A PRIORI C? ESTIMATES FOR FULLY NONLINEAR ELLIPTIC
EQUATIONS ON RIEMANNIAN MANIFOLDS

The aim of the talk is to discuss the main results in the preprint [G] by Bo Guan. He
considered a class of fully nonlinear equation on a compact (with or without boundary). In
the case of a domain in R", this type of equations was consider by Caffarelli, Nirenberg and
Spruck in their seminal paper [CNS].

Let (M, g) be a compact Riemannian manifold of dimension n > 2. The boundary 0M is
smooth. Let f be a smooth symmetric function of n variables and x a smooth (0,2) tensor
on M. The fully nonlinear equations under consideration is of the form

(0.1) FO(V?u+x])) =4 in M,

where V2u denotes the Hessian of u € C?(M) and A(V? + x) = (A1, ..., \,) are the eigen-
values of V2u + x w.r.t the metric g.

Assume that f is defined in a symmetric open and convex cone I' C R™ with vertex at
the origin and OI' # 0,

(0.2) M={AeR":\;>0Vi=1,..,n}CT,
and f satisfies the standard structure conditions

0
(0.3) f,\iza—§>OinF, 1<i<n,
(0.4) f is concave function.

Moreover, for o > 0, one defines I'” = {A € I' : f(\) > o}. Suppose that I'’ is non empty.
Let C, denote the tangent cone at infinity to the level surface 0T'?. Let C, be the open
component of I' \ (C, NT') containing I'?.

The main theorem which we are discussing is

Theorem 0.1. Let ) € C?*(M x R)NCY(M xR) and u € CH(M)NC?(M) be an admissible
solution of (0.1). Suppose a <u <b on M and let

Wlr) = min ¢(x,2), (x) = max ¢(z,2), €M,

a<z<b

In addition to (0.3)-(0.4), assume

(0.5) dy,f = inf1p —sup f > 0.
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and that there exists a function v € C*(M) satisfying
(0.6) AVZu + x](z) € c;g(z), Ve M.
Then
max |V?u| < C1 (1 + max \V2u|).

M oM
In particular, if M is closed (OM = 0) then

(V2u| < CoeCslu—infaru) op pr
where C1, Cy depend on |u|ci(ary but not on 1/0y ¢ and Cs is a uniform constant (indepen-

dent of u).
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