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Abstract. This survey is actually the first part of a project of book on subanalytic
geometry. The purpose of this book will be to present some recent developments of
the Lipschitz geometry of (globally) subanalytic sets and then develop applications
to analysis. In this first part, we start by giving some famous basic results of suban-
alytic geometry and then carry out a precise description of the Lipschitz geometry of
globally subanalytic sets. We also provide a few results of geometric measure theory
of subanalytic sets that will be needed in the next chapters. The second part will
present some applications of these results to geometric analysis, such as the study
of cohomology of Lp differential forms or Sobolev spaces of functions on subanalytic
sets.
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Chapter 1

Subanalytic sets and functions

Some notations and conventions. We denote by R` the set of positive real
numbers. Throughout this book k,m and n stand for nonnegative integers. We
denote by N˚ the set of all the positive integers.

By convention, R0 “ t0u. The origin of Rn is denoted 0 for all n but, if it is not
obvious from the context, we will write 0Rn to make it more precise.

We denote by |.| the Euclidean norm in Rn. Given A Ă Rn, we respectively write
clpAq and intpAq for the closure and interior of A (for this norm). If we say that
M Ă Rn is a manifold, we always mean that it is a submanifold of Rn.

Given a mapping F : A Ñ B, with A Ă Rn and B Ă Rm, we denote by Γf the
graph of F , which is the set tpx, yq P A ˆ B : y “ F pxqu. We denote by F|C the
restriction of F to C, if C Ă A.

In general, when we say homeomorphism, we mean an invertible continuous
map h : AÑ B such that h´1 : B Ñ A is continuous. In particular, we mean that h
is an onto map. If it is not onto, we speak about a homeomorphism onto its image.

As usual, if U is an open subset of Rn, we say that a C8 function f : U Ñ

R is analytic if for every x, the Taylor series of f at x has a positive radius of
convergence. A mapping F : U Ñ Rk, x ÞÑ pF1pxq, . . . , Fkpxqq is analytic if so is
each of its components Fi.

More generally, we will say that a mapping g defined on a subset A Ă Rn is
analytic if it coincides with the restriction to A of a mapping f which is analytic on
an open neighborhood U of A in Rn.

As usual, a germ of mapping (resp. set) at x0 P Rn is an equivalence class of
the equivalence relation that identifies two mappings (resp. sets) that coincide in
a neighborhood of x0. Given a germ of mapping f : X Ñ Y at x0, we shall write
f : pX, x0q Ñ pY, y0q as a shortcut to express that fpx0q “ y0.
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1.1 Definitions and basic facts

Definition 1.1.1. A subset E Ă Rn is called semi-analytic if it is locally defined
by finitely many real analytic equalities and inequalities. Namely, for each a P Rn,
there is a neighborhood U of a, and real analytic functions fij, gij on U , where
i “ 1, . . . , r, j “ 1, . . . , si, such that

E X U “
r
ď

i“1

si
č

j“1

tx P U : gijpxq ą 0 and fijpxq “ 0u. (1.1.1)

Example 1.1.2. In the above definition, a description as displayed in the right-
hand-side of (1.1.1) is required near each point of a P Rn (and not only near the
points of E). It means that such a description has to hold in a neighborhood of
every point of clpEq. For instance, it can be seen that the graph of the function
fpxq “ sin 1

x
, x P p0, 1q, is not a semi-analytic set, although this function is analytic.

Condition (1.1.1) fails at the points of the y-axis which are in the closure of the
graph.

Definition 1.1.3. A subset Z of Rn is globally semi-analytic if VnpZq is a semi-
analytic subset of Rn, where Vn : Rn Ñ p´1, 1qn is the homeomorphism defined
by

Vnpx1, . . . , xnq :“ p
x1

a

1` |x|2
, . . . ,

xn
a

1` |x|2
q.

Of course, globally semi-analytic sets are semi-analytic. Roughly speaking, we
can say that a semi-analytic subset Z of Rn is globally semi-analytic if it is still semi-
analytic after compactifying Rn. Clearly, a bounded subset of Rn is semi-analytic if
and only if it is globally semi-analytic. Unbounded examples are easy to produce:

Example 1.1.4. It is easy to see that semi-algebraic sets, that is to say, sets of type

r
ď

i“1

si
č

j“1

tx P Rn : Pijpxq ą 0 and Qijpxq “ 0u,

where Pij and Qij are n-variable polynomials for all i and j, are all globally semi-
analytic. The set N is an example of set which is analytic but not globally semi-
analytic.

Working with globally semi-analytic sets makes it possible to avoid some patho-
logical situations at infinity. The flaw of semi-analytic and globally semi-analytic
sets is that these classes of sets are not preserved under linear projections. In other
words, the projection of a globally semi-analytic set is not always globally semi-
analytic, as it is shown by the example below.
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Example 1.1.5. (Osgood’s example) Define a globally semi-analytic subset of R4

by:

E :“ tpx, xy, xey, yq : x P p0, 1q and y P p0, 1qu.

Let now π : R4 Ñ R3 be the projection omitting the last coordinate. If πpEq were
semi-analytic then there would exist a germ of analytic function (at the origin), not
identically zero, vanishing at every point of πpEq in this neighborhood. Examining
the Taylor expansion of this function at the origin quickly leads to a contradiction.
Hence, πpEq is not semi-analytic although E is a globally semi-analytic set.

To overcome this problem, we will work with a bigger class of sets: the globally
subanalytic sets. They are defined as the projections of the globally semi-analytic
sets. It will then be clear that this category of sets is preserved by linear projections
(see Properties 1.1.8). Subanalytic sets will thus constitute the right category to
study the geometry of semi-analytic sets.

Definition 1.1.6. A subset E Ă Rn is globally subanalytic if it can be rep-
resented as the projection of a globally semi-analytic set; more precisely, if there
exists a globally semi-analytic set Z Ă Rn`p, p P N, such that E “ πpZq, where
π : Rn`p Ñ Rn is the projection omitting the p last coordinates. In particular,
globally semi-analytic sets are globally subanalytic.

We shall denote by Sn the set of globally subanalytic subsets of Rn.

We say that a mapping f : AÑ B is globally subanalytic, A Ă Rn, B Ă Rm,
if its graph is a globally subanalytic subset of Rn`m. In the case B “ R, we say that
f is a globally subanalytic function.

Example 1.1.7. Globally semi-analytic sets (see example 1.1.4) provide examples
of globally subanalytic sets. The function sinx is a typical example of a function
which is subanalytic but not globally subanalytic.

The set E of Example 1.1.5 being globally semi-analytic, its projection πpEq
(with the notations of the latter example) is globally subanalytic. However, as
mentioned in Example 1.1.5, this set is not globally semi-analytic.

Basic properties 1.1.8. Below we list some very important properties of globally
subanalytic sets and mappings which are direct consequences of their definition.

(1) If A P Sn and if µ : Rn Ñ Rm, m ď n, denotes the projection onto the m first
coordinates then µpAq P Sm.

(2) If A P Sn and B P Sn then AYB and AXB belong to Sn.

(3) If A P Sn and B P Sm then AˆB P Sn`m.
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(4) Images and preimages of globally subanalytic sets under globally subanalytic
mappings are globally subanalytic.

(5) A mapping F : AÑ Rn, F “ pF1, . . . , Fnq, is globally subanalytic if and only if
Fi is globally subanalytic for every i.

(6) If f : AÑ B and g : B Ñ C are both globally subanalytic then so is g ˝ f .

(7) The sums and products of globally subanalytic functions are globally subana-
lytic.

Proof. (1) is clear from the definition of globally subanalytic sets. To prove (2) take
A and B in Sn. By definition of globally subanalytic sets, there exist a globally semi-
analytic set Z Ă Rn`p (resp. Z 1 Ă Rn`p1) such that A “ πpZq (resp. B “ π1pZ 1q)
where

π : Rn
ˆ Rp

Ñ Rn

(resp. π1 : Rn ˆ Rp1 Ñ Rn) denotes the projection onto the first factor. Then
AYB “ π2pY q where

Y :“ tpx, z, z1q P Rn
ˆ Rp

ˆ Rp1 : px, zq P Z or px, z1q P Z 1u

and π2 : Rn`p`p1 Ñ Rn is the obvious projection.

Since Z and Z 1 are globally semi-analytic, the sets Vn`ppZq and Vn`p1pZq can
be described by inequalities on analytic functions (as in (1.1.1)). Consequently,
so does Vn`p`p1pY q, which means that A Y B is globally subanalytic. Moreover,
AXB “ π2pY 1q where

Y 1 :“ tpx, z, z1q P Rn
ˆ Rp

ˆ Rp1 : px, zq P Z and px, z1q P Z 1u,

which entails that AXB is globally subanalytic as well. The proof of (3) is similar
to the proof of (2) and is left to the reader.

Proof of (4). Let F : A Ñ B be globally subanalytic, with A P Sn and B P Sp.
Observe that F pCq “ π2pπ

´1
1 pCq X ΓF q and F´1pDq “ π1pπ

´1
2 pDq X ΓF q where

π1 : Rn ˆ Rp Ñ Rn and π2 : Rn ˆ Rp Ñ Rp are the obvious orthogonal projections.
Hence, it is enough to consider the case where F is a canonical projection, which
follows from (1) and (3).

Proof of (5). Observe that ΓFi “ µipΓF q, where µi : RpˆRn Ñ RpˆR (if A P Sp),
i “ 1, . . . , n, is the projection defined by µipx, vq “ px, viq if px, vq P Rp ˆ Rn. By
(1), it means that ΓFi is globally subanalytic if so is F . Conversely, if all the Fi’s are
globally subanalytic then by (3) the Cartesian product of their graphs is globally
subanalytic. Consequently, ΓF , which can be expressed as a suitable projection of
this Cartesian product, is globally subanalytic, as required.
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Proof of (6). If g is globally subanalytic then by (3) the map h : A ˆ B Ñ C
defined by hpx, yq :“ gpyq is globally subanalytic. Therefore, if f is also globally
subanalytic by (2), so is the set E :“ Γh X pΓf ˆ Cq. But Γg˝f “ νpEq, where
ν : A ˆ B ˆ C Ñ A ˆ C is the projection omitting the second factor. By (1), the
result follows.

Proof of (7). It is easily checked that the mappings px, yq ÞÑ px`yq and px, yq ÞÑ
x ¨ y are globally subanalytic. By (6), the sum and product of globally subanalytic
functions are thus globally subanalytic.

We can summarize by saying that globally subanalytic sets and mappings possess
all the very basic properties that one would need to perform geometric constructions.
Actually, a very useful one is still missing: the stability under complement. If
it was obvious from the definition that the complement of a semi-analytic set is
semi-analytic, it is far from being easy to show that the complement of a globally
subanalytic set is globally subanalytic. This is nevertheless true and it is generally
referred as the Gabrielov’s Complement Theorem (Theorem 2.1.1). The proof of
this theorem will use almost all the material introduced in this chapter.

1.2 Cell decompositions

Cell decompositions constitute the central tool of this book and subanalytic geom-
etry in general. We define them in this section and state an important theorem
establishing existence of a cell decomposition compatible with a given set.

Definition 1.2.1. A cell decomposition of Rn is a finite partition C of Rn into
subanalytic sets, called cells, satisfying certain properties explained below.

n “ 1 : A cell decomposition of R is given by a finite subdivision a1 ă ... ă al
of R. The cells of R are the singletons taiu, 0 ă i ď l, and the intervals pai, ai`1q,
0 ď i ď l, where a0 “ ´8 and al`1 “ `8.

n ą 1 : A cell decomposition C of Rn is given by a cell decomposition D of
Rn´1 and, for each cell D P D, some globally subanalytic functions, analytic on D:

ζD,1 ă ... ă ζD,lpDq : D Ñ R.

The cells of C are the C8 manifolds given by the graphs

tpx, ζD,ipxqq : x P Du, 1 ď i ď lpDq,

and the bands

pζD,i, ζD,i`1q :“ tpx, yq : x P D and ζD,ipxq ă y ă ζD,i`1pxqu,
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for 0 ď i ď lpDq, where ζD,0 ” ´8 and ζD,lpDq`1 ” `8. The cell D is then called
the basis of the cells defined as above.

A cell decomposition is said to be compatible with finitely many sets
A1, . . . , Ak if the Ai’s are unions of cells. A refinement of a cell decomposition
C is a cell decomposition compatible with all the elements of C.

It follows from the above definition that every cell C is a C8 submanifold of
Rn. The dimension of the cell C, denoted dimC, is defined as its dimension as a
manifold. Observe that every cell C is C8 diffeomorphic to p0, 1qd with d “ dimC.

Remark 1.2.2. It follows from this inductive definition that if π : Rn`p Ñ Rn is
the projection omitting the last p-coordinates and C is a cell decomposition of Rn`p

then the finite family of sets πpCq, C P C, constitutes a cell decomposition of Rn.
We will denote by πpCq this cell decomposition.

The following theorem is fundamental to describe the geometry of globally sub-
analytic sets:

Theorem 1.2.3. Given A1, . . . , Ak in Sn, there is a cell decomposition of Rn com-
patible with the Ai’s.

The proof of this theorem is postponed to section 1.7. We start with an easy
example and some hints of proofs.

Example 1.2.4. Let A :“ tpx, yq P R2 : fpx, yq :“ y2 ´ x3 “ 0u. It is easily
checked that A is a globally semi-analytic set. As the function f can be factorized
py ´ x

3
2 qpy ` x

3
2 q, the set A is constituted by the two branches of curves Ci :“

tpx, p´1qix
3
2 q : x ą 0u, i “ 1, 2. The sets C1 and C2 are cells of R2 which constitutes

a cell decomposition compatible with A.

In this example, the situation is very simple since the set A is described by
an equation which is easily factorized. In particular, the cells have a parametriza-
tion as a Puiseux series. This example points out the importance of having a nice
factorization of the equations defining our set A.

Outline of proof of Theorem 1.2.3 Let A P Sn (we restrict ourselves in this
outline to the case of one single set A, i.e. we assume k “ 1 for simplicity). Observe
first that, since A is the projection of a globally semi-analytic set Z Ă Rn`p, it is
enough to construct a cell decomposition of Rn`p compatible with Z (see Remark
1.2.2).

In other words, we can assume that A is globally semi-analytic. We have to find
a cell decomposition such that the functions defining the globally semi-analytic set
A (see (1.1.1)) are of constant sign on every cell.
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The proof will be by induction on n. The basic idea is to proceed in the same way
as in Example 1.2.4: we factorize the analytic functions defining the globally semi-
analytic set A until we reach an expression which is sufficiently simple to decompose
the set A into graphs and bands. The basic idea of this factorization relies on the
Weierstrass Preparation Theorem and some related finiteness results of algebraic
nature that we present below as preliminaries (section 1.3, see Theorem 1.3.2 and
Proposition 1.3.12).

Functions that we have put in such a nice factorized form will be said to be
reduced (Definition 1.5.2). This form, which is a bit more complicated than the
expression as a Puiseux series obtained in Example 1.2.4, is of the same type.

As we will argue inductively on the number of variables, it will not be possible
to stay in the semi-analytic category: making use of the inductive assumptions
requires to drop some variables and Example 1.1.5 shows that this forces to exit the
semi-analytic category. We thus shall introduce a bigger category of functions than
analytic functions: the L-functions (see section 1.4).

We shall show that every L-function can be reduced (Proposition 1.5.4). It will
follow that we can find a cell decomposition such that finitely many given L-functions
have constant sign on every cell (Lemma 1.6.2), implying the desired result.

Hence, putting L-functions into reduced forms is the main technical difficulty of
the proof of Theorem 1.2.3, although the proof of this theorem only makes use the
closely related Lemma 1.6.2.

Lemma 1.6.2 (together with its proof) indeed unravels the narrow links between
reduction of functions and existence of cell decompositions. The close interplay
between these two notions accounts for the fact that we need to make use of a double
induction, proving simultaneously Proposition 1.5.4 (reduction of L-functions) and
Lemma 1.6.2 (existence of what we call L-cell decomposition). What makes this
induction on n possible is that the L-cells of Rn are defined by pn ´ 1q-variable
functions, which are reducible by induction (see the proof of Lemma 1.6.2).

1.3 Preliminaries on analytic functions

1.3.1 The Weierstrass Preparation Theorem

We start by stating and proving the famous Weierstrass Preparation Theorem. We
give a proof that relies on basic facts of complex analysis. This is the only place in
this book where complex numbers will be involved.

Definition 1.3.1. Let U Ă Rm´1 ˆ R be an open set and let pu0, z0q P U . An
analytic function ψpu, zq on U is z-regular at pu0, z0q if the function ϕ : r0, εq Ñ R,
ε ą 0 small, defined by ϕptq :“ ψpu0, z0 ` tq is not identically zero. It is said to be
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z-regular of order d at pu0, z0q if ϕptq “ atd ` . . . with a ‰ 0.

Theorem 1.3.2. (Weierstrass Preparation Theorem) Let ψ be an analytic function
in a neighborhood of pu0, z0q P Rm´1ˆR. If ψpu, zq is z-regular of order d at pu0, z0q

then there exists a neighborhood of pu0, z0q on which ψ has a representation

ψpu, zq “ W pu, zq ¨ fpu, zq,

where W is an analytic function near pu0, z0q satisfying W pu0, z0q ‰ 0, and

fpu, zq “ zd ` a1puqz
d´1

` ¨ ¨ ¨ ` adpuq

is a unit polynomial of degree d with analytic coefficients.

Proof. We may assume pu0, z0q “ p0Rn , 0Rq. The Taylor series of ψ being convergent
near the origin, this function extends to a holomorphic function (still denoted ψ) on
a neighborhood of this point in Cm´1 ˆ C.

Let γ be a small circle around z0 in the complex plane (oriented clockwise) and
let

c0pwq :“
1

2iπ

ż

γ

Bψ
Bz
pu, zq

ψpu, zq
dz.

By the residue theorem, if γ is sufficiently small, c0 is a continuous integer valued
function in a small neighborhood of the origin in Rm. It is thus equal to some
constant d in a neighborhood of the origin. For every u P Rm´1 close to u0, let
b1puq, . . . , bdpuq be the (complex) roots of the one-variable function z ÞÑ ψpu, zq
(repeated with multiplicity). Let then for j “ 1, . . . , d

cj :“ bj1 ` ¨ ¨ ¨ ` b
j
d ,

and observe that, again due to the Residue Theorem, we have

cjpuq “
1

2iπ

ż

γ

zj
Bψ
Bz
pu, zq

ψpu, zq
dz,

which shows that the cj’s are holomorphic functions in a neighborhood of the origin
in Cm´1, real valued on Rm´1 (the bj’s are pairwise conjugate). We now set for
pu, zq P Rm´1 ˆ R:

fpu, zq :“
d
ź

j“1

pz ´ bjpuqq “ zd ` a1puqz
d´1

` ¨ ¨ ¨ ` adpuq.

Since the just defined functions ai are combinations of the cj’s, by the above, these

are holomorphic functions. We then set W pu, zq :“ ψpu,zq
fpu,zq

. Because for every u near

u0, the one-variable functions ψpu, zq and fpu, zq have the same zeros with the same
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multiplicities, W is holomorphic with respect to z. By Cauchy formula, we thus
have in a neighborhood of the origin

W pu, zq “

ż

γ

W pu, ζq

z ´ ζ
dζ. (1.3.1)

where γ is as above. Since f and ψ are both holomorphic functions, W pu, ζq :“ ψpu,ζq
fpu,ζq

is also holomorphic with respect to u on the complement of the zeros of ψ. In
particular, it is holomorphic near a small circle γ. By (1.3.1), it means that W is
holomorphic everywhere in a neighborhood of the origin.

Let y0 P Rm. We will write Ay0 for the ring of analytic functions-germs at y0.

Corollary 1.3.3. The ring Ay0 is Noetherian.

Proof. Set y0 “ pu0, z0q P Rm´1 ˆ R. Arguing inductively, we can suppose that Au0
is Noetherian, which, by Hilbert’s Basis Theorem, means that so is the ring

Au0rzs :“ tf P Ay0 : fpu, zq “
d
ÿ

i“0

aipuqz
i, for some ai P Au0 , d P Nu.

Let I be an ideal of Ay0 . Thanks to Weierstrass Preparation Theorem, we know
that I is generated by I :“ I X Au0rzs. As I is an ideal of Au0rzs, which is a
Noetherian ring, it is finitely generated.

1.3.2 Some finiteness properties

Algebraic machinery. We recall that a ring R is local if it has only one maximal
ideal. It is well known that the maximal ideal of a local ring is constituted by all
the non invertible elements of this ring.

Throughout this section R stands for a Noetherian local ring and M for its
maximal ideal.

Definition 1.3.4. Let M be a finitely generated R-module. We say that a de-
creasing sequence M˚ “ tMiuiPN of submodules of M is an M-filtration of M if
MMi ĂMi`1 for all i ě 0.

Given an M-filtration M˚, we denote by GpM˚q, the set of formal polynomials
whose T i-coefficient lies in Mi, that is to say

GpM˚q “ t

d
ÿ

i“0

aiT
i : ai PMi, d P Nu.
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In particular, since we can regard M as an R-module, M˚ :“ pMiqiPN is an M-
filtration of M and

GpM˚q “ t

d
ÿ

i“0

aiT
i : ai PM

i, d P Nu.

Clearly, GpM˚q is a GpM˚q-module.

An M-filtration tMiuiPN of M is M-stable if MMi “ Mi`1 for each integer i
sufficiently large.

Remark 1.3.5. We recall that a module is said to be Noetherian if every submodule
is finitely generated, and that a finitely generated module over a Noetherian ring is
always Noetherian. In particular, in the above definition, all the Mi’s are finitely
generated.

Lemma 1.3.6. Let M be a finitely generated R-module and let M˚ “ tMiuiPN be
an M-filtration of M . The GpM˚q-module GpM˚q is finitely generated if and only if
M˚ is M-stable.

Proof. Assume that the GpM˚q-module GpM˚q is finitely generated, say by f1, . . . fp,

with for each j, fj :“
řdj
k“0 aj,kT

k, where aj,k PM
k. Set for i P N

Zi :“ tg P GpM˚q : g “ cT i, for some c PMiu.

Note that the elements of aj,kT
k, k ď dj, j ď p, also generate GpM˚q. Since M˚

is an M-filtration, this implies that for i ě maxtdj : j “ 1, , . . . , pu the elements of
Zi generate Zi`1 (as GpM˚q-modules), which means that MMi “Mi`1, as required.

Conversely, if M˚ is M-stable then there is d such that MMi “ Mi`1 for each
i ě d, which means that MκMi “Mi`κ for every such i and every positive integer κ.
This establishes that GpM˚q is generated by the reunion of the respective generators
of Z1, . . . , Zd, which (since every Mi is finitely generated) is a finite set.

Lemma 1.3.7. Let M be a finitely generated R-module and let M˚ “ tMiuiPN
be an M-stable M-filtration of M . For every submodule N of M , the filtration
N˚ :“ tN XMiuiPN of N is M-stable.

Proof. Since M˚ is M-stable, by Lemma 1.3.6, GpM˚q is a finitely generated GpM˚q-
module. Let us note that GpM˚q, regarded as an R-algebra, is finitely generated.
Since R is Noetherian, by Hilbert’s basis Theorem, this implies that GpM˚q is
Noetherian as well, which implies in turn that GpM˚q is a Noetherian GpM˚q-module
(see Remark 1.3.5). This establishes that GpN˚q, which is a submodule of GpM˚q,
is a finitely generated GpM˚q module, which, by Lemma 1.3.6, yields that N˚ is
M-stable.
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Lemma 1.3.8. (Artin-Rees) Let M be a finitely generated R-module and let N be
a submodule. For all i large enough,

N XMi`1M “MpN XMiMq.

In other words, the M-filtration tN XMiMuiPN of N is M-stable.

Proof. It suffices to apply Lemma 1.3.7 to the M-stable M-filtration tMiMuiPN.

It is convenient to rephrase these algebraic results in the language of topology:

Definition 1.3.9. The M-adic topology on R is the topology whose basis of
neighborhoods of a point x P R is given by the sets x`Mi, i P N.

It is easy to see that this topology is Hausdorff if and only if
Ş

iPN M
i “ t0u.

Theorem 1.3.10. (Krull’s intersection theorem) For every ideal I of R we have:

č

iPN
pI `Mi

q “ I. (1.3.2)

In other words, every ideal is closed for the M-adic topology.

Proof. We start with the case I “ 0, that is to say, we show
Ş

iPN M
i “ t0u. Let

J :“
Ş

iPNM
i and observe that

MJ “ J .

Assume that J is nontrivial and take a minimal system of generators f1, . . . , fp. We
have

J “MJ “Mf1 ‘ ¨ ¨ ¨ ‘Mfp.

In particular f1 “
řp
i“1 xifi with xi P M for all i, which implies that p1 ´ x1qf1 “

řp
i“2 xifi. As R is local, p1 ´ x1q is invertible, which, thanks to the latter equality,

means that f2, . . . , fp span J , in contradiction with our minimality assumption on
the system of generators. This yields

Ş

iPN M
i “ t0u.

The general case can now be deduced from this particular case by quotienting
by the ideal I. Namely, set A :“ R{I and let q : RÑ A be the quotient map. The
ring A is local an its maximal ideal is M :“ qpMq. By the above, we thus have

č

iPN
I `Mi

“
č

iPN
q´1
pM

i
q “ q´1

p
č

iPN
M

i
q “ q´1

pt0uq “ I.
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Application to rings of analytic function-germs. Let y0 P Rm. We have
seen that the ring Ay0 is Noetherian. This ring is moreover local and its (unique)
maximal ideal is the ideal My0 constituted by all the elements of Ay0 that vanish at
the origin.

Krull’s Intersection Theorem (Theorem 1.3.10) therefore immediately yields that
the ideals of Ay0 are closed for the My0-adic topology. An immediate consequence of
this that will be useful to us is the following corollary, sometimes referred as Krull’s
theorem.

Corollary 1.3.11. Let h : Ady0 Ñ Ay0 be an Ay0-linear mapping and let a P Ay0. If
the equation

hpf1, . . . , fdq “ a

has solutions f1, . . . , fd in the ring of formal power series RrrY1, . . . Ymss then it has
solutions g1, . . . , gd in the ring Ay0.

Proof. Let f1, . . . , fd be some formal power series which are solutions and let, for
every j ď d and i P N, fj,i denote the polynomial of degree i obtained by truncating
the formal series fj at the order i. Clearly pa´hpf1,i, . . . , fd,iqq PM

i`1
y0

which means
that a P I `Mi for all i, where I is the ideal hpAdy0q. The result thus follows from
Theorem 1.3.10.

Since Artin-Rees’ Lemma works for every finitely generated module M , Krull’s
intersection theorem can actually be proved not only for an ideal, but for every
finitely generated R-module. Consequently, the above corollary is still valid for a
linear mapping h : Ady0 Ñ A

m
y0

, i.e., for a linear system of equations. Furthermore,
it is not difficult to see that we can require the gi’s to coincide with the fi’s at
any prescribed order. The just above corollary is however enough for our purpose.
We shall actually need the following consequence in the proof of Proposition 1.5.4
(which is crucial to establish Theorem 1.2.3).

Proposition 1.3.12. Let y0 “ pu0, z0q P Rm´1 ˆ R. For each ψ P Ay0, there exist
A0, . . . , Ad P Ay0 satisfying Aipy0q ‰ 0 for all i, as well as some pm ´ 1q-variable
analytic functions-germs c0, . . . , cd P Au0, such that for all pu, zq near y0:

ψpu, zq “
d
ÿ

i“0

cipuqpz ´ z0q
iAipu, zq.

Proof. We can assume that y0 is the origin. Write then for pu, zq close to the origin

ψpu, zq “
ÿ

iPN
cipuqz

i,

with ci pm´ 1q-variable analytic function-germ for every i. Since the ring of germs
of analytic functions is Noetherian, the ideal generated by all the ci’s is generated
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by the germs at 0 of a finite family c0, . . . , cd, d P N. For every j ą d, there thus
exist pd` 1q germs of analytic functions b0,j, . . . , bd,j such that

cjpuq “
d
ÿ

i“0

bi,jpuqcipuq.

Hence, as formal power series in the indeterminates pU,Zq “ pU1, . . . , Um´1, Zq we
have:

ψpU,Zq “

d
ÿ

i“0

cipUqZ
i
`
ÿ

jąd

d
ÿ

i“0

bi,jpUqcipUqZ
j

“

d
ÿ

i“0

cipUqZ
i
p1` ZfipU,Zqq,

for some formal power series fi, i “ 0, . . . , d. Let us consider the linear equation of
formal power series:

ψpU,Zq “
d
ÿ

i“0

cipUqZ
i
p1` ZFiq,

in the unknowns F0, . . . , Fd. This equation has a solution Fi “ fi, i “ 0, . . . , d,
in the ring of formal power series. By Corollary 1.3.11, it must have a solution
gi, i “ 0, . . . , d, in the ring of convergent power series. It is then enough to set
Ai :“ 1` zgi.

1.4 L-functions

As we said in the outline of proof of Theorem 1.2.3, we will have to work with
another class of functions, the L-functions, that we introduce in this section. It will
turn out that every globally subanalytic function is piecewise given by L-functions
(Proposition 1.8.1).

The cube of radius ε and centered at a “ pa1, . . . , anq P Rn is the set:

Cpa, αq :“ tx P Rn : @i, |xi ´ ai| ď εu.

Definition 1.4.1. A restricted analytic function, is a function ψ : C Ñ R, with
C cube of Rn, which can be extended analytically in an open neighborhood of C.
Let Ran be the set of the restricted analytic functions (of all the cubes).

Let now L be the set of functions obtained by adding the functions x ÞÑ xλ,
λ P Q (the power functions), to the family Ran.
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A function which is the restriction to a globally subanalytic set of a function given
by finite sums, products, and composites of elements of L is called an L-function.
A mapping whose components are L-functions is called an L-mapping.

The minimal number of operations (sum, product, composition with an element
of L) needed to generate an L-function f is called the complexity of the function
f .

Remark 1.4.2. Since, by Properties 1.1.8, the class of globally subanalytic map-
pings is closed under sums, products, and compositions, it directly follows from the
above definition that L-mappings are globally subanalytic. Proposition 1.8.1 can be
seen as a partial converse of this fact.

The class of L-functions is much bigger than the class of restricted analytic
functions, as shown by the following examples.

Example 1.4.3. Since every polynomial is an L-function, so is for instance the
function x´3?

x2`y4
. The function ex, defined on the whole of R, although analytic

on R, is not an L-function. Its restriction to any bounded interval is however an
L-function.

We shall also need the notion of L-cell. These are the cells which are defined by
L-functions:

Definition 1.4.4. We define the L-cells of Rn by induction on n. Let C be a cell
of Rn and denote by B its basis. If n “ 0 then C is always an L-cell.

For n ą 1, C is either a graph or a band (see Definition 1.2.1). In the case where
it is the graph of some function ξ : B Ñ R, we say that C is an L-cell if ξ is an
L-function and if in addition B is an L-cell.

In the case where C is a band pξ1, ξ2q, ξ1 ă ξ2, we say that C is an L-cell if ξ1 is
either ´8 or an L-function and ξ2 is either `8 or an L-function, and if in addition
B is an L-cell.

A cell decomposition of Rn consisting only of L-cells is called an L-cell decom-
position.

1.5 Reduced functions

We introduce reduced functions. Roughly speaking, these are functions which have
a nice form, up to an L-unit. This requires to define the L-units.

Definition 1.5.1. Let C Ă Rn be an L-cell and let θ be an L-function on the basis
B of C satisfying Γθ X C “ H.
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An L-unit (in the variable y) of C is a function U on C that can be written
ψpV pxqq with, for x :“ px̃, xnq P C Ă Rn´1 ˆ R:

V pxq “ pb1px̃q, . . . , bkpx̃q, upx̃q y
1
s , vpx̃q y´

1
s q, y :“ |xn ´ θpx̃q|,

where s P Nzt0u, b1, . . . , bk, u, v are analytic L-functions on B such that V pCq is rel-
atively compact, and where ψ is an analytic function in a neighborhood of clpV pCqq
nowhere vanishing on this set.

We can say that an L-unit is a Puiseux series in y and 1
y

which has coefficients

that are analytic pn´1q-variable L-functions on C, and which is bounded away from
zero and infinity.

Definition 1.5.2. Let E Ă Rn and let C be an L-cell included in E.

A function ξ : E Ñ R is reduced on C if we can find analytic L-functions
a : B Ñ R and θ : B Ñ R, as well as r P Q, such that Γθ X C “ H and

ξpx̃, xnq “ apx̃q ¨ yr ¨ Upx̃, yq, y :“ |xn ´ θpx̃q|, (1.5.1)

for all x “ px̃, xnq P C Ă Rn´1 ˆ R, where U is an L-unit of C in the variable y.

The function θ is then called the L-translation of the reduction. If r is
nonnegative, we say that the function ξ admits a nondegenerate reduction.

A function ξ : E Ñ R is reducible if there is an L-cell decomposition compatible
with E such that ξ is reduced on every cell C Ă E.

In short, a reduced function is merely, up to a product with an L-unit, a power
of |xn ´ θpx̃q| times an pn´ 1q-variable analytic L-function a.

Remark 1.5.3. Let a function ξ be reduced with L-translation θ on a cell C and
let θ1 be an L-function on the basis of C. It easily follows from the above definitions
that if pxn ´ θq is reduced on C with L-translation θ1 then so is ξ.

The main difficulty of this chapter is to show the following

Proposition 1.5.4. If C is an L-cell then every L-function on C is reducible.

The proof of this result occupies the whole of section 1.6. To motivate the
preliminaries that we shall carry out, we start with an outline of proof.

Outline of proof of Proposition 1.5.4. The proof is carried out by induction
on the number of variables of the function. L-functions are explicitly known: they
are finite sums, products, and composites of power functions and restricted analytic
functions. Arguing also by induction on the complexity of the function, we just
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have to show that each of these operations (sum, product, power, composition with
a restricted analytic function) preserves the reducible functions. The main difficulty
is indeed to show that composition with a restricted analytic function preserves
reduced functions (Proposition 1.6.15). The difficulty in studying L-functions is
that they involve negative powers. The strategy is to split the proof of Proposition
1.6.15 into two steps: we will first show that we can reduce n-variable L-functions
which are analytic with respect to the last variable xn (Proposition 1.6.12) and then
show that we can handle n-variable L-functions that are analytic functions of both
xn and cpx̃q

xn
, with c L-function (Proposition 1.6.14).

1.6 Reduction of L-functions

All this section is devoted to the proof of Proposition 1.5.4, which will be proved by
induction on the dimension of the ambient space. More precisely, we shall establish
the following facts by induction on n:

pHnq Every L-function ξ : C Ñ R, with C L-cell of Rn, is reducible.

The assertion pH0q is vacuous. Fix n ě 1 and assume that pHiq holds true if
i ă n.

Important. All the propositions and lemmas of this section will also be proved by
induction n. Hence, we will assume that all of them are true when n is replaced
with pn´ 1q and simply check them for this fixed value of n (the case n “ 0 always
being trivial).

Definition 1.6.1. We say that two functions f1 : A Ñ R and f2 : A Ñ R are
comparable if either f1pxq ď f2pxq for all x P A or f2pxq ď f1pxq for all x P A. We
say that a finite collection of functions fi : AÑ R, i “ 1, . . . , k, is totally ordered
if the fi’s are all pairwise comparable with each other.

Let us define the sign function sign : RÑ t´1, 0, 1u as follows. Let signpxq :“ 1
if x is positive, signp0q :“ 0, and signpxq :“ ´1 whenever x is negative. We say
that a function ξ : AÑ R has constant sign on B Ă A if the function signpξpxqq
is constant on B.1

1.6.1 A few consequences of pHn´1q

The proof of Proposition 1.5.4 requires the following lemmas. As we mentioned, we
shall just prove these lemmas for our fixed value of n.

1A nonnegative function is thus not always of constant sign (since it can vanish).
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Lemma 1.6.2. Let C1, . . . , Ck be L-cells of Rn and let ξi : Ci Ñ R, i “ 1, . . . , k
be reduced L-functions. There is an L-cell decomposition of Rn compatible with the
Ci’s and such that for every i, the function ξi has constant sign on every cell D Ă Ci
of this L-cell decomposition.

Proof. For every i ď k, since ξi is reduced, there are pn´ 1q-variable L-functions ai
and θi on Bi (here Bi stands for the basis of Ci) such that:

ξipx̃, xnq “ aipx̃q ¨ y
r
i ¨ Uipx̃, yiq, yi :“ |xn ´ θipx̃q|,

where Uipx, yiq is an L-unit in the variable yi. Let also ζ1, . . . , ζp be all the pn´ 1q-
variable L-functions defining the cells C1, . . . , Ck (see Definition 1.2.1).

By induction on n, this lemma holds true if n is replaced with pn´1q. Moreover,
by pHn´1q, the ai’s are reducible. We therefore can find an L-cell decomposition C
of Rn´1, compatible with the Bi’s and such that for every i ď k, the pn´1q-variable
function ai has constant sign on every cell (included in Bi). For the same reason,
we may also assume that the family constituted by the respective restrictions of the
functions θi, i ď k, together with the functions ζi, i ď p, is totally ordered on every
cell E P C.

The cells of the desired L-cell decomposition C 1 of Rn are now given by the graphs
and bands defined by the respective restrictions of the functions θi, i “ 1, . . . , k, and
ζi, i “ 1, . . . , p, to the cells of C (those on which they are defined).

Fix now some i ď k and let D be a cell of C 1 included in Ci. On D, since the
functions yi, Ui (by definition of L-units), and ai have constant sign, we see that ξi
has constant sign on this set as well.

Remark 1.6.3. Given an L-cell C of Rn of basis B and an L-function φ : B Ñ R
we can find an L-cell decomposition of Rn such that on every cell E Ă C we have
for all px̃, xnq P E either |xn| ď |φpx̃q| or |xn| ě |φpx̃q|.

Indeed, it is enough to apply Lemma 1.6.2 in order to get an L-cell decomposition
of Rn such that the reduced L-functions φ, xn, pxn`φq, and pxn´φq have constant
sign on every cell.

Applying the above lemma to the case where the Ci’s are the cells of two given
cell L-decompositions of Rn, we deduce:

Remark 1.6.4. Two L-cell decompositions of Rn have a common refinement.

Remark 1.6.5. A reduced function on a cell is analytic on this cell. By pHn´1q and
the preceding remark, it means that, up to a refinement of the cell decomposition,
we can always assume that some given pn´ 1q-variable L-functions are analytic on
every cell.
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Lemma 1.6.6. Let C be an L-cell of Rn, φ be an L-function on the basis B of C,
p P Z, and define a function on C by ξpxq :“ φpx̃qxpn. Given two real numbers a ă b,
there is an L-cell decomposition compatible with ξ´1pra, bsq.

Proof. By Lemma 1.6.2, there is an L-cell decomposition compatible with C such
that φ and xn have constant sign on every cell. If E Ă C is a cell of this cell
decomposition, it is easily checked that ξ´1

|E pra, bsq can be described by sign conditions
on reduced functions. The result thus follows from Lemma 1.6.2.

Lemma 1.6.7. Given finitely many reduced functions ξ1, . . . , ξk on an L-cell C of
Rn, we can find an L-cell decomposition compatible with C such that on every cell
E Ă C, all these functions are reduced with the same L-translation.

Proof. Let θ1, . . . , θk denote the respective L-translations of the reductions of the
ξi’s. As a consequence of Lemma 1.6.2 (see Remark 1.6.3), there is an L-cell de-
composition of Rn compatible with C such that on each cell D Ă C, the functions
|xn ´ θi|, |θi ´ θj|, i ă j ď k, are comparable with each other (see Definition 1.6.1)
and the functions pxn ´ θiq, pθi ´ θjq, i ă j ď k, are of constant sign. Fix a cell D
and choose j such that for all i ď k:

|xn ´ θj| ď |xn ´ θi|. (1.6.1)

We are going show that for all i, the function pxn ´ θiq is reduced on D with L-
translation θj. The statement of the lemma will then follow from Remark 1.5.3. Fix
i ď k. The proof now breaks down into two cases.

Case 1: |xn ´ θj| ď |θj ´ θi| on D.

If there is x̃ in the basis of D such that θjpx̃q “ θipx̃q then xn ” θj ” θi on D,
and the result is trivial. Otherwise, either the two functions pxn ´ θjq and pθj ´ θiq

have the same sign or
ˇ

ˇ

xn ´ θj
θj ´ θi

ˇ

ˇ ď
1

2
(by (1.6.1)). It means that p1`

xn ´ θj
θj ´ θi

q is an

L-unit in the variable pxn´ θjq and hence, the function pxn´ θiq can be reduced by

xn ´ θi “ pθj ´ θiqp1`
xn ´ θj
θj ´ θi

q. (1.6.2)

Case 2: |xn ´ θj| ě |θj ´ θi| on D.

If there is x “ px̃, xnq P C such that xn “ θjpx̃q then xn ” θj on C, and the
result is trivial. Otherwise, by (1.6.1), pxn ´ θjq and pθj ´ θiq are of the same sign,

and hence the function p1`
θj ´ θi
xn ´ θj

q is an L-unit. As a matter of fact, the function

pxn ´ θiq is reduced by writing

xn ´ θi “ pxn ´ θjqp1`
θj ´ θi
xn ´ θj

q. (1.6.3)
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Remark 1.6.8. A direct consequence of Remark 1.6.4 and Lemma 1.6.7 is that the
product of two reducible functions ξ1 : C Ñ R and ξ2 : C Ñ R, where C is an L-cell
of Rn, is reducible. The quotient, if well defined, is also reducible.

Given two real valued functions f and g on a set X, we write f À g if there
exists a positive real number C such that g ď Cf on X. We write f „ g (and say
that f is equivalent to g) if f À g and g À f .

Lemma 1.6.9. Given two reduced functions f and g on an L-cell C of Rn and a
positive constant ε, there is an L-cell decomposition compatible with C such that on
every cell E Ă C either |f | ď ε|g|, or |g| ď ε|f |, or |f | „ |g|.

Proof. By Lemma 1.6.7, we may assume that f and g are reduced on the cells of an
L-cell decomposition with the same L-translation on every cell. Since it is enough
to establish the lemma for arbitrarily small values of ε ą 0 and because L-units
are bounded away from zero and infinity, it is enough to prove the result for some
functions of the form fpxq “ apx̃q|xn´ θpx̃q|

r and gpxq “ bpx̃q|xn´ θpx̃q|
s, with a, θ,

and b L-functions on the basis B of an L-cell C, r and s in Q, and x “ px̃, xnq P C.

By Lemma 1.6.2, we may assume that a, pxn´ θq, and b have constant sign on a
cell. The inequality |f | ď ε|g| on a cell C of basis B now amounts to inequalities of
type xn ď φpx̃q or xn ě φpx̃q with φ L-function on B. But, again by Lemma 1.6.2,
given any L-function φ on B, there is a refinement of the L-cell decomposition such
that the function pxn ´ φq has constant sign on every cell.

Lemma 1.6.10. Given an n-variable reducible function ξ, we may always assume,
up to a refinement of the L-cell decomposition, that on every cell either xn „ θpx̃q
or θpx̃q ” 0 (where θ is the L-translation of the reduction on the cell).

Proof. Take a cell decomposition such that ξ is reduced on every cell. By Lemma
1.6.9 and Remark 1.6.4, up to a refinement of the L-cell decomposition we may
assume that on every cell either |xn| „ |θpx̃q| or |xn| ď

1
2
|θpx̃q| or |θpx̃q| ď 1

2
|xn|. By

Lemma 1.6.2, xn and θ may be assumed to be of constant (nonzero) sign on every
cell.

If on a cell |θpx̃q| ď 1
2
|xn| then writing

xn ´ θpx̃q “ xnp1´
θpx̃q

xn
q, (1.6.4)

we see that, since p1 ´ θpx̃q
xn
q is an L-unit, we can assume the L-translation of the

reduction to be identically 0.
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Similarly, in the case where |xn| ď
1
2
|θpx̃q|, writing xn ´ θpx̃q “ θpx̃qp xn

θpx̃q
´ 1q

also immediately reduces to the case where the L-translation of the reduction is
identically 0.

Finally, assume that |xn| „ |θpx̃q|. If these two functions are of the same sign,

then xn „ θpx̃q and we are done. Otherwise, by (1.6.4), we see that since p1´ θpx̃q
xn
q

is an L-unit when xn and θ have opposite signs, we can assume the L-translation of
the reduction to be identically 0.

