s.-normalization of V.
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Several normalizations

Let V be an irreducible affine algebraic variety over R (such that V(R) is Zariski dense in V(C)). We have the
following sequence of inclusions

R[V] € O(V(R)) c R%(Cent V) € K(Cent V) C K(V)

Theorem and definition

e The integral closure R[V]’K( v) of R[V] in K(V) is the coordinate ring of an affine algebraic variety over R,
denoted by V/, and called the normalization of V (Noether).

e The integral closure IR[V]/KO(Cent vy of R[V] in X°(Cent V) is the coordinate ring of an affine algebraic
variety over R, denoted by V"¢, and called the central weak-normalization of V or w,-normalization of V.

e The integral closure ]R[V]K0 Centv) Of R[V] in R(Cent V) is the coordinate ring of an affine algebraic
variety over R, denoted by V°¢, and called the central seminormalization of V or s.-normalization of V.

e The integral closure ]R[V]’O( v(r)) Of R[V] in O(V(R)) is the coordinate ring of an affine algebraic variety

over R, denoted by V2, and called the biregular normalization of V(R) or the real biregular normalization of V.
w

We get finite and birational morphisms % : V"¢ — V, nS¢ : VS — V and n? : V2 — V and a sequence of
finite and birational morphisms
Vi e s vse by
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Algebraic constructions

Definition

Let A be a domain with integral closure A'.
e The ring

A% = (fe A'|Vm € C-MaxA, f € An +Rad®(A,,)}
is called the central weak normalization of A.
e The ring
is called the central seminormalization of A.

A% ={fe A'|¥p € C-SpecA, f € A, +Rad“(A,)}

o F = E DAy
J.-P. Monnier (Angers) Some normalizations of real algebraic varieties




Algebraic constructions

Definition
Let A be a domain with integral closure A'.
e The ring
A% = (fe A'|Vm € C-MaxA, f € An +Rad®(A,,)}
is called the central weak normalization of A.
e The ring
A% ={fe A'|¥p € C-SpecA, f € A, +Rad“(A,)}

is called the central seminormalization of A.

With the following theorem, we justify the namings "weak normalization” and "seminormalization” in
comparaison with the classical case.
Theorem
Let V be an irreducible and affine algebraic variety over R. We have:
1) R[V]% = R[V*].
2) R[V]* = R[V*].

=] F = = DA
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Universal property for the central weak normalization
Theorem

Let w: W — V be a finite and birational morphism between two irreducible affine algebraic varieties over R
The following properties are equivalent:

1) The map Tcentw : Cent W — Cent V is bijective.
2) The map K°(Cent V) — K°(Cent W), f — foTcentw is an isomorphism.

3) Vg € R[W] there exists f € K°(Cent V) such that g = f o Tjcene w 0N Cent W.
4) The map Tcentw : Cent W — Cent V is bi-rational continuous.

=} F = E DAy
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Universal property for the central weak normalization

Theorem

Let w: W — V be a finite and birational morphism between two irreducible affine algebraic varieties over R.
The following properties are equivalent:

1) The map Tcentw : Cent W — Cent V is bijective.

2) The map K°(Cent V) — K°(Cent W), f — foTcentw is an isomorphism.

3) Vg € R[W] there exists f € K°(Cent V) such that g = f o Tjcene w 0N Cent W.
4) The map Tcentw : Cent W — Cent V is bi-rational continuous.

Theorem: (Universal property for the central weak-normalization)

Let w: W — V be a morphism between affine algebraic varieties over R. Then, 7 is finite and birational and
the map 7|centw : Cent W — Cent V is bijective (or one of the equivalent properties of the previous theorem)
iff there exists a unique morphism y : V% — W such that 1 = oy

w 5 v

e
T~
vWe
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Universal property for the central seminormalization

Remark

Suppose that in the property 3) of the first theorem in the previous slide, we replace rational continuous
functions by regulous functions. Namely, let T : W — V be a finite and birational morphism between two
irreducible affine algebraic varieties over R such that Vg € R[W] there exists f € ®°(Cent V) such that
g=foTcentw ON Cent W. Letp € C-SpecR[W] and q = (p NR[V]) € C-SpecR[V]. The morphism

Spec(R[W]/p) — Spec(R[V]/q)

is still finite but is not a priori still birational. By the hypothesis and since the regulous functions remains
rational by restriction then the morphism Spec(R[W]/p) — Spec(R[V]/ q) is still birational i.e the extension
of the residue fields

k(a) = K(R[V]/q) — k(p) = K(R[W]/p)

is an isomorphism.
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Universal property for the central seminormalization
Theorem

Let w: W — V be a finite and birational morphism between two irreducible affine algebraic varieties over R
The following properties are equivalent:

1) The map C-SpecR[W] — C-SpecR[V], p — (pNR[V]) is bijective and equiresidual.
2) The map R°(Cent V) — R°(Cent W), f foTCent w IS @n isomorphism.

4) The map Tcentw : Cent W — Cent V is bi-regulous.

=} F = E DAy
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3) Vg € R[W] there exists f € R°(Cent V) such that g = f o Tcene w 0N Cent W.




Universal property for the central seminormalization

Theorem

Let w: W — V be a finite and birational morphism between two irreducible affine algebraic varieties over R.
The following properties are equivalent:

1) The map C-SpecR[W] — C-SpecR[V], p — (pNR[V]) is bijective and equiresidual.
2) The map R°(Cent V) — R°(Cent W), f foTCent w IS @n isomorphism.

3) Vg € R[W] there exists f € R°(Cent V) such that g = f o Tcene w 0N Cent W.

