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For n > 2 and p > 0 let

Bpni={(21,...,22) €C": Y _ 5| < 1}
j=1

denote the generalized complex ellipsoid. We shall write B,, := By ,, T := 0B;.
Note that B, ,, is bounded, complete Reinhardt domain.
Let mp = (M1, - s Tnn) : C* — C™ be defined as follows

n
Tn i (2) = E Zjy oo Zjs 1<k<n, z=(z1,...,2,) € C".
1<j1 < <jr<n

Note that 7, is a proper holomorphic mapping with multiplicity n!, 7,|g, , : Bpn —
n(Bp,n) is proper too.
The set

Epni=m(Bpn)

is called the symmetrized (p,n)-ellipsoid. Note that E, ,, is bounded (1,2,...,n)-
balanced domain (recall that a domain D C C" is called the (k1, ..., ky,)-balanced,
where ky,...,k, € N, if (\¥12,...,\*n2,) € D for any (21,...,2,) € D and
A E El)

Our aim is to give necessary and sufficient condition for existence of the proper
holomorphic mappings between the symmetrized ellipsoids.

Here is some notation. Let &, denote the group of permutations of the set
{1,...,n}. Foro € &,, z = (21,...,2,) € C" denote z, := (25(1)- - -, Zo(n))- Next,
for any A C C put A, := A\{0}, A7 := (A.)". Moreover, for any z = (z1,...,2,) €
C" w = (wy,...,w,) € C" ¢t € Cand r > 0 we put zw := (z1w1,...,2nWn),
tz:= (tz1,...,tzy), and 2" := (2],...,2").

Remark 1. (a) Let I € N. Observe that C* > z + m,(2!) € C" is a symmetric
polynomial mapping. According to the fundamental theorem of symmetric polyno-
mials (see e.g. [7]) there is a unique polynomial mapping P, : C* — C" such that
T (') = P(my(2)), z € C". In particular, P/(E, ) = K, ,, for any p > 0.

(b) Fix A, B,C € C and put L := (L1,...,L,) : C* — C", where

n
Lj(z) ::AszJrszJrC, z2=1(21,...,2n) €C", j=1,...,n.
k=1
Observe that m, o L is a symmetric polynomial mapping. According to the funda-

mental theorem of symmetric polynomials there is a unique polynomial mapping
Sr : C" — C" such that m,, o L = S omp,.

Now we are in position to formulate our main result.

Theorem 2. There exists proper holomorphic mapping f : E, , — Eq.p, iff p/q € N.
Furthermore, if p/q € N, the only proper holomorphic mappings f :E, , = Eq p,
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(a) in case p £ 1, or ¢ #1/(2m), m € N, or n # 2 are of the form
(1) f:Pp/qqua

where P, is as in Remark 1 (a) and ¢ is an automorphism of Ey, ,;
(b) incasep=1, q=1/(2m), m € N, and n = 2 are of the form (1) or
[ =PnodriroPyogp,
where ¢rr (resp. ¢rrr) is the automorphism of E1 o (resp. Eq o) defined
in Corollary 4.

Corollary 3. Let f : E,,, — E,, be a proper holomorphic self-mapping. Then f
is an automorphism.

Corollary 4. (a) If p # 1 and (p,n) # (1/2,2) then the only automorphisms
of E,  are of the form

(2) QSI(ZlaZQa'-'azn):(CzlaCQZQa---aann)7 (2’1,22...,2’n) GIEp,m
where ¢ € T.
(b) The only automorphisms of E1,,, are of the form
SL 1(2) SL n(z)
3 = T .. T4 = ... E
( ) ¢II(Z) (n(l—aozl)’ ’n"(l—aozl)") ’ z (Z17 7Zn) € 1,ns
where St = (S’mel, A SLWIJ) is the polynomial mapping as in Re-
mark 1 (b) induced by Ly,, = (Lpp15---3 Lo n) : C— C”, where
Ly, iz, 20) = Cl(zzk — nao) + (24/1 — na%(sz - nzj),
k=1 k=1

for some (1,(2 €T, ag € R, a2 < %
(c) The only automorphisms of Ey 5 5 are of the form (2) or

(4) brir(z1,22) = (€21, % (22 — 22)),  (21,22) € Eyj20,
where ¢ € T.

Remark 5. It should be mentioned that the automorphisms of the form (2) are
special cases of the automorphisms of the form (3).
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