Lemma 1.6.11. Let C Ă Rn be an L-cell of basis B and let c be an L-function on
B. Let p P Z be such that the L-mapping

Hpxq :“ px̃, cpx̃q|xn|
1{p
q, x “ px̃, xnq P C,

is well defined on C. If an L-function ζ : HpCq Ñ R is reducible then so is ξ :“
ζ ˝H : C Ñ R. Moreover, if the reduction of ζ is nondegenerate and p ą 0 then ξ
admits a nondegenerate reduction as well.

Proof. By Lemma 1.6.2, we can assume that xn and c are of constant (nonzero) sign
on C (we will assume that they are positive for simplicity). Observe that HpCq is
an L-cell and that the inverse image under the mapping H of an L-cell included in
HpCq is an L-cell. If ζ is reducible, then the function ξ may be written on every
cell E Ă C of a suitable L-cell decomposition compatible with C:

ξpxq “ ζpHpxqq “ bpx̃q ¨ ypxqr ¨ Upx̃, ypxqq, ypxq :“ |cpx̃q ¨ x1{p
n ´ θpx̃q|,

where Upx̃, ypxqq is an L-unit in the variable y on E, r P Q, and θ and b are
L-functions on the basis of E. It is enough to show that y is reducible.

By Lemma 1.6.2, refining the L-cell decomposition if necessary, we may assume
that θ has constant sign on every cell included in C. If θ ” 0 on a cell then the
result is clear on this cell. Moreover, possibly rewriting y as x1{p

n ¨ |cpx̃q´θpx̃q ¨x´1{p
n |,

we see that it suffices to address the case where p is positive (see Remark 1.6.8). As

c nowhere vanishes, y can be factorized cpx̃q|x1{p
n ´

θpx̃q
cpx̃q
|, which means that, up to a

change of θ, we may assume that c ” 1.

Thanks to Lemma 1.6.10, we can suppose that xn „ θpx̃q on HpEq. As we
assume c ” 1, it means that we have on E

xn „ θpx̃qp. (1.6.5)

Write then

y “ x1{p
n ´ θpx̃q “

xn ´ θpx̃q
p

x
p´1
p

n ` x
p´2
p

n θpx̃q ` ¨ ¨ ¨ ` θpx̃qp´1

. (1.6.6)
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Let Dpxq denote the denominator of this fraction. As D is a sum of positive terms
which are all „ to θpx̃qp´1 (by (1.6.5)), we clearly have Dpxq „ θpx̃qp´1. Hence,
the function W pxq :“ θpx̃q1´pDpxq is bounded away from zero and infinity. It is
therefore an L-unit, which means in particular that it is reduced. By Lemma 1.6.7
(see Remark 1.6.8), the quotient which appears in the right-hand-side of (1.6.6) thus
defines a nondegenerate reduction.

1.6.2 Reduction of L-functions

The first step of the reduction process deals with the functions which, roughly
speaking, are “analytic in the last variable”. This is the purpose of the proposition
below.

Proposition 1.6.12. Let C Ă Rn be an L-cell of basis B and let φ1, . . . , φk be
finitely many L-functions on B. Set

Φpxq :“ pφ1px̃q, . . . , φkpx̃q, xnq, x “ px̃, xnq P C,

and let ψ be an analytic function in a neighborhood of clpΦpCqq. If ΦpCq is bounded
then the function ξ :“ ψ ˝ Φ admits a nondegenerate reduction.

Proof. Step 1. Reduction to the case where ψpu1, , . . . , uk, zq is z-regular in a
neighborhood of clpΦpCqq.

By Proposition 1.3.12, for every y0 “ pu0, z0q P clpΦpCqq Ă Rk ˆ R, there is
εy0 ą 0 and d P N for which ψ has the following form on the cube Cpy0, εyoq Ă RkˆR:

ψpu, zq “
d
ÿ

i“0

cipuqpz ´ z0q
iAipu, zq, (1.6.7)

where the ci’s are analytic functions on Cpu0, εy0q and the Ai’s are analytic functions
on Cpy0, εy0q nowhere zero on this set.

As clpΦpCqq is compact, we can extract a finite covering by such cubes. By
Remark 1.6.4 and Lemma 1.6.6, there is an L-cell decomposition compatible with
the inverse image under Φ of the elements of this finite covering.

Fix a cell E Ă C (to show that ξ is reducible, we may focus on one single cell).
By construction, ΦpEq fits in some cube Cpy0, εy0q, with y0 “ pu0, z0q P clpΦpEqq,
on which (1.6.7) holds. Define some L-functions on the basis D of E by:

gipx̃q :“ cipφ1px̃q . . . , φkpx̃qq, i “ 0, . . . , d.

By pHn´1q and Lemma 1.6.2, up to a refinement of the L-cell decomposition, we
can assume that the family |g0|, . . . , |gd| is totally ordered on D and that if some gi
vanishes on D then it is identically zero on this set.
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Let m ď d be the smallest integer such that |gm| “ maxiďd |gi| on D. If all the
gi’s are zero on D, the function ξ is reduced on E since it is identically zero. We
thus will assume that gm is nowhere zero.

Define now a function ϕ by setting for pt, u, zq P Rd`1 ˆCpy0, εy0q:

ϕpt, u, zq :“
d
ÿ

i“0

ti pz ´ z0q
iAipu, zq.

A straightforward computation of partial derivatives shows that this analytic
function is z-regular of order at most m at any pt, u, zq, with t P r0, 1sd`1 satisfying
tm “ 1 and pu, zq P Cpy0, εy0q (if εy0 was chosen small enough). To complete Step
1, we are going to show that it suffices work with ϕ instead of ψ.

As gm nowhere vanishes on D, by (1.6.7), for every x P E the number ξpxq is
equal to gmpx̃q ¨ ϕpΘpxqq, where Θ is the bounded L-mapping

Θpxq :“ pg0px̃q{gmpx̃q, . . . , gdpx̃q{gmpx̃q,Φpxqq.

As gm is an pn ´ 1q-variable function, it is enough to reduce ϕ ˝ Θ. As ϕpu, zq is
z-regular at any point of clpΘpEqq, this completes Step 1.

Step 2. Proof in the case where ψpu1, . . . , uk, zq is z-regular near clpΦpCqq.

Let d be the order of z-regularity of ψ near clpΦpCqq and let us argue by induction
on d (the case d “ 0 being trivial).

By the Weierstrass Preparation Theorem, given a point of clpΦpCqq, there is a
cube centered at this point such that the function ψ is, up to a unit, a polynomial
in z with analytic coefficients. As clpΦpCqq is compact, we can extract a finite
covering by such cubes. By Lemma 1.6.6 (and Remark 1.6.4), there is an L-cell
decomposition E of Rn compatible with C and the respective preimages under Φ of
all these cubes. Fix a cell E P E included in C. Since we can argue up to a unit
and up to a translation, we will assume that clpΦpEqq fits in a cube centered at the
origin on which the function ψ coincides with the restriction of a pk ` 1q-variable
polynomial with analytic coefficients:

ψpu, zq “ zd ` a1puqz
d´1

` ¨ ¨ ¨ ` adpuq, pu, zq P Rk
ˆ R.

If we compose with a translation z ÞÑ z ´ a1puq
d

, the coefficient of zd´1 of this
polynomial becomes zero. Consequently, since it is enough to show that the function
ξpx̃, xn `

a1pφpx̃qq
d

q, where φ “ pφ1, . . . , φkq, is reducible, we will assume that a1 ” 0.

For simplicity set

bipx̃q :“ aipφ1px̃q, . . . , φkpx̃qq, i “ 2, . . . , d,

for x̃ in the basis of E.
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By Lemma 1.6.2 and pHn´1q, refining the L-cell decomposition if necessary, we
can assume that the bi’s have constant sign on every cell and that the family of
L-functions |bi|

1
i , i “ 2, . . . , d, is totally ordered on our cell E. Let j be such that

on E:
|bj|

1{j
“ max

2ďiďd
|bi|

1{i. (1.6.8)

If all the bi’s are identically zero on a cell, the function ξ is already reduced on this
cell. Since bj is of constant sign on every cell, we will therefore assume below that
it does not vanish on the considered cell E.

Up to one more refinement of the L-cell decomposition (see Remark 1.6.3), we
may assume that one of the following two cases occurs on E:

Case I: |xn| ď 2|bjpx̃q|
1
j , for px̃, xnq P E. (1.6.9)

In this case we are going to change ξ for a function ξ̂ “ ψ̂ ˝ Φ̂, with ψ̂ z-regular
of order less than d. Let

ξ̂px̃, xnq :“ |bjpx̃q|
´d{j

¨ ξpx̃, |bjpx̃q|
1{j
¨ xnq.

This function is defined on the cell E 1 which is the image of E under the mapping
px̃, xnq ÞÑ px̃, |bjpx̃q|

´1{j ¨ xnq.

It is clearly enough to show that ξ̂ is reducible. Observe that ξ̂ is nothing but
the composite of the d-variable polynomial function

ψ̂pv2, . . . , vd, yq :“ yd ` v2y
d´2

` ¨ ¨ ¨ ` vd

with the L-mapping on E 1:

Φ̂pxq “

ˆ

b2px̃q

|bjpx̃q|2{j
, . . . ,

bdpx̃q

|bjpx̃q|d{j
, xn

˙

.

By (1.6.8) and (1.6.9), the set Φ̂pE 1q is bounded ((1.6.9) entails that the coordinate
xn of x P E 1, is bounded away from infinity on E 1). Since the function ψ̂pv, zq
is z-regular of order at most pd ´ 1q at every pv, zq P Φ̂pE 1q (since vj ‰ 0 for all

pv, zq “ pv2, . . . , vd, zq P Φ̂pE 1q), the result follows by induction on d.

Case II: |xn| ě 2|bjpx̃q|
1
j , for px̃, xnq P E. (1.6.10)

In this case, the function ξ can be easily reduced as follows. By (1.6.8) and

(1.6.10), | bkpx̃q
xkn
| ď 1

2k
on E, for every k. As a matter of fact,

|
b2px̃q

x2
n

` ¨ ¨ ¨ `
bdpx̃q

xdn
| ă

1

2
,
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so that the equality

ξpx̃, xnq “ xdn

ˆ

1`
b2px̃q

x2
n

` ¨ ¨ ¨ `
bdpx̃q

xdn

˙

.

reduces the function ξ on the given cell.

We now are going to deal with L-functions which are analytic in both xn and
cpx̃q
xn

, where c is an L-function (see Proposition 1.6.14 below). The strategy is to split
the considered function into two functions, one analytic in xn and one analytic in
cpx̃q
xn

, in order to reduce the study to the situation of Proposition 1.6.12. To this end,
the following lemma will be needed.

Lemma 1.6.13. Let ψ be an analytic function in a neighborhood of pa, 0, 0q in Rk`2,
a P Rk. There exist ε ą 0 and two analytic functions ψ1 and ψ2 on some compact
cubes such that

ψpu, z,
c

z
q “ zψ1pu, c, zq ` ψ2pu, c,

c

z
q, (1.6.11)

for every pu, c, zq satisfying pu, z, c
z
q P Cpa, εq ˆ r´ε, εs2.

Proof. If
ř

bm,i,jpu´aq
mzitj denotes the Taylor expansion at pa, 0, 0q of the function

ψpu, z, tq, the respective Taylor expansions at pa, 0, 0q of the functions ψ1pu, c, zq and
ψ2pu, c, tq are given by the convergent power series:

ÿ

0ďjăi
mPNk

bm,i,jpu´ aq
mcjzi´j´1 and

ÿ

0ďiďj
mPNk

bm,i,jpu´ aq
mcitj´i.

Proposition 1.6.14. Let C Ă Rn be a cell of basis B and let c, φ1, . . . , φk be finitely
many L-functions on B. Set

Φpxq :“
`

φ1px̃q, . . . , φkpx̃q, xn,
cpx̃q

xn

˘

, x “ px̃, xnq P C,

and let ψ be an analytic function in a neighborhood of clpΦpCqq. If ΦpCq is bounded
then the function ξ :“ ψ ˝ Φ is reducible.

Proof. Step 1. We show that the restriction of ξ to an L-cell C on which xn
cpx̃q

is

bounded (assuming that cpx̃q nowhere vanishes on C) is reducible.

On such a cell C, as by assumption ΦpCq is bounded, we have |cpx̃q| „ |xn|.
Consequently, as xn is bounded on C, so is c. Define thus a bounded L-mapping on
C by:

Φ1pxq :“
`

φ1px̃q, . . . , φkpx̃q, cpx̃q,
xn
cpx̃q

˘

.



1.6. REDUCTION OF L-FUNCTIONS 29

Since xn
cpx̃q

is bounded away from zero on C, the function

ψ1pu1, . . . , um, z, tq :“ ψpu1, . . . , um, zt,
1

t
q

is analytic in a neighborhood of clpΦ1pCqq (1{t is analytic on the complement of the
origin). By Lemma 1.6.2, taking an L-cell decomposition compatible with C, we
may assume that xn is of constant sign on our cell C.

As ξ “ ψ1 ˝Φ1, it is enough to show, thanks to Lemma 1.6.11, that ζ :“ ψ1 ˝Φ1 ˝
H´1pxq is reducible, if Hpx̃, xnq :“ px̃, xn

cpx̃q
q. Since on HpCq:

Φ1 ˝H´1
pxq “ pφ1px̃q, . . . , φkpx̃q, cpx̃q, xnq,

the result follows from Proposition 1.6.12.

Step 2. We show the theorem in its full generality.

For x̃ in B, let φpx̃q :“ pφ1px̃q, . . . , φkpx̃qq. By Lemma 1.6.13, for every a P
clpφpBqq, there is ε ą 0 and two analytic functions ψ1 and ψ2 satisfying (1.6.11) on
Cpa, εqˆ r´ε, εs2 (for our function ψ). As clpφpBqq is compact, it can be covered by
finitely many such cubes Cpai, εq, i “ 1, . . . , l.

By Lemma 1.6.6 (and Remark 1.6.4), we can find an L-cell decomposition C
compatible with the sets φ´1pCpai, εqq, i “ 1, . . . , l. Refining C if necessary, we can
assume it to be compatible with the respective inverse images of r´ε, εs under the

functions cpx̃q, xn, and cpx̃q
xn

. By Lemma 1.6.2, we also can suppose that cpx̃q and xn
are of constant sign on every cell of C included in C. Fix a cell E P C included in C.

If |xn| ě ε on E, by Proposition 1.6.12, we are done since t ÞÑ 1
t

is analytic in
the complement of the origin in R.

If | cpx̃q
xn
| ě ε on E, then | xn

cpx̃q
| is bounded and the result directly follows from Step

1.

If |cpx̃q| ě ε on E then (since xn is bounded on C by assumption) | xn
cpx̃q
| is still

bounded and the result also follows from step 1.

We thus can assume that |c|, |xn|, and | cpx̃q
xn
| are all smaller than ε on E.

For x “ px̃, xnq P C, let

Φ1px̃, xnq :“ pφ1px̃q, . . . , φkpx̃q, cpx̃q, xnq,

as well as Φ2px̃, xnq :“ pφ1px̃q, . . . , φkpx̃q, cpx̃q,
cpx̃q
xn
q.

By construction, there is i such that E Ă φ´1pCpai, εqq. It means that E is
included in Φ´1

j pCpφpaiq, εq ˆ r´ε, εs
2q, for j “ 1, 2. In other words, we can assume

that (1.6.11) holds on ΦpEq.

By Proposition 1.6.12 and Remark 1.6.8, the function ξ1pxq :“ xn ¨ ψ1 ˝Φ1pxq is
reducible. We claim that ξ2 :“ ψ2 ˝Φ2 is reducible as well (note that by (1.6.11) we
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have ξ “ ξ1 ` ξ2). Indeed, let Hpxq :“ px̃, cpx̃q
xn
q, and define a bounded L-mapping

on HpEq by:
Φ12px̃, xnq :“ pφ1px̃q, . . . , φkpx̃q, cpx̃q, xnq.

By Proposition 1.6.12, ξ12 :“ ψ ˝ Φ12, defined on HpEq, is reducible and, by Lemma
1.6.11, ξ2 “ ξ12 ˝H is reducible, as claimed.

We are ready to check that ξ is reducible as well. By Lemma 1.6.2, up to a
refinement of C, we may assume that ξ1, ξ2, and xn are of constant sign on E. By
Lemma 1.6.9, refining again the obtained cell decomposition of Rn, we may assume
in addition that one of the two following situations occurs:

First Case. |ξ1| ď
1
2
|ξ2| or |ξ2| ď

1
2
|ξ1| on E.

For simplicity, we will assume that the first inequality holds. It means that
p1` ξ1

ξ2
q is bounded away from zero and infinity (if ξ2 ” 0 on E, the result is clear).

Since, thanks to Lemma 1.6.7, ξ1 and ξ2 can be reduced with the same L-translation
on every cell, the function p1 ` ξ1

ξ2
q induces an L-unit on every cell included in E.

Hence, if we rewrite ξ as ξ2 ¨ p1`
ξ1
ξ2
q, we see that it is reduced on such a cell.

Second case: |ξ1| „ |ξ2| on E.

As it makes no difference, we will assume that ξ1, ξ2 and xn are positive on E
(if one of them is zero the result is clear). We first establish the following

Claim. xn is „ on E to an L-function bpx̃q.

To check this claim, observe that Proposition 1.6.12 actually ensures that both
ψ1 ˝ Φ1 and ξ12 admit nondegenerate reductions. We thus have (recall that ξ1 “

xnψ1 ˝ Φ1)

ξ1px̃, xnq „ xn ¨ a1px̃q|xn ´ θ1px̃q|
r and ξ2px̃, xnq „ a2px̃q|

cpx̃q

xn
´ θ2px̃q|

s,

for some L-functions a1, a2, θ1, and θ2 on the basis E 1 of E and some nonnegative
rational numbers r and s. If xn „ θ1px̃q or cpx̃q

xn
„ θ2px̃q on E then the claim clearly

holds true. Otherwise, by Lemma 1.6.10, we may assume θ1 “ θ2 “ 0, so that

a1px̃qx
r`1
n „ ξ1pxq „ ξ2pxq „ a2px̃q

cpx̃qs

xsn
,

which entails that xn is „ to the L-function bpx̃q :“ pa2px̃qcpx̃q
s

a1px̃q
q

1
s`r`1 (here ps` r` 1q

is nonzero for s and r are both nonnegative), yielding the claim.

Let now
ψ1pu1, . . . , uk, w, z, tq :“ ψpu1, . . . , uk, w, ztq,

and

Φ1px̃, xnq :“ pφ1px̃q, . . . , φkpx̃q, xn ,
cpx̃q

bpx̃q
,
bpx̃q

xn
q.
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Since bpx̃q „ xn and ΦpEq is bounded, the set Φ1pEq is bounded as well. By Step 1,

as bpx̃q
xn

is bounded below away from zero on the cell E, the function ψ1 ˝Φ1 must be
reducible. As ξ “ ψ ˝ Φ “ ψ1 ˝ Φ1, we are done.

Proposition 1.6.15. Let g1, . . . , gm be reducible functions on C Ă Rn. Set

Gpxq :“ pg1pxq, . . . , gmpxqq,

and let f be a function which is analytic in a neighborhood of the set clpGpCqq. If
GpCq is bounded then ξ :“ f ˝G is reducible.

Proof. By Remark 1.6.4, we can assume that all the gi’s are reduced on the cells of
one single L-cell decomposition C compatible with C. Moreover, by Lemma 1.6.7, we
can assume that on every cell of C, the gi’s are reduced with the same L-translation
θ, which, up to a change px̃, xnq ÞÑ px̃, xn ` θpx̃qq can be assumed to be zero. The
function ξ may therefore be written on a given cell E P C, E Ă C, ψ ˝ Φ with ψ
restricted analytic function and Φ bounded mapping of type

Φpxq “ pφpx̃q, . . . φkpx̃q, bpx̃q ¨ |xn|
1{s, cpx̃q ¨ |xn|

´1{s
q, x “ px̃, xnq P E Ă Rn,

where φ1, . . . , φk are L-functions and s P N. For such a cell E, by Lemma 1.6.2,
we can assume that xn is of constant sign on every cell. By Lemma 1.6.11, we may
assume that s “ 1 and b ” 1, so that, by Proposition 1.6.14, the function ξ|E is
reducible.

We are now ready to carry out the induction step of Proposition 1.5.4:

proof of pHnq. By definition, any L-function may be expressed as a finite sum, prod-
uct, and composite of restricted analytic functions and power functions. Arguing by
induction on the complexity of the expression of ξ, it is enough to show that each
of these operations (sum, product, power, composition with a restricted analytic
function) preserves the reducible functions.

The power of a reduced function is clearly reduced. We have seen that the
product of two reduced functions is also reduced (see Remark 1.6.8). By Proposition
1.6.15, composition with a restricted analytic function preserves reducible functions.

It remains to show that the sum of two reducible functions ξ1 : C Ñ R and
ξ2 : C Ñ R is reducible, when C is an L-cell of Rn. Indeed, by Remark 1.6.4, there
is an L-cell decomposition such that ξ1 and ξ2 are reduced on every cell E Ă C.
By Lemma 1.6.2, up to a refinement, we can assume that ξ1 and ξ2 have constant
sign (taking values in t´1, 0, 1u) on every cell. By Lemma 1.6.9, we can also assume
that for every cell E Ă C there is a constant M ą 0 such either |ξ1| ď M |ξ2| or
|ξ2| ď M |ξ1| on E. We will assume for simplicity that |ξ1| ď M |ξ2| on a fixed cell
E Ă C.
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Then, writing ξ “ ξ2 ¨ p1 `
ξ1
ξ2
q, by Remark 1.6.8, we see that it suffices to show

that p1 ` ξ1
ξ2
q is reducible (if ξ2 is identically zero on E we are done). But since

Gpxq :“ ξ1pxq
ξ2pxq

is bounded and reducible (again due to Remark 1.6.8), this follows

from Proposition 1.6.15 (applied to the one variable function fpyq :“ 1` y).

1.7 Existence of cell decompositions

We are now ready to establish Theorem 1.2.3. The cell decomposition that we are
going to construct will indeed be an L-cell decomposition. Observe first that thanks
to Remark 1.6.4, we can assume that l “ 1, i.e., it is enough to construct an L-cell
decomposition compatible with one single given set A P Sn.

Reduction to the case where A is globally semi-analytic. Since A is globally sub-
analytic, there exists a globally semi-analytic subset Z Ă Rm, m ą n, such that
πpZq “ A, where π : Rm Ñ Rn is the projection onto the n first coordinates. By
Remark 1.2.2, the image under π of the cells of a cell decomposition of Rm con-
stitutes a cell decomposition of Rn. It is therefore enough to construct an L-cell
decomposition of Rm which is compatible with the set Z. In other words, we can
assume that A is globally semi-analytic.

Proof in the case where A is globally semi-analytic. By definition of globally semi-
analytic sets, for every z P r´1, 1sn, there is a neighborhood Uz of z as well as
analytic functions fij, gij, where i “ 1, . . . , r, j “ 1, . . . , si, on Uz such that

VnpAq X Uz “
r
ď

i“1

si
č

j“1

tx P Uz : gijpxq ą 0 and fijpxq “ 0u. (1.7.1)

Let, for each z P r´1, 1sn, Vz be a cube containing z and included in Uz. Since
r´1, 1sn is relatively compact, it may be covered by finitely many such cubes. By
Remark 1.6.4, this means that it is enough to construct an L-cell decomposition of
Rn compatible with AXWz for every z P r´1, 1sn, where Wz :“ V´1

n pVzq.

Fix for this purpose z P clpVnpAqq. Observe that Vz can be described by sign
conditions on analytic functions. Hence, as Vn is an L-mapping, by Lemma 1.6.2
(and Proposition 1.5.4), there is a cell decomposition D compatible with Wz.

Moreover, by (1.7.1), we see that

AXWz “

r
ď

i“1

si
č

j“1

tx P Wz : gijpVnpxqq ą 0 and fijpVnpxqq “ 0u. (1.7.2)

As ξijpxq :“ fijpVnpxqq and ζijpxq :“ gijpVnpxqq are L-functions, again thanks
to Lemma 1.6.2, there is a refinement E of D such that the ξij’s and the ζij’s have
constant sign on every cell included in Wz. Consequently, by (1.7.2), A XWz is a
union of cells, as required.
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Remark 1.7.1. The cell decomposition that we have constructed is indeed an L-
cell decomposition. This fact will be useful to show that any globally subanalytic
function coincides with an L-function on every cell of a suitable L-cell decomposition
(Proposition 1.8.1 below).

1.8 The Preparation Theorem

The first thing we establish in this section is that globally subanalytic functions
are piecewise given by L-functions. This gives a very precise description of globally
subanalytic functions and will lead us to the Preparation Theorem.

Proposition 1.8.1. Let ξ : E Ñ R be a globally subanalytic function, E P Sn.
There is an L-cell decomposition of Rn compatible with E, such that for every cell
C Ă E the function ξ|C coincides with an L-function.

Proof. The graph of ξ being a globally subanalytic set, by Theorem 1.2.3 (see Re-
mark 1.7.1), there is an L-cell decomposition D of Rn`1 compatible with Γξ. This
L-cell decomposition induces an L-cell decomposition C of Rn (see Remark 1.2.2).
Let C P C with C Ă E. There is an L-cell D P D included in Γξ which projects onto
C. This L-cell cannot be a band since it is a subset of Γξ. It is thus the graph of
an L-function ζ : C Ñ R which coincides with ξ|C .

As a consequence, we get the so-called Preparation Theorem. The very precise
description of globally subanalytic functions this theorem provides will be very useful
to study the metric properties of globally subanalytic sets in Chapter 4.

Theorem 1.8.2. (The Preparation Theorem) Every globally subanalytic function is
reducible.

Proof. It is a consequence of Propositions 1.5.4 and 1.8.1, together with Theorem
1.2.3.

Remark 1.8.3. A reduced function induces analytic functions on the cells of some
cell decomposition. Theorem 1.8.2 thus entails that a globally subanalytic function
is analytic on the cells of a suitable cell decomposition.

1.9 Puiseux Lemma

In the case n “ 1, the Preparation Theorem (Theorem 1.8.2) yields the very useful
Puiseux Lemma for globally subanalytic functions:
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Proposition 1.9.1. (Puiseux Lemma) Let f : p0, ηq Ñ R be a globally subanalytic
function. There exists ε P p0, ηq, m P Z and a positive integer p such that f has a
convergent Puiseux expansion on p0, εq:

fptq “
8
ÿ

i“m

ait
i
p , ai P R, @i ě m.

Proof. By the Preparation Theorem (Theorem 1.8.2), there is a right-hand-side
neighborhood of 0 on which f is reduced. By definition, the germs of one-variable
functions which are reduced are germs of Puiseux series.

The following two propositions may be considered as Puiseux Lemmas with pa-
rameters. Proposition 1.9.3 will be of service to establish existence of Whitney
stratifications. It is also of its own interest.

Definition 1.9.2. Let A P Sn. A globally subanalytic partition of A is a finite
partition of A into globally subanalytic sets, i.e. it is a collection tE1, . . . , Eku of
disjoint globally subanalytic subsets of A such that

Ťk
i“1Ei “ A.

Proposition 1.9.3. Let A P Sn and let f be a continuous globally subanalytic func-
tion in a neighborhood U of Aˆ t0u in Aˆ R`. There exists a globally subanalytic
partition of A into C8 manifolds and a positive integer p such that for every element
C of this partition, fpx, tpq is analytic in a neighborhood of C ˆ t0u in C ˆ R.

Proof. Apply the Preparation Theorem to the function f : U Ñ R. This provides
a cell decomposition D of Rn`1 compatible with U such that fpx, tq is reduced on
every cell D Ă U , that is to say, we can find L-functions θ and a on C :“ πpDq
(where π : Rn`1 Ñ Rn is the canonical projection), a bounded L-mapping W on D
of type:

W px, tq :“ pupxq, vpxqpt´ θq
1
s , wpxqpt´ θpxqq´

1
s q

(with u : C Ñ Rd L-mapping, v : C Ñ R and w : C Ñ R L-functions), s P N˚,
as well as a function ψ, analytic in a neighborhood of clpW pDqq and such that for
some r P Q:

fpx, tq “ apxqpt´ θpxqqrψpW px, tqq. (1.9.1)

By Theorem 1.2.3, we may assume that our cell decomposition is compatible
with A ˆ t0u. It thus gives rise to a cell decomposition of Rn which is compatible
with A (see Remark 1.2.2).

Let C P D be a cell of included in A ˆ t0u. Refining the cell decomposition we
may assume that either θ ” 0 or that θ never vanishes on C. We may also assume
that a is nonzero on C (if a ” 0 the result is clear).

Since C Ă A ˆ t0u, the cell C is the graph of the zero function. There is a
unique cell D of D which is a band p0, ξq, with ξ : πpDq Ñ R positive globally
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subanalytic function (as the integer p in the statement of the proposition can be
chosen even, it is enough to deal with the values of f at the positive values of t).
Let θ1 :“ minp|θ|, ξq.

If θpxq is nonzero on C then for every x P C the function t ÞÑ pt´ θpxqqr induces

on r0, |θ
1pxq|
2
s an analytic function. The function f therefore extends to a function

which is analytic with respect to t on a neighborhood of C and the proposition is
clear in this case.

If θ ” 0 then W px, tq is a Puiseux series in t and 1
t
, analytic in x, and hence, by

(1.9.1), so is f . Observe that, as f is locally bounded (it is continuous), we have

r ě 0, and since w ¨ t´
1
s is bounded (by definition of reduced functions, W is a

bounded mapping), we see that w ” 0. As a matter of fact, (1.9.1) gives the desired
expansion.

In the case where f is not continuous, we have the following result.

Proposition 1.9.4. Let A P Sn and let f be a globally subanalytic function in a
neighborhood U of Aˆt0u in AˆR`. There exists a globally subanalytic partition of
A into C8 manifolds such that for every element C of this partition, fpx, tq coincides
with a Puiseux series with analytic coefficients:

fpx, tq “
ÿ

iěk

aipxqt
i
p , k P Z, p P N˚,

in a neighborhood of C ˆ t0u in C ˆ R`.

Proof. Apply the Preparation Theorem (Theorem 1.8.2) to the function f : U Ñ R.
This provides a cell decomposition D of Rn`1 compatible with U such that (1.9.1)
holds on every cell C Ă U . We may assume that our cell decomposition is compatible
with A ˆ t0u. Take a cell C of D that is included in this set. As in the proof of
the preceding theorem, there is a unique cell D of D which is a band p0, ξq, with
ξ : πpDq Ñ R` globally subanalytic function (where π : Rn`1 Ñ Rn is the canonical
projection).

The function f being reduced on D, it is analytic. Moreover, it follows from
(1.9.1) that for any integer k ą |r|, the function tkfpx, tq goes to zero as px, tq tends
to C, which entails that it extends continuously at every point of C. It thus suffices
to apply Proposition 1.9.3 to this function, with k sufficiently big.

Historical notes. The first deep insight into real semi-analytic geometry was
achieved by S.  Lojasiewicz [Loj59, L64a, L64b] (see also [Den-Sta] for a similar
content). Subanalytic sets were introduced by A. Gabrielov [Gab] who showed his
Complement Theorem (which will appear in the next chapter of this book). The
theory of subanalytic sets was then developed by H. Hironaka [Hir] and by E. Bier-
stone and P. Milman [Bie-Mil] (among other). Globally subanalytic sets originate
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in the article of J. Denef and L. Van den Dries [Den-vdD], where the so-called
quantifier elimination was established. The description of globally subanalytic func-
tions in terms of what is called “L-functions” in this book (Proposition 1.8.1) was
proved at the same period by L. van den Dries, A. Macintyre, and D. Marker in
[vdD-Mac-Mar], and by A. Parusiński in [P94a, P94b] who established the Prepara-
tion Theorem in order to investigate the metric properties of subanalytic sets. The
proofs of Proposition 1.5.4 and Theorem 1.8.2 that are presented here nevertheless
follow the slightly more recent proof of the Preparation Theorem given in the article
of J.-M. Lion and J.-P. Rolin [Lio-Rol1]. Proposition 1.3.12 is however directly taken
from [Den-vdD]. Puiseux Lemma with parameters (Proposition 1.9.4) is due to W.
Paw lucki [Paw].



Chapter 2

Basic results of subanalytic
geometry

In this chapter, we describe some basic properties of globally subanalytic sets which
are consequences of existence of cell decompositions (Theorem 1.2.3). These re-
sults will be of foremost importance all along this book. We start with the famous
Gabrielov’s Complement Theorem (Theorem 2.1.1) and then state some uniform
finiteness properties for globally subanalytic sets and families (Proposition 2.1.8).
We then present the very useful quantifier elimination principle (Theorem 2.2.4),
which is a well-known logic principle that provides an easy way to check that a set
is globally subanalytic. We then establish the celebrated  Lojasiewicz’s inequalities
as well as Curve Selection Lemma (Lemma 2.3.3), which will be of service many
times in the next chapters. This lemma will be derived from a principle sometimes
called by geometers “definable choice” (Proposition 2.3.1) which is also worthy of
notice. We then shift our interest to the description of the geometric properties of
globally subanalytic sets, establishing that the connected components of a globally
subanalytic set are globally subanalytic and several related results, such as the con-
struction of tubular neighborhoods for globally subanalytic manifolds (sections 2.4
and 2.5). We also show that globally subanalytic sets and mappings can be strat-
ified (with regularity conditions, see section 2.7) and establish the famous Tamm’s
theorem, asserting that the regular locus of a globally subanalytic set is globally
subanalytic (Theorem 2.6.4).

Given a metric space E, r ě 0, and x P E, Bpx, rq (resp. Bpx, r)) will stand
for the open (resp. closed) ball of radius r centered at x and Spx, rq for the
corresponding sphere. Balls and spheres in Rn (or in subspaces of Rn) will be taken
with respect to the Euclidean norm |.|. Since we do not match the ambient space in
the notation of the balls, if not obvious from the context, we will specify in which
space the ball is taken (by saying for instance the ball Bpx, rq in the space E).

We denote by e1, . . . , en the canonical basis of Rn (for all n, we will make it more

37
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precise when it is not obvious from the context in which Rn lies ei). The unit sphere
of Rn centered at the origin is denoted Sn´1 for simplicity.

We define the topological boundary of A, by setting δA :“ clpAqzintpAq as
well as the frontier of A by setting frpAq :“ clpAqzA.

Denote by Gn
k the Grassmannian manifold of the k-dimensional linear vector

subspaces of Rn (as no confusion may arise we do not match the underlying field
R).

We denote by dxF the derivative of a differentiable map F and by Bxf the
gradient of a differentiable function f .

Given two functions ζ and ξ on a set A Ă Rn with ξ ď ζ we define the closed
interval rξ, ζs as the set:

rξ, ζs :“ tpx, yq P Aˆ R : ξpxq ď y ď ζpxqu.

The open and semi-open intervals pξ, ζq, pξ, ζs, and rξ, ζq, are then defined analo-
gously.

2.1 Gabrielov’s Complement Theorem and finite-

ness properties

Theorem 2.1.1. (Gabrielov’s Complement Theorem) The complement RnzA of a
globally subanalytic set A Ă Rn is a globally subanalytic set.

Proof. Let A P Sn. By Theorem 1.2.3, there is a cell decomposition of Rn compatible
with A. The complement of A is then a finite union of cells, which is globally
subanalytic by Property 1.1.8 (2).

We now give some finiteness results.

Proposition 2.1.2. Globally subanalytic sets have only finitely many connected
components. They are globally subanalytic.

Proof. Cells of Rn are connected. As, by Theorem 1.2.3, every set A P Sn is the
union of finitely many cells, it has at most finitely many connected components
which are unions of cells.

Globally subanalytic families of sets. It is natural to regard a set A P Sm`n
as a family of subsets of Rn parametrized by Rm. Let us make this fact more precise
with the following definition.
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Definition 2.1.3. Let A P Sm`n. We define for t in Rm, the fiber of A at t as:

At :“ tx P Rn : pt, xq P Au.

We thus get a family pAtqtPRm of globally subanalytic subsets of Rn. Any family
constructed in this way is said to be a globally subanalytic family of sets.

Given B P Sm and A as above, we also define the restriction of A to B:

AB :“ AX pB ˆ Rn
q.

Define finally the m-support of A by

suppmpAq :“ tt P Rm : At ‰ Hu.

Note. A globally subanalytic family of sets pAtqtPRm is not only a collection of glob-
ally subanalytic subsets of Rn. We have required a stronger property: we demand
that the set

A “
ď

tPRm
ttu ˆ At

be itself globally subanalytic. In other words, we demand that the gluing of the
fibers constitute a globally subanalytic subset of Rm ˆ Rn.

Remark 2.1.4. Let A P Sm`n and let C be a cell decomposition of Rm`n compatible
with A. For t P Rm, let then Ct :“ tCt : C P Cu. Then, for every t P Rm, Ct is a
cell decomposition of Rn compatible with At. This follows from the definition of cell
decompositions.

We now have the following parameterized version of Proposition 2.1.2:

Proposition 2.1.5. Let A P Sm`n. The number of connected components of At is
bounded independently of t P Rm.

Proof. The same proof as for Proposition 2.1.2 applies (see Remark 2.1.4).

Globally subanalytic family of functions We introduce in a similar way the
globally subanalytic families of functions and mappings.

Definition 2.1.6. Let A P Sm`n, B P Sm`k, and let f : A Ñ B be a globally
subanalytic mapping such that πk ˝ f “ πn, where πk : Rm ˆ Rk Ñ Rm and πn :
Rm ˆ Rn Ñ Rm denote the respective projections onto the m first coordinates. For
t P Rm, let then ft : At Ñ Bt be the mapping defined by the relation fpt, xq “
pt, ftpxqq. We thus get a family of mappings pftqtPRm . Every family constructed in
this way is called a globally subanalytic family of mappings.
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In the case Bt “ R, for all t P Rm, we call such a family a globally subanalytic
family of functions. We shall sometimes regard a function f : AÑ R, A P Sm`n,
as a family of functions ft : At Ñ R, t P Rm, setting ftpxq :“ fpt, xq.

Remark 2.1.7. Observe that it follows from the definitions that Γft “ pΓf qt.

An important property of globally subanalytic families of mappings is:

Proposition 2.1.8. (Uniform finiteness) Let f : A Ñ B be a globally subanalytic
map, with A P Sm`n, B P Sm`k. The number of connected components of f´1

t pbq is
bounded by a constant independent of pt, bq in B.

Proof. Apply Proposition 2.1.5 to the family pf´1
t pbqqpt,bqPB (by Property 1.1.8 (4)

it is a globally subanalytic family).

2.2 Quantifier elimination

We introduce in this section a powerful logic principle to check that a set is globally
subanalytic. To motivate our purpose, we start with a proposition.

Proposition 2.2.1. If A P Sn then clpAq and intpAq also belong to Sn.

Proof. Observe first that the closure of A may be defined as:

tx P Rn : @ε ą 0, Dy P A, |x´ y|2 ă εu. (2.2.1)

This set coincides with the set:

Rn
zµpRn`1

zπpBqq,

where
B “ tpx, ε, yq P Rn

ˆ Rˆ Rn : |x´ y|2 ă εu,

and where µ : Rn`1 Ñ Rn (resp. π : R2n`1 Ñ Rn`1) is the projection omitting the
last coordinate (resp. n last coordinates). It follows from Property 1.1.8 (4) that the
set B is globally subanalytic, and from Property 1.1.8 (1) together with Gabrielov’s
Complement Theorem that clpAq and intpAq are globally subanalytic.

The above proposition shows how stability under projections is useful to establish
that a set is globally subanalytic. It also emphasizes that it can be tedious to prove
that a set is globally subanalytic by describing it in terms of projections of globally
semi-analytic sets. The machinery developed below is a basic logic principle which
makes it possible to get rid of the technical difficulties.

We first introduce the notion of S-formula. This is a class of mathematical
sentences.
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Definition 2.2.2. S-formulas are defined inductively as follows.

(i) If A P Sn then the formula Φpxq:=“x P A” is an S-formula.

(ii) If Φpxq, where x “ px1, . . . , xnq, is an S-formula then “not Φpxq” is an S-
formula.

(iii) If Φpxq and Ψpxq are S-formulas, where x “ px1, . . . , xnq, then “Φ and Ψ” and
“Φ or Ψ” are also S-formulas.

(iv) If Φpx, yq is an S-formula, where x “ px1, . . . , xnq and y “ py1, . . . , ypq, then
“Dy P Rp, Φpx, yq” and “@y P Rp, Φpx, yq” are S-formulas.

Roughly speaking, the S-formulas are first order mathematical sentences involv-
ing globally subanalytic sets. The point piq defines the most elementary formulas
and the other axioms explain how to build new sentences from these sentences. The
number of steps needed to generate a formula is called the complexity of the for-
mula. The above definition of S-formulas is thus by induction on the complexity of
the sentence.

Remarks 2.2.3. ˛ Observe that by piq, if f is globally subanalytic then the
sentences fpxq ą 0 and fpxq “ 0 are equivalent to S-formulas (see Property
1.1.8 (4)). We will thus regard them as S-formulas.

˛ It is important to note that the variable y in pivq has to range over the whole
of Rp. We cannot write “Dy P N”. By piq, we can nevertheless write “Dy P A”,
if A P Sp.

˛ We restrict ourselves to what is called by logicians first order formulas, in
the sense that the quantified variables cannot be functions or sets: they have
to stand for numbers. The sentences starting as “D a globally subanalytic
function...” or “D a globally subanalytic set...” are not S-formulas.

˛ The formulas depend on finitely many variables x “ px1, . . . , xnq. These are
called the free variables. The free variables of Φpxq are the variables which
are not quantified in the assertion Φpxq. The value of the assertion (true or
false) of course depends on the chosen value for x P Rn.

Theorem 2.2.4. If Φpxq is an S-formula, x “ px1, . . . , xnq, then the set

tx P Rn : Φpxq holds true u (2.2.2)

belongs to Sn.
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Proof. We prove it by induction on the complexity of the formula. Given a formula
Φ, we denote by AΦ the set defined in (2.2.2).

If Φpxq is the formula “x P A”, with A P Sn, then AΦ “ A is a globally suban-
alytic set. We thus have to show that conditions pii ´ ivq of Definition 2.2.2 also
produce globally subanalytic sets.

Indeed, if Φpxq is an S-formula then Φ1 :““not Φ” defines the complement of
AΦ in Rn, which is a globally subanalytic set, by Theorem 2.1.1 (and induction
on the complexity). Thus, piiq provides assertions which only give rise to globally
subanalytic sets. Similarly, since Sn is stable under union and intersection (see
Property 1.1.8 (2)), piiiq only gives rise to globally subanalytic sets.

For pivq, we will proceed as in the proof of Proposition 2.2.1. Let Φpx, yq be an
S-formula, where x “ px1, . . . , xnq and y “ py1, . . . , ypq, and let Ψpxq be the formula
“Dy P Rp, Φpx, yq”. We have:

AΨ “ πpAΦq,

where π : Rn ˆ Rp Ñ Rn is the canonical projection. By Property 1.1.8 (1), the set
AΨ is globally subanalytic since so is AΦ, by induction on the complexity.

The formula “@y P Rp, Φpx, yq” amounts to “not pDy P Rp, not Φpx, yqq”. It
thus defines a globally subanalytic set as well.

By way of conclusion, let us give the following useful facts. These are striking
examples of how the above theorem is convenient to establish that a set is globally
subanalytic.

Proposition 2.2.5. (1) If A P Sm`n then the set B :“ tt P Rm : At is closed u
belongs to Sm.

(2) If A P Sn then the function Rn Q x ÞÑ dpx,Aq :“ inft|x ´ y| : y P Au is globally
subanalytic.

(3) If f : U Ñ Rp is globally subanalytic, U Ă Rn open, and k P N then the set of
points of U at which f is Ck is globally subanalytic.

(4) If f : A Ñ R is globally subanalytic then g : suppmpAq Ñ R, defined by gptq :“
supxPAt ftpxq, is globally subanalytic.

Proof. For p1q, the set B could be described by a formula similar as the one which
occurs in (2.2.1). It is left to the reader to write the corresponding formulas in either
of the other cases.

