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For n > 2 and p > 0 let

Bp,n := {(z1, . . . , zn) ∈ Cn :

n∑
j=1

|zj |2p < 1}

denote the generalized complex ellipsoid. We shall write Bn := B1,n, T := ∂B1.
Note that Bp,n is bounded, complete Reinhardt domain.

Let πn = (πn,1, . . . , πn,n) : Cn → Cn be defined as follows

πn,k(z) =
∑

16j1<···<jk6n

zj1 . . . zjk , 1 6 k 6 n, z = (z1, . . . , zn) ∈ Cn.

Note that πn is a proper holomorphic mapping with multiplicity n!, πn|Bp,n
: Bp,n →

πn(Bp,n) is proper too.
The set

Ep,n := πn(Bp,n)

is called the symmetrized (p, n)-ellipsoid. Note that Ep,n is bounded (1, 2, . . . , n)-
balanced domain (recall that a domain D ⊂ Cn is called the (k1, . . . , kn)-balanced,
where k1, . . . , kn ∈ N, if (λk1z1, . . . , λ

knzn) ∈ D for any (z1, . . . , zn) ∈ D and
λ ∈ B1).

Our aim is to give necessary and sufficient condition for existence of the proper
holomorphic mappings between the symmetrized ellipsoids.

Here is some notation. Let Sn denote the group of permutations of the set
{1, . . . , n}. For σ ∈ Sn, z = (z1, . . . , zn) ∈ Cn denote zσ := (zσ(1), . . . , zσ(n)). Next,
for any A ⊂ C put A∗ := A\{0}, An∗ := (A∗)n. Moreover, for any z = (z1, . . . , zn) ∈
Cn, w = (w1, . . . , wn) ∈ Cn, t ∈ C and r > 0 we put zw := (z1w1, . . . , znwn),
tz := (tz1, . . . , tzn), and zr := (zr1 , . . . , z

r
n).

Remark 1. (a) Let l ∈ N. Observe that Cn 3 z 7→ πn(zl) ∈ Cn is a symmetric
polynomial mapping. According to the fundamental theorem of symmetric polyno-
mials (see e.g. [7]) there is a unique polynomial mapping Pl : Cn → Cn such that
πn(zl) = Pl(πn(z)), z ∈ Cn. In particular, Pl(Ep,n) = Ep/l,n for any p > 0.

(b) Fix A,B,C ∈ C and put L := (L1, . . . , Ln) : Cn → Cn, where

Lj(z) := A

n∑
k=1

zk +Bzj + C, z = (z1, . . . , zn) ∈ Cn, j = 1, . . . , n.

Observe that πn ◦ L is a symmetric polynomial mapping. According to the funda-
mental theorem of symmetric polynomials there is a unique polynomial mapping
SL : Cn → Cn such that πn ◦ L = SL ◦ πn.

Now we are in position to formulate our main result.

Theorem 2. There exists proper holomorphic mapping f : Ep,n → Eq,n iff p/q ∈ N.
Furthermore, if p/q ∈ N, the only proper holomorphic mappings f : Ep,n → Eq,n
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(a) in case p 6= 1, or q 6= 1/(2m), m ∈ N, or n 6= 2 are of the form

(1) f = Pp/q ◦ φ,
where Pp/q is as in Remark 1 (a) and φ is an automorphism of Ep,n;

(b) in case p = 1, q = 1/(2m), m ∈ N, and n = 2 are of the form (1) or

f = Pm ◦ φIII ◦ P2 ◦ φII ,
where φII (resp. φIII) is the automorphism of E1,2 (resp. E1/2,2) defined
in Corollary 4.

Corollary 3. Let f : Ep,n → Ep,n be a proper holomorphic self-mapping. Then f
is an automorphism.

Corollary 4. (a) If p 6= 1 and (p, n) 6= (1/2, 2) then the only automorphisms
of Ep,n are of the form

(2) φI(z1, z2, . . . , zn) = (ζz1, ζ
2z2, . . . , ζ

nzn), (z1, z2 . . . , zn) ∈ Ep,n,
where ζ ∈ T.

(b) The only automorphisms of E1,n, are of the form

(3) φII(z) =

(
SLϕII

,1(z)

n(1− a0z1)
, . . . ,

SLϕII
,n(z)

nn(1− a0z1)n

)
, z = (z1, . . . , zn) ∈ E1,n,

where SLϕII
= (SLϕII

,1, . . . , SLϕII
,1) is the polynomial mapping as in Re-

mark 1 (b) induced by LϕII
= (LϕII ,1, . . . , LϕII ,n) : C→ Cn, where

LϕII ,j(z1, . . . , zn) := ζ1

( n∑
k=1

zk − na0

)
+ ζ2

√
1− na2

0

( n∑
k=1

zk − nzj
)
,

for some ζ1, ζ2 ∈ T, a0 ∈ R, a2
0 <

1
n .

(c) The only automorphisms of E1/2,2 are of the form (2) or

(4) φIII(z1, z2) =
(
ζz1, ζ

2
(

1
4z

2
1 − z2

))
, (z1, z2) ∈ E1/2,2,

where ζ ∈ T.

Remark 5. It should be mentioned that the automorphisms of the form (2) are
special cases of the automorphisms of the form (3).
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