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The problem of µ-synthesis is to construct a holomorphic matrix function F on
the unit disc D satisfying a finite number of interpolation conditions and µ(F (λ)) ≤
1, λ ∈ D, where µ is a generalization of functions like the spectral radius r or the
operator norm.
In the spectral Nevanlinna-Pick problem (SNP) one has given distinct points

λ1, . . . , λn ∈ D and k×k matricesW1, . . . ,Wn, does there exist an analytic function
F : D −→ Ck×k such that

F (λj) = Wj , j = 1, . . . , n

and
r(F (λ)) ≤ 1, λ ∈ D?

For k = 1 such F exists iff the matrix[
1−W jWk

1− λjλk

]n

j,k=1

≥ 0

and this is a classical result known as Pick’s Theorem. The new result is for
n = k = 2:

Theorem. Let λ1, λ2 ∈ D be distinct points, let W1,W2 be nonscalar 2×2 matrices
with r(Wj) < 1 and let sj = tr Wj, pj = detWj, j = 1, 2. Then the following
statements are equivalent:
(1) there exists an analytic function F : D −→ C2×2 such that

F (λj) = Wj , j = 1, 2

and
r(F (λ)) ≤ 1, λ ∈ D;

(2)

max
ω∈T

∣∣∣∣ (s2p1 − s1p2)ω2 + 2(p2 − p1)ω + s1 − s2

(s1 − s2p1)ω2 − 2(1− p1p2)ω + s2 − s1p2

∣∣∣∣ ≤ ∣∣∣∣ λ1 − λ2

1− λ2λ1

∣∣∣∣ ;

(3) [
(2− ωsj)(2− ωsk)− (2ωpj − sj)(2ωpk − sk)

1− λjλk

]2

j,k=1

≥ 0, ω ∈ T.

The spectral Carathéodory-Fejér problem (SCF) is: given k×k matrices V0, . . . , Vn,
does there exist an analytic function F : D −→ Ck×k such that

F (j)(0) = Vj , j = 0, . . . , n

and
r(F (λ)) ≤ 1, λ ∈ D?

We will show how these problems are related to the symmetrized bidisc and
formulate the most general form of the µ-synthesis problem.
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