Remark 2.2.6. It is less obvious that the set of points at which a globally subana-
lytic function is C8 is globally subanalytic (see (3) of the above proposition) since
expressing that a function is C8 involves infinitely many conditions and S-formulas
are finite sentences. We shall nevertheless establish that it is true (Proposition
2.6.2).
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From now on, in order to shorten the statements, globally subanalytic sets (resp.
mappings, families, partitions) will generally be called definable sets (resp. map-
pings, families, partitions). This terminology is usual to logicians or “o-minimal
geometers”. It is motivated by the fact that all what can be defined by an S-formula
is globally subanalytic (by Theorem 2.2.4).

2.3 Curve selection Lemma and  Lojasiewicz’s in-

equalities

We continue to list the basic properties of globally subanalytic sets with two impor-
tant results: Curve Selection Lemma and  Lojasiewicz’s inequality. Curve Selection
Lemma comes down from a useful result sometimes referred as definable choice:

Proposition 2.3.1. Let A P Sm`n and let π : Rm ˆ Rn Ñ Rm be the canonical
projection. There exists a definable mapping f : B Ñ Rn, where B :“ πpAq, such
that Γf Ă A.

Proof. We prove it by induction on n. Assume first that n “ 1. Taking a cell
decomposition adapted to A if necessary, it is enough to address the case where A is
a cell. If A is a graph over a cell of Rm, the result is trivial. If A is a band pζi, ζi`1q,
with ζi and ζi`1 not infinite, then take f :“ ζi`ζi`1

2
. If for instance ζi`1 “ 8 and

ζi ą ´8 take f “ ζi ` 1. If ζi and ζi`1 are both infinite, we set f ” 0. This
completes the proof in the case n “ 1.

Assume the result true for pn ´ 1q. Let A P Sn`m and let µ : Rm`n Ñ Rm`n´1

be the canonical projection. Apply the induction hypothesis to A1 :“ µpAq. This
provides g : B Ñ Rn´1 with Γg Ă A1. Apply the case n “ 1 to A. This provides
h : A1 Ñ R with Γh Ă A, which means that fpxq :“ hpx, gpxqq has the required
properties.

Remark 2.3.2. Combining the latter proposition with Theorem 2.2.4 provides
the following version of definable choice. Let Φpx, yq be an S-formula, with x “
px1, . . . , xmq and y “ py1, . . . , ynq free variables, and assume that there are A P Sm
and B P Sn, such that for every x P A there is y P B such that Φpx, yq holds. Then
there is a definable function f : AÑ B such that Φpx, fpxqq holds for all x P A.

Lemma 2.3.3. (Curve Selection Lemma) Let A P Sn and let x0 P clpAq. There
exists a definable arc γ : r0, εq Ñ A such that γp0q “ x0 and γpp0, εqq Ă A.

Proof. We start with the case n “ 1. The set A is in this case a finite union of
points and intervals for which the result is clear.

For the general case, apply Proposition 2.3.1 (with m :“ 1) to the definable set

A1 :“ tpr, xq P Rˆ A : |x´ x0| ă ru.
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This provides a map f : πpA1q Ñ Rn, where π : Rn`1 Ñ R is the projection onto
the first coordinate, with Γf Ă A1. Let α : r0, εq Ñ πpA1q be the arc obtained by
applying the case n “ 1 to πpA1q at 0. It is then enough to set γprq :“ fpαprqq P
AXBpx0, rq.

Proposition 2.3.4. Any two points of a connected definable set X may be joint by
a continuous definable arc in X.

Proof. Let X P Sn be a connected set. By Theorem 1.2.3, X is a finite union of cells
C1, . . . , Ck of Rn. Let x P X and let E be the set of points of X which can be joint
to x by means of a continuous definable curve in X. As any two points of a cell may
be joint by a continuous definable arc, E must be the union of some of the Ci’s,
which entails that it is a definable set. By Curve Selection Lemma (Lemma 2.3.3),
E is a closed subset of X. Moreover, again due to Curve Selection Lemma, the set
XzE is closed in X as well. As X is connected and E is nonempty (it contains x),
X “ E.

This leads us to the famous  Lojasiewicz’s inequalities.

Theorem 2.3.5. ( Lojasiewicz’s inequality) Let f and g be two definable functions
on a definable set A. Assume that f is bounded and that

lim
tÑ0

fpγptqq “ 0, (2.3.1)

for every definable arc γ : p0, εq Ñ A such that limtÑ0 gpγptqq “ 0. Then there exist
N P N and C P R such that for any x P A:

|fpxq|N ď C|gpxq|.

Proof. Possibly replacing f and g with their respective absolute values we may
assume that these are nonnegative functions. For t P gpAq, let

ϕptq :“ sup
xPg´1ptq

fpxq.

By Theorem 2.2.4, the function ϕ is definable. Thanks to assumption (2.3.1) (and
definable choice, see Remark 2.3.2), we see that ϕ tends to zero as t goes to zero. By
Puiseux Lemma (Proposition 1.9.1), there is a real number a and a positive rational
number α such that for t positive small enough

ϕptq “ atα ` . . . .

This implies that there must be a constant C such that for t positive small
enough ϕptq ď Ctα. Therefore, for gpxq small enough we can write:

fpxq ď ϕpgpxqq ď Cgpxqα.
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Hence, if we choose an integerN ě 1
α

, then the desired inequality holds on g´1pp0, εqq,
ε ą 0 small enough.

On g´1prε,8sq, as g is bounded below away from zero and f is bounded, the
desired inequality will continue to hold if C is chosen large enough.

Corollary 2.3.6. Let f and g be two continuous definable functions on a compact
definable set A with

g´1
p0q Ă f´1

p0q. (2.3.2)

There exist N P N and C P R such that for any x P A:

|fpxq|N ď C|gpxq|.

Proof. Because f is continuous on a compact set, it is a bounded function. Moreover,
if γ : p0, εq Ñ A is a definable arc such that limtÑ0 gpγptqq “ 0 then, setting
a “ limtÑ0 γptq (which exists since A is compact and γ is definable), we get gpaq “ 0,
which, by hypothesis (2.3.2), entails that fpaq “ 0. Hence, limtÑ0 fpγptqq “ fpaq “
0, and the conclusion follows from Theorem 2.3.5.

Corollary 2.3.7. Let ξ : A Ñ R be a definable function. If ξ is bounded on every
bounded subset of A then there is a constant C and an integer N such that:

|ξpxq| ď Cp1` |x|Nq.

Proof. Apply Theorem 2.3.5 to fpxq :“ 1
1`|x|

and gpxq :“ 1
1`|ξpxq|

.

Theorem 2.3.8. Let f : U Ñ R be a C1 definable function with U P Sn neighborhood
of x0 P Rn. There is a positive constant C such that

|fpxq ´ fpx0q| ď C|x´ x0||Bxf |,

for all x sufficiently close to x0.

Proof. Without loss of generality we can assume that x0 “ 0, fpx0q “ 0. Suppose
that the conclusion of the theorem fails. By Curve Selection Lemma, it means that
there is a definable arc γ : p0, εq Ñ U , with γprq tending to the origin as r goes to
zero and such that

lim
rÑ0

|fpγprqq|

|Bγprqf ||γprq|
“ `8. (2.3.3)

Since γ is definable, it admits a Puiseux expansion γpsq “ ask ` . . . . It means that
γ1psq “ kask´1 ` . . . so that:

|fpγprqq| “ |

ż r

0

dfpγpsqq

ds
ds| “ |

ż r

0

Bγpsqf.γ
1
psqds| À

ż r

0

|Bγpsqf |s
k´1ds.
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Clearly, by (2.3.3), |Bγpsqf | tends to zero and consequently, as it is definable, it must
be increasing with respect to s ą 0. Hence, by the preceding estimate:

|fpγprqq| À |Bγprqf |

ż r

0

sk´1ds À |Bγprqf |r
k
À |Bγprqf ||γprq|,

which contradicts (2.3.3).

Theorem 2.3.9. Let f : U Ñ R be a C1 definable function with U P Sn neighborhood
of x0 P Rn. There is ρ ă 1 and a constant C such that

|fpxq ´ fpx0q|
ρ
ď C|Bxf |,

for x sufficiently close to x0.

Proof. By Theorem 2.2.4, the set of critical values, namely fptx P U : |Bxf | “ 0uq,
is definable. Moreover, by Sard’s Theorem, this set is nowhere dense in R. It is
therefore finite, which implies that there is a small neighborhood V of x0 such that
the restriction of pfpxq ´ fpx0qq to this neighborhood has no nonzero critical value.

Moreover, by Theorem 2.3.8, the function gpxq :“ |fpxq´fpx0q|
|Bxf |

tends to zero as x tends

to f´1px0q X V , which means that it extends continuously in a neighborhood of x0.
Consequently, by Corollary 2.3.6, there is an integer N ą 0 and a positive constant
C such that |gpxq|N ď C|fpxq| in some neighborhood W of x0. This implies that
there is a positive constant C 1 such that:

|fpxq ´ fpx0q|
1´ 1

N ď C 1|Bxf |,

for any x sufficiently close to x0.

2.4 Closure and dimension

Dimension of globally subanalytic sets. Let A P Sn and let C be a cell de-
composition of Rn compatible with A. Define the dimension of A as

dimA “ maxtdimC : C P C, C Ă Au,

where dimC denotes the dimension of C as a manifold (cells are analytic manifolds
by definition). By convention, the dimension of the empty set is ´1.

Proposition 2.4.1. (1) dimA is independent of the chosen cell decomposition.

(2) If F : AÑ B is definable and if C Ă A is also definable then dimF pCq ď dimC.

(3) If A P Sn is nowhere dense then dimA ă n.
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Proof. p1q comes from the fact that cell decompositions have common refinements
and p3q is obvious from the definitions. Since F is C8 on the cells of a suitable cell
decomposition, p2q is also clear.

Lemma 2.4.2. Let A P Sm`n. There is a dense definable subset of B Ă Rm such
that clpAqt “ clpAtq for any t P B.

Proof. Let
E :“ tt P Rm : clpAtq ‰ clpAqtu.

Since the set E may be described with an S-formula, by Theorem 2.2.4, it is
definable. We have to show that dimE ă m. Note that, for any t P Rm we have
clpAtq Ă clpAqt, since clpAqt is closed and contains At.

Suppose that E is of dimensionm and take a cell decomposition of Rm compatible
with E. Let C be a cell of dimension m included in E. For each t P C, there is
rt ą 0 and at P clpAqt such that Bpat, rtq does not meet At. By Definable Choice
(Proposition 2.3.1), we can assume that rt and at are definable functions of t and,
by Theorem 1.8.2, up to a refinement of the cell decomposition, we can assume that
they are continuous on C. Let

U :“ tpt, xq P C ˆ Rn : x P Bpat, rtqu.

Since C is open in Rm and because at and rt are continuous with respect to t, the
set U is an open subset of Rm`n. As U intersects clpAq (at the point pt, atq) and is
disjoint from A, this is a contradiction, which yields that dimE ă m.

Lemma 2.4.3. Given A P Sm`n, there is a definable partition P of Rm such that
for every B P P we have for any t P B:

clpABqt “ clpAtq.

Proof. We prove the lemma by induction on m. The result is clear for m “ 0.
Assume it to be true for pm´1q, m ě 1. Let B be the set provided by Lemma 2.4.2
(applied to A) and take a cell decomposition C of Rm compatible with B. It is enough
to establish the lemma for the sets AC , C P C. In fact, if C Ă B, this comes from
Lemma 2.4.2. Otherwise, as B is definable and dense in Rm, dimC ă m. In this
case, up to a definable homeomorphism, we may assume that C Ă Rm1 ˆ t0Rm´m1u,
where m1 “ dimC ă m, and the result follows from the induction hypothesis.

Proposition 2.4.4. For any A P Sn, we have dim frpAq ă dimA.

Proof. Let k :“ dimA and assume that m :“ dim frpAq is not smaller than k.
Take a cell decomposition compatible with frpAq and let D be a cell of dimension
m included in frpAq. Up to a homeomorphism, we may assume that D is open in
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Rmˆt0Rn´mu. Taking a suitable cell decomposition if necessary, we can assume that
A is a cell. Since A is a cell, we have dimAt “ k ´m ď 0 for every t P D, which
means that At is finite or empty and consequently must be closed in Rn´m. But,
by Lemma 2.4.2, we know that for almost every t P D, clpAtq contains Dt which is
disjoint from At. This is a contradiction.

Remark 2.4.5. As a matter of fact, δA “ clpAqzintpAq has empty interior in Rn

for all A P Sn.

Definition 2.4.6. Let A P Sn and let P be a definable partition of A. We say that
P satisfies the frontier condition if for every C P P , the set frpCq is the union
of some elements of P . Given B Ă A, we say that P is compatible with B if this
set is the union of some elements of P .

The following easy lemma is a consequence of the above proposition.

Lemma 2.4.7. Given A P Sn, there exists a definable partition of A into cells which
satisfies the frontier condition. This partition may be assumed to be compatible with
finitely many given definable subsets of A.

Proof. We prove the result by induction on dimA, the case dimA “ 0 being trivial.
Let F be a finite family of definable subsets of A and let C be a cell decomposition
of Rn compatible with A and all the elements of F . Set F 1 :“ tfrpCq : C P C, C Ă
A, dimC “ dimAu as well as A1 :“ YF 1. Applying the induction hypothesis to
A1 now provides a partition P of A1 that we can require to be compatible with the
elements of F 1 as well as with the sets F X A1, F P F . The desired partition is
now obtained by adding to P the elements of C of C such that dimC “ dimA and
C Ă A.

This leads us to the following lemma which will be of service in the next chapter.

Lemma 2.4.8. Given A P Sm`n, there is a definable partition P of Rm such that,
for every B P P, Et is connected for every connected component E of AB and all
t P B.

Proof. Let E be a partition of A into cells satisfying the frontier condition (see
Lemma 2.4.7) and let D denote a cell decomposition of Rm compatible with the sets
πpCq, C P E , where π : Rm ˆ Rn Ñ Rm is the canonical projection. By Lemma
2.4.3, there is a definable partition P of Rm such that for every B P P we have
clpCtq “ clpCBqt, for all t P B, for any cell C P E . Refining P if necessary, we may
assume that the elements of D are unions of elements of P .

Fix B P P , t0 P B, and let E be a connected component of AB. We have to
check that Et0 is connected.
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For this purpose, take two points x and x1 in Et0 . As E is connected, by Propo-
sition 2.3.4, there is a continuous definable arc γ in E joining x and x1.

Let C1, . . . , Ck denote all the cells of E successively crossed by γ. As all these
cells meet AB and since P refines D, we have πpCiq Ą B, for all i. Clearly, for each i
either clpCiq XCi`1 ‰ H or CiX clpCi`1q ‰ H which implies, thanks to the frontier
condition, that either Ci`1 Ă clpCiq or Ci Ă clpCi`1q.

Hence, if for instance Ci Ă clpCi`1q then for all t in B

Ci,t Ă clpCi`1qt “ clpCi`1,tq.

In particular, we see that Ci,t0 Ă clpCi`1,t0q which means that Ci,t0 Y Ci`1,t0 is
connected. Thus, the union of all the Ci,t0 , i “ 1, . . . , k, is connected.

Proposition 2.4.9. Let A P Sm`n and let f : AÑ R be a definable function. If ft
is continuous for every t P Rm then there is a definable partition P of Rm such that
for every B P P the function f is continuous on AB.

Proof. Possibly replacing f with f
f2`1

, we can assume that f is bounded. By Lemma

2.4.3 (applied to Γf ) there is a definable partition P of Rm such that for every B P P ,
we have for all t P B

clpΓftq “ clpΓf X pB ˆ Rn`1
qqt. (2.4.1)

Since ft is continuous for all t, the set Γft is closed in At ˆ R which means (by
(2.4.1)) that pΓf qB is closed in B ˆ Rn`1. As f is bounded, this implies that it is a
continuous function on AB.

2.5 Orthogonal retraction onto a manifold

Given Y P Sn, let us define a function ρY : Rn Ñ R by

ρY pxq :“ dpx, Y q2 “ inf
yPY
|x´ y|2.

Proposition 2.5.1. Let Y be a C8 definable submanifold of Rn. There is an open
neighborhood U of Y and a definable C8 retraction πY : U Ñ Y such that for all
x P U we have

ρY pxq “ |x´ πY pxq|
2.

Moreover, we have BxρY “ 2px´ πY pxqq, which is orthogonal to TπY pxqY .

Proof. For px, yq P Rn ˆ Y let µpx, yq :“ |x ´ y|2. For any x0 P Rn, if dpx0, Y q is
smaller than dpx0, frpY qq then there must be a point z in Y such that ρY px0q “
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µpx0, zq. As z realizes the minimum of µx : Y Ñ R, we must have Bzµx0 “ 0. In the
case where x0 P Y then clearly the Jacobian matrix of x ÞÑ Bxµx0 has rank k at x0.

By the implicit function theorem (applied to the mapping θ : UˆY Ñ Rk defined
by θpx, yq :“ Byµx) we deduce that every point x0 in Y has a neighborhood Wx0 and
a C8 mapping πx0 : Wx0 Ñ Y for which Byµx “ 0 amounts to y “ πx0pxq. Clearly,
by construction, if x is sufficiently close to x0 then πx0pxq is the unique point for
which ρY pxq “ |x ´ πx0pxq|

2. The map-germs πx0 thus clearly glue together into a
definable retraction on a neighborhood of Y . The last sentence comes down from
an easy computation of derivative.

Proposition 2.5.2. Let Y P Sn. The function ρY is C8 in a neighborhood of Y if
and only if Y is a C8 submanifold of Rn.

Proof. The if part follows from the preceding proposition. We prove the only if part
by way of contradiction, assuming that ρY is smooth and Y is singular. Observe that
all the points of Y are critical points of ρY since this function is nonnegative and
vanishes identically on Y . Let y be a singular point of Y and let Z be a C8 manifold
of minimal dimension containing a neighborhood of y in Y . As Z is nonsingular,
it cannot coincide with Y near y, which means that there is a sequence zm in ZzY
converging to y. For each m large, let ym P Y be such that ρY pzmq “ |zm ´ ym|

2.
Clearly, ρY pxq “ |x´ ym|

2, for all x on the line segment joining zm and ym.

Let u :“ lim ym´zm
|ym´zm|

P TyZ (extracting a subsequence if necessary, we may as-

sume that this limit exists) and set, for x P Z, λpxq :“ dxρY puq. A straightforward
computation of derivative in the direction u shows that dyλpuq “ 2, which implies
that λpxq is a smooth submersion on Z near y. Therefore, its zero locus is a sub-
manifold of Z which contains Y (since all the points of Y are critical points of ρY )
and of lower dimension than Z, in contradiction with the minimality assumption on
the dimension of Z.

2.6 The regular locus of a definable set

Definition 2.6.1. Let X P Sn. Let Xreg be the set of points at which X is an ana-
lytic manifold (of dimension dimX or smaller). We denote by Xsing its complement
in X. We call Xreg the regular locus of X and Xsing the singular locus of X.

Given a definable mapping f : X Ñ Rk, let regpfq be the set constituted by the
points of Xreg at which f is analytic and let singpfq be its complement in X.

We shall establish that Xreg and regpfq are definable (Theorem 2.6.4 and Corol-
lary 2.6.6).
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Proposition 2.6.2. Let U P Sn be an open set and let f : U Ñ R be a definable
function. There exists an integer k such that the following assertion holds true for
every x P U :

p˚q If the function f is Ck in a neighborhood of x then f is analytic in a neigh-
borhood of x.

Proof. By Theorem 2.2.4, the set U 1 of points at which f is continuous is definable
(since continuity can be expressed with an S-formula). Possibly replacing U with
U 1, we may assume that f is continuous.

We shall show by downward induction on d that for every d ď n, there is a
definable subset Ed Ă U with dimEd ă d such that the property p˚q holds for the
restriction of f to UzEd. The result clearly follows from the case d “ 0.

By Theorem 1.8.2 (see Remark 1.8.3), there is a cell decomposition of Rn com-
patible with U such that f is analytic on every cell of dimension n. Hence, for d “ n,
the result is clear.

Choose d ă n, assume the result to be true for pd` 1q, and take a cell decompo-
sition E compatible with U and Ed`1, where Ed`1 Ă U is provided by the induction
hypothesis. Let X be a cell of dimension d included in Ed`1 (if dimEd`1 ă d, we
are done).

For x P U , let kf pxq be the greatest integer k such that f is Ck in a neighborhood
of x, with kf pxq “ 8 if f is C8 near x. We are going to show that there is a definable
subset F Ă X of dimension less than d such that kf takes only finitely many values
(in N Y t8u) on XzF . As we will also prove that if kf is infinite at x P XzF then
f is analytic in a neighborhood of x, this will complete the induction step.

Up to an analytic diffeomorphism, we may assume that X Ă Rd ˆ t0Rn´du (we
will sometimes regard X as a subset of Rd). Apply Proposition 1.9.3 to the definable
function

f̃ : X ˆ Sn´d´1
ˆ r0, εs Ñ R

defined by f̃px, u, rq :“ fpx, ruq. This provides a cell decomposition C of Rn com-
patible with X ˆSn´d´1 and such that for every cell W Ă X ˆSn´d´1, the function
f̃px, u, rpq extends to an analytic function in a neighborhood of W ˆ t0u in W ˆR,
for suitable p. We may assume that p is the same for all the cells W P C (taking the
product of all the corresponding values of p). Let D :“ πpCq, where π : Rn Ñ Rd

stands for the projection onto the d first coordinates (see Remark 1.2.2).

Fix a d-dimensional cell C P D which is included in X. We shall prove that kf
takes only finitely many values on C ˆ t0Rn´du.

Let W1, . . . ,Wl be the family of all the cells of C that are included in CˆSn´d´1.
For every j, there exist some definable functions paiqiPN, analytic on Wj, such that
for px, uq P Wj Ă C ˆ Sn´d´1 and r ą 0 small enough we have the convergent
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expansion:

f̃px, u, rq “
ÿ

iPN
aipx, uqr

i
p . (2.6.1)

As the Wj’s cover C ˆ Sn´d´1, we shall regard each ai as a function defined on
C ˆ Sn´d´1, gluing together (discontinuously) the respective ai : Wj Ñ R obtained
on each Wj. We distinguish three cases:

First case. ai,x0 is not identically zero for some i not divisible by p and some x0 P C.

There is u P Sn´d´1 such that ai,x0puq ‰ 0. Let ν be such that px0, uq P Wν .
Observe now that, as ai is analytic on Wν , it is nowhere zero on an open and dense
subset of Wν (since Wν is connected).

As a matter of fact, by (2.6.1), there is j P N such that Bf̃
Brj
px, u, rq is unbounded

as r goes to zero for almost all px, uq P Wν . Consequently, f is not Cj at x, for any
x P C, which means that kf pxq ď j for all x P C.

Second case. There exist i divisible by p and x0 P C such that ai,x0 is neither
identically zero nor the restriction of a homogeneous polynomial of degree i

p
.

We claim that in this case f fails to be C
i
p at every point of C, i.e., kf pxq ă

i
p

for all x P C. We proceed by way of contradiction: if f were a C
i
p function in a

neighborhood of some point of C then gpuq :“ djfpx,ruq
drj

|r“0 would be either identically
zero or a homogeneous polynomial of degree j, for all j ď i

p
and x close to this

point. By (2.6.1), it means that for such x, ai,x would be either 0 or the restriction
of a homogeneous polynomial of degree i

p
. As ai is analytic on the Wj’s which are

connected, this would imply that ai,x0 coincides with this polynomial, leading to a
contradiction. Hence, kf pxq ă

i
p

for every x P C.

Third case. Negation of the two above cases: we assume that for all x P C and all
i not divisible by p, ai,x ” 0, and that for each i divisible by p, the function ai is
either zero or a homogeneous polynomial of homogeneous degree i

p
.

In this case, by (2.6.1)

fpx, yq “ f̃px,
y

|y|
, |y|q “

ÿ

lPN
alppx,

y

|y|
q|y|l “

ÿ

lPN
alppx, yq,

and it is possible to see that, because each alp is a homogeneous polynomial of degree
l, the convergent series

ř

lPN alppx, yq actually defines an analytic function. It means
that f is analytic in a neighborhood of C in Rn so that kf pxq ” 8 on C.

Remark 2.6.3. If f : U Ñ R is a definable function with U P Sm`n open and
if, for each t P Rm, kt is the integer satisfying the property p˚q of Proposition 2.6.2
(applied to ft) then one can see (examining the proof of Proposition 2.6.2) that kt
may be bounded away from infinity independently of t.
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Theorem 2.6.4. If X P Sn then Xreg is definable and dense in X.

Proof. By Proposition 2.5.2, X is a C8 manifold near a point x if and only if ρX
is C8 near x. Let k be an integer for which the property p˚q of Proposition 2.6.2
holds. The set of points at which f is Ck is definable (see Proposition 2.2.5 (3)) and,
thanks to the property p˚q, coincides with Xreg. This shows that Xreg is definable.
It is easy to derive from the existence of cell decompositions that it is dense (cells
are analytic manifolds by definition).

Remark 2.6.5. For k P N˚, let Xk
reg denote the set of points of X at which X

is a Ck manifold. It is possible to see that these sets are definable (if so is X).
Proposition 2.6.2 also entails that the sequence Xk

reg, k P N, is stationary and that
Ş

kPN˚ X
k
reg “ Xreg. It is also worthy of notice that the same argument could be used

to prove a parametrized version of the above theorem. More precisely, if X P Sm`n
then the family ppXtqregqtPRm is a definable family of sets (see Remark 2.6.3).

Corollary 2.6.6. If f : X Ñ R is a definable function then the set regpfq is dense
in X and definable. Consequently, singpfq is definable and has lower dimension
than X.

Proof. Let g :“ f|Xreg . Clearly regpfq “ πppΓgqregq, where π : X ˆ R Ñ X is the
canonical projection. The result thus follows from Theorem 2.6.4.

2.7 Stratifications

Stratifications satisfying regularity conditions constitute very useful tools to per-
form differential calculus on singular sets. We introduce some of the famous regu-
larity conditions, such as Whitney’s pbq or Verdier’s pwq condition, and show how
to construct stratifications satisfying regularity conditions. We start with the basic
definitions.

Definition 2.7.1. Let A P Sn. A stratification of A is a finite partition of this set
into definable C8 submanifolds of Rn, called strata. A stratification is compatible
with a set B if this set is the union of some strata.

The definition that we have chosen is the most general one. Some authors require
in addition that strata are connected or that the frontier condition holds, in the sense
that the closure in A of a stratum is the union of some strata of this stratification (see
Definition 2.4.6). Connectedness of the strata can always be obtained by refining
the stratification, and the issue of the frontier condition will be discussed later on
(see Remark 2.7.15).
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Whitney and Kuo-Verdier conditions. The just above idea to divide a singular
set into smooth pieces so as to perform differential calculus on it is very natural.
The notion of stratification is however generally too weak to carry out geometric
constructions, and it is most of the time needed to consider stratifications satisfying
extra regularity conditions that describe the way the different pieces glue together.
The most famous ones are the Whitney conditions.

The angle between two given vector subspaces E and F of Rn will be estimated
as:

=pE,F q :“ sup
uPE,|u|“1

dpu, F q.

The angle between two vectors of Rn will be by definition the angle between the
respective lines that they generate, and the angle between a vector and a vector
space is also defined in this way.

Definition 2.7.2. Let X and Y be a couple of strata of Rn with Y X X “ H

and let z P Y X clpXq. We say that pX, Y q satisfies the Whitney pbq condition
at z P Y X clpXq if for any sequences pxkqkPN and pykqkPN, of points of X and Y
respectively, converging to z and such that τ :“ limTxkX P Gn

p (where p “ dimX)
and v :“ lim xkyk

|xkyk|
P Sn´1 exist, we have v P τ .

We will say that pX, Y q satisfies the Whitney paq condition at z if =pTzY, TxXq
tends to zero as x P X tends to z.

We will say that pX, Y q satisfies the pwq condition at z (of Kuo-Verdier) if
there exists a constant C such that for x P X and y P Y in a neighborhood of z:

=pTyY, TxXq ď C|y ´ x|. (2.7.1)

Finally, let π be a C8 local retraction onto Y near z. We will say that pX, Y q
satisfies the prq condition (of Kuo) at z if :

lim
xÑz, xPX

=pTπpxqY, TxXq ¨ |x|

|x´ πpxq|
“ 0. (2.7.2)

It is easily checked that this condition is independent of π.

A stratification Σ is pwq-regular (resp. pbq, paq, prq-regular) if every couple
pX, Y q of strata of Σ satisfies the pwq condition (resp. pbq, paq, prq condition).

Proposition 2.7.3. pwq ñ prq ñ pbq ñ paq.

Proof. pwq ñ prq is a straightforward consequence of the definitions. Let us show
that prq ñ pbq. Fix a couple of strata pX, Y q satisfying the prq condition. Up to a
coordinate system of Y , we may assume that Y is an open subset of Rl ˆ t0u and
work near z “ 0. Denote by π the orthogonal projection onto Rl ˆ t0u.
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Thanks to Curve Selection Lemma, we simply have to check the Whitney pbq
condition along two definable arcs x : p0, εq Ñ X and y : p0, εq Ñ Y tending to
the origin as t goes to zero. Since x is a Puiseux arc, we may suppose that xptq is
parametrized by its distance to the origin, i.e., |xptq| “ t, which implies that x1ptq
does not tend to infinity.

We also have:
|xptq ´ πpxptqq| „ t|x1ptq ´ πpx1ptqq|. (2.7.3)

Denote by Pt the orthogonal projection onto the orthogonal complement in Rn

of TxptqX. Then, as Ptpx
1ptqq ” 0, we may write using (2.7.3):

Ptp
x1ptq ´ πpx1ptqq

|x1ptq ´ πpx1ptqq|
q „

t|Ptpπpx
1ptqqq|

|xptq ´ πpxptqq|
,

which tends to zero in virtue of the prq condition. This shows that the angle between
px1´πpx1qq and TxptqX tends to zero as t goes to zero. Since px´πpxqq has a Puiseux
parametrization we have:

lim
tÑ0

xptq ´ πpxptqq

|xptq ´ πpxptqq|
“ lim

tÑ0

x1ptq ´ πpx1ptqq

|x1ptq ´ πpx1ptqq|
. (2.7.4)

It means that the angle between the segment xptqπpxptqq and TxptqX must tend
to zero as well. Moreover, as πpxptqq and yptq both belong to Y “ TπpxptqqY , the
condition prq entails that the angle between πpxptqqyptq and TxptqX tends to zero. To-
gether with the preceding sentence, this establishes that the angle between xptqyptq
and TxptqX tends to zero, yielding the Whitney pbq condition for the couple pX, Y q.

It remains to show that pbq implies paq. Suppose that the pbq condition holds and
that paq fails at z P Y , i.e., assume that there is a sequence pxkqkPN in X tending to
z such that τ :“ limTxkX does not contain TzY “ Rl ˆ t0u. Let u P τzTzY and set
yk :“ 1

k
u. Extracting a subsequence if necessary, we may assume that pxkqkPN tends

to z as fast as we wish. In particular, we may assume that xkyk
|xkyk|

tends to u. By

Whitney pbq condition, this implies that u P τ , a contradiction.

Existence of regular stratifications. To prove existence of Whitney or Kuo-
Verdier regular stratifications, we are actually going to establish that we can always
construct a stratification satisfying sufficiently reasonable given regularity condi-
tions, which leads us to the following definitions.

Definition 2.7.4. A regularity condition on stratifications is a mathematical
formula Gpx,A,Σq, where A is a definable set, x P A, and Σ a stratification of A.
We say that Σ satisfies pGq if Gpx,A,Σq holds for every x P A.

Such a condition is said to be local, if, given any A and Σ, the value of Gpx,A,Σq
(true or false) just depends on the germ of A at x (for each x P A), i.e., if for every
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definable open neighborhood U of x in A, Gpx,A,Σq is equivalent to Gpx, U,ΣXUq,
where ΣX U is the stratification induced by Σ on U .

Such a condition is stratifying if, given A and Σ, as well as S P Σ, there is an
open definable dense subset W of S such that Gpx,A,Σq holds at every x P W .

Whitney and Kuo-Verdier conditions provide examples of local regularity con-
ditions on stratifications. We shall show that they are stratifying. We first show
what one could expect, that we can always construct a stratification satisfying a
local stratifying condition.

Proposition 2.7.5. Given a stratifying local condition and a definable set A, there
is a stratification of A satisfying this condition. We can require this stratification to
be compatible with some given definable subsets X1, . . . , Xl of A.

Proof. Let A be a definable set, X1, . . . , Xl some definable subsets of A, and let pGq
be a local stratifying condition. We construct by decreasing induction on 0 ď k ď
d ` 1, d :“ dimA, a closed definable subset Ek of A of dimension less than k, such
that there is a stratification Σk of AzEk which is compatible with all the XjzEk and
satisfies the condition pGq. We can start with Ed`1 :“ A.

Take then k ď d for which Σk`1 and Ek`1 have already been constructed, and
let us denote by S the set constituted by all the points of Ek`1 at which this set is
a C8 manifold of dimension k.

Observe that if we set Z :“ Ek`1zS then dimZ ă k and

Σ1k`1 :“ Σk`1 Y S

is a stratification of AzZ. It remains to withdraw the points of S at which the
condition pGq fails.

Since this condition is stratifying, there is an open dense definable subset W Ă S
such that Gpx,AzZ,Σ1k`1q holds at every element x P W . Clearly, the set

Σk :“ Σk`1 Y tW u

is a stratification of AzEk, if
Ek :“ Ek`1zW.

Moreover, since the condition pGq is local, and because the germs at the points of
W of the respective strata of Σ1k`1 and Σk coincide, we see that Σk the condition
pGq is met.

Remark 2.7.6. (1) The conjunction of several local stratifying conditions being
local and stratifying, we have proved that we can construct a stratification
satisfying several conditions simultaneously.
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(2) The fact that we can assume the constructed stratification to be compatible with
finitely many definable subsets ensures that we can refine any given stratification
into a stratification satisfying the given condition.

(3) The algorithm of construction that we gave ensures that, when we wish to refine
a stratification Σ that already satisfies pGq on a definable open set U , we do
not need to modify Σ on U .

Proposition 2.7.7. The conditions paq, pbq, prq, and pwq are stratifying.

Proof. Thanks to Proposition 2.7.3, it suffices to show the result for the condition
pwq. Let Σ be a stratification satisfying this condition and let X and Y be two
strata. Up to a coordinate system of Y , we may identify Y with a neighborhood of
the origin in Rk ˆ t0Rn´ku (where k “ dimY ). Below, we will sometimes abusively
consider Y as a subset of Rk.

Note that, by Theorem 2.2.4, the set of the points at which the pwq condition fails
is definable. We proceed by way of contradiction. Assume that there is a definable
open subset U of Y such that the pwq condition fails for pX, Y q at every point of U .
It means that for any y P U and any r ą 0 there is ωpy, rq P X XBpy, rq such that:

dpωpy, rq, Y q ď r ¨=pY, Tωpy,rqXq. (2.7.5)

By Definable Choice (Proposition 2.3.1), the function ωpy, rq can be chosen defin-
able. Clearly, ωpy, rq tends to y as r goes to zero.

We therefore have defined a map ω : U ˆ r0, 1q Ñ Rn such that ωpy, rq P X for
r ą 0, ωpy, 0q “ y for all y P U , and satisfying (2.7.5) for r ą 0. Let

W :“ ωpU ˆ p0, 1qq Ă X.

The mapping ω can be seen as a parametrization of the set W . We are going to find
another parametrization py, ξpy, tqq of this set in order to make our computations
easier. By Lemma 2.4.2, there is a definable open dense subset U 1 of U such that
for any y P U 1 Ă Rk, we have clpWyq “ clpW qy. Hence, for all y P U 1, 0Rn´k belongs
to clpWyq. As a matter of fact, for all t ą 0 small enough there exists ξpy, tq in
Sn´k´1py, tq XWy. By Definable Choice (Proposition 2.3.1) we may assume that ξ
is definable.

Write ξ “ pξ1, . . . , ξn´kq and apply Proposition 1.9.4 to each of the ξi’s. This
provides a partition P of U 1 such that for every C P P , the function ξpy, tq coincides
with a Puiseux series with analytic coefficients in a neighborhood of C ˆ t0u in
C ˆ R`. Fix C P P which has nonempty interior in Rk, and take z P C.

We are going to show that there is a constant M such that for all x P W close
to z we have:

=pY, TxXq ďMdpx, Y q. (2.7.6)
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This will contradict (2.7.5) and establish the lemma.

To prove (2.7.6), define a C8 globally subanalytic mapping near C ˆ t0u by:

gpy, tq :“ py, ξpy, tqq.

Notice that gpy, tq belongs to W for t ą 0 small and that if the Puiseux expansion
of ξpy, tq starts like

ξpy, tq “ apyq ¨ t` . . . , (2.7.7)

with a : C Ñ Sn´k´1 analytic function, then for all i ď k:

Bξpy, tq

Byi
“
Ba

Byi
pyq ¨ t` . . . . (2.7.8)

Note that vipy, tq :“ dpy,tqgpeiq belongs to Tgpy,tqX, for any t ą 0 and i ď k. Moreover,
by (2.7.8), near any given point of C ˆ t0u we have:

|vipy, tq ´ ei| À t “ |ξpy, tq| “ dpgpy, tq, Y q,

showing (2.7.6).

It is also often useful to stratify mappings.

Definition 2.7.8. Let F : A Ñ B be a definable mapping. We say that F :
pA,Σq Ñ pB,Σ1q is a stratified mapping if Σ and Σ1 are stratifications of A and
B respectively such that for every stratum S P Σ:

(i) F pSq is an element of Σ1.

(ii) The restricted mapping F|S : S Ñ F pSq is a C8 submersion.

Proposition 2.7.9. Given a local stratifying regularity condition for stratifications
pGq and a continuous definable mapping F : AÑ B, we can find two stratifications
Σ of A and Σ1 of B satisfying pGq and making of F : pA,Σq Ñ pB,Σ1q a stratified
mapping.

Proof. We are going to prove by decreasing induction on p P t0, . . . , l`1u, l “ dimB,
that for every such p there is a definable closed subset Ep Ă B of dimension less than
p such that we can find some stratifications Σp and Σ1p of F´1pBzEpq and BzEp
respectively, satisfying pGq and such that piq and piiq of Definition 2.7.8 hold for all
their strata.

In the case p “ l`1, set El`1 :“ B and we are done. Roughly speaking, we then
can summarize the algorithm as:

(1) Take the regular locus of Ep and stratify its inverse image in such a way that F
is smooth on strata.
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(2) Add the obtained strata to Σp and refine the resulting stratification into a strat-
ification satisfying the condition pGq.

(3) Define Ep´1 as the reunion of the sets constituted by the singular values of
the respective restrictions of F to the obtained strata, together with a nowhere
dense subset of Ep containing the points at which pGq fails.

Namely, assume that Ep, Σp, and Σ1p have been constructed for some p ď l ` 1.
If dimEp ă p´ 1, we are done. Otherwise, let N denote the sets of all the points of
Ep,reg at which this set is a C8 manifold of dimension pp ´ 1q, and let S denote a
stratification of F´1pNq such that F is smooth on each stratum (such a stratification
can easily be obtained using a stratification of the graph of F ).

As pGq is local and stratifying, we can refine S into a stratification (still denoted
S ) such that S Y Σp satisfy this condition (see Remark 2.7.6 p3q).

Given a point x P F´1pNq, we will denote by Sx the element of S that contains
x. Let D be the closure of the set of points x P F´1pNq at which the rank of the
first derivative of the restricted mapping F|Sx : Sx Ñ N is less than pp ´ 1q. Let
E :“ clpF pDqq and observe that N 1 :“ NzE is a smooth manifold. As pGq is local
and stratifying, there is a nowhere dense definable closed subset E 1 Ă N 1 such that
this condition holds for tN 1zE 1u Y Σ1p.

It is now enough to set Ep´1 :“ E Y E 1. By construction, Proposition 2.4.1
and Theorem 2.6.4, and Sard’s Theorem, the set Ep´1 has dimension less than
pp ´ 1q. The stratification Σ1p´1 is now defined by adding the manifold EpzEp´1

to Σ1p, and the stratification Σp´1 is constructed by adding to Σp the manifolds
F´1pEpzEp´1q X S, S P S .

By construction and induction, properties piq and piiq of Definition 2.7.8 (for the
stratifications Σp´1 and Σ1p´1) as well as the condition pGq hold.

Horizontally C1 maps. We are going to introduce horizontally C1 maps and
show that they are closely related to mappings with bounded derivatives. This will
be useful to study the pull-back of a weakly smooth differential form by a definable
bi-Lipschitz mapping later on.

Definition 2.7.10. A stratified mapping h : pX,Σq Ñ pY,Σ1q is said to be hori-
zontally C1 if, for any sequence pxlqlPN in a stratum S of Σ tending to some point
x in a stratum S 1 P Σ and for any sequence ul P TxlS tending to a vector u in TxS

1,
we have

lim dxlh|Spulq “ dxh|S1puq.

If h is horizontally C1 then the derivative of h|S is bounded away from infinity on
every bounded subset of S for every S P Σ. The proposition below can be considered
as a converse of this observation.
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Proposition 2.7.11. Let h : X Ñ Y be a definable continuous mapping. If |dxh|
is bounded on every bounded subset of regphq then there exist two stratifications Σ
and Σ1, of X and Y respectively, making h : pX,Σq Ñ pY,Σ1q into a horizontally C1

stratified mapping.

Proof. Let π1 : Γh Ñ X (resp. π2 : Γh Ñ Y ) be the projection onto the source (resp.
target) axis of h. By Proposition 2.7.9, there exist two pwq-regular stratifications
Σh and Σ1 of Γh and Y respectively such that π2 : pΓh,Σhq Ñ pY,Σ1q is a stratified
mapping.

Let Σ be the stratification of X constituted by the respective images of the
strata of Σh under the mapping π1. Observe that h : pX,Σq Ñ pY,Σ1q is a stratified
mapping.

In order to show that h is horizontally C1 (with respect to Σ), fix a stratum S
of Σ, a sequence xl P S tending to a point x belonging to a stratum S 1 P Σ, as well
as a sequence ul P TxlS tending to some u P TxS

1.

Let Z be the stratum of Σh that projects onto S via π1 and set (extracting a
subsequence, we may assume that this sequence is convergent)

τ :“ limTpxl,hpxlqqZ.

Claim. The restriction of π1 to τ is one-to-one.

To see this observe that, as pΓhqreg is dense in Γh, we can find an element yl P
pΓhqreg close to pxl, hpxlqq, for every l. For every l, let Z l be the stratum of Σh

containing yl (choosing yl sufficiently generic, we may assume that Z l is open in
Γh). By the pwq condition, the angle between Tpxl,hpxlqqZ and TylZ

l is small if yl is
chosen sufficiently close from pxl, hpxlqq. It means that we can assume that TylZ

l

tends to a limit τ 1 which contains τ . As h has locally bounded derivative π1|τ 1 must
be one-to-one (the graph of a map having bounded first order derivative may not
have a vertical limit tangent vector), yielding the claim.

For every l, there is a unique vector vl P Tpxl,hpxlqqZ which projects onto ul. The
above claim implies that the norm of vl is bounded above (since otherwise we would
have limπ1p

vl
|vl|
q “ 0) and we may assume that vl is converging to a vector v. The

vector v then necessarily projects onto u.

Let Z 1 be the stratum of Σh that projects onto S 1 and let w be the vector tangent
to Z 1 that projects onto u. By the pwq condition pv´wq P τ . Therefore, since pw´vq
lies in the kernel of π1|τ , it must be zero (by the above claim). Hence, v is tangent
to Z 1, which entails that:

lim dxlh|Spulq “ limπ2pvlq “ π2pvq “ dxh|S1puq.
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Remark 2.7.12. In the situation of the above proposition, let A1, . . . , Am and
B1, . . . , Bm respectively be finitely definable subsets of X and Y . Since the strat-
ifications Σ and Σ1 provided by the above proposition are merely provided by a
Whitney stratification of the graph of h, we see that we can require the Ai’s and
the Bi’s to be unions of strata of Σ and Σ1 respectively.

Some more properties of Kuo-Verdier conditions. We end this section with
a few facts that will be needed in the next chapters.

