1. REsuLTs OF J.E. PASCOE

Let IT denote the upper half plane in C, i.e.
II:={z € C:Imz > 0}.

Theorem 1.1 ([Pas2014], Theorem 1.4). Let f: 1" U (—1,&)" U (—e,1)™ — II (for fived € > 0) be:
e continuous on 11" U (—1,e)" U (-, 1)",
e holomorphic on 11",
o real-valued on (—1,&)" U (—e,1)".
Then for any h € C"
(d)
L2 <6 ool

where ||z||loo :=max{|z;| 17 =1,...,n}, 2= (z1,...,2,) € C™.

Proof of this theorem is based on two lemmas.

Lemmma 1.2 ([Pas2014], Lemma 2.1). Let p(z) be a homogeneous polynomial of degree d in n variables
such that |p(z)| <1 for any z € [0,1]" . Then for any z € C"
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Lemmma 1.3 ([Pas2014], Lemma 3.1, [Pas2012], Theorem 4.3). Let f : TI" U (—=1,&)" U (—e,1)* — I
be as in Theorem . Then for any h € [0, 1]"

Ip(2)] < (3v2)||2|

F(0)(h)

Y <o)
Proof of Theorem 1.1. For fixed d € {1,2,...} define p(h) := %, h € C™. Then p is a homogeneous
polynomial of degree d. From Lemma [p(h)] < 1 for any h € [0,1]™ and we obtain the conclusion

directly from Lemma |1.2 |

2. SIMILAR RESULTS OF J. SICIAK

Let P(C™) denote the set of all polynomials of n complex variables and let H(C™) denote the set of
homogeneous polynomials of n complex variables.

Definition 2.1. For a compact set E C C™ we define a polynomial extremal function
-4 n n
®p(z) = sup{|p(z)| % : p € P(C"), degp > 1, |jp|lg <1}, 2 €C",

and a homogeneous extremal function
1 " n
Vp(2) := sup{|p(z)|®= : pe H(C"), degp > 1, |p|e <1}, z€C",

where ||p|| g := sup |p(z)|.
z€FE

Theorem 2.2 (see [Sic1981]). Let E C F be convex subsets of C*. Then ®p < ®p and ¥p < Up.
Theorem 2.3.
Py qy(2) =2+ V 22 —1].
Theorem 2.4 (Product property, see [Sic1981]). Let E; C C™ be a compact set, j =1,...,N. Then
Dp «. xiy(2) =max{Pg, (21),...,Pr,(2n)}.

Theorem 2.5 (see [SicI981]). Let E C C™ be a compact circular set. Then ®g(z) = max{1l,¥g(z)},
z € C™. In particular, if B, is a closed unit ball in C™ with respect to a norm q, then ¥y (z) = q(z).

Theorem 2.6 (see [Sic1961], [Lunl985]). Let B C C™ be a closed unit Fuclidean real ball, i.e.
B={2€C": Tmz; =... =Imz, =0, (Rez;)* + ...+ (Rez,)? < 1}.
Then

®p(z) = \/HZH2 + 122 =1+ V([2]2 + 122 = 1))2 - 1,

Up(z) = L(z),
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where L(z) denotes the Lie norm

L(z) = (HZH2 + V2t = |z2|2)% , 2€CT, 2= 422
and ||z|| denotes the Fuclidean norm.

Using extremal functions the following results, similar to Lemma [I.2] can be obtain.

Lemmma 2.7. Let p(z) be a homogeneous polynomial of degree d in n complex variables such that

pll=1,0» < 1. Then for any z € C*
d
V2+1
p(2)] <
p(2)] < 7 1]

Proof. Let K :=[—1,1]" and fix p € H(C"™), degp = d, such that ||p||x < 1. Observe that B C K. From
the definition and properties of homogeneous extremal function we get for any z € C"

1p(2)] < (Wi (2))? < (Up( (an B |z2|2)

_ (J'Z”2+lz2|+¢z||2—|za|> (f“ |>d
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Lemmma 2.8. Let p be a polynomial (not necessarily homogeneous) of degree d in n complex variables
such that ||pl/=1,1» < 1. Then for any z € C"

p(2)] < (Vomax{L, ]}’

Proof. Let K := [—1,1]" and fix p € P(C"), degp = d, such that ||p||x < 1. Then ||p||z < 1 and from
the definition of polynomial extremal function we get for any z € C"

d
p()] < (@n(2)" = (%nznz T2+ P 1) 1)

d d d
g(¢2||z||2+1+ <2||z||2+1>21) < (VAP +2) < (VBmax{L,]2I1})
(|

Lemmma 2.9. Let p be a homogeneous polynomial of degree d inn complex variables such that ||pl|jo,1j» <
1. Then for any z € C"

p(2)] < (3v8l21))”

(1,228 ... 22tl) Then degq < degp

[0,1]™, thus [/q[[{—1,1j» < 1. Hence, from

Proof. Fix p as in the assumptions and define ¢(zo,...,2,) :=
and for any (22,...,2,) € [~1,1]" we have (1,221, Z"H)

Lemma [2:8

p
S

oCea, o] < (VEmax(, 211)

where 2’ = (29,...,2,).
Observe, that p(z1,...,2,) = 2{p(1, j—i, e Z—”) Thus, for any z € C",
deg g
22:2 —z21 H /H
)] = a2 23 < (Vomang, )
where w' = (229 — 21,...,22, — 21).
Hence

1 =t (Vomactt, 113) < (Vo) 1)

< (Vomax{lll 12z - =1)) " < (3v6le1)”
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Lemmma 2.10. Let p be a polynomial (not necessarily homogeneous) of degree d in n complex variables
such that ||pl|(—1,1» < 1. Then for any z € C"

d
p() < ((1+ V2 max{L, 2] }) -
Proof. Fix p as in the assumptions. Then, from Theorems [2.3] and for any z € C"

d 2 : ¢ d
()] < (@1,00(2)" = (maxcflzs + /22 = 1], j =10 on}) < ((1+ V2 max{L, |zl 1),
(]

Lemmma 2.11. Let p be a homogeneous polynomial of degree d in n complexr variables such that
Iplljo,1» < 1. Then for any z € C*

) < (30 + VDl )

Proof. We use standard dehomogenization/rehomogenization method. Fix p as in the assumptions and
define ¢q(z2,...,2,) = p(1, %, cey %) (dehomogenization). Then degq < degp and ||q[[j—1,1» < 1.
Thus, from Lemma [2.10]

degq
lg(z2, .-, 20)| < ((1 +V2) max{1,|2],j = 2,...,n}> .

22
IR EEE

Observe, that p(z1,...,2,) = 2ip(1 ;2) (rehomogenization). Hence, for any z € C",

deggq
229 — 21 220 — 21 220 — 21 22, — 21
Ip(2)] = |21]%q( TR ) < |z ((1+\/§)max{17|21 ,,||})

21 Z1

d
229 — 2 22y, — 2
< et (14 VB max(t, 2222, 25
1 1

< ((1 +V2) max{|21], [222 — 21, ..., |20 — z1|})d < (3(1 + \/§)||z||oo)d.
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