4) The map Tcentw : Cent W — Cent V is bi-regulous.

Theorem: (Universal property for the central seminormalization)

Let w: W — V be a morphism between affine algebraic varieties over R. Then, 7 is finite and birational and
the map 7|centw : Cent W — Cent V is bi-regulous (or one of the equivalent properties of the previous
theorem) iff there exists a unique morphism y : V¢ — W such that 1% = oy
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Universal property for the biregular normalization
Theorem

The following properties are equivalent:

1) The map R-SpecR[W] — R-SpecR[V], p — (p NR[V]) is bijective and moreover
R[V]pnr[y) — R[W]y is an isomorphism.

Let w: W — V be a finite and birational morphism between two irreducible affine algebraic varieties over R
2) The map O(V(R)) — O(W(R)), f > fom () is an isomorphism.

3) The map my(r) : W(R) — V(R) is bi-regular.
[W(R)
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Universal property for the biregular normalization

Theorem

Let ®: W — V be a finite and birational morphism between two irreducible affine algebraic varieties over R.
The following properties are equivalent:
1) The map R-SpecR[W] — R-SpecR[V], p — (p NR[V]) is bijective and moreover
R[V]pnr[y) — R[W]y is an isomorphism.
2) The map O(V(R)) — O(W(R)), f > fom () is an isomorphism.
3) The map my(g) : W(R) — V(R) is bi-regular.

Theorem: (Universal property for the biregular normalization)

Let w: W — V be a morphism between affine algebraic varieties over R. Then, 7 is finite and birational and
the map 7y (w) : W(R) — V(R) is bi-regular (or one of the equivalent properties of the previous theorem) iff
there exists a unique morphism y : V2 — W such that n° = oy
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Example 1
Let C be the plane nodal curve with equation y2 — x?(x —1)(x —2)?(x* +1)> =0 i.e

R[C] =R[x,y]/(¥® — x3(x — 1)(x —2)?(x® +1)?). We have Cent C = C(R)\ {(0,0)}. The singularities of
C are nodal:

e A real node in Cent C i.e non-isolated in C(RR) corresponding to the ideal (x —2,y) C R[C].
e A real node isolated in C(RR) corresponding to the ideal (x,y) C R[C].

o Two complex conjugated nodes of C¢ corresponding to the ideal (x2 +1,y) C R[C].

Graph of y? = 2%(x — 1)(a — 2)2(a? + 1)?

] = (€3
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Example 1

that R[C?] = R[C][f].

Remark that f = y/(x? +1) € O(C(R)) and 2 — x?(x —1)(x—2)> =0so f € R[C]’O(C(R)). We can prove

o F = E DAy
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Example 1

Remark that f = y /(x> +1) € O(C(R)) and 2 — x3(x —1)(x—2)2 =0so f € R[Clo(c(ry)- We can prove
that R[C?] = R[C][f].

Since C is a curve then X°(Cent C) = R(Cent C) so C" = C%. Let
g=y/(x(x=2)(x*+1)) € K(C)\ X°(Cent C) and g? — (x — 1) = 0. We have R[C'] = R[C][g] and it
follows that C%e #£ C'.

=] F = = DA
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Example 1

Remark that f = y /(x> +1) € O(C(R)) and 2 — x3(x —1)(x—2)2 =0so f € R[Clo((ry)- We can prove
that R[C?] = R[C][f].

Since C is a curve then X°(Cent C) = R(Cent C) so C" = C%. Let

g=y/(x(x=2)(x*+1)) € K(C)\ X°(Cent C) and g? — (x — 1) = 0. We have R[C'] = R[C][g] and it
follows that C%e #£ C'.

Remark that h = y/(x(x?4-1)) € K°(Cent C) and W? — (x —1)(x —2)> =0so h € R[Cl'xo, We can

CentC)"
prove R[C"] = R[C][h].

] = =
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Example 2: The Kollar surface

Let V be the surface given by the equation y* — x3(1+ z2) = 0. Then V is central (V(R) = Cent V) and the
singular locus of V(R) is Z(p) = (x,y)).

Graph of 2T+ 22
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Example 2: The Kollar surface
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Example 2: The Kollar surface

Moreover, f> — (1 +x2) = 0 and since

If we consider the real function f = y/x extended on Z(p) by (14 22)'/3 then f € KO(V(R))\ R°(V(R)).
R[V'] =R[V][] ~R[t,x,y,2]/( = (1+2°),yt = x))
k(q) =R(z)((1+22)"7).

we have V/ = V% £ VS Remark that the map C-SpecR[V'] — C-SpecRR[V] is bijective but not
equiresidual: Let ¢ = (x,y) C R[V'] be the unique central ideal of R[V’] lying over p then k(p) = R(z) and
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Example 2: The Kollar surface

Moreover, f> — (1 +x2) = 0 and since

If we consider the real function f = y/x extended on Z(p) by (14 22)'/3 then f € KO(V(R))\ R°(V(R))

R[V'] = RIV][f] = R[t.x,y,2] /(£ — (1+2%),yt— x))
k(a) =R(2)((1+2°)"/°).

we have V/ = V% £ VS Remark that the map C-SpecR[V'] — C-SpecRR[V] is bijective but not
equiresidual: Let ¢ = (x,y) C R[V'] be the unique central ideal of R[V’] lying over p then k(p) = R(z) and

Let h = y?/x extended by 0 on Z(p) is continuous on V(R). Since the restriction of hto Z(p) is rational then
he RO(V(R)) and since h° — y3(1+22) then h € R[V],xo(v(

R))

. We can prove that R[V*¢] = R[V][A].

o & = = Q>
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