Proposition 2.7.13. Let pX, Y q be a couple of strata and let y P Y . If pX, Y q
satisfies Whitney pbq condition at y then there is a neighborhood U of y such that
the restriction of pπY , ρY q (see section 2.5) to U XX is a submersion.

Proof. By Whitney pbq condition, the angle between BxρY “ 2px´ πY pxqq and TxX
tends to zero as x P X tends to y. This implies that ρY |X is a submersion near y.
Hence, to complete the proof, it suffices to show that for x P X sufficiently close
to y the restriction of dxπY to ker dxρY |X is onto. Assume that this fails along a
sequence pxkqkPN in X tending to y. Extracting a sequence if necessary, we can
assume that ker dxkρY and TxkX are respectively convergent to vector spaces L and
τ . As Whitney pbq implies Whitney paq, we have TyY Ă τ .

By Proposition 2.5.1, we know that BxkρY is orthogonal to TπY pxkqY . This implies
that TyY Ă L. As the angle between BxkρY and TxkX tends to zero we immediately
see that

lim ker dxkρY |X “ plim ker dxkρY q X plimTxkXq “ LX τ,

Moreover, dyπY induces the identity map on TyY Ă L X τ . By the equality just
above, it implies that dyπY must induce a surjective mapping on lim ker dxkρY |X ,
which means that the restriction of dxkπY to ker dxkρY |X is surjective for every k
large, contradicting our assumption on pxkqkPN.

This proposition implies in particular that if a couple of strata pX, Y q satisfying
clpXq X Y ‰ H is Whitney pbq-regular then

dimX ě dimY ` 1.

The next proposition gives another property of Whitney pbq condition.

Proposition 2.7.14. Let Σ be a Whitney pbq regular stratification stratification of
a locally closed set. If all the strata of Σ are connected then Σ satisfies the frontier
condition.

Proof. Take a couple of strata pX, Y q that satisfy frpXq X Y ‰ H. Arguing by
downward induction on the dimension of Y , we can assume that the desired property
holds for strata of dimension bigger than dimY . Observe that if there is a stratum
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Z Ă frpXq such that clpZq Ą Y then clearly clpXq Ą Y . As a matter of fact,
since we can argue inductively on the dimension of X, we can assume that X Y Y
is locally closed at every point of Y .

As strata are assumed to be connected, it suffices to show that if y P clpXq X Y
then Bpy, αq X Y Ă clpXq X Y , for α ą 0 small.

Take y P clpXq X Y and a positive real number α which is sufficiently small for
Y to be closed in Bpy, αq and set for ε ą 0, Aε :“ tx P U XX : ρY pxq “ εu. Note
that, since πY tends to the identity, it suffices to check that Bpy, αq X Y Ă πY pAεq,
for all ε ą 0 small.

By Proposition 2.7.13, there is a neighborhood U of y such that the restriction
of pπY , ρY q to U XX is a submersion. It means that for ε ą 0 small the restriction
of πY to Aε is a submersion, which implies that πY pAεq is an open subset of Y . As
πY is continuous, it is easily checked that for α ą 0, Bpy, αq X πY pAεq is closed in
Bpy, αq X Y (since X Y Y is locally closed at every point of Y ), for all ε ą 0 small.
As the latter subset is connected, this implies that Bpy, αq X Y Ă πY pAεq, for all
ε ą 0 small.

Remark 2.7.15. This proposition, together with Propositions 2.7.5 and 2.7.7 and
Remark 2.7.6 p1q, imply that we can always construct a stratification of a definable
set satisfying both a given stratifying local condition and the frontier condition.

The following proposition will be needed to study the continuity of the density
along the strata of a Whitney stratification later on.

Proposition 2.7.16. Let pX, Y q be a couple of strata with dimY “ 1. If pX, Y q
satisfies the Whitney pbq condition at z P Y X clpXq then it satisfies the condition
prq at this point.

Proof. Fix such a couple of strata pX, Y q and assume that it satisfies the Whitney
pbq condition. We can suppose that Y is an open neighborhood of the origin in
Rˆ t0u. Thanks to Curve Selection Lemma (Lemma 2.3.3), it suffices to show that
the Kuo ratio test tends to zero along any definable arc x : p0, εq Ñ X with xp0q “ 0.
We may assume that x is parametrized by its distance to the origin, which means
that x1ptq does not tend to zero as t goes to zero. Let π be the orthogonal projection
onto R ˆ t0u and Pt the orthogonal projection onto the orthogonal complement in
Rn of TxptqX. As pX, Y q is Whitney pbq regular:

lim
tÑ0

Pt

ˆ

xptq ´ πpxptqq

|xptq ´ πpxptqq|

˙

“ 0.

As a matter of fact (see (2.7.4)), we get:

lim
tÑ0

Pt

ˆ

x1ptq ´ πpx1ptqq

|x1ptq ´ πpx1ptqq|

˙

“ 0. (2.7.9)
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As Ptpx
1ptqq ” 0, we have:

|Ptpπpx
1ptqqq||xptq|

|xptq ´ πpxptqq|
“
|Ptpx

1ptq ´ πpx1ptqqq|t

|xptq ´ πpxptqq|

p2.7.3q

À
|Ptpx

1ptq ´ πpx1ptqqq|

|x1ptq ´ πpx1ptqq|
,

which tends to zero by (2.7.9). If πpx1ptqq does not tend to zero then, as Y is one
dimensional, this implies that the prq condition holds along x (since in this case
=pY, TxptqXq „ |Ptpπpx

1ptqqq|). Moreover, in the case where πpx1ptqq tends to zero

then x is not tangent to Y at xp0q, which means that |x´πpxq|
|x|

does not tend to zero.

In this case, the condition prq along x simply means that =pY, TxptqXq tends to zero
as t goes to zero, which is true since pbq ñ paq.

Historical notes. Theorem 2.1.1 and Proposition 2.1.2 were first proved by Ga-
brielov in [Gab]. Other proofs then appeared [Hir, Bie-Mil, Den-Sta]. The proofs
given there are more geometric than the one which is presented in this book and
make it possible to go the other way around, deducing existence of cell decom-
positions from Gabrielov’s Complement Theorem. The techniques we used in the
preceding chapter (that also lead to a proof of this theorem) have the significant
advantage to also establish the Preparation Theorem which will be useful for us
to investigate the metric properties of analytic functions later on. Curve Selection
Lemma and  Lojasiewicz’s inequality were already present in the fundamental work
of  Lojasiewicz [Loj59, L64a, L64b]. Existence of Whitney stratifications is also due
to  Lojasiewicz (see also [LSW, Cos]). The subanalycity of the regular locus is due
to Tamm [T], although the proof we have presented here was however taken from
[Kur]. The material introduced in sections 2.2 and 2.4 is basic. It was elaborated
independently by many people and also generalized to the framework of o-minimal
structures introduced by van den Dries [vdD]. The presentation which is provided
here is fairly close to the introductive book [Cos], whose content is partially inspired
by the book of L. van den Dries [vdD].
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Chapter 3

Regular vectors

The purpose of this chapter is mainly to establish Theorem 3.1.2, which yields that,
given a set A P Sn of empty interior, we can always find a regular vector for this set,
up to a definable bi-Lipschitz mapping h : Rn Ñ Rn (see Corollary 3.1.4). Saying
that en (the last vector of the canonical basis) is regular for a set amounts to say
that this set is the union of some graphs of Lipschitz functions (see Proposition
3.2.7). Clearly, not every set of empty interior admits a regular vector and, even if
A is as simple as a sphere, it is not possible to require h to be smooth.

In order to motivate the material that we are going to introduce for this purpose
(especially Definition 3.3.2 and Theorem 3.3.4 which is the main difficulty of this
chapter), let us now give a brief outline of the construction of this homeomorphism
h, which is very delicate. It is actually easy to see that given A P Sn, there is a
covering of Rn by finitely many sets, say G1, . . . , Gl, such that each Gk X A has a
regular vector λk. As a matter of fact, for each k, there is a linear automorphism hk
such that the vector en is regular for hkpGk XAq. The problem is that it is not easy
to “paste” these “local embeddings” h1, . . . , hl into a bi-Lipschitz map h : Rn Ñ Rn.
Somehow, the idea will be to define h on

Ťk
i“1Gi inductively on k, by means of the

hi’s, starting with h “ h1.

We introduce for this purpose an “induction machinery”, called regular systems
of hypersurfaces (Definition 3.3.2). Extending h from

Ťk
i“1Gi to

Ťk`1
i“1 Gi somehow

requires to change coordinates, and the transition map hk`1 ˝h
´1
k can be interpreted

as a turn from the direction λk to the direction λk`1. These turns could make it
difficult to extend a bi-Lipschitz mapping to a bi-Lipschitz mapping for we might
come back to our starting point. Working with a regular system of hypersurfaces
H makes it possible to turn “without turning back” (see (3.3.1) as well as (ii) of
Definition 3.3.2), progressing in a zigzag but somehow always going toward the same
Lipschitz upper half-space GbpHq.

The main difficulty is therefore the proof of Theorem 3.3.4, which yields existence
of a suitable regular system of hypersurfaces. In the proof of this theorem, the trick

65
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to avoid to “turn back” (in the sense of (ii) of Definition 3.3.2) is to choose λk`1

in the same connected component as λk of the sets of all the regular vectors of the
previous step (see Proposition 3.3.5). The key lemma on this issue is Lemma 3.3.9,
which relies on the fact that the fiber rπ´1

e pλq, for each e and λ in Sn´1 (see (3.3.2)),
is a connected curve of length at least 2, which leaves enough space to choose our
regular vector (see Remark 3.3.6).

The proof of Theorem 3.3.4 is splitted into four steps, and a more explicit outline
of it is provided before the first step (see section 3.3.3). Moreover, the second and
third steps are preceded by a paragraph that motivates them and gives some more
details on their proof.

Some notations and definitions. A mapping ξ : AÑ Rk is said to be Lipschitz
if there is a constant L such that for all x and x1 in A:

|ξpxq ´ ξpx1q| ď L|x´ x1|.

We say that ξ is L-Lipschitz if we wish to specify the constant. The smallest
nonnegative number L having this property is called the Lipschitz constant of ξ
and is denoted Lξ. By convention, if A is empty then ξ is Lipschitz and Lξ “ 0.

A mapping ξ : A Ñ B is bi-Lipschitz if it is a homeomorphism onto its image
such that ξ and ξ´1 are Lipschitz.

A definable family pftqtPRm is uniformly Lipschitz if ft is L-Lipschitz for all
t P Rm, with L P R independent of t. The uniformly bi-Lipschitz families are
then defined analogously.

We let Gn :“
Ťn
k“1 Gn

k and Gn
˚ :“

Ťn´1
k“1 Gn

k (disjoint unions). We recall that we
estimate the angle between two vector subspaces P and Q of Rn in the following
way:

=pP,Qq “ suptdpλ,Qq : λ is a unit vector of P u,

where dpλ,Qq denotes the Euclidean distance to Q. This constitutes a metric on
each Gn

k .

Given λ P Sn´1, we denote by πλ : Rn Ñ Nλ the orthogonal projection onto the
space Nλ normal to the vector λ in Rn, and by qλ the coordinate of q P Rn along λ,
i.e. the number given by the Euclidean inner product of q by λ.

Given B P Sn and λ P Sn´1, with B Ă Nλ, as well as a function ξ : B Ñ R, we
set

Γλξ :“ tq P Rn : πλpqq P B and qλ “ ξpπλpqqqu, (3.0.1)

and call this set the graph of ξ for λ.
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3.1 Regular vectors

Given a definable set A Ă Rn we define τpAq as the closure of the set of vector
spaces which are tangent to A at a regular point, i.e.:

τpAq :“ clptTxA P Gn : x P Areguq.

Given an element λ of Sn´1 and a subset Z Ă Gn we set (caution, here Z is not
a subset of Rn):

dpλ, Zq :“ inftdpλ, T q : T P Zu.

We also set dpλ,Hq :“ `8.

Definition 3.1.1. Let A P Sn. An element λ of Sn´1 is said to be regular for the
set A if there is α ą 0 such that:

dpλ, τpAqq ě α.

More generally, we say that λ P Sn´1 is regular for A P Sm`n if there exists
α ą 0 such that for any t P Rm:

dpλ, τpAtqq ě α. (3.1.1)

We then also say that λ is regular for the family pAtqtPRm . A subset C Ă Sn´1

is regular for a set A P Sm`n if all the elements of clpCq are regular for the set A.

If λ P Sn´1 is regular for A P Sm`n, it is regular for At P Sn for all t P Rm. But
it is indeed much stronger since in (3.1.1), the angle between the vector λ and the
tangent spaces to the fibers is required to be bounded below away from zero by a
positive constant independent of the parameter t.

Regular vectors do not always exist, even if the considered set has empty interior,
as it is shown by the simple example of a circle. Nevertheless, when the considered
sets have empty interior, up to a globally subanalytic bi-Lipschitz map, we can find
such a vector:

Theorem 3.1.2. Let A P Sm`n such that At has empty interior for every t P Rm.
There exists a uniformly bi-Lipschitz definable family of homeomorphisms ht : Rn Ñ

Rn, t P Rm, such that en is regular for the family phtpAtqqtPRm.

Remark 3.1.3. In the above theorem, the family ht is not required to be Lipschitz
nor continuous with respect to the parameter t P Rm. By Proposition 2.4.9, it is
nevertheless continuous for generic parameters. In the case m “ 1, it can be chosen
continuous with respect to parameters [Val5]. Also, using Proposition 4.5.4 below,
one could see that, along the elements of a suitable partition of Rm, h and h´1 may
be required to be Lipschitz with respect to the parameters on compact sets.
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In the case m “ 0, we have the following immediate corollary:

Corollary 3.1.4. Let A P Sn be of empty interior. There exists a definable bi-
Lipschitz homeomorphism h : Rn Ñ Rn such that en is regular for hpAq.

Proving Theorem 3.1.2 will occupy almost all this chapter (see section 3.3.4), as
it requires to show several technical results on the Lipschitz geometry of globally
subanalytic sets. Some of them will be used for other purposes. We show in par-
ticular that a set A P Sn which has a regular vector λ P Sn´1 may be covered by
finitely many graphs of Lipschitz functions (Proposition 3.2.7).

Proposition 3.1.5. Every definable Lipschitz function ξ : A Ñ R, A P Sn, can be
extended to an Lξ-Lipschitz definable function ξ̃ : Rn Ñ R.

Proof. Set rξpqq :“ inftξppq ` Lξ|q ´ p| : p P Au (for A ‰ H). By the quantifier
elimination principle (Theorem 2.2.4), it is a globally subanalytic function. An easy
computation shows that it is Lξ-Lipschitz.

Remark 3.1.6. Let A P Sm`n and let a definable function ξ : AÑ R be such that
ξt : At Ñ R is a Lipschitz function for every t P Rm. The respective extensions ξ̃t
of ξt, t P Rm, (with for instance ξ̃t ” 0 if t R suppmA) provided by the proof of the
above proposition constitute a definable family of functions. We thus can extend
definable families of Lipschitz functions to definable families of Lipschitz functions.
This will be of service.

Lemma 3.1.7. Let A and B in Sn`m with B Ă A. If λ P Sn´1 is regular for A,
then it is regular for B.

Proof. Assume that λ P Sn´1 is not regular for B. It means that there is a sequence
ppti, biqqiPN, with bi P Bti,reg such that τ :“ limTbiBti,reg exists and contains λ.
Choose for every i a Whitney paq regular stratification of Ati compatible with Bti

andBti,reg and denote by Si the stratum containing bi. Moving slightly bi if necessary,
we may assume that Si is open in Bti,reg (since Bti,reg is open and dense in Bti),
which entails that TbiSi “ TbiBti,reg. As Ati,reg is dense in Ati , for every i P N, we
can find ai in Ati,reg, which is close to bi. Moreover, possibly extracting a sequence,
we may assume that τ 1 :“ limTaiAti,reg exists. If ai is sufficiently close to bi, by
Whitney paq condition, we deduce that τ 1 Ą τ , which contains λ. This yields that λ
is not regular for A.

Remark 3.1.8. It is worthy of notice that the proof of the above lemma has es-
tablished that the corresponding number α (see (3.1.1)) can remain the same for
B.

Lemma 3.1.9. Given ν P N, there exists tν ą 0 such that for any P1, . . . , Pν in Gn
˚

there exists a vector λ P Sn´1 such that for any i:

dpλ, Piq ą tν .
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Proof. Given P1, . . . , Pν in Gn
˚, let ϕpP1, . . . , Pνq :“ supλPSn´1 miniďν dpλ, Piq. Since

the Pi’s have positive codimension, ϕ is a positive function, which, since the Grass-
mannian is compact, must be bounded below away from zero.

The next lemma is a refinement of the just above lemma which says that the line
λ can be chosen among finitely many ones.

Lemma 3.1.10. Given ν P N, there exist λ1, . . . , λN in Sn´1 and αν ą 0 such that
for any P1, . . . , Pν in Gn

˚ we may find i ď N such that for any j ď ν:

dpλi, Pjq ą αν .

Proof. Let tν be the real number given by Lemma 3.1.9 and let λ1, . . . , λN in Sn´1

be such that
ŤN
i“1 Bpλi,

tν
2
q Ą Sn´1. Suppose that there are P1, . . . , Pν in Gn

˚ such
that for any i P t1, . . . Nu we have dpλi,

Ťν
j“1 Pjq ď

tν
2

. This implies that any λ in

Sn´1 satisfies

dpλ,
ν
ď

j“1

Pjq ă tν ,

contradicting Lemma 3.1.9. It is thus enough to set αν :“ tν
2

.

The next lemma will require the following definition.

Definition 3.1.11. Let α ą 0 and let Z P Sm`n. We say that the family pZtqtPRm
is α-flat if:

supt=pP,Qq : P,Q P
ď

tPRm
τpZt,regqu ď α.

We then also say that Z is pm,αq-flat. When m “ 0, we say that Z is α-flat.

If P and Q are two vector subspaces of Rn satisfying dimP ą dimQ then
=pP,Qq “ 1. As a matter of fact, if Z is pm,αq-flat for some α ă 1, then Zt must
be of pure dimension for all t.

Remark 3.1.12. It follows from Lemma 3.1.10 that if Z1,t, . . . , Zν,t, t P Rm, are
αν-flat definable families (where αν is the constant provided by the latter lemma)
of subsets of Rn of empty interiors then one of the λi’s (that are also provided by
the latter lemma) is regular for all these families.

Lemma 3.1.13. Given Z P Sm`n and α ą 0, we can find a finite partition of Z
into pm,αq-flat sets.

Proof. Dividing Z into cells, we may assume that Zt is a manifold for all t P Rm. We
can cover the Grassmannian by finitely many balls of radius α

2
, which gives rise to a

covering U1, . . . , Uk of Z (via the family of mappings Zt Q x ÞÑ TxZt) by pm,αq-flat
sets.
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Proposition 3.1.14. There exist λ1, . . . , λN in Sn´1 such that for any A1, . . . , Ap
in Sm`n, there is a cell decomposition C of Rm`n compatible with all the Ak’s and
such that for each cell C P C satisfying dimCt “ n (for all t P suppmC), we may
find λjpCq, 1 ď jpCq ď N , regular for the family pδCtqtPRm.

Proof. According to Lemma 3.1.10 (see Remark 3.1.12 and Lemma 3.1.7) it is suffi-
cient to prove by induction on n the following assertions: given α ą 0 and A1, . . . , Ap
in Sm`n, there exists a cell decomposition of Rm`n compatible with A1, . . . , Ap and
such that for every cell C Ă Rm`n of this cell decomposition satisfying dimCt “ n,
pδCtqtPRm is included in the union of no more than 2n definable families of empty
interior that are all α-flat.

For n “ 0 this is clear. Fix n P N nonzero, α ą 0, as well as A1, . . . , Ap in
Sm`n. Taking a cell decomposition if necessary, we can assume that the Ai’s are
cells. Apply Lemma 3.1.13 to all the Ai’s, and take a cell decomposition D of
Rm`n compatible with all the elements of the obtained coverings. Applying then
the induction hypothesis to the elements of πem`npDq, we get a refinement D1 of
πem`npDq.

Given a cell D of D1, each Ai is above D, either the graph of a definable function,
say ξi,D, or a band, say pξi,D, ξ

1
i,Dq, with ξi,D ă ξ1i,D definable functions on D (or

˘8). Let C be the cell decomposition given by all the graphs Γξi,D and Γξ1i,D , i ď p,

D P D1. To check that it has the required property, fix an open cell C “ pξi,D, ξ
1
i,Dq,

with ξi,D ă ξ1i,D definable functions on an open cell D of D1 (or ˘8). Since D1 is
compatible with the images under πem`n of the α-flat sets that cover the Ai’s, the
sets Γξi,D and Γξ1i,D must be α-flat families, and since

δCt Ă
`

Γξi,D
˘

t
Y

´

Γξ1i,D

¯

t
Y π´1

en pδDtq,

we see that the needed fact follows from the induction hypothesis.

Remark 3.1.15. We have proved a stronger statement: the distance between the
regular vector λjpCq and the tangent spaces to δCt can be bounded below away from
zero by a positive number depending only on n, and not on the Ak’s. This is due to
the fact that we apply Lemma 3.1.10 with ν “ 2n.

This lemma will be useful to investigate the so-called inner metric on globally
subanalytic sets.

3.2 The inner metric

Any definable arc γ : pη, εq Ñ Rn, η ă ε, is piecewise analytic. Its length is therefore
well defined as:

lgpγq :“

ż ε

η

|γ1ptq| dt.
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It follows from Puiseux Lemma (Proposition 1.9.1) that this integral is always finite
if γ is bounded. We thus may define the inner metric of a set X P Sn as follows.
Given a and b in X, we set:

dXpa, bq :“ inftlgpγq : γ : rη, εs Ñ X, C0 definable arc joining a and bu.

If a and b are in the same connected component of X, by Proposition 2.3.4, such
arcs exist, and we clearly have

|a´ b| ď dXpa, bq. (3.2.1)

We rather have defined a metric on every connected component of X. By convention,
dXpa, bq “ `8, when a and b do not lie in the same connected component of X.

A function f : X Ñ R is Lipschitz with respect to the inner metric if for
some constant L we have for all a and b in X:

|fpaq ´ fpbq| ď L ¨ dXpa, bq.

We say L-Lipschitz with respect to the inner metric if we wish to specify the
constant.

Proposition 3.2.1. Let f : X Ñ R be a definable continuous function and let
L P R. The function f is L-Lipschitz with respect to the inner metric of X if and
only if |Bxf | ď L for all x P regpfq.

Proof. The only if part is obvious. Assume that |Bxf | ď L and let us show that f
is L-Lipschitz with respect to the inner metric. By Proposition 2.7.11, there is a
stratification of X such that f is horizontally C1 with respect to this stratification.
Refining this stratification if necessary, we can require it to be Whitney paq-regular.
By continuity, we see that supxPS |Bxf|S| ď L for every stratum S. Let a and b
be two points of X and let γ : r0, 1s Ñ X be a definable curve joining a and
b. Since γ is definable, it can cut a given stratum only finitely many times. Let
t0 “ 0 ď t1 ă ¨ ¨ ¨ ă tk “ 1 be such that γ stays in the same stratum on pti, ti`1q for
all i ă k. By the Mean Value Theorem, for every i ă k:

|fpγptiqq ´ fpγpti`1qq| ď L ¨ lgpγrti,ti`1sq.

This shows that |fpaq ´ fpbq| is not bigger than L ¨ lgpγq, as required.

Remark 3.2.2. In particular, if the first order partial derivatives of a continuous
definable function f : Rn Ñ R are bounded above away from infinity (on regpfq) by
a real number L then f is L-Lipschitz on Rn. This fact is of course not true for the
functions which are not definable (like the so-called Cantor functions).
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By analogy, the restriction of the Euclidean metric to X is called the outer
metric of X.

In general, the outer metric is not equivalent to the inner metric as it is shown
by the simple example of the cusp y2 “ x3 in R2. Finding sets for which the two
metrics are equivalent is the motivation of the following definition.

Definition 3.2.3. We define the Lipschitz cells of Rn by induction on n. Let E
be a cell of Rn and denote by D its basis.

If n “ 0 then E is always a Lipschitz cell.

By definition of cells, E is either a graph or a band (see Definition 1.2.1). If
n ą 0, we say that E is a Lipschitz cell if D is a Lipschitz cell and:

(1) If E is the graph of some function ξ : D Ñ R, then this function is Lipschitz.

(2) If E is a band pξ1, ξ2q, with ξ1 ă ξ2, then ξ1 is either ´8 or a Lipschitz function,
and ξ2 is either `8 or a Lipschitz function.

Lemma 3.2.4. If E is a Lipschitz cell of Rn then the outer and inner metrics of E
are equivalent, i.e., there is a constant C such that for all x and y in E:

|x´ y| ď dEpx, yq ď C|x´ y|. (3.2.2)

Moreover, the constant C just depends on n and on the Lipschitz constants of the
functions defining E.

Proof. As the definition of a Lipschitz cell is inductive on the dimension of the
ambient space, this lemma can be proved by induction on n. It is an easy exercise
to construct a path joining two given points using the functions defining the cell,
and to estimate its length in terms of the Lipschitz constants of these functions.

Proposition 3.2.5. Given A P Sm`n, there is a definable partition V1, . . . , Vk of
A such that for every i there is an orthogonal change of coordinates Λi for which
ΛipViqt is a Lipschitz cell for every t P Rm. The Lipschitz constants of the functions
defining these Lipschitz cells can be bounded by a function of n.

Proof. We prove this proposition by induction on n (for n “ 0 the result is trivial).
Obviously, we may assume that A is a cell.

We start with the case where At has empty interior for all t P suppmA. By
Lemma 3.1.13, A can be covered by finitely many pm,αq-flat sets, for any given
α ą 0 small. Fix α ą 0, and let E be one of these sets. By Lemma 3.1.10 (for
ν “ 1), for α small enough, the family pEtqtPRm has a regular vector (which we
will assume to be en). Take a cell decomposition compatible with E and let C be
a cell included in E. Since en is regular for C, the set C is the graph (for en) of
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some function, say ξ : B Ñ R, and the ξt’s must have bounded derivatives (by
a constant independent t). By induction, we know that we can cover B by some
sets W1, . . . ,Wl such that for all t P Rm and each i, Wi,t is a Lipschitz cell after a
possible orthonormal change of coordinates. By Lemma 3.2.4 and Proposition 3.2.1,
the function ξt induces a Lipschitz function on each Wi,t, which yields the result.

We now carry out the induction step in the case where dimAt “ n for all
t P suppmA. By Proposition 3.1.14, splitting our set A into several sets if necessary,
we may assume that pδAtqtPRm , has a regular vector (which again will be supposed
to be en). Take a cell decomposition of Rm`n compatible with

Ť

tPRmttu ˆ δAt, and
then end the proof as in the case dimAt ă n. That the Lipschitz constants of the
functions defining these Lipschitz cells can be bounded by a function of n comes
down from Remark 3.1.15.

We now wish to draw two useful consequences of this fact. Define first the
diameter of a set X Ă Rn by

diampXq :“ supt|x´ y| : x P X, y P Xu.

Proposition 3.2.6. Given A P Sm`n, there is a constant C such that for all t P Rm,
we have each x and y in the same connected component of At:

dAtpx, yq ď CdiampAtq.

Proof. Applying a family of homothetic transformations if necessary, we can assume
that diampAtq “ 1 for all t P Rm such that At is nonempty. Let V1, . . . , Vk be the
partition of A provided by Proposition 3.2.5.

We argue by induction on the number of such sets necessary to cover A. If k “ 1
then the result immediately follows from (3.2.2). We thus assume that the desired
fact holds for every set that can be covered by pk ´ 1q sets and let B :“

Ťk´1
i“1 Vi.

For t P Rm, let Et denote the set of all the couples px, yq P Bt ˆ Vk,t that are in the
same connected component of At. Thanks to our induction hypothesis, it suffices to
show that

suptdAtpx, yq : px, yq P Et, t P Rm
u ă `8.

Let t P suppmA and px, yq P Et, with x ‰ y. Take a continuous definable arc
γ : r0, 1s Ñ At joining x and y such that lgpγq ď dAtpx, yq ` 1, and set s0 :“ supts :
γpr0, ssq Ă Btu as well as z :“ γps0q. The arc γ1 :“ γ|r0,s0s joins x and z, while the
arc γ2 :“ γ|rs0,1s joins z and y. But since

lgpγ1q ď sup
săs0

dBtpx, γpsqq ` 1 and lgpγ2q ď sup
sąs0

dVk,tpγpsq, yq ` 1,

the required fact follows from the induction hypothesis and (3.2.2).
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The following proposition unravels the close interplay between Lipschitz func-
tions and regular vectors.

Proposition 3.2.7. The vector λ P Sn´1 is regular for the set A P Sm`n if and
only if there are finitely many uniformly Lipschitz definable families of functions
ξi,t : Bi,t Ñ R, t P Rm, with Bi Ă Rm ˆNλ, i “ 1, . . . , p, such that for all t P Rm:

At “
p
ď

i“1

Γλξi,t .

Proof. As the “if” part is clear, we will focus on the converse. Up to a linear isometry
we can assume that λ “ en. Take a cell decomposition compatible with A and let
C be a cell included in A. This cell cannot be a band since en is regular for A (see
Lemma 3.1.7). It is thus the graph of a function ξ : D Ñ R, with D P Sm`n´1. For
every t P Rm, the function ξt : Dt Ñ R has bounded (with a bound independent
of t) first derivative. By Proposition 3.2.1, it is thus Lipschitz with respect to the
inner metric, with a Lipschitz constant independent of t. By Proposition 3.2.5 and
Lemma 3.2.4, there is a definable partition V1, . . . , Vk of D, such that the family
ξt|Vi,t is uniformly Lipschitz for every i.

Remark 3.2.8. In Proposition 3.2.7, the Lipschitz constant of the functions could
be bounded in terms of n and the angle between λ and the tangent spaces to A.

We finish this section with an easy proposition that will be of service to prove
Theorem 3.3.4. It explains that we can replace a given family of Lipschitz functions
with an increasing family of Lipschitz functions ξ1 ď ¨ ¨ ¨ ď ξk in such a way that the
union of the graphs is unchanged.

Proposition 3.2.9. Let f1, . . . , fk be definable functions on Rm ˆ Nλ, λ P Sn´1,
and let L P R. Assume that for all i ď k and for all t P Rm, the function fi,t is
L-Lipschitz. Then, there exist some definable functions ξ1, . . . , ξk on Rm ˆNλ such
that

(i) ξi,t is L-Lipschitz for all t P Rm and all i ď k.

(ii)
Ťk
i“1 Γλξi “

Ťk
i“1 Γλfi.

(iii) ξ1 ď ¨ ¨ ¨ ď ξk.

Proof. Up to an orthogonal linear mapping with may assume λ “ en. We are going
to define inductively on j some definable integer valued functions ij : RmˆRn´1 Ñ R,
j “ 1, . . . , k such that for every t P Rm and j ď k, the functions

ξj,tpxq :“ fijpt,xq,tpxq (3.2.3)
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are L-Lipschitz functions satisfying ξ1,t ď ¨ ¨ ¨ ď ξk,t. Indeed, let i1pt, xq :“ minti ď
k : fi,tpxq “ minlďk fl,tpxqu. Then, assuming that i1, . . . , ij´1 have been defined, let

ijpt, xq :“ minti P Ijpt, xq : fi,tpxq “ min
lPIjpt,xq

fl,tpxqu,

where Ijpt, xq is the set constituted by the positive integers which are not greater
than k and different from i1pt, xq, . . . , ij´1pt, xq. We clearly have ξ1,tpxq ď ¨ ¨ ¨ ď

ξk,tpxq if ξj,tpxq is defined as in (3.2.3).

Take a cell decomposition C of RmˆRn´1 such that the functions pfj,tpxq´fj1,tpxqq
have constant sign on every cell and observe that the ij’s are constant on every cell.
Consequently, they are definable.

By construction, we have
Ťk
j“1 Γξj “

Ťk
j“1 Γfj which entails that en is regular

for the graphs of the ξj’s. As a matter of fact, for each j, in order to show that ξj,t
is L-Lipschitz, it suffices to establish that the functions ξj|Ct , C P C, glue together
into a continuous function on Rn´1 for every t, which is left to the reader.

3.3 Regular systems of hypersurfaces

This section is entirely devoted to the proof of Theorem 3.1.2 which requires some
material. We first introduce our machinery of regular systems of hypersurfaces.

Notations. Let Z P Sn and λ P Sn´1, with Z Ă Nλ. If A P Sn is the graph of a
function ξ : Z Ñ R for λ, we denote by EpA, λq the subset constituted by the points
which lie “under the graph”, i.e. we set:

EpA, λq :“ tq P π´1
λ pZq : qλ ď ξpπλpqqqu. (3.3.1)

Remark 3.3.1. If A P Sm`n is such that At is the graph for λ of a function
ξt : Nλ Ñ R for every t P Rm, then EpAt, λq, t P Rm, is a definable family of sets
of Rm ˆ Rn. Indeed, regarding λ as an element of Sn`m´1 (i.e., identifying λ with
p0Rm , λq), EpA, λq is also well-defined and EpA, λqt “ EpAt, λq, for all t P Rm.

3.3.1 Regular systems of hypersurfaces

Regular systems of hypersurfaces will help us to carry out constructions inductively
on the dimension of the ambient space.
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Definition 3.3.2. Let B P Sm. A regular system of hypersurfaces of B ˆ Rn

(parametrized by B) is a finite collection H “ pHk, λkq1ďkďb with b P N, of definable
subsets Hk of B ˆ Rn and elements λk P Sn´1 such that the following properties
hold for each k ă b and every t P B:

(i) The sets Hk,t and Hk`1,t are the respective graphs for λk of two functions
ξk,t : Nλk Ñ R and ξ1k,t : Nλk Ñ R such that ξk,t ď ξ1k,t and which are C-
Lipschitz with C P R independent of t P B.

(ii) We have:
EpHk`1,t, λkq “ EpHk`1,t, λk`1q.

Let A P Sm`n. We say that H is compatible with A, if A Ă
Ťb
k“1Hk. An

extension of H is a regular system of hypersurfaces (of B ˆ Rn) compatible with
the set

Ťb
k“1Hk.

Given a positive integer k ă b, we set:

GkpHq :“ EpHk`1, λkqzintpEpHk, λkqq.

We shall write ΛkpHq for the connected component of the set

tλ P Sn´1 : λ is regular for Hk YHk`1u

which contains λk. We will see (Proposition 3.3.5 below) that the set GkpHq may
be defined using any λ P ΛkpHq (instead of λk).

We will say that another regular system H 1 coincides with H outside GkpHq
if for each j either H 1

j Ă GkpHq or there exists j1 such that H 1
j “ Hj1 .

Given a regular system H :“ pHk, λkqkďb of BˆRn and a definable set B1 Ă B, we
denote by HB1 the regular system of hypersurfaces pHk,B1 , λkq of B1 ˆ Rn, obtained
by considering the sequence of the respective restrictions to B1 of the Hk’s (see
Definition 2.1.3). We will call it the restriction to B1 of the regular system H.

Remark 3.3.3. It is always possible to assume that the GkpHqt’s are of nonempty
interior for some t. Indeed, if intpGkpHqtq “ H for all t P B, then Hk “ Hk`1 and
in this case we may remove pHk, λkq from the sequence.

Given a regular system of hypersurfaces (of B ˆ Rn, B P Sm) H, it will be
convenient to extend the notations in the following way. Set for any t P B: H0,t :“
t´8u and Hb`1,t :“ t`8u. By convention, all the elements of Sn´1 will be regular
for these two sets. We will also consider that these two sets as the respective
graphs of the two functions which take ´8 and `8 as respective constant values.
Define also λ0 :“ λ1, λb`1 :“ λb, as well as EpH0, λ0q :“ H, G0pHq :“ EpH1, λ1q,
GbpHq :“ pB ˆ RnqzintpEpHb, λbqq, as well as EpHb`1, λb`1q :“ B ˆ Rn. Remark
that now B ˆ Rn “

Ťb
k“0GkpHq.
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Theorem 3.3.4. Let A P Sm`n be such that At has empty interior for all t P Rm.
There exists a definable partition P of Rm such that for every B P P there is a
regular system of hypersurfaces of B ˆ Rn compatible with AB.

This theorem is the main ingredient of the proof of Theorem 3.1.2. It is also
one of the main technical difficulties of this book. The basic strategy of the proof
of Theorem 3.3.4 (given in section 3.3.3) relies on the following observation.

Proposition 3.3.5. Let U be a connected subset of Sn´1, λ0 P U , and let ξ : Nλ0 Ñ

R be a continuous definable function. If U is regular for X :“ Γλ0ξ then, for each
λ P U , the set X is the graph for λ of a function ξλ : Nλ Ñ R. Moreover, EpX,λq
is independent of λ P U .

Proof. Let

C :“ tλ P U : @x P Nλ, card π´1
λ pxq XX “ 1u.

We have to check that C “ U . Let λ P C and set rpλq :“ dpλ, τpXqq.

We claim that Bpλ, rpλq
3
q X U Ă C. Pick λ1 P Bpλ, rpλq

3
q X U different from λ

and set l1 “ πλpλ
1q. We have to show that the line L generated by λ1 and passing

through any x P Nλ intersects X in exactly one point. The line L is the graph for
λ of a function ηpx` tl1q “ α ¨ t with α ą 2

rpλq
(we assume α ą 0 for simplicity).

Since λ P C, the set X is the graph for λ of a function ξλ. By definition of
rpλq, |dxξ

λ| (which exists almost everywhere) is bounded by 2
rpλq

. It easily follows

from the Mean Value Theorem (see also Lemma 3.2.1 and Remark 3.2.2) that ξλ is
2

rpλq
-Lipschitz.

This implies that for t positive large enough we will have ηpx` tl1q ě ξλpx` tl1q
and ηpx´ tl1q ď ξλpx´ tl1q (since η is growing faster than ξλ). Thus, there is a point
q P πλpLq such that ξλpqq “ ηpqq, which implies that the line L cuts X. Uniqueness
of the intersection point is clear from the fact that one function is growing faster
than the other. This yields that Bpλ, rpλq

3
q X U Ă C.

We have shown that C is open in U . Let us now show that it is also closed in U .
Consider λ P U and a continuous definable arc γ in C tending to λ. Since rpγptqq

tends to rpλq which is nonzero, the ball Bpγptq, rpγptqq
3
q contains λ for t ą 0 small

enough. Hence, the closeness of C follows from the fact that Bpγptq, rpγptqq
3
qXU Ă C.

As U is connected, this yields U “ C.

It remains to check that EpX,λq is independent of λ P U . It is the closure of one
of the two connected components of the complement of X. The set X is the zero
locus of the function fpqq “ qλ0 ´ ξpπλ0pqqq. Locally, at a smooth point q of X it is
clear that EpX,λq is determined by the sign of dqfpλq. But as U is regular for X,
this function never vanishes, and consequently EpX,λq is independent of λ P U .
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Given e P Sn´1, we define a mapping rπe : Sn´1zt˘eu Ñ Sn´1 XNe by setting

rπepuq :“
πepuq

|πepuq|
. (3.3.2)

Remark 3.3.6. Let e P Sn´1 and suppose λ0 P Sn´1XNe to be regular for a subset
A Ă Ne. Since the elements of rπ´1

e pλ0q lie above the line generated by λ0, for any
positive real number a, the set

C :“ rπ´1
e pλ0q X tλ P Sn´1 : dpλ, t˘euq ě au

is regular for π´1
e pAq. Moreover, by Proposition 3.3.5, if A is the graph of a Lipschitz

function for λ0 then π´1
e pAq is the graph of a Lipschitz function for each λ P C.

Furthermore, the latter proposition also entails that in this case we have for all
λ P C:

Epπ´1
e pAq, λq “ π´1

e pEpA, λ0qq.

3.3.2 Two preliminary Lemmas

Proving Theorem 3.3.4 requires two preliminary lemmas on regular systems of hy-
persurfaces. The first one will make it possible for us to assume that the interiors
of the GkpHqt’s are connected.

Lemma 3.3.7. Let H be a regular system of hypersurfaces of B ˆ Rn, B P Sm.
There exists a definable partition P of B such that for every B1 P P, we can find an
extension pH of HB1 such that the set intpGkp pHqtq is connected for all t P B1 and all
k.

Proof. Let 1 ď k ď b ´ 1 and suppose that there is t for which intpGkpHqtq is not
connected. Apply Lemma 2.4.8 to intpGkpHqq. This provides a partition P of B.
Let B1 P P . Possibly replacing H with HB1 , we see that we can assume that the
conclusion of Lemma 2.4.8 holds for intpGkpHqq.

Let A1, . . . , Aν be the connected components of intpGkpHqq. Set A1i “ πλkpAiq
for i ď ν. For t P B1, every fiber Ai,t is of the form:

tq P A1i,t ‘ R ¨ λk : ξk,tpπλkpqqq ă qλk ă ξ1k,tpπλkpqqqu.

Clearly ξk,t “ ξ1k,t on the boundary of A1i,t. We thus may define some Lipschitz
functions ηi, 1 ď i ď ν ´ 1, as follows. We set over A1j,t, ηi,t :“ ξ1k,t, when 1 ď j ď i,
and ηi,t :“ ξk,t whenever i ă j. Extend the function ηi,t by setting ηi,t :“ ξk,t “ ξ1k,t
on NλkzπλkpintpGkpHqqq.

Since η1,t ď ¨ ¨ ¨ ď ηpν´1q,t, it suffices to
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• let pHj :“ Hj and pλj :“ λj if j ď k

• let pHj,t be the graph of ηj´k,t for λk (for every t P Rm) and pλj :“ λk for
k ` 1 ď j ď k ` ν ´ 1

• let pHj :“ Hj´ν`1 and pλj :“ λj´ν`1 if k ` ν ď j ď b` ν ´ 1.

This is clearly a regular system of hypersurfaces. Note that the intpGjp pHqq, k ď
j ă k ` ν, are the connected components of intpGkpHqq.

Lemma 3.3.8. Let H “ pHk, λkq1ďkďb be a regular system of hypersurfaces of B ˆ
Rn, B P Sm, and let j P t1, . . . , bu. Let X be a definable subset of GjpHq and
assume that λj is regular for X. Then H can be extended to a regular system of
hypersurfaces H 1 compatible with X and which coincides with H outside GjpHq.

Proof. By property piq of Definition 3.3.2, for every parameter t P B, the sets Hj,t

and Hj`1,t are the respective graphs for λj of two functions ξj,t and ξ1j,t. By Propo-
sitions 3.2.7 and 3.1.5, the definable family Xt, t P B, may be included in a finite
number of graphs for λj of definable families of functions on Nλj , say θ1,t, . . . , θν,t,
C-Lipschitz for every t P B with C P R independent of t. Furthermore, by Propo-
sition 3.2.9, these families of functions can be assumed to be totally ordered, and
satisfy ξj,t ď θi,t ď ξ1j,t, for every t. Now,

• let H 1
k :“ Hk and λ1k :“ λk whenever 1 ď k ď j,

• let H 1
k,t be the graph of θk´j,t for λj and λ1k :“ λj for j ă k ď j ` ν, t P R,

• let H 1
k :“ Hk´ν and λ1k :“ λk´ν , whenever j ` 1` ν ď k ď b` ν.

Properties piq and piiq of Definition 3.3.2 clearly hold by construction.

3.3.3 Proof of Theorem 3.3.4

The proof is divided into four steps. The strategy is to rely on Lemma 3.3.8. The
reader is invited to first glance at step 4, which was deliberately made very short
and sheds light on the reason why this lemma is helpful. The problem to get a
regular system of hypersufaces compatible with a set A using this lemma is that it
requires to already have a regular system H “ pHk, λkq1ďkďb such that λj is regular
for A X GjpHq (for all j). This fact is not granted by the system H provided by
step 1, which satisfies a slightly weaker property. We therefore shall provide (in

step 2) another system pH (see the paragraph just before step 2 for more details
on this issue) and then construct in step 3 what can be considered as a “common

refinement” of H and pH, which will be satisfying to apply Lemma 3.3.8 in step 4.
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Let A P Sm`n be such that At has empty interior for every t P Rm. Let also
η P p0, 1s and λ P Sn´1. We are actually going to prove by induction on n that, given
any such A, λ, and η, there exists a definable partition P of Rm such that for every
B P P we can find a regular system of hypersurfaces of BˆRn compatible with AB
and such that all the λk’s (see Definition 3.3.2) can be chosen in Bpλ, ηq X Sn´1.

