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For any bounded domains D,G ⊂ Cn let Prop(D,G) denote the set of proper
holomorphic mappings F : D → G, where proper, as usual, means F−1(K) compact
in D for every compact K ⊂ G, and let Aut(D) denote the automorphism group of
D, i.e. the set of all biholomorphic self-mappings F : D → D. Moreover, we shall
write Prop(D) := Prop(D,D).

Our aim is to characterize the sets Prop(D,G) and Aut(D) when D,G belong
either to the class of the complex ellipsoids or the so-called generalized Hartogs
triangles.

Here is some notation. Let Σn denote the group of the permutations of the set
{1, . . . , n}. For σ ∈ Σn, z = (z1, . . . , zn) ∈ Cn denote zσ := (zσ(1), . . . , zσ(n)) and
Σn(z) := {σ ∈ Σn : zσ = z}. We shall also write σ(z) := zσ.

For α = (α1, . . . , αn) ∈ Rn>0 put

Ψα(z) := zα := (zα1
1 , . . . , zαnn ), z = (z1, . . . , zn) ∈ Cn.

If, moreover, β = (β1, . . . , βn) ∈ Rn>0 we shall write αβ := (α1β1, . . . , αnβn) and
1/β := (1/β1, . . . , 1/βn).

Finally, let U(n) denote the set of unitary mappings U : Cn → Cn.

1. Complex ellipsoids

For p = (p1, . . . , pn) ∈ Rn>0, n ≥ 2, define the complex ellipsoid

Ep :=

(z1, . . . , zn) ∈ Cn :

n∑
j=1

|zj |2pj < 1

 .

Note that Bn := E(1,...,1) is the unit ball in Cn. We shall write D := B1, T := ∂D.
Moreover, if α/β ∈ Nn then Ψα/β ∈ Prop(Eα,Eβ).

Theorem 1 ([7], [4]). Assume that n ≥ 2, p, q ∈ Rn>0.

(a) The following conditions are equivalent
(i) Prop(Ep,Eq) 6= ∅;

(ii) there exists σ ∈ Σn such that pσ/q ∈ Nn.
(b) If p, q ∈ Nn, then the following conditions are equivalent

(i) F ∈ Prop(Ep,Eq);
(ii) F = φ◦Ψpσ/q ◦σ, where σ ∈ Σn is such that pσ/q ∈ Nn and φ ∈ Aut(Eq).

In particular, Prop(Ep) = Aut(Ep).
(c) If 0 ≤ k ≤ n, p ∈ {1}k × (R>0 \ {1})n−k. Then

Aut(Ep) = {EH,ζ,σ : H ∈ Aut(Bk), ζ ∈ Tn−k, σ ∈ Σn(p)},
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where, for z = (z′, zk+1, . . . , zn) ∈ Ep ⊂ Ck×Cn−k, ζ = (ζk+1, . . . , ζn) ∈ Tn−k,
a′ := H−1(0′), and σ ∈ Σn(p) we put

EH,ζ,σ(z) :=

H(z′), ζk+1zσ(k+1)

(√
1− ‖a′‖2

1− 〈z′, a′〉

)1/pσ(k+1)

,

. . . , ζnzσ(n)

(√
1− ‖a′‖2

1− 〈z′, a′〉

)1/pσ(n)

 .

In the general case thesis of Theorem 1 (b) is no longer true (take, for instance,
Ψ(2,2) ◦H ◦Ψ(2,2) ∈ Prop(E(2,2),E(1/2,1/2)), where H ∈ Aut(B2), H(0) 6= 0).

Nevertheless, from the proof of Theorem 1.1 in [4] we easily derive the following

Theorem 2. Assume that n ≥ 2, p, q ∈ Rn>0. Then the following conditions are
equivalent

(i) F ∈ Prop(Ep,Eq);
(ii) F = Ψpσ/(qr) ◦ φ ◦ Ψr ◦ σ, where σ ∈ Σn is such that pσ/q ∈ Nn, r ∈ Nn is

such that pσ/(qr) ∈ Nn, and φ ∈ Aut(Epσ/r).
In particular, Prop(Ep) = Aut(Ep).

2. Generalized Hartogs triangles

Let n,m ∈ N. For p = (p1, . . . , pn) ∈ Rn>0 and q = (q1, . . . , qm) ∈ Rm>0, define
the generalized Hartogs triangle

Fp,q :=

(z1, . . . , zn, w1, . . . , wm) ∈ Cn+m :

n∑
j=1

|zj |2pj <
m∑
j=1

|wj |2qj < 1

 .

Note that Fp,q is nonsmooth pseudoconvex Reinhardt domain, not containing the
origin. Moreover, if n = m = 1, then F1,1 is the standard Hartogs triangle.

