ON THE BLOCKI-ZWONEK CONJECTURES

RAFAL CZYZ

Let Q be a bounded pseudoconvex domain in C", n > 1. Furthermore, let Kq
be the Bergman kernel for , and let go(z,a) be the pluricomplex Green function
with pole at a € €. Recall that

Ko(2) =suw {17G)? s c o), [ |rPan, <1},
where )\, is the Lebesgue measure in C", and
ga(z,a) = sup {u € PSH(Q) :u<log| - —al|+ C near a} .
Blocki proved the following: for a € Q andt <0

1
Ka(a) > e 2t ({z € Q:galz,a) <t}

(0.1)

This lower bound is sharp in the sense that we have equality in the case when (2 is
a ball centered at z. It is interesting to know whether the right-hand side of (0.1) is
monotone in t. Therefore Blocki and Zwonek stated the following two conjectures.

The Blocki—Zwonek conjectures:

(1) The function given by
a=ags:(—00,0) 3t at) =e "N\, ({z € Q: galz,a) <t})

s mondecreasing.

(2) The function defined by

B =Paa:(—00,0) >t S(t) =log(A({z € Q:galz,a) <t}))

1S conver.

Conjecture (2) implies (1) for hyperconvex domains. Conjecture (2) is not always
true by an example due to Fornaess. An affirmative answer to conjecture (1) was
given by Blocki and Zwonek for the case when n = 1.

Our main theorem is the following:

Theorem 1. Let D be a bounded, balanced, pseudoconvex domain in C", and let
Q be a pseudoconvex domain. If there exists a biholomorphic map f : Q0 — D such
that f(a) =0, a € Q, then Conjecture (1), and (2), are true for Q.
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2 RAFAL CZYZ

Let us now recall the definitions of the classical Cartan domains:
Ry ={Ae M(p,q):I,— AA" >0} C CM,

Rir={Ae Mp,p): AT = A, I, — AA* > 0} c ()
R ={AeMp,p): AT = A1, — AA* >0} c c("2);

Ry ={zeC |22+ VI = [ <225 E<1}.

Here M (p,q) denotes the set of all complex matrices with p rows and ¢ columns,
AT denotes transposed matrix, A* = AT denotes the complex conjugate of the
transposed matrix, and I, denotes the identity matrix of order p. It should be
noted that Ry is also known as the Lie ball, L,,.

Corollary 2. Conjecture (1), and Conjecture (2), are true for the above Cartan
domains.

Let ©1 be the family of domains for which conjecture (1) is true, and in the
same manner let D5 be the family of domains for which conjecture (2) holds.

Proposition 3. Forj=1,...,k, let Q; C C" be bounded domains. Then we have
the following properties.

(1) If Q; €Dy forj=1,...,k, then Q1 x --- X Qi € Dq;
(2) If Q; €Dy forj=1,...,k, then Q1 x --- x Qi € Ds.
The Blocki-Zwonek conjectures are false for the Green function with two poles
defined on the unit disc in C.
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