Since the result is clear for n “ 1, we take n ě 2 and assume it to be true for
pn´ 1q. Observe that it is enough to establish the claimed statement for arbitrarily
small values of η. As explained just above, we split the induction step into 4 steps.

Step 1. There exists a globally subanalytic partition P of Rm such that for every
B P P, there is a regular system of hypersurfaces H “ pHk, λkq1ďkďb of BˆRn, with
λk P Sn´1 X Bpλ, η

2
q, such that for every k the set intpGkpHqq X AB has a regular

vector µ P Sn´1zBp˘λ, ηq.

Proof of step 1. Take e P Sn´1 such that ˘e R Bpλ, ηq. By Lemma 3.1.13, for each
σ ą 0, there are finitely many pm, σ

2
q-flat sets U1, . . . , Uω that cover A. Consider

such a partition for σ “ tν , where tν is given by Lemma 3.1.9, with ν equal to
the maximal number of connected components of π´1

e pxq X At, pt, xq P Rm ˆ Ne.
Changing η, we may assume that η ď tν

4
.

Take a cell decomposition of RmˆNe (identify RmˆNe with RmˆRn´1) which
is compatible with the πepUiq, i ď ω, and denote by pWiqiPI the collection of the
cells of this cell decomposition that are open (in Rm ˆNe).

Since the set At has empty interior for each t P Rm, the set AtXπ
´1
e pWi,tq is (for

each i P I and t), above Wi,t, the union of at most ν (possibly 0) graphs for e of
continuous functions (not necessarily Lipschitz).

Choose η1 ą 0 such that we have in Sn´1 XNe:

Bprπepλq, η
1
q Ă rπepBpλ,

η

2
qq. (3.3.3)

Apply the induction hypothesis (identify RmˆNe with RmˆRn´1) to the families
pδWi,tqtPRm to get a partition P . Fix B P P . There is a regular system of BˆRn´1,
H “ pHk, λkqkďb, such that all the λk’s belong to Bprπepλq, η

1q.

By Lemma 3.3.7, up to a refinement of the partition, we may assume that each
intpGkpHqtq is connected for all t P B. We may also assume these sets to be of
nonempty interior for some t (see Remark 3.3.3). Up to an extra refinement, we
may assume that it happens for all t P B (by Lemma 2.4.8).

We claim that for each j and k and for every t, either intpGkpHqtq is disjoint from
Wj,t or intpGkpHqtq Ă Wj,t. To see this, observe that, as H is compatible with the
δWj,t’s, all the sets Wj,tXintpGkpHqtq are open and of empty (topological) boundary
in intpGkpHqtq, for each t. Hence, if nonempty, these are connected components of
intpGkpHqtq. But, as intpGkpHqtq is connected, this entails that Wj,tX intpGkpHqtq
is either the empty set or intpGkpHqtq itself, as claimed.
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As the Wi,t’s are disjoint from each other, for each k there is a unique i such that
intpGkpHqtq Ă Wi,t. After a possible refinement of the partition P , we can assume
that for each k, intpGkpHqtq meets the same Wi,t for all t, i.e. that for every B P P ,
i depends only on k and not on t P B.

We turn to define the regular system H claimed in step 1. For 1 ď k ď b, let:

Hk :“ π´1
e pHkq.

Since λk P Bprπepλq, η
1q, by (3.3.3), we have λk P rπepBpλ,

η
2
qq. Choose some

λk P rπ
´1
e pλkq XBpλ, η

2
q.

As λk P Bpλ, η
2
q for all k and neither e nor ´e belongs to Bpλ, ηq we have:

dpλk,˘eq ě
η

2
, @ k ď b.

As a matter of fact, by Remark 3.3.6, as H fulfills conditions piq and piiq of Definition
3.3.2, these conditions are also fulfilled by H :“ pHk, λkqkďb.

By Lemma 3.1.9 and our choice of σ, for all k, the set AB X intpGkpHqq is
the union of finitely many definable sets having a common regular element µ P Sn´1

(since we have seen that each intpGkpHqtq is included in Wj,t for some j independent
of t P B). Moving slightly µ, we may assume that dpµ,˘λq ě η (we have assumed
η ď tν

4
). This completes the proof of the first step.

The desired partition of Rm will be obtained after finitely many refinements of
the partition P . Clearly, it is enough to prove the result for all the sets AB, B P P .
We thus can fix B in P and identify A and AB in the next steps below. We will
therefore no longer mention below the partition P , working with A (instead of AB).
For simplicity, we will not indicate either the partitions of the parameter space Rm

resulting from the successive refinements of P .

The flaw of the first step is that the regular vector µ that we get for GkpHq XA
might not be in ΛkpHq. If it belongs to this set, Proposition 3.3.5 and Lemma 3.3.8
suffice to conclude (see step 4). Had the vector e (used in step 1) been regular for
A, we could have required µ P ΛkpHq in step 1, using Lemma 3.3.9 below in the

same way as we will do in step 2 to construct pH by means of πµ (see assumption
(3.3.5)). One could therefore think that not much was achieved so far as we need
a regular vector to carry out our construction and finding a regular vector is all
our purpose. However, since we can focus on the sets A XGppHq, which all have a
regular vector (provided by step 1), by repeating in step 2 the construction of the
first step (replacing e with µ and making use of Lemma 3.3.9), we will get a system

p pHk, pλkqkďpb with pλk P ΛppHq regular for GppHqXGkp pHqXA, for each fixed p ď b. It
will then remain to find (in step 3, see the paragraph before step 3 for more details)

a common extension of H and pH, obtained at step 1 and 2 respectively.
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Step 2. Fix p ď b. There exists a regular system of hypersurfaces pH “ p pHk, pλkqkďpb
such that for every k, pλk P ΛppHq XBpλ, ηq and is regular for GppHq XGkp pHq XA.

Proof of step 2. Note that as λp is regular for the set Hp YHp`1, there exists r ą 0
such that Bpλp, rq is regular for Hp YHp`1. Taking r smaller if necessary, we may
assume that r ď η

4
.

Let r1 ą 0 be such that we have in Sn´1 XNµ (µ being provided by step 1):

Bprπµpλpq, r
1
q Ă rπµpBpλp,

r

2
qq. (3.3.4)

To complete the proof of step 2, we need a lemma.

Lemma 3.3.9. Let l in Sn´1, 0 ă r ď 1, and κ P N. Let C be a subset of Gn and
µ P Sn´1 such that

dpµ,Cq ą 0. (3.3.5)

There exists α ą 0 such that for any P1, . . . , Pκ in C and any y P rπµpBpl,
r
2
qq there

exists pλ P Bpl, rq X rπ´1
µ pyq such that:

dp pλ,
κ
ď

i“1

Piq ě α.

The proof of this lemma is postponed. We first see why it is enough to carry out
the proof of step 2. Let κ ě 1 be the maximal number of connected components
of A X GppHq X π´1

µ pxq, x P Nµ. Applying this lemma with this integer κ, with
C “

Ť

tPB τpAt XGppHqtq and l “ λp, we get a positive constant α.

By Lemma 3.1.13, we can cover pGppHqt X AtqtPRm by α
2
-flats families, say

U 11,t, . . . , U
1
ω1,t, ω

1 P N. Take a cell decomposition pW 1
i qiPI 1 of Rm ˆ Nµ (identify

Rm ˆNµ with Rm ˆ Rn´1) which is compatible with the πµpU
1
iq, i ď ω1.

For any i P I 1 the family π´1
µ pW

1
i,tq XGppHqt XAt, t P B, is thus included in the

union of no more than κ α
2
-flat families. Lemma 3.3.9 therefore implies that for any

i P I 1 and any y P rπµpBpλp,
r
2
qq, there exists pλ P Bpλp, rq X rπ´1

µ pyq such that for any
t P B:

d
`

pλ , τpπ´1
µ pW

1
i,tq XGppHqt X Atq

˘

ě
α

2
. (3.3.6)

Apply the induction hypothesis to get a regular system of hypersurfaces H2 “

pH2
k , λ

2
kqkďb2 of B ˆNµ (identify Nµ with Rn´1, up to a refinement of the partition

P) compatible with the δW 1
i,t’s. Do it in such a way that all the λ2k are elements of

Bprπµpλpq, r
1q (where r1 is given by (3.3.4)).

Define now:
pHk,t :“ π´1

µ pH
2
k,tq. (3.3.7)
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The compatibility with the families δW 1
i,t implies that every intpGkpH

2qqt is
included in W 1

i,t for some i (possibly refining the partition of the parameter space),
by the same argument as the one we used in step 1 for GkpHq and the partition
pWiqiPI .

As a matter of fact, according to (3.3.6) for y “ λ2k, we know that for every

integer k ď b2 there exists pλk P Bpλp, rq X rπ´1
µ pλ

2
kq such that for any t P B:

d
`

pλk , τpπ
´1
µ pintpGkpH

2
qtqq XGppHqt X Atq

˘

ě
α

2
. (3.3.8)

Let us check that pH :“ p pHk, pλkqkďpb (where pb :“ b2q is the desired regular system
of hypersurfaces. For this purpose, observe that, since neither µ nor ´µ belongs
to Bpλ, ηq, we have for each k (recall that r ď η

4
and λp P Bpλ, η

2
q, as well as

pλk P Bpλp, rq):

dppλk,˘µq ě r.

By Remark 3.3.6, as pλk P rπ´1
µ pλ

2
kq, this implies that the family pH fulfills the

conditions of Definition 3.3.2.

Furthermore, as Bpλp, rq Ă Bpλ, ηq (since r ď η
4

and λp P Bpλ, η
2
q), all the pλk’s

belong to Bpλ, ηq. Note also that as Bpλp, rq is regular for HpYHp`1, the vector pλk
belongs to ΛppHq. This completes the proof of the second step.

The inconvenience of step 2 (we would like to apply Lemma 3.3.8, see step 4) is

that the provided vector is regular for AXGppHqXGkp pHq (instead of AXGkp pHq). If
pH were an extension of the family H constructed in step 1, this would be no problem
since in this case we would have Gkp pHq Ă GppHq (or intpGkp pHqqXintpGppHqq “ H).

Thus, we will have to find a common extension rH of H and pH given by steps 1 and
2 respectively. This is what is carried out in the proof of step 3.

Step 3. Fix p ď b. There exists an extension rH “ p rHk, rλkqkďrb of H which coincides

with H outside GppHq, and such that for each k, rλk belongs to Bpλ, ηq and is regular

for AXGkp rHq XGppHq.

Proof of step 3. Let pH be the regular system given by step 2 and let k ď pb be
an integer. Because pλk P ΛppHq, by Proposition 3.3.5, the sets Hp and Hp`1 are

respectively the graphs for pλk of two functions ζk and ζ 1k. Moreover, the set pHk is

also the graph for pλk of a function pξk. Define:

θk :“ minpmaxpζk, pξkq, ζ
1
kq

in order to get a function whose graph for pλk is included in GppHq. Now we define

the desired regular family p rHk, rλkq1ďkďrb as follows.
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• Let rHk :“ Hk and rλk :“ λk if k ă p.

• Let rHp :“ Hp and rλp :“ pλ1.

• Let rHk be the graph of θk´p for pλk´p, and let rλk :“ pλk´p, whenever p ` 1 ď

k ď p`pb.

• And finally let rHk :“ Hk´pb and rλk :“ λk´pb if p`pb` 1 ď k ď b`pb.

Let us check that properties piq and piiq of Definition 3.3.2 hold for the family
rH. For k ă p ´ 1, or k ě p `pb ` 1, the result is clear since the family rH is indeed
the family H (after renumbering).

For k “ p ´ 1, properties piq and piiq for rH follow from piq and piiq for H and

Proposition 3.3.5 since we have assumed pλ1 P ΛppHq.

It remains to check piq and piiq for rHk`p, with 0 ď k ď pb. We start with piq. By

piq for pH, the set pHk`1 is the graph for pλk of a function pξ1k such that pξk ď pξ1k. Define
now:

θ1k “ minpmaxpζk, pξ
1
kq, ζ

1
kq.

Claim. The graph of θ1k for pλk is that of θk`1 for pλk`1.

To see this, note that the graph of θ1k (resp. θk`1) for pλk (resp. pλk`1) matches

with pHk`1 over EpHp`1, pλkqzEpHp, pλkq (resp. pλk`1). But, by Proposition 3.3.5,

the sets EpHp, lq and EpHp`1, lq do not depend on l P ΛppHq. As pλk and pλk`1 both
belong to ΛppHq, this already shows that the two graphs involved in the above claim
match over intpGppHqq.

The graph of θ1k (resp. θk`1) for pλk (resp. pλk`1) is also constituted by the

points of HpzintpEp pHk`1, pλkqq (resp. pλk`1) on the one hand and by the points of

Hp`1XEp pHk`1, pλkq (resp. pλk`1) on the other hand. By piiq for pH, the claim ensues.

This claim proves that rHp`k`1, which is by definition the graph of θk`1 for pλk`1,

is indeed also the graph of θ1k for pλk. Therefore, to check piq (for rHk`p, k ď pb),

we just have to prove that θk ď θ1k. But, as pξk ď pξ1k, this comes down from the
respective definitions of θ1k and θk.

Let us check property piiq for rHk`p, for k ď pb. Observe first that if k “ pb, it is

then a consequence of Proposition 3.3.5, since we have assumed that pλk belongs to
ΛppHq.

Let now k be such that 0 ď k ď pb´ 1. First note that by piiq for pH we have:

Ep pHk`1, pλkq “ Ep pHk`1, pλk`1q.
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But, Ep rHk`p`1, pλkq (resp. pλk`1) is constituted by the points of EpHp, pλkq (resp.
pλk`1) together with the points of EpHp`1, pλkq X Ep pHk`1, pλkq (resp. pλk`1). As pλk`1

and pλk both belong to ΛppHq, this establishes piiq for rH.

To complete the proof of step 3, it remains to make sure that for every k ď b̂ the
vector rλk`p is regular for Gk`pp rHq X GppHq X A. By definition, we have rλp “ pλ1,
rλk`p “ pλk for 1 ď k ď pb, and:

Gk`pp rHq Ă Gkp pHq XGppHq, (3.3.9)

for each 0 ď k ď pb.

As for any k the vector pλk is regular for A X Gkp pHq X GppHq (see step 2), this

implies that for each k ď pb, the vector rλk`p is regular for A X Gk`pp rHq. This
completes the proof of the third step.

Step 4. There is a regular system of hypersurfaces compatible with A and having
the extra property required in our induction assumption.

Proof of step 4. By Lemma 3.3.8 (applied prb ` 1q times to rH of step 3), we may

extend rH to a family compatible with the set

GppHq X

rb
ď

k“0

Gkp rHq X A “ GppHq X A.

Since the resulting extension of rH is an extension of H ( rH being itself an exten-
sion ofH) which coincides withH outsideGppHq, we may carry out this construction
on all the GppHq’s successively. This provides the desired regular system.

It remains to prove Lemma 3.3.9. The lemma below describes a property of rπµ
that we need for this purpose.

Lemma 3.3.10. Let µ P Sn´1, T P Gn, and x P T . If v P Sn´1 is tangent at x to
the curve rπ´1

µ prπµpxqq then we have:

dpµ, T q ď dpv, T q.

Proof. Let w be the vector of T which realizes dpv, T q. Remark that the vectors
x, µ, and v are in the same two dimensional vector space. Moreover px, vq is an
orthonormal basis of this plane. Write µ “ αx ` βv with α2 ` β2 “ 1. Then, as x
and w both belong to T we have

dpµ, T q ď |µ´ pαx` βwq| “ |β| ¨ |v ´ w| ď dpv, T q.
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Proof of Lemma 3.3.9. We will work up to a (“projective”) coordinate system of
Sn´1 defined as follows. Let U`i (resp. U´i ) denote

tx P Sn´1 : xi ě εu

(resp. xi ď ´ε) with ε ą 0. Define then hi : U`i Ñ Rn´1 (resp. gi : U´i Ñ Rn´1) by

hipx1, . . . , xnq “ p
x1
xi
, . . . , pxi

xi
, . . . , xn

xi
q (resp. gipx1, . . . , xnq, here the pmeans the term

is omitted). We can assume that Bpl, rq entirely fits in one single U`i or U´i , say
U`i (up to a linear change of coordinate of Rn).

Through such a chart, the elements Sn´1 X T , T P C, will be identified with
their respective images, which are affine subspaces of Rn´1. The set Sn´1 XNµ also
becomes an affine subspace ∆, and rπµ an orthogonal projection along a line, say
L. We denote by π this projection. By Lemma 3.3.10 and hypothesis (3.3.5), there
exists u ą 0 such that for all T P C:

=pL, T q ě u, (3.3.10)

(the angle between affine spaces is defined as the angle between the associated vector
spaces).

We have to find α ą 0 such that for any P1, . . . , Pκ in C and any y P πphipBpl,
r
2
qqq

there exists pλ P hipBpl, rqq X π
´1pyq such that:

dp pλ,
κ
ď

i“1

Piq ě α. (3.3.11)

For any y P πphipBpl,
r
2
qqq, the length of π´1pyq X hipBpl, rqq is bounded below

away from zero by a strictly positive real number α0 (hi is bi-Lipschitz).

It is an easy exercise of elementary geometry to derive from (3.3.10) that for any
α ą 0 the set tx P π´1pyq : dpx, T q ď αu is a segment of length not greater than 2α

u
,

for all T P C and y P ∆.

Let α :“ α0u
4κ

. By the preceding paragraph, we see that if (3.3.11) failed for some
y P πphipBpl,

r
2
qqq, we could cover π´1pyq X hipBpl, rqq by κ segments of length not

greater than α0

2κ
. This contradicts the fact that the length of π´1pyq X hipBpl, rqq is

not less than α0.

3.3.4 Proof of Theorem 3.1.2

By Theorem 3.3.4, there is a definable partition P of Rm such that for every B P P
there exists a regular system of hypersurfaces compatible with AB. Fix B P P and
such a regular system of hypersurfaces H “ pHk, λkq1ďkďb.
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For each t P B, we shall define the desired definable mapping ht over EpHk,t, λkq
by induction on k, in such a way that for all t P B

htpEpHk,t, λkqq “ EpFk,t, enq,

where Fk,t is the graph for en of ηk,t : Rn´1 Ñ R, with pηk,tqtPB uniformly Lipschitz
definable family of functions.

For k “ 1, choose an orthonormal basis of Nλ1 and set htpqq :“ pxλ1 , qλ1q, where
xλ1 stands for the coordinates of πλ1pqq in this basis.

Let now k ě 1. By piq of Definition 3.3.2, for any t P B the sets Hk,t and
Hk`1,t are the respective graphs for λk of two functions ξk,t and ξ1k,t. For q P
EpHk`1,t, λkqzEpHk,t, λkq, extend ht by defining htpqq as the element:

ht
`

πλkpqq ` ξk,tpπλkpqqq ¨ λk
˘

`
`

qλk ´ ξk,tpπλkpqqq
˘

en.

Thanks to the property piiq of Definition 3.3.2, we have:

EpHk`1,t, λk`1q “ EpHk`1,t, λkq,

and hence ht is actually defined over EpHk`1,t, λk`1q. Since ξk,t is C-Lipschitz with
C independent of t, the ht’s constitute a uniformly bi-Lipschitz family of homeo-
morphisms. Note also that the image of ht is EpFk`1,t, enq, where Fk`1,t is the graph
(for en) of the uniformly Lipschitz family of functions:

ηk`1,tpxq :“ ηk,tpxq ` pξ
1
k,t ´ ξk,tq ˝ πλk ˝ h

´1
t px, ηk,tpxqq,

for pt, xq P B ˆ Rn´1. This completes the induction step, giving ht over EpHb,t, λbq.
To extend ht to the whole of Rn do it similarly as in the case k “ 1.

3.4 Regular vectors and set germs

For R positive real number and n ą 1 we set

CnpRq :“ tpt, xq P r0,`8q ˆ Rn´1 : |x| ď Rtu.

We also set C1pRq :“ r0,`8q. Given X Ă Rn, let

X̌ :“ tpt, xq P RˆX : t “ |x|u,

which is a subset of Cn`1p1q.

Our purpose is to show Proposition 3.4.3, which is an improvement of Corollary
3.1.4 asserting that, in the case of germs of subsets of CnpRq, the provided home-
omorphism may be required to preserve the first coordinate in the canonical basis
(Proposition 3.4.3).
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Definition 3.4.1. Let A,B Ă Rn. A definable map h : A Ñ B is vertical if it
preserves the first coordinate in the canonical basis of Rn, i.e. if for any t P R,
πphpt, xqq “ t, for all x P At, where π : Rn Ñ R is the orthogonal projection onto
the first coordinate.

We start with a preliminary lemma which is of its own interest. We use the
notation fptq ! gptq to express that fptq ď gptqφptq, for some function φ tending to
zero as t goes to zero.

Lemma 3.4.2. Let h : pX, 0q Ñ pCnpRq, 0q be a germ of vertical definable map,
with X Ă CnpR1q, for some R and R1. If phtqtPR is uniformly Lipschitz then h is a
Lipschitz map germ.

Proof. Suppose that h fails to be Lipschitz. Then, by Curve Selection Lemma
(Lemma 2.3.3), we can find two Puiseux arcs in X, say pptq and qptq, tending to
zero along which:

|pptq ´ qptq| ! |hppptqq ´ hpqptqq|. (3.4.1)

We may assume that pptq (and so hppptqq) is parametrized by its first coordinate
(since the first coordinate of pptq induces a homeomorphism from a right-hand-side
neighborhood of zero in R onto a right-hand-side neighborhood of zero in R), i.e.
we may assume pptq “ pt, p2ptq, . . . , pnptqq.

As pptq and hppptqq are definable arcs in CnpR1q and CnpRq respectively, we have:

|hppptqq ´ hpppt1qq| „ |t´ t1| ď |pptq ´ qptq| (3.4.2)

and
|pptq ´ ppt1q| „ |t´ t1| ď |pptq ´ qptq|, (3.4.3)

where t1 denotes the first coordinate of qptq.

Therefore, we can easily derive from (3.4.1), (3.4.2), and (3.4.3):

|hppptqq ´ hpqptqq| „ |hpppt1qq ´ hpqptqq| „ |ppt1q ´ qptq| À |pptq ´ qptq|,

in contradiction with (3.4.1).

Proposition 3.4.3. Let X be the germ at 0 of a definable subset of CnpRq (for
some R) of empty interior. There exists a germ of vertical bi-Lipschitz definable
homeomorphism (onto its image) H : pCnpRq, 0q Ñ pCnpRq, 0q such that en is regular
for HpXq.

Proof. We denote by e1, . . . , en the canonical basis of Rn and by e11, . . . , e
1
n´1 the

canonical basis of Rn´1 (so that en “ p0, e1n´1q). Apply Theorem 3.1.2 to X, re-
garded as a family of R ˆ Rn´1. This provides a uniformly bi-Lipschitz family of
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homeomorphisms ht : Rn´1 Ñ Rn´1, t P p0, εq, such that e1n´1 is regular for the fam-
ily phtpXqqtPR. Up to a family of translations, we may assume that hpt, 0q ” 0, which
implies that H : pRn, 0q Ñ pRn, 0q, pt, xq ÞÑ pt, htpxqq, maps CnpRq into CnpR1q for
some R1 (and up to a family of homothetic transformation we may assume R “ R1).
By Lemma 3.4.2, the map-germ H is bi-Lipschitz near the origin.

We now have to check that en is regular for the germ of the definable set Y :“
HpXq. Suppose not. Then, by Curve Selection Lemma (Lemma 2.3.3), there exists
a definable arc γ : r0, εs Ñ Yreg with γp0q “ 0 and en P τ :“ limtÑ0 TγptqYreg.
But, as e1n´1 is regular for the family pYtqtPr0,εs, we have e1n´1 R limtÑ0 Tγ̃ptqYγ1ptq, if
γptq “ pγ1ptq, γ̃ptqq P Rˆ Rn´1. This implies that:

τ XNe1 ‰ lim
tÑ0
pTγptqYreg XNe1q

(since the latter does not contains the vector en “ p0, e
1
n´1q while the former does).

Hence, τ cannot be transverse to Ne1 (since otherwise the intersection with the limit
would be the limit of the intersection) which means that e1 is orthogonal to τ . This

implies that the limit vector limtÑ0
γptq
|γptq|

“ limtÑ0
γ1ptq
|γ1ptq|

P τ is orthogonal to e1, from
which we can conclude

lim
tÑ0

γ1ptq

|γptq|
“ 0,

in contradiction with γptq P CnpRq.

Historical notes. Theorem 3.1.2 was proved by the author in [Val1]. The notion
of regular system of hypersurfaces was also introduced in this article in order to prove
this theorem. The local version of the result achieved in section 3.4 was proved in
[Val2]. The notion of regular vector and the results achieved in sections 3.1 and 3.2
were however already present in the earlier works of K. Kurdyka, A.Parusiński, and
T. Mostowski [Kur, P94a, M, Kur-Par].
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Chapter 4

Metric triangulations

Some preliminary definitions. A simplex of Rn of dimension k is the convex
hull of pk` 1q affine independent (i.e., not contained in an affine space of dimension
pk ´ 1q) elements u0, . . . , uk of Rn. We say that tu0, . . . , uku generates σ.

A face of σ is then a simplex σ1 generated by a subset of tu0, . . . , uku. A face
τ of σ which is different from σ (i.e., whose dimension is strictly smaller than the
dimension of σ) is called a proper face.

An open simplex is a simplex from which the proper faces have been deleted,
i.e., the open simplex σ1 resulting from the simplex σ is σzYtτ : τ proper face of σu.
Note that clpσ1q “ σ, which means that the closure of an open simplex is a simplex.

A simplicial complex K of Rn is a finite collection of open simplices of Rn

such that for any σ1 and σ2 in K, the set clpσ1q X clpσ2q is a common face of clpσ1q

and clpσ2q
1. We denote by |K| the polyhedron of K which is the set constituted

by the union of all the elements of K.

A triangulation of a set X P Sn is a globally subanalytic homeomorphism
Ψ : |K| Ñ X, with K simplicial complex of Rn.

4.1 Metric triangulations

Basic idea. We are going to define a notion of triangulation adapted to the study
of Lipschitz geometry. A metric triangulation will be a homeomorphism from a
simplicial complex onto the given set, which means that it will be a triangulation in
the usual meaning. Of course, the distances are modified by such a homeomorphism.
We shall require that over each simplex the distances are preserved up to “some
contractions”.

1It should be emphasized that our notion of simplicial complex is slightly different from the
usual one since we take open simplices.

91
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All these contractions will be characterized by finitely many iterations of sums,
products, and powers of distance to the faces. Such functions will be called stan-
dard simplicial functions. Indeed, Definition 4.1.2 will involve standard simplicial
functions over σ ˆ σ, depending on two variables q and q1 in σ. These functions are
such combinations of distance functions dpq, τq and dpq1, τq, τ proper face of σ.

What is important is that two sets having the same metric triangulation (with
same coordinates systems and equivalent contraction functions) will be definably
bi-Lipschitz homeomorphic (see Proposition 4.1.3).

The definition. It will not be possible to express the contractions along the direc-
tions of the canonical basis. The reason is that this kind of mappings alter not only
distances, but also angles. Hence, we first introduce the concept of tame system of
coordinates along which the contractions will apply.

Definition 4.1.1. Let σ be an open simplex of Rn and denote by πi : Rn Ñ Ri the
canonical projection.

A tame system of coordinates of σ is a mapping µ : σ Ñ r0, 1sn, µ “
pµ1, . . . , µnq, which is a homeomorphism onto its image of the following form for
q “ pq1, . . . , qnq P σ and i P t1, . . . , nu:

µipqq “

#

qi´ζipπi´1pqqq
ζ1ipπi´1pqqq´ζipπi´1pqqq

if ζi ă ζ 1i

0 whenever ζi “ ζ 1i on πi´1pσq,
(4.1.1)

where ζi and ζ 1i are linear functions on πi´1pσq satisfying for all q P σ

ζipπi´1pqqq ď qi ď ζ 1ipπi´1pqqq.

A standard simplicial function on σ is a function given by the quotient of
two finite sums of products of powers (always rational powers) of distances to faces
of σ.

We will also consider standard simplicial functions which will depend on two
variables q P σ and q1 P σ. These will be the functions that can be expressed
by a quotient of finite sums of (rational) powers of products of functions of type
σ Q q ÞÑ dpq, τq and σ Q q1 ÞÑ dpq1, τq, τ proper face of σ. We will call them
standard simplicial functions on σ ˆ σ (standard simplicial functions on σ ˆ σ
are actually just needed if we triangulate unbounded sets, see Remark 4.1.8).

Definition 4.1.2. Let X P Sn. A metric triangulation of X is a triangulation
Ψ : |K| Ñ X of X such that for every σ P K there exist ϕσ,1 , . . . , ϕσ,n, standard
simplicial functions on σ ˆ σ satisfying for any q and q1 in σ:

|Ψpqq ´Ψpq1q| „
n
ÿ

i“1

ϕσ,ipq, q
1
q ¨ |µσ,ipqq ´ µσ,ipq

1
q|, (4.1.2)
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with µσ :“ pµσ,1, . . . , µσ,nq tame system of coordinates of σ.

The functions ϕi,σ are then called the contraction functions of the metric
triangulation Ψ.

Given some subsets X1, . . . , Xk of X, we say that a metric triangulation h :
|K| Ñ X is compatible with X1, . . . , Xk if each Ψ´1pXiq is the union of some
elements of K.

Somehow, if Ψ : |K| Ñ Rn is a metric triangulation, the contractions provide an
estimate of the eigenvalues of dqΨpdqΨq

t, and the tame coordinate axes an estimate
of the corresponding eigenvectors.

Let us make more precise the extent to which the metric structure of the set is
captured by the triangulation by stating the following immediate proposition which,
roughly speaking, yields that two subsets having the same metric triangulation are
definably bi-Lipschitz homeomorphic:

Proposition 4.1.3. Let X1 and X2 in Sn and let Ψ1 : |K| Ñ Rn and Ψ2 : |K| Ñ
Rn respectively be metric triangulations of X1 and X2. Assume that Ψ1 and Ψ2

have the same contraction functions ϕi,σ and the same tame systems of coordinates
pµσ,1, . . . , µσ,nq on every simplex σ P K. Then Ψ2Ψ´1

1 induces a bi-Lipschitz homeo-
morphism from X1 to X2.

Proof. This follows from (4.1.2) for both Ψ1 and Ψ2.

We are going to construct such a triangulation for any given globally subanalytic
set.

Theorem 4.1.4. Every globally subanalytic set X admits a metric triangulation.
This triangulation may be required to be compatible with finitely many given globally
subanalytic subsets of X.

The proof of this theorem requires two preliminary lemmas which will also be
used in the proof of Theorem 4.2.2.

Two preliminary lemmas. The Preparation Theorem (Theorem 1.8.2) makes
it possible to estimate the growth of a globally subanalytic function by means of a
product of powers of distance functions to globally subanalytic subsets, which is the
purpose of the first lemma.

Lemma 4.1.5. Let ξ : Rm`n Ñ R be a definable nonnegative function. There exist
some definable subsets of Rm`n, say W1, . . . ,Wk, and a definable partition P of
Rm`n such that for any V P P there are some rational numbers α1, . . . , αk such that
for each t P Rm we have on Vt Ă Rn:

ξtpxq „ dpx,W1,tq
α1 ¨ ¨ ¨ dpx,Wk,tq

αk . (4.1.3)
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Proof. We prove it by induction on n. For n “ 1, the result follows from the
Preparation Theorem (Theorem 1.8.2).

Let n ě 2 and assume that the proposition is true for pn´ 1q. Let λ1, . . . , λN be
the elements of Sn´1 given by Proposition 3.1.14.

For each i, applying the Preparation Theorem to ξ ˝Λi : Rm`n Ñ R, where Λi is
an orthogonal linear mapping of Rm`n sending p0Rm , enq onto p0Rm , λiq and preserv-
ing the m first coordinates (below, we sometimes regard Λi as a transformation of
Rn), we obtain a partition of Rm`n. The images of all the elements of this partition
under the map Λi provide a new partition of Rm`n, denoted by Pi. Let pVjqjPJ be
a common refinement of the Pi’s. Applying Proposition 3.1.14 to the finite family
constituted by all the sets of the partition pVjqjPJ , we get a partition Σ of Rm`n into
cells.

Let E P Σ be an open cell. By construction and Proposition 3.1.14, there is
i ď N such that λi is regular for δE. It means that en is regular for the family
pΛ´1

i pδEqtqtPRm . Hence, it follows from Proposition 3.2.7 that there is a partition
QE of Λ´1

i pclpEqq into cells, such that each element C is either the graph of a
uniformly Lipschitz family of functions or a set of the form

C “ tpz, yq P B ˆ R : η1pzq ă y ă η2pzqu, (4.1.4)

with B P Sm`n´1 and η1 ă η2 definable functions on B such that pη1,tqtPRm and
pη2,tqtPRm are uniformly Lipschitz.

Observe that it suffices to show the desired statement for the restriction to each
cell C P QE of the family of functions ξt ˝ Λi, t P Rm. For the elements C of the
partition QE which are graphs of some uniformly Lipschitz family of functions, one
may easily deduce the result from the induction hypothesis.

Fix thus a cell C Ă Λ´1
i pEq as in (4.1.4). There is j such that C Ă Λ´1

i pVjq. As
by construction ξt ˝Λi is reduced on C, there are r P Q and some functions a and θ
on the basis B of C such that for x “ px̃, xnq P Ct, t P Rm, we have:

ξt ˝ Λipxq „ atpx̃q|xn ´ θtpx̃q|
r.

Thanks to the induction hypothesis we thus only have to check the result for the
function |xn ´ θtpx̃q|.

As Γθ X C “ H, we can assume for every pt, x̃q P B, either θtpx̃q ď η1,tpx̃q or
θtpx̃q ě η2,tpx̃q. Suppose for instance that θtpx̃q ď η1,tpx̃q. Writing for t P suppmpCq
and x “ px̃, xnq P Ct:

xn ´ θtpx̃q “ pxn ´ η1,tpx̃qq ` pη1,tpx̃q ´ θtpx̃qq,

we see that (up to a partition of C we may assume that the terms of the right-hand-
side are comparable) |xn ´ θtpx̃q| is „ either to |xn ´ η1,tpx̃q| or to |η1,tpx̃q ´ θtpx̃q|.
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For the latter functions, since they are pn ´ 1q-variable functions, the desired
result is a consequence of the induction hypothesis. Moreover, since η1,t is Lipschitz,
|xn ´ η1,tpx̃q| is „ to the distance to the graph of η1,t for every t. This shows the
result for the given cell C.

Remark 4.1.6. The constants of the equivalence in the above lemma depend on t.
However, the family of exponents α1, . . . , αk just depends on V P P .

It is also worthy of notice that the arguments of the proof of the above lemma
may be used to establish the following variation of the Preparation Theorem: given
a definable function ξ : A Ñ R, there is a cell decomposition compatible with A
such that for every cell C Ă A, up to some linear change of coordinates, the function
ξ is reduced with some L-translation θC that has bounded first derivative.

The second result we shall use in the proof of Theorem 4.1.4 is an elementary
fact about families of functions that will help us to refine partitions.

Lemma 4.1.7. Given some definable Lipschitz functions c1, . . . , ck on Rn´1, we can
find some definable Lipschitz functions ξ1 ď ¨ ¨ ¨ ď ξl on Rn´1 and a cell decomposi-
tion D of Rn´1 such that for every D P D, the collection of functions

c1px̃q, . . . , ckpx̃q, |xn ´ c1px̃q|, . . . , |xn ´ ckpx̃q|

(for px̃, xnq P D Ă Rn´1ˆR) is totally ordered on pξi|D, ξi`1|Dq for every i P t0, . . . , lu
(with ξ0 ” ´8 and ξl`1 ” 8).

Proof. Take a cell decomposition D of Rn´1 compatible with the sets Zij :“ tz P
Rn´1 : cipzq ď cjpzqu. Apply Proposition 3.2.9 (with λ :“ en and m :“ 0) to the
family constituted by the functions ci, ci` cj, ci´ cj, and ci`cj

2
, i, j P t1, . . . , ku, and

let ξ1 ď ¨ ¨ ¨ ď ξl denote the resulting family of Lipschitz functions.

To check that it has the required property fix a cell D of D and observe that the
compatibility of D with the set Zij entails that the ci’s are comparable with each
other on Ep :“ pξp|D, ξp`1,|Dq, for all p (with ξ0 ” ´8 and ξp`1 ” 8). Moreover,
since the graphs of the ci’s are included in the union of the graphs of the ξi’s, the
function pxn´ cipx̃qq has constant sign on Ep, for each i and each p. If, for instance,
pxn ´ cipx̃qq ą 0 and pxn ´ cjpx̃qq ă 0 on Ep, since

pxn ´ cipx̃qq ´ pcjpx̃q ´ xnq “ 2pxn ´
ci ` cj

2
q,

we see that the inclusion Γ ci`cj
2

Ă
Ťl
i“1 Γξi entails that |xn ´ cipx̃q| and |xn ´ cjpx̃q|

are comparable with each other on Ep, for all p. The inclusion of the graphs of the

functions pci ` cjq and pci ´ cjq in
Ťl
i“1 Γξi can of course be used analogously to

prove that ci is comparable with the functions pxn ´ cjpx̃qq on Ep for all p, i, and
j.



96 CHAPTER 4. METRIC TRIANGULATIONS

proof of Theorem 4.1.4. We shall actually prove by induction on n the following
stronger statements:

pHnq. Let A1, . . . , Aµ in Sn and let η1, . . . , ηl be some definable nonnegative functions
on Rn. There is a metric triangulation of Rn compatible with A1, . . . , Aµ, say Ψ :
|K| Ñ Rn, such that for each simplex σ P K and all i “ 1, . . . , l, the function ηi ˝Ψ|σ

is „ to a standard simplicial function on σ.

For n “ 0 the result is clear. Take n P N positive, assume that the desired result
holds true for pn´1q, and fix A1, . . . , Aµ in Sn as well as some definable nonnegative
functions η1, . . . , ηl on Rn. We denote by π : Rn Ñ Rn´1 the canonical projection
omitting the last coordinate.

By Lemma 4.1.5 (applied with no parameter t) there is a definable partition P
of Rn and some definable subsets W1, . . . ,Wk of Rn such that for every C P P and
for each i, we can find some rational numbers r1, . . . , rk such that for x P C:

ηipxq „ dpx,W1q
r1 ¨ ¨ ¨ dpx,Wkq

rk . (4.1.5)

Corollary 3.1.4, together with Propositions 3.2.7 (applied with m “ 0) and 3.1.5,
imply that there is a definable bi-Lipschitz map (that we will identify with the
identity) such that the respective images under this homeomorphism of the δAi’s,
the δWi’s (see (4.1.5)), as well as the images of the sets δC, C P P , are included
in the union of a finite number of graphs of definable Lipschitz functions θ1, . . . , θλ
defined on Rn´1.

By Lemma 4.1.7 (applied to the θj’s and to the pn´1q-variable functions Rn´1 Q

x̃ ÞÑ dpx̃, πpδWi X Γθjqq with no parameter t), there exist a cell decomposition D
of Rn´1 and finitely many Lipschitz functions ξ1 ď ¨ ¨ ¨ ď ξκ whose graphs contain
the graphs of the θj’s, such that for every D P D all the functions |xn ´ θjpx̃q|,
x “ px̃, xnq P Rn´1 ˆ R, are comparable with each other and comparable with the
functions Rn´1 Q x̃ ÞÑ dpx̃, πpδWi X Γθjqq, i ď k, j ď λ, on the set rξν|D, ξν`1|Ds for
all ν.

Consider a cell decomposition C of Rn compatible with both the Ai’s and the
Wi’s. Take then a common refinement E of πpCq and D such that all the functions
pξi`1 ´ ξiq and pξi ´ θjq have constant sign (in t´1, 0, 1u, see Definition 1.6.1) on
every cell and apply the induction hypothesis pHn´1q to get a metric triangulation
pK,Ψq of Rn´1 compatible with all the elements of E Ă Sn´1.

Let ζ1 ď ¨ ¨ ¨ ď ζκ be piecewise linear functions over |K| such that for every i
ζi ” ζi`1 on the set tξi ˝Ψ “ ξi`1 ˝Ψu (this set is a subcomplex of K since pξi`1´ξiq
has constant sign on every cell of E). Let also ζ0 :“ ζ1 ´ 1 and ζκ`1 :“ ζκ ` 1, as
well as

N :“ tpp, yq P |K| ˆ R : ζ0ppq ă y ă ζκ`1ppqu.

We obtain a polyhedral decomposition of N by taking the respective inverse
images by π|N of the simplices of K as well as all the images of the simplices of |K|
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by the mappings p ÞÑ pp, ζippqq, 0 ď i ď κ ` 1. After a barycentric subdivision of

this polyhedra we get a simplicial complex pK.

Define now the desired homeomorphism pΨ in the following way:

pΨpp, t ζippq ` p1´ tqζi`1ppqq :“ pΨppq, t ξipΨppqq ` p1´ tqξi`1pΨppqqq

for 1 ď i ď κ´ 1, p P |K| and t P r0, 1s. For p P |K| and t P r0, 1q, set:

pΨpp, t ζ0ppq ` p1´ tq ζ1ppqq :“ pΨppq, ξ1pΨppqq ´
t

1´ t
q

as well as

pΨpp, t ζκ`1ppq ` p1´ tq ζκppqq :“ pΨppq, ξκpΨppqq `
t

1´ t
q.

This clearly defines a homeomorphism pΨ : | pK| Ñ Rn.

By construction, the Aj’s and the Wi’s are images of open simplices. We shall

check that, over each simplex σ P pK, the mapping pΨ fulfills (4.1.2) (for some func-
tions ϕσ,i and some tame systems of coordinates that we shall introduce).

Let σ be a simplex of pK and let τ be the simplex of K containing πpσq. Thanks
to the induction hypothesis, we may find some functions ϕτ,1, . . . , ϕτ,n´1 and a tame
system of coordinates pµτ,1, . . . , µτ,n´1q such that for any p and p1 in τ :

|Ψppq ´Ψpp1q| „
n´1
ÿ

j“1

ϕτ,jpp, p
1
q|µτ,jppq ´ µτ,jpp

1
q|. (4.1.6)

Let q and q1 be two points of σ. The points q and q1 may be expressed q “
pp, tζippq ` p1´ tqζi`1ppqq and q1 “ pp1, t1ζipp

1q ` p1´ t1qζi`1pp
1qq for some 0 ď i ď κ

and some pt, t1q in r0, 1s2. Then define

q2 :“ pp, t1ζippq ` p1´ t
1
qζi`1ppqq.

We begin with the case where 1 ď i ď κ ´ 1. We may consider t, t1, p, p1, and
q2 as functions of q and q1. By the definition of pΨ, since ξi and ξi`1 are Lipschitz
functions we have over σ ˆ σ:

|pΨpqq ´ pΨpq1q| „ |pΨpqq ´ pΨpq2q| ` |Ψppq ´Ψpp1q|. (4.1.7)

If ζi ” ζi`1 on τ then the result follows from (4.1.6). Otherwise, as πpqq “ πpq2q,

by definition of pΨ, we have:

|pΨpqq ´ pΨpq2q| „ pξi`1pΨppqq ´ ξipΨppqqq ¨ |t´ t
1
|.
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Thanks to the induction hypothesis, we can assume that the triangulation pK,Ψq
is such that pξi`1´ξiq˝Ψ is „ to a standard simplicial function on τ . The composite
pξi`1´ξiq˝Ψ˝π is thus „ to a standard simplicial function on σ that we will denote
by ϕn,σ. The functions ζi and ζi`1 define a tame coordinate of Rn (as in (4.1.1)) that
we will denote by µσ,n. Observe that t “ µσ,npqq and t1 “ µσ,npq

1q. By the preceding
estimate, we thus have:

|pΨpqq ´ pΨpq2q| „ ϕσ,npqq ¨ |µσ,npqq ´ µσ,npq
1
q |. (4.1.8)

Define for j ă n:

ϕσ,jpq, q
1
q “ ϕτ,jpπpqq, πpq

1
qq and µσ,jpqq :“ µτ,jpπpqqq.