The problem of characterization of Prop(Fp,q,Fp̃,q̃) and Aut(Fp,q) has been in-
vestigated in many papers. The necessary and sufficient conditions for the non-
emptiness of Prop(Fp,q,Fp̃,q̃) are given in [1] for p, p̃ ∈ Nn, q, q̃ ∈ Nm, n,m ≥ 2, in
[2] for p, p̃ ∈ Rn>0, q, q̃ ∈ Rm>0, n,m ≥ 2, and in [8] for p, p̃ ∈ Nn, q, q̃ ∈ Nm, m = 1.
The explicit form of an F ∈ Prop(Fp,q,Fp̃,q̃) is presented in [8] for p, p̃ ∈ Nn,
q, q̃ ∈ Nm, m = 1, whereas the description of Aut(Fp,q) may be found in [3] for
p ∈ Nn, q ∈ Nm, n,m ≥ 2, and in [8] for p ∈ Nn, q ∈ Nm, m = 1.

We consider only the case n = 1.
Our first result is the following

Theorem 3. If n = m = 1, then for arbitrary p, q, p̃, q̃ ∈ R>0 the following condi-
tions are equivalent

(i) F ∈ Prop(Fp,q,Fp̃,q̃);

(ii) F (z, w) =

{(
ζzkwlq̃/p̃−kq/p, ξwl

)
, if q/p /∈ N, lq̃/p̃− kq/p ∈ Z(

ζwlq̃/p̃B
(
zw−q/p

)
, ξwl

)
, if q/p ∈ N, lq̃/p̃ ∈ N

,

where ζ, ξ ∈ T, k, l ∈ N, and B is a finite Blaschke product.

In particular, Prop(Fp,q) ) Aut(Fp,q).

Theorem 3 was proved in [8] for p, q, p̃, q̃ ∈ N. Our result gives an affirmative
answer to the question posed by the Authors in [6], whether the equivalence (i)⇔(ii)
remains true for arbitrary p, q, p̃, q̃ ∈ R>0. In this case, however, neither the method
from [2] (where the assumption m ≥ 2 is essential) nor the method from [8] (where
the assumption p, q, p̃, q̃ ∈ N is essential) can be used. Fortunately, it turns out that
one may get our result by careful study of the proof of the main result from [5],
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where full characterization of nonelementary proper holomorphic mappings between
bounded Reinhardt domains in C2 is given.

Our next result is the following

Theorem 4. Assume that n = 1, m ≥ 2, p, p̃ ∈ R>0, q, q̃ ∈ Rm>0.

(a) The following conditions are equivalent
(i) Prop(Fp,q,Fp̃,q̃) 6= ∅;

(ii) p/p̃ ∈ N and there exist σ ∈ Σm such that qσ/q̃ ∈ Nm.
(b) The following conditions are equivalent

(i) F ∈ Prop(Fp,q,Fp̃,q̃);
(ii) F (z, w) = (ζzk, h(w)), where (z, w) ∈ Fp,q ∩ (C × Cm), ζ ∈ T, k ∈ N,

h ∈ Prop(Eq,Eq̃), h(0) = 0.
In particular, Prop(Fp,q) = Aut(Fp,q).

(c) If 0 ≤ µ ≤ m, q ∈ {1}µ × (R>0 \ {1})m−µ, then
(1)

Aut(Fp,q) = {FH,ζ,ξ,σ : H ∈ U(µ), ζ ∈ T, ξ ∈ Tm−µ, σ ∈ Σm−µ(qµ+1, . . . , qm)},
where for w = (w1, . . . , wm), ξ = (ξ1, . . . , ξm−µ) ∈ Tm−µ we put

FH,ζ,ξ,σ(z, w) := (ζz,H(w1, . . . , wµ), ξ1wµ+σ(1) . . . , ξm−µwµ+σ(m−µ)).

Theorem 4 (a) was proved in [1] (for n,m ≥ 2, p, p̃ ∈ Nn, and q, q̃ ∈ Nm) and
in [2] (for n,m ≥ 2, p, p̃ ∈ Rn>0, and q, q̃ ∈ Rm>0). Theorem 4 (b) was proved in [3]
for n,m ≥ 2, p = p̃ ∈ Nn, and q = q̃ ∈ Nm. Theorem 4 (c) was proved in [3] for
n,m ≥ 2, p ∈ Nn, and q ∈ Nm. Part (c) of Theorem 4 gives an affirmative answer
to the question posed by the Authors in [6], whether (1) remains true for arbitrary
p ∈ Rn>0, q ∈ Rm>0 (at least in the case n = 1).
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