Then by (4.1.6), (4.1.7), and (4.1.8), we get the desired equivalence (in the case
1 ď i ď κ´ 1). Observe that the introduced function ϕσ,n just depends on q. In the
case i “ 0 or κ, it will depend on both q and q1.

Let us now focus on the case i “ 0 (the case i “ κ is completely analogous and
will be left to the reader). Note that we have by construction over σ ˆ σ:

|pΨpqq ´ pΨpq2q| „
1

pqn ´ ζ0ppqqpq1n ´ ζ0pp1qq
¨ |t´ t1|, (4.1.9)

where qn and q1n respectively denote the last coordinate of q and q1.

Note that |t´t1| is „ to the difference of the tame coordinates of q and q2 defined
by ζ0 and ζ1 (as in (4.1.1)).

Moreover, |qn´ ζ0pxq| is „ to the distance to the graph of ζ0. Therefore, we may
apply the same argument as in the case 1 ď i ď κ ´ 1. This completes the case
i “ 0. Since we can do the same job in the case i “ κ, this proves that pΨ satisfies
(4.1.2).

It remains to check that the functions ηj˝pΨ are „ to standard simplicial functions

over any simplex σ P pK. For this purpose, let us fix σ P pK. If the set pΨpσq is included
in the graph of ξi for some i, the result follows by induction. So, assume that it lies
in pξi, ξi`1q, for some 0 ď i ď κ (setting ξ0 ” ´8 and ξκ`1 ” `8).

By construction, on pΨpσq, the ηi’s are „ to products of powers of distances to
the Wj’s (see (4.1.5)). It thus suffices to show the result for the functions q ÞÑ

dppΨpqq,Wjq, j “ 1, . . . , k. Fix j ď k.

As ppΨ, pKq is compatible with Wj, either pΨpσq Ă Wj or dpx,Wjq “ dpx, δWjq

for all x P pΨpσq. In the former case, the result is obvious since the function

q ÞÑ dppΨpqq,Wjq is zero over σ. We thus can suppose that the distance to Wj is

equal to the distance to δWj on pΨpσq.

By definition of the θν ’s, the set δWj is included in the union of the Γθν ’s.
Moreover, for each ν P t1, . . . , λu, since θν is Lipschitz, we have for x “ px̃, xnq P
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pΨpσq Ă Rn´1 ˆ R:

dpx, δWj X Γθν q „ |xn ´ θνpx̃q| ` dpx, πpδWj X Γθν qq. (4.1.10)

As both terms of the right-hand-side are positive, the sum is „ to the max of
these two terms, that is to say, is „ to one of them since they are comparable over
pΨpσq (thanks to the definition of the ξi’s). Note that clearly

dpx, δWjq “ min
1ďνďλ

dpx, δWj X Γθν q.

But as by construction the functions

gνpxq :“ dpπpxq, πpδWj X Γθν qq

are comparable with each other and comparable with all the functions x “ px̃, xnq ÞÑ

|xn´θνpx̃q|, by (4.1.10), the function dpx, δWjq is equivalent over pΨpσq to one of the
functions gν or to some function |xn ´ θνpx̃q|.

Thanks to the induction hypothesis, we can assume that the triangulation pΨ, Kq
is such that for each ν ď λ the function

gνpΨppqq “ dpΨppq, πpδWj X Γθν qq

is „ to a standard simplicial function on τ . Hence, by the preceding paragraph,
it remains to prove that the functions q “ pp, qnq ÞÑ |pΨnpqq ´ θνpΨppqqq| (setting
pΨ :“ pΨ, pΨnq) are „ over σ to a standard simplicial function.

For this purpose, fix a positive integer ν ď λ. As Γθν Ă
Ťκ
j“1 Γξj , we have on

πppΨpσqq either θν ě ξi`1 or θν ď ξi. For simplicity, we will assume that the latter
inequality holds. On σ we have:

|pΨn ´ θν ˝Ψ| “ ppΨn ´ ξi ˝Ψq ` pξi ˝Ψ´ θν ˝Ψq. (4.1.11)

In the case 0 ă i ă κ, by (4.1.8), we have over σ for q “ pp, qnq:

pΨnpqq ´ ξipΨppqq „ µσ,npqq . ϕσ,npqq. (4.1.12)

Moreover, by (4.1.9), a similar estimate holds in the case i “ κ (or 0). Observe
also that the function µσ,npqq is obviously „ to a standard simplicial function. This
shows that the left-hand-side of (4.1.12) is „ to a standard simplicial function.

Hence, since by induction we can assume that all the |ξi ˝ Ψ ´ θν ˝ Ψ| are „ to
standard simplicial functions, the conclusion comes down from (4.1.11).

Remark 4.1.8. It is worthy of notice that the above proof has explicitly shown that
if σ is an open simplex such that Ψpσq is bounded then it is not necessary to involve
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in the definition of metric triangulations standard simplicial functions depending on
both q and q1. More precisely, instead of (4.1.2), it is enough to require:

|Ψpqq ´Ψpq1q| „
n
ÿ

i“1

ϕσ,ipqq ¨ |µσ,ipqq ´ µσ,ipq
1
q|, (4.1.13)

with ϕσ,ipqq standard simplicial functions on σ. Moreover, for such a simplex σ, by
construction the simplices involved in the expression of ϕσ,i are of dimension pi´2q,
for all i ě 2, and ϕσ,1 ” 1. In addition to this, for such a simplex σ, the contraction
functions ϕσ,i can be required to be bounded away from infinity.

Remark 4.1.9. By definition, each tame coordinate is characterized by two linear
functions. In the proof of the above theorem, for every simplex σ, the graphs of
the linear functions defining pµσ,1, . . . , µσ,nq are subcomplexes of the constructed
simplicial complex.

A consequence of Theorem 4.1.4 is the following corollary that tells us how many
classes subanalytic bi-Lipschitz equivalence admits.

Corollary 4.1.10. Up to globally subanalytic bi-Lipschitz mappings, globally suban-
alytic sets are countable.

Proof. Up to globally subanalytic bi-Lipschitz mappings, globally subanalytic sets
are clearly at least countable. Let us show that they are at most countable.

According to Theorem 4.1.4, it suffices to bound the number of metric triangula-
tions corresponding to sets that are not bi-Lipschitz homeomorphic to each other. By
Proposition 4.1.3, two sets that can be triangulated by the same simplicial complex
K, the same contraction functions ϕσ,i, and the same tame systems of coordinates
are definably bi-Lipschitz homeomorphic.

The vertices of the simplicial complex provided by Theorem 4.1.4 can be chosen
in Qn. The number of such finite simplicial complexes is countable. Given a finite
simplicial complex, the tame systems of coordinates of the constructed triangulation
in the proof of the latter theorem can be determined by some subcomplexes (see
Remark 4.1.9). They thus can be chosen among a countable family as well. The
contractions are given by a finite number of functions which are finite combinations
of sums, products, and powers of distances to the faces. As these powers are elements
of Q, the standard simplicial functions are countable as well.

4.2 Metric triangulations: a local version

In the case of germs of definable subsets of CnpRq, R ą 0, we are going to construct
some definable metric triangulations having specific properties. This will be used in
the next two sections which are crucial for computing Lp-cohomology in Chapter 6.
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It was already pointed out in Remark 4.1.8 that when the triangulated set is
bounded, it is not necessary to involve contraction functions ϕσ,i that depend on
both q and q1. It is therefore not surprising that in the case of triangulations of germs
of definable subsets of CnpRq, for every simplex σ, we will just need contractions that
are standard simplicial functions on σ. But the main improvement provided by this
local version is that these contractions will be decreasing faster than the distance
to the origin as we are drawing near this point (see Definition 4.2.1 and Theorem
4.2.2). These fact will be useful to study the local conic structure of definable sets
from the metric point of view in section 4.3. We will also be able to construct a
triangulation which is Lipschitz and vertical.

Definition 4.2.1. Let σ be an open simplex of Rn with 0 P clpσq. A function ϕ on
σ is subhomogeneous if there is a constant C such that for all s P p0, 1s and q P σ
we have ϕpsqq ď Csϕpqq.

If µ “ pµ1, . . . , µnq is a tame system of coordinates on σ and i P t1, . . . , nu, we
say that µi is radially constant if µipsqq “ µipqq, for all s P p0, 1s and q P σ.

Theorem 4.2.2. Let X be a definable subset of CnpRq, R ą 0. For ε ą 0 small
enough, there is a metric triangulation Ψ : p|K|, 0q Ñ pX|r0,εs, 0q such that:

(i) Ψ is a vertical Lipschitz mapping.

(ii) For all σ P K and all 2 ď i ď n, the contraction function ϕσ,i (see (4.1.13))
is a bounded subhomogeneous standard simplicial function on σ and µσ,i is
radially constant. Moreover, ϕσ,1 ” 1.

Furthermore, we may require this triangulation to be compatible with finitely many
given definable subsets of X.

The proof of this theorem occupies the remaining part of this section.

A preliminary lemma. In the lemma below all the considered germs are germs
at the origin.

Lemma 4.2.3. Let A1, . . . , Aµ P Sn,0 be germs of subsets of CnpRq, R ą 0, and
η1, . . . , ηl be germs of nonnegative definable functions on CnpRq. There exist a germ
of definable vertical bi-Lipschitz homeomorphism (onto its image) H : pCnpRq, 0q Ñ
pCnpRq, 0q and a cell decomposition D of Rn such that:

(i) D is compatible with (some representatives of the germs) HpA1q, . . . , HpAµq.

(ii) Every cell of D which is a graph (i.e., not a band, see Definition 1.2.1) is the
graph of a Lipschitz function.
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(iii) On each cell D of D, every germ ηi ˝H
´1 is „ to a function of the form:

|xn ´ θpx̃q|
rapx̃q (4.2.1)

(for px̃, xnq P Rn´1 ˆ R) where a, θ : E Ñ R are definable functions on the
basis E of D with θ Lipschitz and r P Q.

Proof. Apply Lemma 4.1.5 (with m “ 0) to each of the functions ηj, j “ 1, . . . , l and
take a common refinement of the obtained partitions. This provides a finite partition
V1, . . . , Vb of CnpRq together with some subsets of CnpRq, say W1, . . . ,Wc, such that
on each Vi each function ηj is equivalent to a product of powers of functions of type
x ÞÑ dpx,Wkq, k ď c.

Possibly refining the partition V1, . . . , Vb, we may assume that theWk’s are unions
of elements of this partition. The function dpx,Wkq is then on Vi for each k and i
either identically 0 or equal to the distance to δWk. We therefore can suppose that
the Wk’s have empty interior, possibly replacing them with the δWk’s (if a function
ηi is identically zero on Vi then (iii) is trivial on Vi).

Apply now Proposition 3.4.3 to the union of the δAi’s, all the δVi’s, and all the
Wk’s. This provides a germ of vertical bi-Lipschitz homeomorphismH : pCnpRq, 0q Ñ
pCnpRq, 0q such that en is regular for the image of these sets under H. Thanks to
Propositions 3.1.5, 3.2.7, and 3.2.9, this means that these sets are sent by H into
the union of the graphs of some Lipschitz functions θ1 ď ¨ ¨ ¨ ď θd defined on Rn´1.

Let π : Rn Ñ Rn´1 denote the canonical projection. By Lemma 4.1.7, applied
to the θi’s and to all the pn´ 1q-variable functions x ÞÑ dpx, πpWk X Γθν qq, we know
that there exist a finite number of functions ξ1 ď ¨ ¨ ¨ ď ξp and a cell decomposition
Rn´1, say E , such that for every E P E and over each rξi,|E, ξi`1,|Es, i ă p, the finite
family of functions

|xn ´ θνpx̃q|, dpx̃, πpWk X Γθν qq, pθν ´ θν1qpx̃q, ν 1 ă ν ď d, k ď c,

where px̃, xnq P rξi,|E, ξi`1,|Es Ă Rn´1 ˆ R, is totally ordered. By Proposition 3.2.9,

adding some graphs if necessary, we can assume that
Ťp
i“1 Γξi Ą

Ťd
i“1 Γθi . Refining

E if necessary, we can also assume that pξi ´ ξi`1q has constant sign on every cell
(in t´1, 0, 1u, see Definition 1.6.1) for all i and that E is compatible with the cells
of πpFq, with F cell decomposition of Rn compatible with the HpAiq’s.

The respective graphs of the restrictions of ξi’s to the cells of E now induce a cell
decomposition of Rn compatible with the HpAiq’s that we will denote by D. Since
the ξi’s are Lipschitz functions, (ii) clearly holds ((i) holds by construction).

To prove (iii), fix a cell D of D. Since H´1pDq is included in Vj for some j ď b,
we know that for each k the function ηk is „ on H´1pDq to a product of powers of
functions of the finite family x ÞÑ dpx,Wkq, k ď c. As H is bi-Lipschitz, this entails
that for each k the function ηk ˝H

´1 is „ on D to a product of powers of functions of
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the finite family x ÞÑ dpx,HpWkqq, k ď c. As a matter of fact, it is enough to check
each function x ÞÑ dpx,HpWkqq, k P t1, . . . , cu, admits an estimate like displayed in
(4.2.6), for some function θ independent of k.

Fix k ď c. As the θi’s are Lipschitz functions, we have for any ν P t1, . . . , du:

dpx,HpWkq X Γθν q „ |xn ´ θνpx̃q| ` dpπpxq, πpHpWkq X Γθν qq, (4.2.2)

where x “ px̃, xnq in Rn´1 ˆ R.

The terms of the right-hand-side are nonnegative and comparable with each
other (for partial order relation ď) over the cell D (by choice of the ξi’s). The
left-hand-side is therefore „ to one of them.

Note that, as the HpWkq’s are included in the graphs of the θν ’s we have:

dpx,HpWkqq “ min
1ďνďd

dpx,HpWkq X Γθν q.

Hence, by p4.2.2q, each function dpx,HpWkqq is equivalent over D either to one
of the functions x ÞÑ dpπpxq, πpHpWkqXΓθν qq (which is an pn´1q-variable function)
or to some function x “ px̃, xnq ÞÑ |xn ´ θνpx̃q|, ν P t1, . . . , du. It thus only remains
to check that on each cell, ν can be chosen independent of k.

Indeed, since the finite family constituted by the functions |xn ´ θνpx̃q|, ν ď d,
together with the functions pθν ´ θν1q, ν

1 ă ν ď d, is totally ordered, on each cell,
there is ν0 ď d, such that each of the functions |xn ´ θνpx̃q|, ν P t1, . . . , du, is either
equivalent |xn´θν0px̃q| or to an pn´1q-variable function (see (1.6.2) and (1.6.3)).

Proof of Theorem 4.2.2. We shall use an argument which is similar to the one we
used in the proof of Theorem 4.1.4. Since the result that we are proving can be read
independently and is important for Chapter 6, we however give details. We shall
prove inductively on n the following statements:

pHnq Let X be a definable subset of CnpRq, R ą 0, and A1, . . . , Aµ be some definable
subsets of X. Given finitely many bounded nonnegative definable function-germs
(at the origin) η1, . . . , ηl on CnpRq, there exist ε ą 0 and a metric triangulation

Ψ : p|K|, 0q Ñ pX|r0,εs, 0q

of X|r0,εs compatible with the Ai’s, satisfying properties piq and piiq of the theorem,
and such that for each j ď l the function ηj ˝ Ψ is „ to the germ of a standard
simplicial function on each simplex. Moreover, if ηjpxq À x1 for x “ px1, . . . , xnq P
X|r0,εs, then we can require ηj ˝Ψ to be subhomogeneous.

The assertion pH1q being vacuous (Ψ is then the identity map), let us prove pHnq,
assuming pHn´1q, n ą 1. Fix X,A1 . . . , Aµ and η1, . . . , ηl as in the statement pHnq.
We denote by π : Rn Ñ Rn´1 the canonical projection.

Step 1. We define a C0 triangulation pΨ : | pK| Ñ X.
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Apply Lemma 4.2.3 to the family constituted by the set X, the Ai’s, the set
CnpRq itself, and the union of the zero loci of the ηi’s, together with the functions
η1, . . . , ηl. We get a (germ of) vertical bi-Lipschitz map H : CnpRq Ñ CnpRq and a
cell decomposition D such that piq, piiq, and piiiq of the latter lemma hold. As we
may work up to a vertical bi-Lipschitz map, we will identify H with the identity
map.

Let Θ be a cell of D in CnpRq which is the graph of a function ξ : Θ1 Ñ R,
Θ1 P πpDq. By (ii) of Lemma 4.2.3, ξ is a Lipschitz function. Consequently, it may be
extended to a definable Lipschitz function on the whole of Cn´1pRq. Repeating this
for all the cells Θ ofD which are graphs over a cell of πpDq we get a family of functions
ξ1, . . . , ξm. By Proposition 3.2.9, we can assume that it satisfies ξ1 ď ¨ ¨ ¨ ď ξm.

Refine the cell decomposition πpDq into a cell decomposition F compatible with
the zero loci of the functions pξj ´ ξj`1q, and apply the induction hypothesis to the
family constituted by the cells of F . This provides a homeomorphism Ψ : p|K|, 0q Ñ
pCn´1pRq|r0,εs, 0q, with ε ą 0 and K simplicial complex of Rn´1.

We are going to lift Ψ to a homeomorphism pΨ : | pK| Ñ CnpRq. We first define

the simplicial complex pK in a similar way as in the proof of Theorem 4.1.4.

Let ζ1 ď ¨ ¨ ¨ ď ζm be piecewise linear functions over |K| such that for each i
ζi ” ζi`1 on the set tξi ˝ Ψ “ ξi`1 ˝ Ψu (this set is a subcomplex of K). Since the
graphs of the ξi’s are subsets of CnpRq, these functions vanish at the origin, and we
can assume (up to a translation) that so do the ζi’s. Let also

N :“ tpp, yq P |K| ˆ R : ζ1ppq ď y ď ζmppqu.

We obtain a polyhedral decomposition of N by taking the respective inverse
images by π|N of the simplices of K as well as all the images of the simplices of K
by the mappings x Ñ px, ζipxqq, 1 ď i ď m. After a barycentric subdivision of this

polyhedra we get a simplicial complex pK.

Define now over pK a mapping pΨ : | pK| Ñ Rn in the following way:

pΨpp, s ζippq ` p1´ sqζi`1ppqq :“ pΨppq, s ξipΨppqq ` p1´ sqξi`1pΨppqqq,

for 1 ď i ă m, p P |K|, and s P r0, 1s. By construction, this mapping is a homeomor-
phism onto its image. The cells of D that lie in CnpRq are unions of images under
pΨ of open simplices. Since D is compatible with X and the Ai’s, the restriction of
pΨ to pΨ´1pXq is a triangulation of X compatible with A1, . . . , Aµ.

Step 2. We check that over each simplex σ of pK the mapping pΨ satisfies an
inequality of type (4.1.2), for some subhomogeneous standard simplicial functions
ϕσ,1, . . . , ϕσ,n and some tame system of coordinates µσ that we shall introduce. We
will again make use of a method analogous to the one we used in the proof of
Theorem 4.1.4.
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Let σ be a simplex of pK and let τ denote the simplex of K containing πpσq.
Thanks to the induction hypothesis, we may find some functions ϕτ,1, . . . , ϕτ,n´1

and a tame system of coordinates pµτ,1, . . . , µτ,n´1q such that for any p and p1 in τ :

|Ψppq ´Ψpp1q| „
n´1
ÿ

j“1

ϕτ,jppq|µτ,jppq ´ µτ,jpp
1
q|. (4.2.3)

Let now q and q1 be two points of σ. The points q and q1 may be expressed
q “ pp, sζippq ` p1 ´ sqζi`1ppqq and q1 “ pp1, s1ζipp

1q ` p1 ´ s1qζi`1pp
1qq for some

1 ď i ď m´ 1 and some ps, s1q in r0, 1s2. Define then

q2 :“ pp, s1ζippq ` p1´ s
1
qζi`1ppqq.

We will consider s, s1, p, p1, and p2 as functions of q and q1. By definition of pΨ,
since ξi and ξi`1 are Lipschitz functions, we have over σ ˆ σ:

|pΨpqq ´ pΨpq1q| „ |pΨpqq ´ pΨpq2q| ` |Ψppq ´Ψpp1q|. (4.2.4)

If ζi ” ζi`1 on τ then the desired estimate follows from (4.2.3). Otherwise, as

πpqq “ πpq2q, by definition of pΨ, we have:

|pΨpqq ´ pΨpq2q| „ pξi`1pΨppqq ´ ξipΨppqqq ¨ |s´ s
1
|.

Thanks to the induction hypothesis, we can assume that the triangulation pK,Ψq
is such that pξi`1 ´ ξiq ˝ Ψ is „ to a subhomogeneous standard simplicial function
on τ . The composite pξi`1 ´ ξiq ˝ Ψ ˝ π is thus „ to a subhomogeneous standard
simplicial function on σ that we will denote by ϕσ,n. The functions ζi and ζi`1 define
a tame coordinate of Rn (as in (4.1.1)) that we will denote by µσ,n. Observe that
s “ µσ,npqq and s1 “ µσ,npq

1q. By the preceding estimate, we thus have:

|pΨpqq ´ pΨpq2q| „ ϕσ,npqq ¨ |µσ,npqq ´ µσ,npq
1
q |. (4.2.5)

Notice that since ζip0q “ ζi`1p0q “ 0, it is clear that µσ,n is radially constant. Define
then for j ă n and q P σ:

ϕσ,jpqq “ ϕτ,jpπpqqq and µσ,jpqq :“ µτ,jpπpqqq.

By (4.2.3), (4.2.4), and (4.2.5), we get the desired equivalence.

Step 3. We check that the functions ηj ˝ pΨ are equivalent to standard simplicial

functions on every simplex σ P pK.

For this purpose, fix a positive integer j ď λ and a simplex σ P pK. By con-
struction, pΨpσq is included in a cell D P D. If D Ă Γξi , for some i, then we are
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done since, thanks to the induction hypothesis, we can assume that the function
q̃ ÞÑ ηjpΨpq̃q, ξipΨpq̃qqqq is „ to a standard simplicial function. Otherwise, by defi-
nition of D, we must have D Ă pξi, ξi`1q, for some i ă m.

By (4.2.1) we know that for every j there are a and θ on the basis E of D, α P Q,

such that for x “ px̃, xnq P pΨpσq

ηjpxq „ |xn ´ θpx̃q|
αapx̃q. (4.2.6)

Thanks to pHn´1q, we can assume that a ˝Ψ is „ to a standard simplicial function.

We thus merely have to check that for each j the function pq̃, qnq ÞÑ |pΨnpqq´θpΨpq̃qq|

is equivalent to a standard simplicial function (here we set pΨ “ pΨ, pΨnq).

As Γθ Ă
Ťm
k“1 Γξk , we have on πppΨpσqq either θ ě ξi`1 or θ ď ξi. For simplicity,

we will assume that the latter inequality holds. On σ we have:

|pΨn ´ θ ˝Ψ| “ ppΨn ´ ξi ˝Ψq ` pξi ˝Ψ´ θ ˝Ψq. (4.2.7)

By (4.2.5) we have over σ for q “ pq̃, qnq:

pΨnpqq ´ ξipΨpq̃qq „ µσ,npqq . ϕσ,npqq. (4.2.8)

Observe also that the function µσ,npqq is obviously „ to a standard simplicial func-
tion.

Hence, as by induction |ξi˝Ψ´θ˝Ψ| can be assumed to be equivalent to standard

simplicial functions, we can derive from (4.2.7) that the function |pΨn ´ θ ˝ Ψ| is „
to a standard simplicial function on σ, as required.

This shows that ηj ˝ pΨ is „ to a standard simplicial function on σ. To complete
the proof, it only remains to perform:

Step 4. We check that that if ηjpxq À x1 for x “ px1, . . . , xnq P CnpRq, then we can

require in addition that ηj ˝ pΨ to be subhomogeneous on σ.

For simplicity, we will say that a function f on pΨpσq (resp. Ψpτq) is pΨ-subhomo-

geneous (resp. Ψ-subhomogeneous) if f ˝ pΨ (resp. f ˝Ψ) is subhomogeneous.

Observe that the induction hypothesis makes it possible for us to assume that
finitely many given definable functions which are À x1 near the origin are Ψ-
subhomogeneous.

Recall that we have assumed that θ ď ξi (see (4.2.6) for the definition of θ) on
the basis of D. This entails that for px̃, xnq P D Ă Rn´1 ˆ R:

ηjpx̃, xnq „ min
`

|xn ´ ξipx̃q|
αapx̃q, |ξipx̃q ´ θpx̃q|

αapx̃q
˘

, (4.2.9)

if α is negative, and

ηjpx̃, xnq „ max
`

|xn ´ ξipx̃q|
αapx̃q, |ξipx̃q ´ θpx̃q|

αapx̃q
˘

, (4.2.10)
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in the case where α is nonnegative.

As ηjpxq À x1, it is enough to check that the function minpηjpxq, x1q is pΨ-subho-
mogeneous. Thanks to the induction hypothesis, we can assume that the function τ Q
x̃ ÞÑ minp|ξi ´ θ|px̃qαapx̃q, x̃1q, x̃ “ px̃1, . . . , x̃n´1q, is Ψ-subhomogeneous. Hence, by
(4.2.9) and (4.2.10), it is enough to show that the function minp|xn´ξipx̃q|

αapx̃q, x̃1q

is pΨ-subhomogeneous.

For simplicity, we define a function on D by setting for x “ px̃, xnq P D:

F pxq :“ |xn ´ ξipx̃q|
α
¨ apx̃q,

and a function on the basis E of D by setting for x̃ P E

Gpx̃q :“ |ξi`1px̃q ´ ξipx̃q|
α
¨ apx̃q.

We have to show that minpF pxq, x1q is pΨ-subhomogeneous. Observe that if we
set for x “ px̃, xnq P D

νpxq “
xn ´ ξipx̃q

ξi`1px̃q ´ ξipx̃q

then we have:
F pxq “ νpxqα ¨Gpx̃q.

Remark that νppΨpsqqq is constant with respect to s, which entails that for s P
r0, 1s and q “ pq̃, qnq P σ:

F ppΨpsqqq “ νppΨpqqqα ¨GpΨpsq̃qq. (4.2.11)

We first assume that α is negative. Thanks to the induction hypothesis, we
can assume that the function x̃ ÞÑ minpGpx̃q, x̃1q, x̃ “ px̃1, . . . , x̃n´1q is Ψ-subho-
mogeneous. This implies (multiplying by ναpxq and applying (4.2.11)) that x “

px1, . . . , xnq ÞÑ minpF pxq, ναpxqx1, x1q is pΨ-subhomogeneous. But, as α is negative,

minpF pxq, ναpxqx1, x1q “ minpF pxq, x1q,

and we are done.

We now assume that α is nonnegative. As ηjpxq À x1, (4.2.10) then implies
that F pxq À x1, which entails that Gpx̃q À x̃1 on τ . Consequently, thanks to the
induction hypothesis, we can assume that G is Ψ-subhomogeneous. By (4.2.11), this

entails that F is pΨ-subhomogeneous.

4.3 Local conic structure

Since definable sets can be triangulated, their germs are homeomorphic to cones.
Obviously, this homeomorphism cannot be bi-Lipschitz. We shall see that the notion
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of metric triangulation nevertheless makes it possible to have information on the way
this homeomorphism affects the Lipschitz geometry.

Given a point x0 P Rn and A P Sn, we denote by x0 ˚ A the cone over A with
vertex at x0, i.e., we set:

x0 ˚ A :“ ttx` p1´ tqx0 : x P A and t P r0, 1su.

A retraction by deformation of X Ă Rn onto x0 P X is a continuous map
r : r0, 1s ˆX Ñ X such that r1 : X Ñ X is the identity map, rspx0q “ x0 for all s,
and r0 ” x0.

Theorem 4.3.1. Let X P Sn and x0 P X. For ε ą 0 small enough, there exists a
definable homeomorphism

H : x0 ˚ pSpx0, εq XXq Ñ Bpx0, εq XX,

satisfying H|Spx0,εqXX “ Id, preserving the distance to x0, and having the following
Lipschitzness properties:

(i) H is Lipschitz and the natural retraction by deformation onto x0

r : r0, 1s ˆBpx0, εq XX Ñ Bpx0, εq XX,

defined by
rps, xq :“ HpsH´1

pxq ` p1´ sqx0q,

is also Lipschitz. Moreover, there is a constant C such that for every fixed
s P r0, 1s, the retraction rs defined by x ÞÑ rspxq :“ rps, xq, is Cs-Lipschitz.

(ii) For each η ą 0, the restriction of H´1 to tx P X : η ď |x ´ x0| ď εu is
Lipschitz and, for each s P p0, 1s, the map r´1

s : Bpx0, sεq XX Ñ Bpx0, εq XX
is Lipschitz.

Proof. We may assume x0 “ 0. As in section 3.4 of Chapter 3, set

X̌ :“ tpt, xq P RˆX : t “ |x|u.

Apply Theorem 4.2.2 to the set X̌ (which is a subset of Cn`1p1q). This provides a
vertical Lipschitz definable homeomorphism Ψ : |K| Ñ X̌|r0,εs, with ε positive real
number and K simplicial complex.

Every point of 0˚pSp0, εqXXq can be written sq with s P r0, 1s and q P Sp0, εqXX.
For such s and q we set:

Hpsqq “ π ˝ΨpsΨ´1
pε, qqq,
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where π : Rn`1 Ñ Rn is the projection omitting the first coordinate. This defines a
homeomorphism on 0˚Sp0, εqXX which, since Ψ is vertical, satisfies |Hpsqq| “ s|q|,
showing that H preserves the distance to the origin. The statements about the
Lipschitzness properties of H and H´1 directly follow from (4.1.13) together with
piq and piiq of Theorem 4.2.2.

Moreover, if for x P Bp0, εq XX we set rps, xq “ HpsH´1pxqq then by definition
of H we have

rps, xq “ π ˝ΨpsΨ´1
p|x|, xqq.

The Lipschitzness properties of r thus also follow from (4.1.13) together with piq
and piiq of Theorem 4.2.2 (the mapping X Q x ÞÑ p|x|, xq P X̌ is a bi-Lipschitz
homeomorphism).

Remark 4.3.2. It follows from the last sentence of Theorem 4.2.2 that, given finitely
many subanalytic set germs X1, . . . , Xk at x0 P Rn, the respective homeomorphisms
of the Lipschitz conic structure of theXi’s provided by Theorem 4.3.1 can be required
to be induced by the same Lipschitz homeomorphism H : x0 ˚ Spx0, εq Ñ Bpx0, εq.

In particular, we have established the following

Corollary 4.3.3. Let X P Sn and x0 P X. For every ε ą 0 small enough there
exists a Lipschitz retraction by deformation r : r0, 1s ˆX XBpx0, εq Ñ X XBpx0, εq
onto x0.

Remark 4.3.4. Again, the retraction rs provided by Corollary 4.3.3 could be re-
quired to preserve some given definable subsets A1, . . . , Aµ of X. Note also that
Theorem 4.3.1 is more precise since it states in addition that rs is Cs-Lipschitz for
each s P r0, 1s, for some constant C independent of s.

The second consequence we would like to point out will lead us to the notion of
link that will be studied in the next section. This corollary could actually also be
derived from Theorem 4.5.2.

Corollary 4.3.5. Let X P Sn and let x0 P Rn. Up to a definable bi-Lipschitz
homeomorphism, the set Spx0, εq XX, ε ą 0, is independent of ε ą 0 small enough.

Definition 4.3.6. The link of X P Sn at x0 P Rn, denoted lkpX, x0q, is the subset
Spx0, εq XX, ε ą 0 small.

By Corollary 4.3.5, it is well defined up to a definable bi-Lipschitz homeomor-
phism. In the next section, we study the link and give other consequences of Theorem
4.2.2.
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4.4 On the link of a globally subanalytic set-germ

Theorem 4.2.2 makes it possible to establish that the link of a globally subanalytic
set is invariant under globally subanalytic bi-Lipschitz mappings (Corollary 4.4.11).
Such a result is no longer true if we consider mappings which are not globally
subanalytic.

We denote by Sn,0 the set constituted by all the germs at the origin of definable
subsets of Rn.

4.4.1 Some preliminary lemmas

The uniqueness of the link that we are going to establish (Corollary 4.4.11) requires
some preliminaries. Given a nonzero element v P Rn, we denote by uv the class of v
in the projective space Pn´1. Given a and b in Rn, we denote by ab the line segment
joining a and b.

Lemma 4.4.1. Let K be a simplicial complex of Rm and let a germ of Lipschitz
definable map H : p|K|, 0q Ñ pRn, 0q satisfy |Hpqq| „ |q|. The angle between the ray
0Hpqq and the tangent half-line to the arc Hp0qq at Hpqq tends to zero as q goes to
zero.

Proof. Let π1 : Rm ˆ Rn Ñ Rm (resp. π2 : Rm ˆ Rn Ñ Rn) denote the projection
onto the m first (resp. n last) coordinates.

Take a definable arc α : p0, εq Ñ |K| tending to the origin. Let l :“ limsÑ0
ŔHpαpsqq

and l1 be the limit (in Pn´1) of the tangent half-line at Hpαpsqq to the image of the
ray that stems from αpsq, i.e., let

l1 :“ lim
sÑ0

lim
tÑ1´

Ŕd

dt
βps, tq,

where βps, tq “ Hpt ¨ αpsqq. By Curve Selection Lemma (Lemma 2.3.3), it suffices
to show l “ l1.

Let then αps, tq :“ t ¨ αpsq and define γps, tq :“ pαps, tq, βps, tqq P ΓH . Let

u :“ limsÑ0
Ŕγps, 1q and u1 :“ limsÑ0 limtÑ1´

Ŕd
dt
γps, tq. We first claim that u “ u1.

The angle between the line Ŋαpsq and the tangent line at αpsq to the straight line
Ŋαpsq being zero for all s, we clearly have π1puq “ π1pu

1q. Take a Whitney pbq regular
stratification of ΓH (see Propositions 2.7.5 and 2.7.7) such that 0 is a stratum. Let
S be the stratum which contains γps, tq for t ă 1 close to 1 (for s ą 0 small enough
it is independent of s). As H is Lipschitz, π1 must induce a one-to-one map on

τ :“ lim
sÑ0

lim
tÑ1´

Tγps,tqS,
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which contains u (by Whitney pbq condition) and u1 (by definition). Hence, π1puq “
π1pu

1q entails u “ u1, as claimed.

As |Hpqq| „ |q|, the line u cannot be included in ker π2, so that by definition
of u and l we must have π2puq “ l. But then u1 “ u is not included in the kernel
of π2 either, so that by definition of u1 and l1, we have π2pu

1q “ l1. We thus get
l “ π2puq “ π2pu

1q “ l1, as required.

Lemma 4.4.2. Let A P Sn,0 and let f : pA, 0q Ñ pR, 0q be a germ of definable
function with

|fpxq| ď C|x|, C ą 0,

for any x P A close to the origin. If the function f|Sp0,rqXA is L-Lipschitz for every
r ą 0 small, with L P R independent of r, then f is the germ of a Lipschitz function.

Proof. By Curve Selection Lemma, it suffices to check the Lipschitz condition along
two definable arcs x : p0, εq Ñ A and y : p0, εq Ñ A tending to the origin. We may
assume that x is parametrized by its distance to the origin. By Proposition 1.9.1,
fpxprqq is a Puiseux arc. Therefore, since |fpxprqq| ď Cr for r positive, we see that
f is Lipschitz along x.

Let r1 :“ |yprq|. As x is a Puiseux arc satisfying |xprq| “ r, its expansion starts
like xprq “ ar` . . . , a P Sn´1. It is thus a bi-Lipschitz mapping, which means that:

|xprq ´ xpr1q| À |r ´ r1| ď |xprq ´ yprq|. (4.4.1)

As f is Lipschitz along x

|fpxprqq ´ fpxpr1qq| À |xprq ´ xpr1q|
p4.4.1q

À |xprq ´ yprq|. (4.4.2)

As f is L-Lipschitz on the spheres

|fpxpr1qq ´ fpyprqq| ď L|xpr1q ´ yprq| À |xprq ´ xpr1q| ` |xprq ´ yprq|,

which, together with (4.4.1) and (4.4.2), implies the desired inequality.

Definition 4.4.3. Let A P Sn,0. A nonnegative Lipschitz definable function-germ
ρ : pA, 0q Ñ pR, 0q satisfying

ρpxq „ |x| (4.4.3)

is called a radius function.

Lemma 4.4.4. Let A P Sn,0 and let ρ : pA, 0q Ñ pR, 0q be a radius function. Let in
addition x : p0, εq Ñ A and y : p0, εq Ñ A be two definable paths such that

ρpxprqq “ ρpyprqq “ r,

for 0 ă r ă ε. If x and y have the same tangent half-line at the origin then the line
segments xy and 0y have different limits in the projective space as r goes to zero.
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Proof. We first show that we can extend ρ to a function defined in a neighborhood
of the origin in Rn and satisfying the same assumptions. As ρ is Lipschitz, it can
be extended to clpAq. We thus may assume that A is closed and 0 P A. For every r,
the restriction fr :“ ρ|Sp0,rqXA may be extended to a definable Lρ-Lipschitz function
by setting

f̃rpqq :“ inftρpxq ` Lρ|p´ q| : p P Sp0, rq X Au.

Clearly, ρ̃pqq :“ f̃|q|pqq extends ρ and satisfies (4.4.3). Moreover, as it is L-Lipschitz
on every sphere Sp0, rq with L P R independent of r, by Lemma 4.4.2, it is Lipschitz
in a neighborhood of the origin in Rn.

We thus may assume that A is Rn. We first show by way of contradiction that
there is ε ą 0 such that for any q generic in a neighborhood of the origin (as ρ is
definable, its derivative exists generically)

Bqρ.
q

|q|
ě ε. (4.4.4)

Assume otherwise. By Curve Selection Lemma, there is a definable arc γprq such

that the inner product Bγprqρ.
γprq
|γprq|

tends to zero as r goes to zero. As γ is a Puiseux

arc (see Proposition 1.9.1), we may assume that it is parametrized by its distance
to the origin. If γprq “ ar ` . . . then γ1prq “ a` . . . , so that

dρpγprqq

dr
“ Bγprqρ.γ

1
prq

also tends to zero as r goes to zero. This implies that ρpγprqq ! r, in contradiction

with (4.4.3). Moreover, since ρ is positive and vanishes at the origin, dρpγprqq
dr

must
be positive for r positive. The inner product Bqρ.

q
|q|

is thus positive and bounded

below away from zero near the origin, yielding (4.4.4).

Now, we assume that the conclusion of the lemma fails, i.e., assume that the
limit of the segment xy (in the projective space) is the same as the limit of the
segment 0y. Let us move slightly y to some close point z such that ρ is differentiable
(almost everywhere) on the segment xz. By Definable Choice (Proposition 2.3.1),
we can assume that z is a definable path.

By assumption, x and y share the same half-tangent at the origin. If z is suffi-
ciently close to y then the paths x

|x|
and z

|z|
have the same limit in Sn´1, say v. Notice

that the vector v is also the limit of qprq
|qprq|

for every path q : p0, εq Ñ Rn such that

qprq belongs to the segment xprqzprq for all r. By (4.4.4), we thus have Bqρ.v ě
ε
2

for any q in the segment xprqzprq, r ą 0 small enough (since v is close to q
|q|

).

As we have assumed that xz
|xz|

tends in the projective space to the same limit as
y, it must converge to ˘v, say v for simplicity. By the above paragraph, this implies
that Bqρ.

xz
|xz|

ě ε
4
, for any q in the segment xprqzprq, r ą 0 small enough.
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Hence, ρ is strictly monotonic on the segment xz, with a derivative bounded
away from zero by ε

4
. This contradicts the fact that the points xprq and yprq belong

to the same level surface of ρ (and that z is very close to y).

We can now extend Lemma 4.4.2 to all the radius functions:

Lemma 4.4.5. Let A P Sn,0 and let ρ : A Ñ R be a radius function. Let f :
pA, 0q Ñ pR, 0q be a definable function with

|fpxq| À |x|,

in a neighborhood the origin. If f|tρ“ru is L-Lipschitz for every r ą 0 small, with
L P R independent of r, then f is the germ of a Lipschitz function.

Proof. Again, it is enough to check the Lipschitz condition along two definable curves
x and y ending at the origin. We may assume that x is parametrized in such a way
that ρpxprqq “ r. By (4.4.3), this implies that x is a bi-Lipschitz mapping (since x
is a Puiseux arc starting as xprq “ ar ` . . . , a P Rnzt0u).

Set r1 :“ ρpyprqq. If x and y are not tangent to each other at the origin then
|xprq| À |xprq ´ yprq| and |yprq| À |xprq ´ yprq| and the result follows from the fact
that |fpxq| À |x|. If they have the same half tangent at the origin, then, by Lemma
4.4.4, the angle between 0xpr1q and xpr1qyprq does not go to zero. This implies (since
x is definable arc) that the angle between xprqxpr1q and xpr1qyprq is bounded below
away from zero. We thus have:

|xprq ´ xpr1q| À |xprq ´ yprq|, (4.4.5)

(since |xprq ´ yprq| ! |xprq ´ xpr1q| would entail that this angle goes to zero). By
Proposition 1.9.1, fpxprqq is a Puiseux arc. Therefore, since |fpxprqq| À r, we see
that f is Lipschitz along x. We thus can finish the proof with exactly the same
computation as in the proof of Lemma 4.4.2 (writing (4.4.2) and replacing (4.4.1)
with (4.4.5)).

We also can derive a bi-Lipschitz version of this lemma.

Lemma 4.4.6. Let A P Sn,0 and let f : pA, 0q Ñ pB, 0q be a germ of definable map.
Let α : pB, 0q Ñ R be a radius function such that ρpxq :“ αpfpxqq defines a radius
function on A. If the function f|tρ“ru is L-bi-Lipschitz for every r ą 0 small, with
L P R independent of r, then f is the germ of a bi-Lipschitz mapping.

Proof. As α and ρ are both radius functions, we have near the origin |x| „ ρpxq “
αpfpxqq „ |fpxq|. Hence, by Lemma 4.4.5, as f|tρ“ru is L-Lipschitz for every r ą 0
small, with L P R independent of r, f is the germ of a Lipschitz mapping.
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We now check that f is one-to-one. If p and q are two points of A such that
fppq “ fpqq then ρppq “ αpfppqq “ αpfpqqq “ ρpqq. But, as f is one-to-one
on the level surfaces of ρ, this implies p “ q. As a matter of fact, f induces a
homeomorphism onto its image. The restriction of f´1 to the set

tx P fpAq : αpxq “ ru “ fptx P A : ρpxq “ ruq

is L-Lipschitz by assumption, for all r ą 0 small enough. Therefore, again due to
Lemma 4.4.5, f´1 must be a Lipschitz mapping.

Remark 4.4.7. Let A P Sn,0 and let f : pA, 0q Ñ pB, 0q be a definable map
preserving the distance to the origin. Lemma 4.4.6 entails that if the function
f|Sp0,rqXA is L-bi-Lipschitz for every r ą 0 small, with L P R independent of r, then
f is the germ of a bi-Lipschitz homeomorphism mapping.

4.4.2 Uniqueness of the link

Theorem 4.4.8. Let X P Sn and let ρ : pX, 0q Ñ pR, 0q be a radius function. There
exists a germ of definable bi-Lipschitz homeomorphism g : pX, 0q Ñ pX, 0q such that
|gpxq| “ ρpxq.

Proof. As in section 3.4 of Chapter 3, set

X̌ :“ tpt, xq P RˆX : t “ |x|u.

As the mapping P : X̌ Ñ X, induced by the restriction of the projection omitting
the first coordinate, is a bi-Lipschitz homeomorphism, it is enough to construct a
germ of definable bi-Lipschitz homeomorphism g : X̌ Ñ X̌ satisfying g1pxq “ ρ̌pxq,
for all x P X̌, where gpxq “ pg1pxq, . . . , gn`1pxqq and ρ̌pxq “ ρpP pxqq.

Let Ψ : p|K|, 0q Ñ pRn, 0q be the vertical map-germ given by Theorem 4.2.2
applied to X̌. Define a mapping Λ : |K| Ñ |K| by setting

Λpqq “
ρ̌pΨpqqq

q1

¨ q,

if q “ pq1, . . . , qn`1q P |K| is nonzero, and Λp0q “ 0. Note that Λ preserves the open
simplices that have the origin in their closure.

Define then a mapping g from X̌ to itself by:

gpxq :“ Ψ ˝ Λ ˝Ψ´1
pxq, x P X̌.

It is easily checked that g defines an onto map-germ, i.e., that gpX̌q “ X̌ as germs.
Observe also that as Ψ is vertical we have for x P X̌:

g1px1, . . . , xn`1q “
ρ̌pxq

x1

¨ x1 “ ρ̌pxq,
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as required. To finish the proof, we have to check that g is a bi-Lipschitz map.

By Lemma 4.4.6, it is enough to prove that for every r the restriction of g to
tρ̌ “ tu is L-bi-Lipschitz with L P R independent of t.

To show this, take two definable curves x : p0, εq Ñ X̌ and y : p0, εq Ñ X̌ such
that ρ̌pxptqq “ ρ̌pyptqq “ t for any t ą 0 small enough.

Let pptq “ pp1, . . . , pn`1q and qptq “ pq1, . . . , qn`1q be the respective images of

these two arcs under Ψ´1. We claim that if we set νptq :“ p1ptq
q1ptq

(as ρ is a radius
function, ν „ 1, for simplicity, and because we can interchange x and y, we will
assume that νptq ď 1) then we have:

|Ψpqq ´Ψppq| „ |Ψpνqq ´Ψppq|. (4.4.6)

To see this, observe that, as the pn´1q last tame coordinates are radially constant
(see (ii) of Theorem 4.2.2) by (4.1.13), we must have:

|Ψpνqq ´Ψppq| À |Ψpqq ´Ψppq|.

Therefore, if (4.4.6) fails then we have:

|Ψpνqq ´Ψppq| ! |Ψpqq ´Ψppq|, (4.4.7)

which implies that the segments ΨpνqqΨpqq and ΨpqqΨppq have the same limit in
the projective space. We claim that this is not possible.

By (4.4.7), the angle between the segments 0Ψpνptqqptqq and 0Ψppptqq tends to
zero as t goes to zero. Moreover, as Ψ is Lipschitz and satisfies |Ψpzq| „ |z| for
z close to zero, by Lemma 4.4.1, we know that the angle between 0Ψpνptqqptqq
and 0Ψpqptqq tends to zero as t goes to zero. This implies that the angle between
0Ψppptqq and 0Ψpqptqq tends to zero, which means that the paths x and y share the
same half-tangent at the origin. Let us thus set:

v :“ lim
tÑ0

xptq

|xptq|
“ lim

tÑ0

yptq

|yptq|
.

By Lemma 4.4.1 (and the Mean Value Theorem), Ψpqq´Ψpνqq
|Ψpqq´Ψpνqq|

tends to v and, by

(4.4.7), so does y´x
|y´x|

. It means that the angle between xptqyptq and 0yptq tends to
zero.

But, by Lemma 4.4.4, the segments xptqyptq and 0yptq should have an angle
bounded below away from zero by a positive real number. This contradiction yields
(4.4.6).

Observe that by definition of Λ

Λpqptqq “
t

x1ptq
νptqqptq and Λppptqq “

t

x1ptq
pptq
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so that, since the homothetic transformation |K| Q z ÞÑ t
x1ptq

z preserves the tame

coordinates µσ,i for i ě 2 (see piiq of Theorem 4.2.2) and t
x1ptq

„ 1, we have:

|ΨpΛpqqq ´ΨpΛppqq|
(4.1.13)
„ |Ψpνqq ´Ψppq|

(4.4.6)
„ |Ψpqq ´Ψppq|,

establishing the bi-Lipschitz character of g.

Given two globally subanalytic sets X and Y (resp. germs of globally subanalytic
sets), we write X « Y if there is a globally subanalytic bi-Lipschitz homeomorphism
(resp. a germ of globally subanalytic bi-Lipschitz homeomorphism) sending X onto
Y .

An immediate consequence of the preceding theorem is:

Corollary 4.4.9. Let X P Sn,0 and let ρ : pX, 0q Ñ pR, 0q be a radius function. For
any r ą 0 small, tx P X : ρpxq “ ru « lkpX, 0q.

Another consequence of Theorem 4.4.8 is the following:

Theorem 4.4.10. Let X and Y be two germs of definable sets at the origin. If X «

Y then there exists a germ of definable bi-Lipschitz homeomorphism Φ : pX, 0q Ñ
pY, 0q preserving the distance to the origin.

Proof. Let h : pX, 0q Ñ pY, 0q be a germ of definable bi-Lipschitz homeomorphism
and define a radius function on X by setting for x P X, ρpxq :“ |hpxq|. By Theorem
4.4.8, there is a germ of definable homeomorphism g : pX, 0q Ñ pX, 0q such that
|gpxq| “ ρpxq, which implies that the mapping Φ :“ h ˝ g´1 is bi-Lipschitz and
preserves the distance to the origin.

Observe that Lemma 4.4.6 (see Remark 4.4.7) and Theorem 4.4.10 establish that
the metric type of a definable set-germ X is characterized by the metric types of all
the sections Sp0, rq XX and vice-versa. In particular, the above theorem yields the
(subanalytic) bi-Lipschitz invariance of the link:

Corollary 4.4.11. Let X and Y be two definable set-germs at the origin. If X « Y
then lkpX, 0q « lkpY, 0q.

Remark 4.4.12. In the corollary just above and in Theorem 4.4.10, X and Y do
not necessarily lie in the same Euclidean space. Moreover, if we define the link as
the generic fiber of the distance to the origin (in the field of convergent Puiseux
series), a converse is possible [Val2]. This fact can indeed be derived from Lemma
4.4.6 and standard arguments of algebraic geometry.



4.5. DEFINABLE BI-LIPSCHITZ TRIVIALITY 117

4.5 Definable bi-Lipschitz triviality

In this section, we establish a bi-Lipschitz triviality theorem for globally subanalytic
families (Theorem 4.5.2).

Definition 4.5.1. Let A P Sm`n. We will say that A is definably bi-Lipschitz
trivial along U Ď Rm if there exist t0 P U and a definable homeomorphism H :
U ˆ At0 Ñ AU , pt, xq ÞÑ pt, htpxqq, with ht : At0 Ñ At bi-Lipschitz for any t P U .
The mapping h is then called the trivialization of the set A along U .

Theorem 4.5.2. Given A P Sm`n, there exists a definable partition of Rm such that
A is definably bi-Lipschitz trivial along each element of this partition.

Proof. We prove the result by induction on n. We shall show that the trivialization
h may be required to induce a trivialization of some given definable subsets of A.

Let A P Sm`n and let C1, . . . , Ck be some definable subsets of A. Apply Theorem
3.1.2 to the set tpt, xq : x P δAt Y

Ťk
i“1 δCi,tu. This provides a definable family of

bi-Lipschitz maps Gt : Rn Ñ Rn, t P Rm, such that en is regular for the families of
sets pδGtpCi,tqqtPRm , i “ 1, . . . , k, and pδGtpAtqqtPRm .

As we can work up to a family of bi-Lipschitz maps, we will identify Gt with the
identity map. By Propositions 3.1.5, 3.2.7, and 3.2.9, we can find some definable
functions ξ1 ď ¨ ¨ ¨ ď ξs on Rm`n´1, with pξi,tqtPRm uniformly Lipschitz for all i, and a
cell decomposition D of Rm`n´1 such that A and the Cj’s are unions of some graphs
Γξi|D , i P t1, . . . , su, D P D, or bands pξi|D, ξi`1|Dq, i P t0, . . . , su, D P D (where
ξ0 ” ´8 and ξs`1 ” `8).

Refining the cell decomposition D if necessary (without changing notations), we
can assume that the functions pξi`1´ξiq are of constant sign (which can be 0 or 1) on
the cells of D. By Lemma 4.1.5, up to an extra refinement of the cell decomposition,
we can assume that there are finitely many definable subsetsW1, . . . ,Wc of RmˆRn´1

such that on every cell we can find some rational numbers r1, . . . , rc such that for
all i “ 1, . . . , s´ 1 and any t P Rm:

ξi`1,tpxq ´ ξi,tpxq „ dpx,W1,tq
r1 ¨ ¨ ¨ dpx,Wc,tq

rc . (4.5.1)

Refining one more time the cell decomposition D, we may assume that the Wi’s are
union of cells.

Applying now the induction hypothesis to the cells of D provides a partition P .
Fix B P P and let Hpt, xq “ pt, htpxqq denote the obtained trivialization of BˆRn´1

along B. We have htpCt0q “ Ct for some t0 P B and for all C P D. We are going to
lift the isotopy H to an isotopy of B ˆ Rn.

Given a point pt, xq P B ˆ Rn´1 and 1 ď i ď s´ 1 let

rHpt, x, νξi,t0pxq ` p1´ νqξi`1,t0pxqq :“ pt, htpxq, νξi,tphtpxqq ` p1´ νqξi`1,tphtpxqq,
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for all ν P r0, 1s. Set also for ν P p0,8q:

rHpt, x, ξ1,t0pxq ´ νq :“ pt, htpxq, ξ1,tphtpxqq ´ νq,

as well as
rHpt, x, ξs,t0pxq ` νq :“ pt, htpxq, ξs,tphtpxqq ` νq.

As pξi`1 ´ ξiq has constant sign on every cell and since the trivialization h was

required to preserve the cells of D, it is easily seen that rHt is a continuous mapping
for each t P Rm. Observe also that, since the Wi’s are unions of cells of D, we have
htpWi,t0q “ Wi,t, for all i. Since ht is bi-Lipschitz for every t P B, we can derive from
(4.5.1), that for each t P B we have:

pξi`1,t ´ ξi,tq ˝ ht „ pξi`1,t0 ´ ξi,t0q.

This shows the bi-Lipschitzness of rHt on the sets rξi,t|Dt , ξi`1,t|Dts, D P D, D Ă B,

i ă s. The bi-Lipschitzness of rHt on the sets p´8, ξ1,t|Dtq and pξs,t|Dt ,`8q is clear
since the pξi,tqtPB are families of Lipschitz functions.

The continuity of Ht and H´1
t with respect to t follows from Proposition 2.4.9,

up to an extra refinement of the partition of the parameter space.

Remarks 4.5.3. (i) We have proved a stronger statement since the isotopy is
also defined on the ambient space B ˆRn. We can also require the isotopy to
preserve a finite number of given definable subfamilies of A.

(ii) The Lipschitz constant Lht of the trivialization of A P Sm`n along B P P is
a function of the parameters defined on B. As it is a definable function, it
can be required to be continuous on B (possibly refining the partition of the
parameter space) and thus bounded on every compact subset of B. However,
we could not require Lht to be bounded on the whole of B in general. Indeed,
for any non bi-Lipschitz trivial family of sets, the Lipschitz constants will tend
to infinity when the parameters approach the instability locus. Nevertheless,
by  Lojasiewicz’s inequality, Lht can be bounded by a power of the inverse of
the distance to frpBq.

In Theorem 4.5.2, the constructed trivialization Hpt, xq “ pt, htpxqq is Lipschitz
for every t (see Definition 4.5.1). The Lipschitz condition may also be required
to hold with respect to the parameter t on relatively compact sets, as it will be
established by Proposition 4.5.5, which requires the following proposition.

Proposition 4.5.4. Let A P Sm`n and let ft : At Ñ R be a definable family of
functions. If ft is Lipschitz for all t P Rm then there exists a definable partition P
of Rm such that for every B P P, f : A Ñ R, pt, xq ÞÑ ftpxq induces a Lipschitz
function on AXK, for every compact subset K of B ˆ Rn.
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Proof. We prove the result by induction on m. The case m “ 0 being vacuous,
assume the result to be true for pm´ 1q, m ě 1. By Proposition 3.1.5 (see Remark
3.1.6), we may assume that A “ Rm`n, and, thanks to Proposition 2.4.9, we know
that there is a definable partition P of the parameter space, such that f is continuous
on every B ˆ Rn, B P P . Fix an element B P P (we shall refine several times the
partition P).

We start with the (easier) case where dimB ă m. In this case, there is a partition
of B such that every element of this partition has a regular vector (using for Remark
3.1.12), that, without loss of generality, we can assume to be em P Sm´1. Thanks to
Proposition 3.2.7, it is therefore enough to deal with the case where B is the graph of
a Lipschitz function, say ξ : D Ñ R, D P Sm´1. The result in this case now follows
from the induction hypothesis applied to the function DˆRn Q pt, xq ÞÑ fpt, ξptq, xq.

We now address the case dimB “ m. The function B Q t ÞÑ Lft being definable,
partitioning B if necessary, we can assume this function to be continuous on this
set. In particular, it is bounded on compact subsets of B. Let Z be the set of points
q P Γf for which there exists a sequence qk P pΓf qreg tending to q such that

p0Rm , en`1q P limTqkpΓf qreg,

where en`1 is the last vector of the canonical basis of Rn`1. Let π : RmˆRn`1 Ñ Rm

denote the projection omitting the last pn`1q coordinates. We claim that πpZq has
dimension less than m.

Assume otherwise. Take a pwq-regular stratification of Γf compatible with Z
(see Propositions 2.7.5 and 2.7.7) and let S Ă Z be a stratum such that πpSq has
dimension m. Let S 1 be the set of points of S at which π|S is a submersion. Since
πpSq is of dimension m, by Sard’s Theorem, the set S 1 cannot be empty. Moreover,
by definition of S 1, TqS

1 is transverse to t0Rmu ˆ Rn`1 at any point q of S 1.

Let q P S 1 Ă Z. By definition of Z, there is a sequence qk tending to q such that
p0Rm , en`1q P τq :“ limTqkpΓf qreg. The pwq condition ensures that τq Ą TqS

1 (S 1 is a
manifold for it is open in S). Consequently, τq is transverse to t0RmuˆRn`1 as well.

But since Lft is locally bounded (it was assumed to be continuous), the vector
en`1 does not belong to limTxkΓftk , if qk “ ptk, xkq in RmˆRn`1, which entails that

plimTqkΓf q X t0Rmu ˆ Rn`1
‰ lim

`

TqkΓf X t0Rmu ˆ Rn`1
˘

(since the latter does not contain the vector p0Rm , en`1q while the former does), and
hence, that τq cannot be transverse to t0RmuˆRn`1 (since otherwise the intersection
with the limit would be the limit of the intersection). A contradiction.

This establishes that dim πpZq ă m. Since we can refine P into a partition which
is compatible with πpZq, we thus see that we can suppose B Ă RmzπpZq (we are
dealing with the case dimB “ m).
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For pt, Rq P pRmzπpZqq ˆ r0,`8q set:

ϕpt, Rq :“ supt
Bf

Bt
pt, xq : x P Bp0Rn , Rq X regpftqu

(which is finite, by definition of Z, since Lft is bounded). As ϕ is definable, up to a
partition of B, this function may be assumed to be continuous (and thus bounded
on compact sets) for R ě ζptq, with ζ : B Ñ R definable function. By Proposition
3.2.1, the function f therefore induces a function which is Lipschitz with respect
to the inner metric on every compact set of B ˆ Rn. By Proposition 3.2.5, up to
an extra refinement partition, we can suppose that the inner metric and the outer
metric of B are equivalent, which means that so are the inner and outer metrics of
B ˆ Rn, establishing that f is Lipschitz on every compact set of B ˆ Rn.

As a matter of fact, the trivialization given by Theorem 4.5.2 may be required
to satisfy the Lipschitz condition with respect to the parameters (the variable t in
Definition 4.5.1) on compact sets:

Proposition 4.5.5. Let A P Sm`n. Refining the partition P provided by Theorem
4.5.2, we may obtain the following extra fact: for any B P P, the trivialization H :
BˆAt0 Ñ AB, pt, xq ÞÑ pt, htpxqq, induces a bi-Lipschitz mapping on pBˆAt0qXK,
for every compact subset K of B ˆ Rn.

Proof. This is a consequence of Theorem 4.5.2 and Proposition 4.5.4.

The compactness assumption is essential, as shown by the following example.

Example 4.5.6. Consider the set A “ tpt, x, yq P R3 : y “ txu. By Theorem 4.5.2,
this set is bi-Lipschitz trivial along a right-hand-side neighborhood of zero in R.
However, it is easy to check that we could not require a trivialization htpx, yq to
be bi-Lipschitz with respect the parameter t, even along a compact interval (i.e.,
we have to require that x and y also remain in a compact set in order to ensure
Lipschitzness with respect to t).

Definition 4.5.7. A stratification Σ of a set X is locally definably bi-Lipschitz
trivial if for every S P Σ and x0 P S, there are a neighborhood W of x0 in S and a
smooth definable retraction π : U Ñ W , with U neighborhood of x0 in X, as well
as a definable bi-Lipschitz homeomorphism

Λ : U Ñ pπ´1
px0q XXq ˆW,

satisfying:

(i) πpΛ´1px, yqq “ y, for all px, yq P pπ´1px0q XXq ˆW .
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(ii) Σx0 :“ tπ´1px0qXY : Y P Σu is a stratification of π´1px0qXX, and ΛpY XUq “
pπ´1px0q X Y q ˆW , for all Y P Σ.

Proposition 4.5.8. Given a definable set X, we can find a stratification Σ of X
which is locally definably bi-Lipschitz trivial. This stratification can be required to be
compatible with finitely many given subsets of X.

Proof. By Theorem 4.5.2 and Proposition 4.5.4, being locally bi-Lipschitz trivial is
a stratifying regularity condition for stratifications. Since this condition is clearly
local, the proposition is an immediate consequence of Proposition 2.7.5.

Historical notes. The study of the singularities of analytic sets from the metric
point of view was initiated by T. Mostowski [M] who focused on complex analytic
sets and continued by A. Parusiński [P94a] who explored the real case. All the
content of this chapter is however due to the author of this book. Most of the re-
sults are generalizations to the Lipschitz framework of results about the topology of
singularities. Metric triangulations were introduced in [Val1] where Theorem 4.5.2
was proved (and where they are called Lipschitz triangulations). This theorem is
the Lipschitz counterpart of a result about topological stability sometimes referred
as Hardt’s Theorem, for it first appeared in [Har]. The local version of the metric
triangulations and the uniqueness of the link were established in [Val2]. Corollary
4.3.3 was proved in [Val4] and the description of the Lipschitz conic structure of
globally subanalytic sets may be found in [Val7]. Existence of (topological) trian-
gulations and local (topological) retracts however goes back to as far as the original
work of S.  Lojasiewicz [L64a, L64b].
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Chapter 5

Geometric measure theory

In this chapter we study the Hausdorff measure of globally subanalytic sets as well
as integrals of globally subanalytic functions.

It is easy to see that the antiderivatives of a globally subanalytic function are
not necessarily globally subanalytic. The preparation theorem however enables us
to give a precise description of what they are. After recalling some basic formulas,
we will show that the functions defined as integrals of globally subanalytic families
of functions may be described by finite combinations of logarithms and globally
subanalytic functions. We call these functions Log-functions. We then focus on the
Hausdorff measure of globally subanalytic sets and derive that for any A P Sn,0 the
Hausdorff measure of A X Bp0, rq has a convergent expansion in r and ln r, when
r ą 0 is close to zero. This will lead us to the notion of density and its variation
on a singular set. On the way, we give several results of measure theory of globally
subanalytic sets and families. We end this chapter by establishing Stokes’ formula
on globally subanalytic sets (possibly singular).

Given A P Sn, we denote by HkpAq the k-dimensional Hausdorff measure of A.

5.1 The Cauchy-Crofton formula

This formula relates the volume of a set to the volume of its sections by affine spaces
of complement dimension. As this will be the central tool of our study, we will prove
it in our framework. This requires to recall some very basic techniques of integration
theory.

The generalized Jacobian. We will often apply a change variable formula which
is sometimes referred as the co-area formula (see below). This requires the following
notion.

123
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Definition 5.1.1. Let f : A Ñ B be a definable mapping with dimA ě dimB.
Given a point x P regpfq at which A is a manifold of dimension dimA and denote
by Mxpfq the Jacobian matrix of f with respect to some orthonormal bases of TxA
and TfpxqB.

The generalized Jacobian of f at x is defined as

Jxpfq :“
b

det
`

Mxpfqt ¨Mxpfq
˘

.

Here Mxpfq
t corresponds to the transpose of the matrix Mxpfq.

This number coincides with the square root of the sum of the squares of the
minors of order dimB of Mxpfq. It is of course independent of the choice of the
orthonormal bases.

It is worthy of notice that in the case where A and B have the same dimension
the generalized Jacobian equals the usual Jacobian, the absolute value of the deter-
minant of the Jacobian matrix of f . Note also that if B “ R, i.e., if f is a function,
then Jxpfq is merely the norm of the gradient of f at x.

The co-area formula. This formula will be useful for us in section 5.5 to estimate
the variation of the volume of globally subanalytic sets. A proof can be found in
[Fed, Kra-Par]. These two books actually provide it in a much more general context
than globally subanalytic sets.

Let f : AÑ B be a globally subanalytic mapping, E Ă A be a globally subana-
lytic subset, and set l :“ dimA, m :“ dimB. If l ě m then we have:

ż

yPB

Hl´m
pf´1

pyq X Eq dHm
pyq “

ż

xPE

Jxpfq dHl
pxq. (5.1.1)

Generally, some regularity assumptions are put on the mapping f . Here, as it
is assumed to be globally subanalytic, it is implicitly assumed to be smooth in the
complement of a globally subanalytic negligible set.

The measure γl,n. The Cauchy-Crofton formula involves integration on the Grass-
mannian manifold Gn

l . This requires to introduce a measure. We sketch the classical
construction of what is usually called the Haar measure.

Denote by On the groups of linear isometries of Rn. This set may be identified
with a compact subset of Rn2

. Denote by dn its dimension. We first define a measure
θn on On satisfying θnpOnq “ 1 as follows. For W Ă On globally subanalytic, set

θnpW q :“ Hdn pW q
Hdn pOnq .
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Fix now any V P Gn
l and set for U Ă Gn

l globally subanalytic:

γl,npUq :“ θnptL P On : LV P Uuq.

It is not difficult to derive from the definitions that, since the elements of On are
isometries, the number γl,npUq is independent of V P Gn

l . It is easy to check that γl,n
is a measure on Gn

l . As integration over Gn
l will always be considered with respect

to this measure, we will not specify the considered measure when integrating on the
Grassmannian manifold (simply writing dP if P P Gn

l is the variable of integration).

The Cauchy-Crofton formula. We first introduce some notations.

Given a set E, let cardE denote its cardinal, i.e., the number of elements in
the set E, with the convention that cardE :“ 8 if E is not a finite set.

Let A P Sn and l ď n. For any P P Gn
l and y P P , we denote by Ny

P the
pn ´ lq-dimensional affine space passing through y and directed by the orthogonal
complement of P in Rn. Let πP stand for the orthogonal projection onto P .

Theorem 5.1.2. (Cauchy-Crofton formula) There exists a positive constant βl,n
such that for any A P Sn we have for all l:

Hl
pAq “ βl,n

ż

PPGn
l

ż

yPP

card pNy
P X Aq dHl

pyq dP. (5.1.2)

Proof. We may assume that the dimension of A is l since otherwise both sides of
the equality are 0 or 8. Thanks to Proposition 2.1.5 we know that for every set
A P Sn there is an integer mA such that KP

j pAq is empty for all integers j ą mA

and all P P Gn
l .

First case: We first establish this formula in the case where the set A is a definable
subset of a vector space Q P Gn

l . Let λP be the restriction to Q of the orthogonal
projection onto P . Take its matrix with respect to orthonormal bases of Q and P
respectively, denote by αl,npP q be the absolute value of its determinant, and define
the desired constant βl,n by setting:

βl,n :“
`

ż

PPGn
l

αl,npP qdP
˘´1

.

For almost every P , as λP is a linear automorphism, we have

Hl
pλP pAqq “ αl,npP qHl

pAq,

and card pπ´1
P pyq X Aq is equal to one for all y P λP pAq. We thus can evaluate the

right-hand-side of (5.1.2) as follows:

βl,n

ż

Gn
l

ż

λP pAq

dHl
pyqdP “ Hl

pAqβl,n

ż

Gn
l

αl,npP qdP “ Hl
pAq.

General case. Let us first prove the following claim:
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Claim 5.1.3. There exists a positive constant C such that for any α P p0, 1s and
any α-flat cell A P Sn we have:

|Hl
pAq ´ µpAq| ď CαHl

pAq,

where µpAq stands for the right-hand-side of (5.1.2).

Let α P p0, 1s and let A P Sn be α-flat, which means that we can find Q P Gn
l

such that:
τpAq Ă BpQ,αq.

We will assume that Q “ Rl ˆ t0Rn´lu for simplicity. This implies that the set
A coincides with the disjoint union of the graphs of some definable mappings, ξi :
Ai Ñ Rn´l, i “ 1, . . . , s, Ai Ă Rl, with |dxξi| ď α almost everywhere. Fix i ď s and
observe that, by the coarea formula (applied to πQ|Γξi ), we have

|Hl
pAiq ´Hl

pΓξiq| ď αHl
pAiq. (5.1.3)

For simplicity set for E P Sn and P P Gn
l :

νP pEq :“

ż

yPP

card pNy
P X Eq dHl

pyq.

Since the angle between the TxΓξi and Q is less than α at every x P Γξi,reg, it is
a straightforward exercise of linear algebra to establish that for x P Q we have
|JxpπP |Qq ´ Jpx,ξipxqqpπP |Γξi q| ď α. By the coarea formula (5.1.1), this implies that
we have (using again |dxξi| ď α):

|νP pΓξiq ´ νP pAiq| ď 2αHl
pΓξiq. (5.1.4)

Integrating with respect to P we get:

|µpΓξiq ´ µpAiq| ď CαHl
pΓξiq, (5.1.5)

for some constant C. As the Ai’s are subsets of an l-dimensional vector space of Rn,
thanks to our first case, we know that Cauchy-Crofton formula must hold for each
of them. Making use of this formula, we immediately derive:

|µpΓξiq ´Hl
pAiq| ď CαHl

pΓξiq,

which, by (5.1.3), entails that there is a constant C such that

|µpΓξiq ´Hl
pΓξiq| ď CαHl

pΓξiq.

Adding-up these formulas for all i we get (for some possibly bigger constant C):

|µpAq ´Hl
pAq| ď CαHl

pAq,
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yielding the claim.

Let us now explain why this claim implies the Cauchy-Crofton formula. Given
A in Sn and α ą 0, we can find a definable partition B1, . . . , Bk of A by α-flat cells
(see Lemma 3.1.13). Applying this claim to all the Bi’s and adding the resulting
inequalities provides:

|µpAq ´Hl
pAq| ď CαHl

pAq,

for any α P p0, 1s (with C given by the above claim), which means that µpAq “
HlpAq.

Set for j P NY t8u, P P Gn
l , and A P Sn:

KP
j pAq :“ tx P P : card pNx

P X Aq “ ju.

As we emphasized at the beginning of the above proof, we know that for every set
A P Sn, there is an integer mA such that KP

j pAq is empty for all integers j ą mA and
all P P Gn

l . We will call the smallest integer having this property the multiplicity
of A.

Since KP
j pAq “ H, for any integer j ą mA, and as KP

8pAq always hasHl-measure
0 if l “ dimA, Cauchy-Crofton formula may be rewritten:

Hl
pAq “ βl,n

mA
ÿ

j“1

j

ż

Gn
l

Hl
pKP

j pAqq dP. (5.1.6)

Cauchy-Crofton formula, together with the uniform finiteness properties of glob-
ally subanalytic sets, entail many finiteness results about the Hl-measure of these
sets. We illustrate this fact with a result about globally subanalytic families that
will be useful later on.

Proposition 5.1.4. Let A P Sm`n be satisfying dimAt ď l for all t P Rm, where l
is an integer. There exists a constant C such that for all t P Rm and all r ě 0:

Hl
pAt XBp0, rqq ď Crl. (5.1.7)

Proof. In the case l “ n, the set At XBp0, rq being included in the ball Bp0, rq for
all t P Rm, the result is obvious (and the constant C is HlpBp0, 1qq). For the same
reason, the result also holds when A is a subset of an l-dimensional vector space P .
Moreover, by Proposition 2.1.5, suptmAt : t P Rmu ă 8. The case l ă n hence easily
comes down from the case l “ n and Cauchy-Crofton formula (see (5.1.6)).

As a matter of fact, for any A P Sm`n such that dimAt ď l, for all t P Rm, and
supt|x´ y| : t P Rm, x P At, y P Atu ă 8, we have:

suptHl
pAtq : t P Rm

u ă 8. (5.1.8)
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5.2 On integration of globally subanalytic func-

tions

In this section, we introduce the class of Log-functions and show that the integrals
of definable functions give rise to Log-functions.

We denote by x ÞÑ lnx the natural logarithm function. We will consider it as
defined for any x, with lnp´xq “ lnx and ln 0 “ 0.

Let X P Sn and k ď n. For any f : X Ñ R, we set |f |1,Hk :“
ş

X
|f |dHk (possibly

infinite).

We denote by L1
HkpXq the set of functions f : X Ñ R that are L1 for the measure

Hk, i.e., that satisfy |f |1,Hk ă 8 (and then say that f is L1
Hk).

Proposition 5.2.1. Let f : A Ñ R be a definable function, A P Sm`n. For each
l ď n, the set

tt P Rm : ft P L
1
HlpAtqu (5.2.1)

is definable.

Proof. Let
B :“ tpt, x, yq P Rm

ˆ Rn
ˆ R : 0 ď y ď |ftpxq|u.

The function ft is L1
Hl if and only if Bt has finite Hl`1-measure. The family pBtqtPRm

is clearly definable. By Theorem 4.5.2, there exists a cell decomposition of Rm such
that for every cell C, the restricted family B|C is definably bi-Lipschitz trivial. The
set tt P Rm : ft P L

1
HlpAtqu being the union of some cells of this cell decomposition,

it must be definable.

In the situation of the above proposition, the function gptq :“
ş

At
ft dHl, defined

on the set appearing in (5.2.1), is of course not always globally subanalytic. For
instance, if ftpxq “ 1{x and At “ rt, 1s, for every t ą 0, then gptq “ ln t, which
is not a globally subanalytic function. We are going to explain (Theorem 5.2.6)
that in general the function g is always of this type, a polynomial combination of
globally subanalytic functions and of their logarithms. We call these functions the
Log-functions:

Definition 5.2.2. A Log-function on a globally subanalytic set X is a function
f of type

f “ P pa1, . . . , ak, ln a1, . . . , ln akq, (5.2.2)

where P is a polynomial and the ai’s are globally subanalytic functions on X.

Remark 5.2.3. If C1, . . . , Ck is a definable partition of X P Sn and if f : X Ñ R is
a function such that gi :“ f|Ci is a Log-function then f is itself a Log-function. This
follows from the definition.
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The following proposition gives a description of the Log-functions different from
the one proposed in the above definition. It is a consequence of the Preparation
Theorem.

Proposition 5.2.4. Let f : X Ñ R be a Log-function, X P Sn. There exists a cell
decomposition of Rn compatible with X such that on every cell C Ă X we have for
x “ px̃, xnq P X Ă Rn´1 ˆ R:

fpxq “
N
ÿ

i,j,k“0

Aipxq cjpx̃q lnk |xn ´ θpx̃q|, (5.2.3)

where N P N, θ is a definable function on the basis D of C, the Ai’s are reduced
functions on C with translation θ, and the cj’s are Log-functions on D.

Note. In this proposition the function θ of course depends on the cell C but not on
i, j, and k.

Proof. Consider a function f as in (5.2.2) and apply the Preparation Theorem to
the ai’s. This provides a cell decomposition compatible with X such that on every
cell C Ă X, every ai can be written (see Lemma 1.6.7)

aipx̃, xnq “ |xn ´ θpx̃q|
ribipx̃qUipx̃, xn ´ θpx̃qq, (5.2.4)

where bi and θ are definable functions and Ui is an L-unit of the cell C.

Let us fix such a cell C and observe that the above equality implies (refining the
cell decomposition if necessary, we may assume that |xn ´ θpx̃q| and bi are nonzero
on C):

ln aipxq “ ri ln |xn ´ θpx̃q| ` ln bipx̃q ` lnUipx̃, xn ´ θpx̃qq.

Since the function Ui is a unit, lnUi is a definable function. By (5.2.2) and
(5.2.4), we thus can see that f can be expressed as a finite sum of functions of type:

Apxqcpx̃q lni |xn ´ θpx̃q|, (5.2.5)

where A is a definable function, i P N, and c is a Log-function on the basis of C.

The expression appearing in (5.2.5) is not completely satisfying because we are
not sure that A is reduced with translation θ. Since A is definable, refining the cell
decomposition if necessary, we can assume it to be reduced on C. Denote by θ1 the
translation of its reduction. The problem is that θ may be different from θ1. To
overcome this problem, we are going to make use of an argument which is similar
to the one that we used in the proof of Lemma 1.6.7.

Up to a possible refinement, we can assume that |θ1 ´ θ|, |xn ´ θ1|, and |xn ´ θ|
are comparable with each other on C. If |xn ´ θ| ď |xn ´ θ1| then (see (1.6.2) and
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(1.6.3)) we see that |xn ´ θ1| is reduced with translation θ. This implies that A is
itself reduced with translation θ and we are done.

So, we can assume that |xn ´ θ
1| ď |xn ´ θ|. We now distinguish two cases

Case 1: |xn ´ θ
1| ď |θ1 ´ θ| on C.

One can easily see that in this case p1`
xn ´ θ

1

θ1 ´ θ
q is a unit (using that |xn´ θ

1| ď

|xn ´ θ|). Let us then write (compare again with (1.6.2)):

lnpxn ´ θq “ lnpθ1 ´ θq ` lnp1`
xn ´ θ

1

θ1 ´ θ
q. (5.2.6)

Observe that uphq “ lnp1`hq
h

is a nowhere vanishing analytic function on Rzt´1u.
Hence, if a function a is reduced and bounded away from ´1 and ˘8 on C then

lnp1 ` apxqq “ apxqupapxqq is a reduced function. Therefore, lnp1 `
xn ´ θ

1

θ1 ´ θ
q is a

reduced function, with translation θ1. As a matter of fact, plugging (5.2.6) into
(5.2.5), we see that f has the desired form (with translation θ1 in this case).

Case 2: |xn ´ θ1| ě |θ1 ´ θ| on C. This case is addressed analogously (see
(1.6.3)).

Proposition 5.2.5. Let f : X ˆ R Ñ R be a Log-function. If f is bounded then
limεÑ0` fpx, εq exists for all x P X and defines a Log-function on X.

Proof. Let D be the cell decomposition of Rn`1 compatible with X ˆR provided by
Proposition 5.2.4 (applied to f). We may assume D to be compatible with X ˆt0u.
Fix a cell D P πpDq, where π : Rn`1 Ñ Rn is the canonical projection. There is a
unique cell C of D which is a band p0, ξq, with ξ : D Ñ r0,`8q definable function.

By Proposition 5.2.4, there are Log-functions cj on D, a definable function θ on
D, as well as some reduced functions Ai on C (with translation θ) such that we have
on C

fpx, εq “
N
ÿ

i,j,k“0

Aipx, εqcjpxq lnkpε´ θpxqq. (5.2.7)

Up to a refinement of this cell decomposition we may assume that either θ ” 0
or θ does not vanish on D. If θpxq is nonzero then lnpε´ θq tends to ln θ as εÑ 0`

and limεÑ0` Aipx, εq defines a globally subanalytic function (this limit is finite for
Ai is reduced with translation θ). The result is thus clear in this case and we will
suppose that θ ” 0.

By Proposition 1.9.4, there is a definable partition P of D into definable mani-
folds such that for every element B P P and each i the function Aipx, εq coincides
with a Puiseux series in ε with analytic coefficients in a neighborhood of B ˆ t0u
in B ˆ r0,`8q. Hence, by (5.2.7), f itself may be expressed as a convergent series
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ř8

j“ν

řN
k“0 αjkpxqε

j
p lnk ε, where the αjk’s are Log-functions on B, p P N˚, N P N,

ν P Z.

Fix B P P and take x P B. Every monomial αjkpxqε
j lnk ε for which pj, kq is

nonzero tends to zero or infinity as ε tends to zero. As f is bounded, we see that
αjkpxq ” 0 for all pj, kq P pZzNq ˆN and all pj, kq P t0uˆN˚ (since any two distinct
such nonzero monomials cannot vanish at the same speed). We deduce that

lim
εÑ0`

fpx, εq “ α00pxq,

which is a Log-function.

Theorem 5.2.6. If f : A Ñ R, A P Sm`n, is a Log-function and if l ď n is such
that ftpxq :“ fpt, xq P L1

HlpAtq, for all t P Rm, then the function

gptq :“

ż

xPAt

ftpxq dHl
pxq, t P Rm,

is a Log-function as well.

Proof. The strategy of the proof will go as follows. The description of Log-functions
provided by (5.2.3) will provide a convergent expansion of fpt, xq in xn and ln xn
(it will suffice to integrate with respect to the last variable xn for we will argue
by induction). Integrating every term of this convergent power expansion, we get a
convergent expansion of the same type for g, which will yield that g is a Log-function.

Up to a definable diffeomorphism, we can assume that A is included in r0, 1sm`n.
Take a cell decomposition of Rm`n compatible with A such that f is continuous on
every cell (this is obvious from the definition of Log-functions and existence of cell
decompositions that such a decomposition exists). Clearly, it is enough to show the
result for a cell C Ă A.

If dimCt ă l (for some and hence for all t) then the result is obvious. If dimCt ą l
(for all t in the basis of C) then f ” 0 on C since if f were nonzero at some
pt0, x0q P C, then ft0 would be bounded below away from zero near x0 (since f is
continuous on C) and thus could not be L1

HlpCt0q (since every open neighborhood
of x0 in Ct0 has dimension bigger than l). We thus can assume dimCt “ l for all t
in the basis of C.

As a matter of fact, there is an orthogonal projection π : Rm`n Ñ Rm`l, pre-
serving the m-first coordinates and inducing a diffeomorphism on C onto a cell of
Rm`l. It means that this is no loss of generality to simply address the case l “ n.

Thanks to Proposition 5.2.4, we can assume that the function fpt, xq can be
decomposed for x “ px̃, xnq P Ct Ă Dt ˆ R:

ftpxq “
N
ÿ

i,j,k“0

aipt, xq ¨ cjpt, x̃q ¨ ln
k
|xn ´ θpt, x̃q|, (5.2.8)
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where θ is a definable function on the basis of C, the ai’s are reduced functions on
C (with translation θ), and the cj’s are Log-functions.

Fix i ď N . Up to a change of variables (without changing notations) of type
pt, xq ÞÑ pt, x ` θptqq, we can assume that θ ” 0. As ai is a reduced function on C
with translation θ ” 0, it can be written for pt, x̃, xnq in C

aipt, xq “ bpt, x̃qxrnUpx, tq, r P Q,

where b is a definable function and U a unit, i.e., a function that can be written
ψ ˝W with W bounded mapping of type

W pt, xq “ pu1pt, x̃q, . . . , uppt, x̃q, vpt, x̃qx
1
q
n , wpt, x̃qx

´ 1
q

n q,

with u1, . . . , up, v, w definable functions, q P N˚, and ψ analytic in a neighborhood
of clpW pCqq.

Before integrating our function, we need to break the unit U (obtained for each
ai) into two series, one with negative powers in xn and one with nonnegative powers.
This is the purpose of the claim below.

Set for simplicity for pt, xq “ pt, x̃, xnq in C:

W1pt, xq :“ pu1pt, x̃q, . . . , uppt, x̃q, vpt, x̃qx
1
q
n , vpt, x̃qwpt, x̃qq,

and

W2pt, xq :“ pu1pt, x̃q, . . . , uppt, x̃q, wpt, x̃qx
´1
q
n , vpt, x̃qwpt, x̃qq.

Claim. There is a partition of C into cells such that on each cell of this partition,
U can be written

Upt, xq “ ψpW pt, xqq “ Ψ1pW1pt, xqq `Ψ2pW2pt, xqq (5.2.9)

where Ψ1 and Ψ2 are two analytic functions on a neighborhood of clpW1pCqq and
clpW2pCqq respectively.

To prove the claim we shall distinguish two cases. Given η ą 0, splitting our
cell C into several cells we can assume that one of the following situation occurs on
each cell:

Case 1: |vpt, x̃qx
1
q
n | ě η. In this case we can write

wpt, x̃qx
´1
q “

vpt, x̃qwpt, x̃q

vpt, x̃qx
1
q
n

“ Λpvpt, x̃qx
1
q
n , vpt, x̃qwpt, x̃qq,

with Λpy, zq “ z
y
, which is an analytic function (since the function s ÞÑ 1

s
is analytic

in the complement of the origin). Hence, since U “ ψ˝W , it is enough to set Ψ2 “ 0
and Ψ1pu, y, zq :“ Ψpu, y,Λpy, zqq.
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Case 2: |wpt, x̃qx
´1
q
n | ě η. This case is addressed completely analogously. We set

Ψ1 “ 0 and Ψ2 is defined in a similar way as Ψ1 in case 1.

Case 3: We suppose that |vpt, x̃qx
1
q
n | and |wpt, x̃qx

´1
q
n | are both bounded by η. If η

is chosen small enough then the result directly follows from Lemma 1.6.13 (applied
to the function ψ).

This completes the proof of the claim. Write now C as pζ, ζ 1q, where ζ and
ζ 1 are two functions on the basis D of C satisfying ζ ă ζ 1. Set for simplicity
ξt,ε :“ ζt ` εpζ 1t ´ ζtq as well as ξ1t,ε :“ ζ 1t ´ εpζ 1t ´ ζtq, for ε ą 0. Observe that
the set rξt,ε, ξ

1
t,εs is included in Ct. By Proposition 5.2.5 and Lebesgue’s Dominated

Convergence Theorem, it is enough to show that the function λ defined by

λpt, εq :“

ż

rξt,ε,ξ1t,εs

ft dHn

is a Log-function.

Observe that λpt, εq “
ş

x̃PDt
hpt, ε, x̃qdHl´1px̃q where, for x̃ P Dt, we have set

hpt, ε, x̃q :“

ż ξ1t,εpx̃q

ξt,εpx̃q

ftpx̃, xnqdxn.

Since we can argue by induction on n, it is enough to establish that h is a Log-
function.

The above claim implies that ft can be decomposed on C as the sum of two
convergent series (via (5.2.8)). As we can integrate these two series by integrating

every term, we see that it is enough to integrate each monomial lnk xn ¨ x
j
p
n , j P

Z, k ď N , p P N˚, that appear in the convergent expansion.

These monomials may easily be integrated by finitely many integrations by parts.
For k “ 0 or j

p
“ ´1, a straightforward computation of antiderivative yields that

şξ1t,εpx̃q

ξt,εpx̃q
lnk xn ¨ x

j
p
ndxn is a Log-function. For k positive integer or j

p
‰ ´1, after a

suitable integration by parts (differentiating lnk xn), one gets a new integral of the
same type with a lower exponent in lnxn, which means that the process ends after
finitely many integrations by parts.

Applying Proposition 5.2.1 and Theorem 5.2.6 to the constant function f : AÑ
R, f ” 1, we get:

Corollary 5.2.7. Let A P Sm`n and l ď n. The function gptq :“ HlpAtq, defined
on the definable set

tt P Rm : Hl
pAtq ă 8u,

is a Log-function.
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5.3 On theHl-measure of globally subanalytic sets

5.3.1 The function ψpX, rq and the density θX

Given a set X P Sn, we define a function on Rnˆ r0,`8q by setting for x P Rn and
r ě 0:

ψpX, x, rq :“ Hl
pX XBpx, rqq,

where l is the dimension of X. If x “ 0 we will shorten ψpX, x, rq into ψpX, rq.

In this section, we describe some properties of the function ψ, and introduce the
notion of density, sometimes called Lelong number. Thanks to Proposition 5.1.4
and Corollary 5.2.7, we immediately see:

Proposition 5.3.1. For any A P Sm`n, the function pt, x, rq ÞÑ ψpAt, x, rq is a
Log-function satisfying ψpAt, x, rq À rl, for pt, xq P Rm`n.

In particular, in the case m “ 0, thanks to the definition of Log-functions and
Proposition 1.9.3, this corollary entails that for every X P Sn there exist integers p
and N as well as real numbers ai,j, i P N, j ď N , such that for r ą 0 small enough:

ψpX, rq “
8
ÿ

i“0

N
ÿ

j“0

ai,j r
i
p lnj r. (5.3.1)

Proposition and Definition 5.3.2. Set µl :“ HlpBp0Rl , 1qq and let X P Sn be of
dimension l. The limit

θXpxq :“ lim
rÑ0

ψpX, x, rq

µlrl

exists and is finite. It is called the density of X at x P clpXq.

Proof. By (5.3.1), the limit exists, and, by Proposition 5.3.1, it is finite.

The density is sometimes called the Lelong number. It is easily checked that if
X is a smooth manifold then θX ” 1. If X is a complex analytic subset of Cn (that
we can regard as a definable subset of R2n) then θXpx0q is equal to the multiplicity
of X at x0. The notion of density may thus be considered as a “real counterpart”
of the complex notion of multiplicity.

Theorem 5.3.3. The function θX is a Log-function on X, for all X P Sn.

Proof. Let X P Sn. Since Proposition 5.3.1 yields that the function fpx, rq :“
ψpX,x,rq
µlrl

is a bounded Log-function, we see that Proposition 5.2.5 immediately gives
the result.
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5.3.2 Uniform bounds

We give some estimates on the Hl-measure of germs of globally subanalytic sets that
will be needed in the proof of Theorem 5.4.2. It is very important that the constants
given by the following propositions do not depend on the parameters.

Given X P Sn and a positive real number ε, define the ε-neighborhood of X
as:

Xďε :“ tx P Rn : dpx,Xq ď εu.

We also set for simplicity:

X“ε :“ tx P Rn : dpx,Xq “ εu.

The following proposition enables us to bound uniformly with respect to ε the
measure of the ε-neighborhoods of the fibers of a globally subanalytic family.

Proposition 5.3.4. Let A P Sm`n be compact and let k be an integer smaller than
n. There is a constant C such that for all t P Rm for which dimAt ď k and all ε ě 0
we have

Hn´1
pAt,“εq ď Cεn´k´1. (5.3.2)

Moreover, given B in Sm`n and an integer l ą k, there is a constant C such that
for all t P Rm for which dimBt ď l as well as dimAt ď k, and all ε ě 0, we have

Hl
ppAtqďε XBtq ď C εl´k. (5.3.3)

Proof. We establish these two estimates simultaneously by induction on n, the state-
ment being vacuous in the case n “ 0. We start with the induction step of (5.3.2).
Let P P Gn

n´1, fix a positive integer j, and observe that KP
j pAt,“εq must be included

in πP pAtqďε. Moreover, the family of sets πP pAtq, t P Rm, P P Gn
n´1, is definable.

Hence, thanks to the induction hypothesis (identifying P with Rn´1 and applying
(5.3.3)), for t P Rm and ε ě 0

Hn´1
pKP

j pAt,“εqq À εn´k´1.

The result is therefore a direct consequence of the Cauchy-Crofton formula. We now
turn to perform the induction step of (5.3.3).

We start with the case l “ n, where we can assume Bt “ Rn, for all t. Let, for
x P Rn, ρtpxq :“ dpx,Atq. It is easy to see that the norm of the gradient of ρt is equal
to 1 at each point where this function is differentiable. Consequently, Jxpρtq ” 1 on
a definable dense subset of Rn. As a matter of fact, by (5.1.1):

Hn
pAt,ďεq ď

ż ε

0

Hn´1
pAt,“αqdα

p5.3.2q

À εn´k,
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as required.

It remains to show the result in the case l ă n. Observe that in this case,
KP
j pAt,ďεXBtq is included in πP pAtqďεXBt, for every positive integer j and P P Gn

l .
Hence, thanks to Cauchy-Crofton formula and the induction hypothesis (identifying
P with Rl, exactly in the same way as in the induction step of (5.3.2)), we see that
the desired estimate holds.

Proposition 5.3.5. Given A P Sm`n, there exists a constant C such that for all
t P Rm, all ε P p0, 1s, and all r ě 0, we have:

ψppAtqďε, rq ď C rn´1ε`Hn
pAt XBp0Rn , rqq.

In particular, if dimAt ă n, we then have for all such r, t, and ε:

ψppAtqďε, rq ď Crn´1ε. (5.3.4)

Proof. We will use a method which is similar to the one we used in the proof of the
preceding proposition. We first establish the desired estimate assuming dimAt ă n,
for all t P Rm.

Let, for x P Rn, ρtpxq :“ dpx,Atq. As explained in the proof of the preceding
proposition, Jxpρtq ” 1 on a definable dense subset of Rn.

Note also that for every t, the set At,“α is pn ´ 1q-dimensional for every α ą 0.
Hence, by Proposition 5.1.4, there exists a constant C such that for all pt, αq P
Rm ˆ r0, 1s we have: ψpAt,“α, rq ď Crn´1. We thus can write:

ψppAtqďε, rq “

ż

pAtqďεXBp0Rn ,rq

dHn

ď

ż ε

0

ψ
`

pAtq“α, r
˘

dH1
pαq (by (5.1.1), since Jxpρtq ” 1)

ď Crn´1ε.

This establishes (5.3.4). To prove the result in the general case, let us set Ct :“
clpAtqzintpAtq. The sets Ct form a definable family of sets of dimension less than n.
Since pAtqďε Ă pCtqďε Y At, the general case follows from the case where the At’s
have positive codimension in Rn.

We now shall establish a Lipschitz-type property of ψpAt, rq with respect to r.

Proposition 5.3.6. Let l P N and let A P Sm`n be such that dimAt “ l for all
t P Rm. There exists a constant C such that for all t P Rm and all r and r1 small
enough positive real numbers satisfying r1 ď r we have:

|ψpAt, rq ´ ψpAt, r
1
q| ď Crl´1

|r ´ r1|.
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Proof. For t P Rm let λt denote the restriction to At,reg of the function ρ : Rn Ñ R,
defined by ρpxq :“ |x|. We wish to make use of formula (5.1.1) in order to estimate
ψpAt, rq. We first establish that for every t P Rm, the function Jλtpxq goes to 1 when
x P At,reg tends to 0.

Since Jxpλtq “ |Bxλt|, and since, for each nonzero x, the vector Bxλt is the
projection of Bxρ “

x
|x|

onto TxAt,reg, it is enough to check that the angle between
x and TxAt,reg tends to zero as x P At,reg tends to zero. Indeed, if otherwise,
by Curve Selection Lemma we could find a definable arc γ in At,reg tending to
zero such that the angle between γpsq and TγpsqAt,reg is bounded below away from
zero. Since definable arcs are Puiseux arcs (see Proposition 1.9.3), we must have
limsÑ0 =pγpsq, γ1psqq “ 0. As γ1psq P TγpsqAt,reg, this is a contradiction which yields
that Jλtpxq goes to 1 when x P At,reg tends to 0.

Fix now t P Rm and choose a positive real number r0 sufficiently small for the
sets Sp0Rn , rq X At to be of dimension pl ´ 1q for all r ď r0.

As AtXSp0Rn , rq Ă AtXBp0Rn , 2rq, by Proposition 5.1.4, we know that there is
a constant C independent of t and r such that for all r small enough and all t P Rm:

Hl´1
pAt X Sp0Rn , rqq ď Crl´1. (5.3.5)

We thus can write for r1 ď r small enough:

|ψpAt, rq ´ ψpAt, r
1
q| “ |

ż

AtXBp0,rqzBp0,r1q

dHl
|

ď 2

ż

AtXBp0,rqzBp0,r1q

Jqpλtq dHl
pqq psince Jqpλtq tends to 1q

“ 2

ż r

r1
Hl´1

pAt X Sp0Rn , sqq dH1
psq (by (5.1.1))

ď 2Crl´1

ż r

r1
dH1 (by (5.3.5))

“ 2Crl´1
|r ´ r1|.

Remark 5.3.7. In the above proposition the given inequality holds for r1 ď r small
enough positive real numbers. It means that for every t we can find r0ptq ą 0 such
that this inequality holds for r1 ď r ď r0ptq. It is easy to see that r0ptq is not always
bounded below away from zero. However, if Σ is a Whitney pbq regular stratification
of A and if Y is one stratum of this stratification of type Z ˆ t0Rnu, Z Ă Rm, then
r0ptq can be chosen bounded below away from zero on compact subsets of Z.

Proposition 5.3.8. Let B be a definable compact subset of Rm ˆ Rn (which we
regard as a family of subsets of Rn parameterized by Rm). If dimBt ď l, for all
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t P Rm, and dimB0Rm ă l, then there is a constant C and a positive rational number
θ such that for all t P Rm:

Hl
pBtq ď C |t|θ.

Proof. Let for t P Rm, fptq :“ supxPBt dpx,B0Rm q (with fptq “ 0 if Bt is empty).
We wish to apply  Lojasiewicz’s inequality (Theorem 2.3.5) to f . We need for this
purpose to check that fpγpsqq tends to zero for every subanalytic arc γ : r0, εq Ñ Rm

which goes to the origin. If γ is such an arc, let xpsq be a subanalytic arc satisfying
xpsq P Bγpsq and dpxpsq, γpsqq “ fpγpsqq, for every s positive small. Because B is
compact, the arc xpsq must end at a point of B0Rm , which shows that dpxpsq, B0q

tends to zero, as required.

Now, by Theorem 2.3.5, we know that there is a constant C and a positive
rational number θ such that fptq ď C|t|θ. Since Bt Ă pB0Rm qďfptq, we have for all
t P Rm and all P P Gn

l :

Hl
pπP pBtqq ď Hl

`

πP pB0Rm qďfptq
˘
p5.3.4q

À fptq À |t|θ.

In virtue of the Cauchy-Crofton formula, this yields the desired estimate.

5.4 Hl-measure α-approximations of the identity

We are going to show that families of homeomorphisms that are close to the identity
can induce some stability in the volume even if they are not Lipschitz. This fact is
possible because we work with globally subanalytic families of sets. The considered
homeomorphisms will however not be assumed to be globally subanalytic.

Definition 5.4.1. Let A and B in Sm`n and let α : p0, ηq ˆRm Ñ R be a positive
definable function. We call α-approximation of the identity a family of germs
of homeomorphisms (not necessarily definable) ht : pAt, 0q Ñ pBt, 0q, t P Rm, for
which we can find a strictly positive constant C such that for every t and every r
positive sufficiently close to zero

|htpxq ´ x| ď Cαpr, tq, (5.4.1)

for all x P Bp0, rq X At, and

|h´1
t pxq ´ x| ď Cαpr, tq, (5.4.2)

for all x P Bp0, rq XBt.

The main purpose for introducing the notion of α-approximation of the identity
is the study of the variation of the density on a definable set (section 5.5). The
theorem below, that compares the volume of the fibers of two families that are
related by an α-approximation of the identity, is however of its own interest. It is
very easy to produce examples of (non subanalytic) sets for which this theorem fails.
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Theorem 5.4.2. Let pAtqtPRm and pBtqtPRm be two definable families of subsets of
dimension l of Rn and let ht : At Ñ Bt, t P Rm, be an α-approximation of the
identity, with α : p0, ηq ˆ Rm Ñ R definable positive function.

There is a constant C such that for every t P Rm we have for all r ą 0 small
enough:

|ψpAt, rq ´ ψpBt, rq| ď Cαpr, tq ¨ rl´1.

The idea of the proof of this theorem is that Cauchy-Crofton formula reduces the
computation of the Hausdorff measure of a set to the computation of the cardinal
of generic fibers of generic projections (restricted to the considered set). Namely, to
prove that the Hl-measure of AtXBp0, rq is close to the Hl-measure of BtXBp0, rq,
we simply need to compare the respective cardinals of π´1

P pxq X At X Bp0, rq and
π´1
P pxq XBt XBp0, rq, for P P Gn

l and x P P generic.

This is what is carried out by the proposition below: assuming that we are in the
same situation as in Theorem 5.4.2, we conclude that the cardinals of generic fibers
of projections are the same in the complement of a set whose measure is bounded
in terms of α.

Proposition 5.4.3. Let pAtqtPRm and pBtqtPRm be two definable families of subsets
of dimension l of Rn and let ht : At Ñ Bt, t P Rm, be an α-approximation of the
identity, with α : p0, ηq ˆ Rm Ñ R definable positive function.

There exists a globally subanalytic family of subsets KpP, r, tq, P P Gn
l , r ą

0, t P Rm, satisfying:

(i) For every P , t, and r we have KpP, r, tq Ă P XBp0, rq.

(ii) There is a constant C such that for every t, we have for all small enough
positive real number r and all P P Gn

l :

Hl
pKpP, r, tqq ď Cαpr, tq ¨ rl´1.

(iii) For any t P Rm and for any x P P XBp0, rqzKpP, r, tq we have:

card pπ´1
P pxq X At XBp0, rqq “ card pπ´1

P pxq XBt XBp0, rqq. (5.4.3)

Proof. The family KpP, r, tq will be constituted by the union of four families that
we start constructing first. Let A1t be the set of points of At at which At fails to be
an analytic manifold of dimension l. For every P P Gn

l and t P Rm let SpP, tq be the
union of A1t together with the set of the points of AtzA

1
t at which πP fails to be a

submersion. By Sard’s theorem, πP pSpP, tqq has dimension less than l for every t
and P .

Let
HpP, r, tq :“ πP pSpP, tqq XBp0, rq.
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In this proof we will sometimes identify P with Rl so that, given a subset of X Ă P
and ε ą 0, we write Xďε for the points x P P satisfying dpx,Xq ď ε.

As the family pHpP, r, tqq tPRm
PPGn

l
, rPR`

is definable, by Proposition 5.3.5 (identify P

with Rl) there is a constant C such that for all t P Rm:

Hl
pHpP, r, tqď2αpr,tqq ď Cαpr, tqrl´1. (5.4.4)

Moreover, by Proposition 5.3.6, there exists a constant C (independent of αpr, tq)
such that for all t P Rm:

Hl
pAt XBp0, rqzBp0, r ´ 2αpr, tqqq ď Cαpr, tqrl´1. (5.4.5)

Let now

Mtprq :“ πP pAt XBp0, rqzBp0, r ´ 2αpr, tqqq.

Of course (by (5.4.5)), we have a fortiori

Hl
pMtprqq ď Cαpr, tq ¨ rl´1

Moreover, we easily derive from Proposition 5.3.5 (again identifying P with Rl) that:

Hl
pMtprqď3αpr,tqq ď Cαpr, tq ¨ rl´1,

for some constant C independent of r and t.

Let us now define KpP, r, tq Ă P as the union

HpP, r, tq2αpr,tq YH
1
pP, t, rq2αpr,tq YMtprqď3αpr,tq YM1

tprqď3αpr,tq,

where H 1pP, t, rq and M1
tprq are defined in the same way as HpP, r, tq and Mtprq

but replacing At with Bt.

By the above estimates (by symmetry of the roles of At and Bt, the estimates
obtained for HpP, r, tq andMtprq clearly hold for H 1pP, t, rq andM1

tprq as well) we
have that

Hl
pKpP, r, tqq À rl´1αpr, tq.

This establishes piiq (piq holds by definition). It thus only remains to show piiiq,
i.e., to check that (5.4.3) holds outside KpP, r, tq for all P , for r sufficiently close to
zero.

For this purpose, fix P P Gn
l , r ą 0 small, t P Rm, as well as an element x P

P XBp0, rqzKpP, r, tq, and set for simplicity

j :“ card π´1
P pxq X At and j1 :“ card π´1

P pxq XBt.
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We remark that by definition of KpP, t, rq we have

dpx, πP pSpP, tqqq ą 2αpr, tq,

which means that π´1
P pBpx, 2αpr, tqqqXAtXBp0, rq is only constituted by nonsingular

points z at which πP |At is submersive. By symmetry of the roles of At and Bt, the
same holds for π´1

P pBpx, 2αpr, tqqq XBt XBp0, rq.

So, the intersection of π´1
P pBpx, 2αpr, tqqq with the set At,reg X Bp0, rq (resp.

Bt,reg XBp0, rq) is the union of j (resp. j1) connected components C1, . . . , Cj (resp.
D1, . . . , Dj1) and the restriction of πP to every Ci (resp. Di) is a homeomorphism
onto its image.

Since x does not belong to Mtprqď3αpr,tq, the ball of radius αpr, tq centered at x
does not intersect the setMtprqď2αpr,tq. Hence, due to the definition ofMtprq, every
point z of Cj0 Xπ

´1
P pBpx, αpr, tqqq, with j0 P t1, . . . , ju, belongs to Bp0, r´ 2αpr, tqq,

which entails that we have

|htpzq ´ z| ď αpr, tq, (5.4.6)

so that the point htpzq must belong to Bp0, rq. Moreover, again due to (5.4.6), we
have πP phtpzqq P Bpx, 2αpr, tqq so that htpzq actually belongs to one of the Di’s. As
Cj0 is connected and the Di’s are disjoint, the integer k ď j1 for which z P Dk simply
depends on j0 and not on the point z in Cj0 X π´1

P pBpx, αpr, tqqq. Let σpj0q be this
integer.

In this way, we have defined a mapping σ from t1, . . . , ju to t1, . . . , j1u. In order
to show j1 ď j, it suffices to establish that σ is surjective (by the symmetry of the
roles of j and j1, it is enough to check j1 ď j).

Let i be an integer between 1 and j1, take a point z P π´1
P pxq X Di, and set

y :“ h´1
t pzq. Since x RM1

tprq, the point z belongs to Bp0, r´ 2αpr, tqq; this implies,
via (5.4.2), that the point y also belongs to Bp0, rq.

Moreover (again thanks to (5.4.2)), it is clear that πP pyq P Bpx, 2αpr, tqq, i.e.,
y P π´1

P pBpx, 2αpr, tqqq. Thus, there exists an integer i0 such that y P Ci0 , which
implies that σpi0q “ i.

Proof of Theorem 5.4.2. Thanks to Proposition 5.4.3, we know that there is a con-
stant C such that there exists a definable family of subsets KpP, r, tq, P P Gn

l , r ě 0,
t P Rm, for which we have for all such t, r small enough, and P

ψpKpP, r, tq, rq ď Cαpr, tqrl´1,

and for all x P P XBp0, rqzKpP, r, tq

card π´1
P pxq X At XBp0, rq “ card π´1

P pxq XBt XBp0, rq.
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As A and B both belong to Sm`n, these cardinals can only take finitely many
values. It thus directly follows from Cauchy-Crofton formula (see (5.1.6)) that there
is a positive constant C such that we have for all t P Rm and r ą 0 small:

|Hl
pAt XBp0, rqq ´Hl

pBt XBp0, rqq| ď Cαpr, tq ¨ rl´1.

5.5 Variation of the density

As we noticed the density is identically equal to 1 if A is smooth. This raises a
natural question: how is the density affected by the geometry of the singularities of
a globally subanalytic set? The theorem below provides information on this problem.

Theorem 5.5.1. Let a closed set X P Sn be stratified by a stratification Σ.

(i) If Σ is pwq-regular then the density of X is locally Lipschitz along the strata
of Σ.

(ii) If Σ is Whitney pbq regular then the density of X is continuous along the strata
of Σ.

Proof of piq. For simplicity we will do the proof in the case where the stratification
Σ is reduced to two strata S and S 1 with S Ă clpS 1qzS 1. The proof in the general case
relies on the same idea. Up to a coordinate system we may assume that S “ Rkˆt0u.
We will carry out the proof in the case k “ 1. In the case where S has higher
dimension, one may apply the same argument to establish that the density is locally
Lipschitz with respect to each coordinate of S (which yields the local Lipschitzness
of the density on S).

Given t P S, define
At :“ tx P Rn : px` tq P Xu, (5.5.1)

so that the germ of At at the origin is the translation of the germ of X at t. Fix
t0 P S. We are going to show that θpAtq is Lipschitz in some neighborhood of t0.

We claim that, for t and t1 in a neighborhood of t0, there is an α-approximation of
the identity ht,t1 : At Ñ At1 , where αpr, t, t1q “ r|t´ t1| (here At and At1 are regarded
as families parameterized by two parameters t1 and t, constant with respect to t1

and t respectively).

We start by defining a vector field. The desired family of homeomorphisms will
then be given by the flow of this vector field. Set for x in S 1

vpxq :“ Pxpe1q, (5.5.2)
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where Px stands for the orthogonal projection onto TxS
1 (and e1 is the first vector

of the canonical basis). Extend V on S by setting vpxq :“ e1 for x P S. It easily
follows from the pwq condition that this vector field satisfies for any x P S 1 and t P S
sufficiently close to the origin:

|vpxq ´ vptq| ď C|x´ t|. (5.5.3)

Denote by φ the local flow of this vector field (defined on each stratum). By Gron-
wall’s Lemma, the preceding estimate implies that for x P S 1 and t P S close to t0
and s positive small:

|t´ x| expp´Csq ď |φpx, sq ´ φpt, sq| ď exppCsq|t´ x|. (5.5.4)

The first inequality establishes that an integral curve starting at x P S 1 may not fall
into S. The second inequality implies that it stays in a little neighborhood of S if
x is chosen sufficiently close to S. It also yields that φ is continuous (it is smooth
on strata, so continuity just needs to be checked at points of S). Hence, φp¨, sq is a
continuous isotopy.

In order to define the desired homeomorphisms, fix now t and t1 in S close to t0.
Let for x P At (i.e., px` tq P X) close to the origin:

ht,t1pxq :“ φpx` t, t1 ´ tq ´ t1 “ φpx` t, t1 ´ tq ´ φpt, t1 ´ tq,

which belongs to At1 . Integrating (5.5.3), we see (using (5.5.4)) that there is a
constant C 1 such that:

|ht,t1pxq ´ x| ď C 1|t´ t1| ¨ |x|. (5.5.5)

This establishes that ht,t1 is an α-approximation of the identity with αpr, t, t1q :“
r ¨ |t´ t1|.

By Theorem 5.4.2, we get that there is a constant C2 independent of t and t1

such that for r positive small enough:

|ψpAt, rq ´ ψpAt1 , rq| ď C2rl ¨ |t´ t1|,

(here l “ dimX). This implies:

|θXptq ´ θXpt
1
q| “ |θAtp0q ´ θAt1 p0q| ď C2|t´ t1|,

which yields the Lipschitzness of the density at the origin.

Proof of piiq. As the argument is very similar, we will just provide a sketch of proof.
We also restrict ourselves to the case of a stratification constituted by two strata S
and S 1, with S Ă clpS 1qzS 1, assuming dimS “ 1. Using curve selection lemma, one
may actually reduce the proof of the key point (see [Val] for more details) to the
case where the stratum S is one dimensional.
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As our problem is local, we may identify S with a neighborhood of the origin
in R ˆ t0Rn´1u. Since S is a one-dimensional stratum by Proposition 2.7.16, the
stratification Σ satisfies the condition prq of Kuo with respect to S. By  Lojasiewicz’s
inequality, it means that there is a rational number e ă 1 such that on S 1 we have
in a neighborhood of the origin:

=pTπpxqS, TxS
1
q À

|x´ πpxq|

|x|e
. (5.5.6)

where π is the orthogonal projection onto S. Let v be the vector field on X defined
as in the proof of piq (see (5.5.2)) and let At be the family defined in (5.5.1).

Of course, because we no longer assume the pwq condition, (5.5.3) might fail.
Nevertheless, by (5.5.6) and the definition of v, one can easily see that for x is some
neighborhood of the origin in X:

|vpxq ´ vpπpxqq| À
|x´ πpxq|

|x|e
.

Denote by φ the flow of this vector field. One may show existence and uniqueness
of the integral curves by a similar argument as in the proof of piq (see (5.5.4)). We
then can define a family of mappings ht : At Ñ A0 (where At is as in the proof of piq)
by htpxq :“ φpx,´tq. This mapping is an α-approximation of the identity, where
αpr, tq :“ t1´e ¨r (with the same argument as in (5.5.5)). Again using Theorem 5.4.2
and Cauchy-Crofton formula, we immediately derive that for t in a neighborhood of
the origin:

|ψpAt, rq ´ ψpA0, rq| ď Ct1´e ¨ rl.

This implies:

|θXptq ´ θXp0q| “ |θAtp0q ´ θA0p0q| ď Ct1´e,

which yields the continuity of the density at the origin.

5.6 Stokes’ formula

We end this chapter by proving Stokes’ formula on globally subanalytic (possibly
singular) sets (Theorem 5.6.12). The formula that we will give applies to a large
class of differential forms, called stratified forms. These forms are not necessarily
continuous. They are nevertheless locally bounded. What makes them attractive
is that the pull-back of a stratified form via a globally subanalytic Lipschitz (not
necessarily differentiable) map is a stratified form (Remark 5.6.4).

Stratified forms. If ω is a differential k-form on a submanifold S Ă Rn, we denote
by |ωpxq| the norm of the linear form ωpxq : bkTxS Ñ R, where S is equipped with
the Riemannian metric inherited from the ambient space.
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Definition 5.6.1. Let X P Sn and let Σ be a stratification of X.

A stratified differential 0-form on pX,Σq is a collection of functions ωS :
S Ñ R, S P Σ, that glue together into a continuous function on X.

A stratified differential k-form on pX,Σq, k ą 0, is a collection pωSqSPΣ
where, for every S, ωS is a continuous differential k-form on S such that for any
pxi, ξiq P b

kTS, with xi tending to x P S 1 P Σ and ξi tending to ξ P bkTxS
1, we have

limωSpxi, ξiq “ ωS1px, ξq.

We say that ω “ pωSqSPΣ is differentiable if ωS is C1 for every S P Σ and if
dω :“ pdωSqSPΣ is a stratified form.

Proposition 5.6.2. Let pX,Σq be a stratified set with X closed. If ω “ pωSqSPΣ is
a stratified form then, for every S P Σ, |ωSpxq| is bounded on every bounded subset
of S.

Proof. If ω is a 0-form, this is clear since ωS is the restriction of a continuous function
on X which is closed. Take a k-form ω, with k ą 0, and let us assume that the
result fails for ω. It means that there is a bounded sequence pxi, ξiq P b

kTS, S P Σ,
such that ωSpxi, ξiq goes to infinity. Since xi is a bounded sequence, extracting
a subsequence if necessary, we may assume that it is convergent to some element
x P S 1, S 1 P Σ. Let

ξ1i :“
ξi

ωSpxi, ξiq
,

so that ωSpxi, ξ
1
iq “ 1, for all i.

As ωSpxi, ξiq is going to infinity and ξi is bounded, ξ1i clearly goes to zero. Because
ω is a stratified form, this implies that we must have

limωSpxi, ξ
1
iq “ ωS1px, 0q “ 0,

in contradiction with ωSpxi, ξ
1
iq ” 1.

Definition 5.6.3. A refinement of a stratification Σ of a set X is a stratification
Σ1 of X such that every stratum of Σ is the union of some strata of Σ1.

Let ω “ pωSqSPΣ be a stratified form, Σ1 be a refinement of Σ, and take T P Σ1.
By definition of refinements, there is a unique S P Σ which contains T . Let ωT
denote the differential form induced by ωS on T . It is a routine to check that
ω1 :“ pωT qTPΣ1 is also a stratified form. We then say that ω1 is a refinement of ω.

Given a horizontally C1 stratified mapping F : pX,Σq Ñ pY,Σ1q and a stratified
form ω “ pωSqSPΣ1 on pY,Σ1q, let us define the pull-back of the stratified form
ω under pF,Σ,Σ1q as

F ˚ω :“ pF ˚SωS1qSPΣ,
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where F ˚SωS1 stands for the pull-back of the differential form ωS1 under the mapping
FS : S Ñ S 1, S 1 :“ F pSq. Since F is horizontally C1, it is easily checked from the
definitions that F ˚ω is then also a stratified form.

Remark 5.6.4. Thanks to Proposition 2.7.11 (and Remark 2.7.12), we see that if
h : X Ñ Y is a definable Lipschitz mapping (not necessarily smooth) then every
smooth form on Y can be pulled back to a stratified form on X. Observe that in
particular, if Y is a manifold (that we can endow with a one-stratum stratification),
then every smooth form on Y can be pulled-back to a stratified form by such a
mapping h.

Given a stratification Σ, we denote by Σpkq the collection of all the strata of Σ
of dimension k (the reunion of all the elements of Σpkq, denoted YΣpkq, is thus a
k-dimensional manifold).

Integration of stratified forms. Let pX,Σq be a stratified set, X P Sn compact.
Take a stratified k-form ω “ pωSqSPΣ on pX,Σq and let Y Ă X be a definable subset
of X of dimension k such that Yreg is oriented. We are going to define the integral
of ω on Y , denoted

ş

Y
ω.

Let Σ1 be a refinement of Σ such that Yreg is a union of some strata of Σ1. This
refinement inducing a refinement ω1 of ω (as explained in Definition 5.6.3), we may
naturally define

ż

Y

ω :“
ÿ

SPΣ1pkq

ż

S

ωS,

where every stratum is endowed with the orientation induced by Yreg. That this
integral is finite follows from the fact that ωS is bounded (by Proposition 5.6.2) on
a set of finite measure (since X is compact).

If Σ2 is another refinement of Σ such that Yreg is a union of strata then YΣ1pkq

and YΣ2pkq coincide outside a subset of dimension less than k (which is thus Hk-
negligible) so that:

ÿ

SPΣ1pkq

ż

S

ωS “
ÿ

SPΣ2pkq

ż

S

ωS ,

which shows that the integral is independent of the chosen refinement.

In the case where Y has dimension smaller than k, we set this integral to be
zero.

Given X Ă Rn, the singular k-simplices of X will be the continuous definable
mappings c : ∆k Ñ Rn such that |c| Ă X, ∆k being the k-simplex spanned by
0, e1, . . . , ek, where e1, . . . , ek is the canonical basis of Rk, and |c| the support of
the chain c. We denote by CkpXq the R-vector spaces of singular (definable) k-
chains, i.e., finite linear combinations (with real coefficients) of singular (definable)
simplices, and we will write Bc for the boundary of c.
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Integration on singular simplices. Let again pX,Σq be a stratified set, X P Sn,
and let ω “ pωSqSPΣ be a stratified k-form on X.

We are going to define the integral of the stratified k-form ω over an oriented
singular simplex σ : ∆k Ñ X. As σ is definable, by Proposition 2.7.9, there exist
stratifications P of ∆k and Q of X such that for any S in P there is T P Q such
that the mapping σ|S : S Ñ T , induced by the restriction of σ, is a C8 surjective
submersion. Since two stratifications have a common refinement, possibly refining
ω (see Definition 5.6.3), we may assume that ω is a stratified form on P . We now
set1:

ż

σ

ω “
ÿ

SPPpkq

ż

S

σ˚ωσpSq.

Again, since the manifold YPpkq is independent of the stratification P up to a
negligible set, this definition is clearly independent of the chosen stratifications.
The integral over a definable chain c P CkpXq is then defined naturally.

Stokes’ formula for stratified forms. This formula, stated in Theorem 5.6.12,
requires some preliminaries.

Definition 5.6.5. Let L P Sn be a compact set of dimension k. We say that L is
a leaf if there is a dense definable subset Z Ă frpLregq such that clpLregq is a C1

submanifold with boundary (of Rn) at every point of Z. We then set BL :“ frpLregq.
A leaf L is orientable if so is Lreg. Observe that any orientation of Lreg gives rise
to an orientation of the regular locus of BL.

Lemma 5.6.6. Let L P Sn be a leaf of dimension k. Any definable closed subset
L1 Ă L of dimension k is a leaf.

Proof. Let L1 Ă L be as in the statement of the lemma and observe that L1reg Ă Lreg.
We have to show that there is a definable dense subset of frpL1regq at which L1 is a
manifold with boundary. Let x be a regular point of frpL1regq. If x lies in Lreg, then,
as frpL1regq is a C1 submanifold of Lreg at x, it is clear that clpL1regq is a C1 manifold
with boundary at x (the closure of an open definable set in a manifold is a manifold
with boundary at every regular point of the frontier). We thus can suppose that
x P BL. If x R frpfrpL1regq XLregq (this set has dimension strictly less than pk ´ 1q)
then frpLregq and frpL1regq coincide locally near x, and the result comes from the
fact that L is itself a leaf.

Lemma 5.6.7. Let pM, BMq be a definable C0 manifold with boundary. There is a
dense definable subset N Ă BM such that pM,Nq is a C1 manifold with boundary
near every point of N .

1The form pσ˚ωσpSqqSPP is not necessarily a stratified form on ∆k. In particular, σ˚ωσpSq is
not necessarily bounded (σ is not assumed to have bounded first derivative).
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Proof. Since pM, BMq is a C0 manifold, every point x P BM has a definable neigh-
borhood U and a definable homeomorphism h : V Ñ U where V is a neighborhood
of the origin in tx “ px1, . . . , xmq P Rm : xm ě 0u (and m “ dimM). The result
now easily follows from Puiseux Lemma with parameters (Proposition 1.9.3).

Remark 5.6.8. Every definable set may be decomposed into a finite union of de-
finable C0 manifolds with boundary (not necessarily disjoint). This fact is a con-
sequence of existence of definable triangulations (see Theorem 4.1.4). Lemma 5.6.7
thus implies that every compact definable set may be decomposed into a finite union
of leaves.

Lemma 5.6.9. Let pM, BMq be a definable C1 manifold with boundary which is
stratified by Σ :“ tMzBM, BMu, and let us take a definable function ρ : M Ñ R,
C1, nonnegative with ρ´1p0q “ BM . For any differentiable stratified differential form
ω on pM,Σq vanishing outside a compact subset of M we have

lim
εÑ0, εą0

ż

ρ“ε

ω “

ż

BM

ω. (5.6.1)

Proof. Up to a partition of unity we may assume that the support of ω fits in one
chart of M and, up to a coordinate system, we may identify M with Bp0Rk , αq X
tpx1, . . . , xkq P Rk : xk ě 0u, α ą 0. The coefficients of the form ωxk :“ ω|Rk´1ˆtxku

are continuous with respect to xk. Hence, in the case where ρ is the function given
by ρpx1, . . . , xkq “ xk for all px1, . . . , xkq, it suffices to pass to the limit inside the
integral.

As a matter of fact, it is enough to check that the limit always exists and is
independent of the function ρ. Let ρ be a function satisfying the assumptions of
the lemma. By (the classical) Stokes’ formula, we have for relevant orientations and
0 ă ε ă ε1:

ż

ρ“ε

ω ´

ż

ρ“ε1
ω “

ż

ρ´1prε,ε1sq

dω.

The measure of ρ´1prε, ε1sq tends to zero as pε, ε1q goes to (0,0). As (by Proposition
5.6.2) dω is bounded, this implies that the right-hand-side goes to zero. Conse-
quently, the limit exists for all such function ρ. That the limit is independent of ρ
follows from an analogous argument.

We first establish Stokes’ formula for stratified forms on a stratum whose closure
is a leaf.

Lemma 5.6.10. Let X P Sn be compact and let Σ be a stratification of X. Let
ω “ pωSqSPΣ be a differentiable stratified differential pk ´ 1q-form on X. Fix a
stratum S of dimension k. If clpSq is an oriented leaf then we have:

ż

S

dωS “

ż

frpSq

ω, (5.6.2)
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where frpSqreg is endowed with the induced orientation.

Proof. Let ρ : Rn Ñ R be a C1 definable positive function such that ρ´1p0q “ frpSq.
Let us set

Tε :“ tx P S : ρpxq ě εu.

Note that for ε ą 0 small enough, by Sard’s theorem, Tε is a C1 manifold with
boundary and ω is a smooth form on it. Thus, by the classical Stokes’ formula:

ż

Tε

dωS “

ż

BTε

ωS.

As dωS is bounded (by Proposition 5.6.2), it easily follows from Lebesgue’s Domi-
nated Convergence Theorem that:

lim
εÑ0

ż

Tε

dωS “

ż

S

dωS.

We thus only have to show that:

lim
εÑ0

ż

BTε

ωS “

ż

frpSq

ω. (5.6.3)

As clpSq is a leaf, there is a definable subset S 1 Ă BS of positive codimension in
BS and such that clpSq is a C1 manifold with boundary at every point of frpSqzS 1.
Set, for δ ě 0:

Uδ :“ tx P Rn : dpx, S1q ď δu,

and let pϕδ, ψδq denote a C8 partition of unity subordinated to the covering consti-
tuted by the two open sets intpUδq and RnzU δ

2
.

As (see Proposition 5.6.2) ωS is bounded and because ϕδ has support in Uδ, we
can write for some constant C:

ż

BTε

ϕδ ω ď CHk´1
pUδ X BTεq. (5.6.4)

Applying Proposition 5.3.8 to the definable family Bδ,ε :“ Uδ X BTε, we get:

lim sup
δÑ0

lim sup
εÑ0

Hk´1
pUδ X BTεq “ 0.

By (5.6.4), this entails that:

lim sup
δÑ0

lim sup
εÑ0

ż

BTε

ϕδ ωS “ 0.
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As a matter of fact, since for each δ ą 0 we have ω “ ϕδω ` ψδω, equality (5.6.3)
reduces to show that:

lim
δÑ0

lim
εÑ0

ż

BTε

ψδ ωS “

ż

frpSq

ω. (5.6.5)

It follows from Lemma 5.6.9 (applied to ψδ ω which induces a stratified form
with compact support on the manifold with boundary SzU δ

2
) that

lim
εÑ0

ż

BTε

ψδ ω “

ż

frpSqzU δ
2

ψδ ω “

ż

frpSq

ψδ ω.

Passing to the limit as δ ą 0 tends to zero and applying Lebesgue’s Dominated
Convergence Theorem, we see that this yields (5.6.5).

Before dealing with stratified forms, we give a version of Stokes’ formula on C0

manifolds with boundary that will be of service.

Proposition 5.6.11. Let M P Sn be a definable C0 compact manifold with boundary
BM and let Σ be a stratification of M . For any differentiable stratified pm´1q-form
ω :“ pωSqSPΣ on M , where m “ dimM , we have:

ż

M

dω “

ż

BM

ω.

Proof. This follows from the preceding lemma together with the fact that every
compact definable set can be decomposed into a finite union of disjoint leaves (see
Remark 5.6.8).

We are now ready to show that stratified forms satisfy Stokes’ formula:

Theorem 5.6.12. Let pX,Σq be a definable stratified set. If ω is a differentiable
stratified k-form on pX,Σq, then we have for all c P Ck`1pXq:

ż

c

dω “

ż

Bc

ω.

Proof. It is of course enough to carry out the proof for one single simplex σ : ∆k`1 Ñ

X. Let
Γ :“ tpx, yq P X ˆ∆k`1 : x “ σpyqu.

We denote by π1 : Γ Ñ X and π2 : Γ Ñ ∆k`1 the natural projections. Let P be
a decomposition of Γ into cells satisfying the frontier condition. By Lemmas 5.6.6
and 5.6.7, we may suppose that the closure of all the elements of P are leaves (see
Remark 5.6.8). Refining Σ if necessary, we may assume that it is compatible with
pπ1pCqqCPP and that σ is smooth on every stratum.
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Since the projection π2 induces a diffeomorphism above every stratum, it suffices
to show:

ż

Γ

π˚1dω “

ż

BΓ

π˚1ω. (5.6.6)

We recall that for each i, we denote by Ppiq the collection of the elements of P that
have dimension i. We orientate every C P Ppk`1q with the orientation pulled-back by
the diffeomorphism π2, and we denote by PpCq the set constituted by the elements
of Ppkq that are included in frpCq endowed with the orientation induced by C.

Let C P Ppkq Y Ppk`1q and let i :“ dim C. Either dim π1pCq ă i or π1|C is
a diffeomorphism onto its image. In the latter case, we obviously have for any
continuous bounded i-form α on C and relevant orientation on π1pCq (we argue
with an arbitrary form α for we will apply this formula to both ω and dω below):

ż

C

π˚1|Cα “

ż

π1pCq

α. (5.6.7)

If dim π1pCq ă i, then both sides are zero (since π˚1|Cα is identically zero) and this
equality continues to hold.

Observe also that if dimC “ k`1 and if π1|C is a diffeomorphism then π1pfrpCqq “
frpπ1pCqq which entails that:

ż

frpπ1pCqq

ω “
ÿ

EPPpCq

ż

π1pEq

ω. (5.6.8)

We claim that this formula is true even if π1|C fails to be a diffeomorphism. Indeed,
assume dimπ1pCq “ k (if dimπ1pCq ă k, both sides are zero and this is clear).
As the left-hand-side of (5.6.8) vanishes in this case (since dim frpπ1pCqq ă k),
it is enough to check that so does the right-hand-side. Since dimC “ k ` 1, by
definition of cells, there are two mappings ξ1 : D Ñ Rk`1 and ξ2 : D Ñ Rk`1, where
D :“ π1pCq, such that the derivative of π1 (restricted to strata) has rank less than k
at every point of a cell of BCzpΓξ1 YΓξ2q. The orientations induced by C on Γξ1 and
Γξ2 induce opposite orientations on D (via π1). Consequently, the right-hand-side
is equal to

ż

π1pΓξ1 q

ω `

ż

π1pΓξ2 q

ω “

ż

D

ω ´

ż

D

ω “ 0,

which shows that the right-hand-side of (5.6.8) vanishes, as required.

By Lemma 5.6.10, we have for every C P Ppk`1q (since the closure of every
stratum is a leaf):

ż

π1pCq

dω “

ż

frpπ1pCqq

ω
p5.6.8q
“

ÿ

EPPpCq

ż

π1pEq

ω. (5.6.9)
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By definition of the pull-back, we can write:
ż

C

π˚1dω “

ż

C

π˚1|Cdωπ1pCq
p5.6.7q
“

ż

π1pCq

dω
p5.6.9q
“

ÿ

EPPpCq

ż

π1pEq

ω. (5.6.10)

Observe that every cell E P Ppkq, lies in the frontier of exactly two cells of Ppk`1q

(inducing on E opposite orientations) if E X BΓ “ H, and one such cell whenever
E Ă BΓ. Therefore:

ÿ

CPPpk`1q

ÿ

EPPpCq

ż

π1pEq

ω
p5.6.7q
“

ÿ

EPPpkq,EĂBΓ

ż

E

π˚1ω “

ż

BΓ

π˚1ω,

which, together with (5.6.10), yields (5.6.6).

This formula implies the classical Stokes’ formula for definable singular simplices
(this is the case where the stratification is reduced to one single stratum). Corollary
5.6.13 below gives a stronger fact which will be useful in the next chapter.

The statement of this corollary requires to extend the notion of integration of
stratified forms as follows. Let pA,Σq be a stratified set, with A P Sn (not necessarily
closed). Let c P CkpXq, where X “ clpAq, be such that dim |c|zA ă k and let α be
a bounded stratified k-form on pA,Σq. Although the form α is not defined on the
whole of the support of c, we can define

ş

c
α in a natural way.

Choose for this purpose a stratification ΣX of X such that the strata of this
stratification that are included in A constitute a refinement ΣA of Σ. The form
α induces a refinement α1 :“ pαSqSPΣA . Since the strata of ΣXzΣA have dimension
smaller than k and α is bounded, we can extend α1 to a stratified form α2 on pX,ΣXq

by setting αS ” 0, for each S P ΣXzΣA. We then can set
ż

c

α :“

ż

c

α2.

The corollary below establishes that Stokes’ formula continues to holds.

Corollary 5.6.13. Let a bounded C1 differential k-form ω on a definable subman-
ifold M of Rn be such that dω is also bounded. For any c P Ck`1pclpMqq such that
dim |c|zM ď k and dim |Bc|zM ď k ´ 1 we have:

ż

c

dω “

ż

Bc

ω.

Proof. Fix a stratification Σ of A :“ |c| X M . The forms ω and dω both give
rise to a stratified form on pA,Σq, which, as explained in the paragraph preceding
the corollary, extend to |c|. The claimed equality is then a direct consequence of
Theorem 5.6.12.
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Historical notes. The results about integration of globally subanalytic functions
are due to [Lio-Rol1, Lio-Rol2, Com-Lio-Rol]. The density was originally intro-
duced for complex analytic sets by P. Lelong and extended to subanalytic sets by
K. Kurdyka and G. Raby [Kur-Rab]. It was nevertheless already known that it
can be defined for every rectifiable set (subanalytic sets are rectifiable, see for in-
stance [DeL]). The results about the continuity of the density on Whitney stratified
sets were established in [Val]. The problem was actually investigated earlier by G.
Comte in [Com] who established the continuity of the Lelong number under the
slightly stronger Kuo-Verdier pwq condition. Stokes’ formula on subanalytic sets
was proved by W. Paw lucki in [Paw2]. The present form is indeed a variation that
was established in [Val6].
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