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1. MAIN RESULTS

The aim of this paper is to answer all questions posed by Jarnicki and Pflug in [6], Sections 2.5.2 and
2.5.3, concerning proper holomorphic mappings between generalized Hartogs triangles and holomorphic
automorphisms of such domains.

Let n,m € N. For p = (p1,...,pn) € R%y and ¢ = (¢1,-..,qm) € RT, define the generalized Hartogs
triangle as

n m
F,, = {(z,w) €T xC™ Y [z < Sy < 1}.
j=1 j=1
If n =m =1, then Iy ; is the standard Hartogs triangle.
Let p,p € R, ¢,¢ € RT,. The problem of characterization of proper holomorphic mappings
(1) Fpq — Fpq

and the group Aut(F, ,) of holomorphic automorphisms of F,, , has been investigated in many papers
(see, e.g., [8], 3], [4], [1], [2]).

Here is some notation. Let X, denote the group of the permutations of the set {1,...,n}. For
o€ Xy, 2= (21,...,2n) € C" denote z5 := (25(1),-- -1 2o(n)) and Xy, (2) := {0 € ¥y : 2, = z}. We
shall also write o(z) := 2z,. For a = (a1,...,a,) € RZy and f = (B1,...,0n) € RY, we shall write
af = (1B, ...,an0,) and 1/6 :=(1/61,...,1/B,). If, moreover, & € N™, then

Uo(z) i=2%:= ({1, ..., 20m), 2= (z1,...,2,) € C™.

Theorem 1. Letn=m =1, p,q,p,q € Ryy.
(a) There exists a proper holomorphic mapping Fp,  — Fp 5 if and only if there exist k,l € N such that

lg k
d_Hey
p p
(b) A mapping F :F, , — F; 4 is proper and holomorphic if and only if
. ((zkwl‘j/ﬁ_k‘ﬂp,ﬁwl) 7 if ¢/p ¢ Q (o) < F
T ((zk/wW/ﬁ’k,q/”B (zp,wfq/) ,Swl) , ifg/peQ’ ’ P

where (,£ € T, k,l € N, k¥ e NU{0} are such that I§/p—kq/p € Z, 1§/p—Kq/p €Z, p',q €N are
relatively prime with p/q = p'/q’, and B is a finite Blaschke product non-vanishing at 0 (if B = 1,
then k' > 0).
In particular, there are non-trivial proper holomorphic self-mappings in Fp, 4.
(c) F € Aut(F, ,) if and only if
F(z,w) = (wq/p¢ (zw_q”’) ,fw) , (zw) €Fpy,
where £ € T, and ¢ € Aut(D) (moreover, ¢(0) = 0 whenever q/p ¢ N).

Remark 2. The counterpart of the Theorem 1 for p, ¢,p,§ € N was proved (with minor mistakes) in [8],
where it was claimed that a mapping F': F), , — F; 5 is proper and holomorphic if and only if

Flow) = | (FwlPrm ety it a/p ¢ N, 1a/p—kafp € Z
T (Gl B (2w /P) Lewt), if q/p €N, 1g/p €N

where (,£ € T, k,l € N, and B is a finite Blaschke product. Nevertheless, the mapping

(2)

)

Fo33 (2,w) —> (zngB (zzwf“?’) ,wg) €Fy5,
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where B is non-constant finite Blaschke product non-vanishing at 0, is proper holomorphic but not of
the form (2). In fact, from the Theorem 1 (b) it follows immediately that for any choice of p,q,p,§ € N
one may find a proper holomorphic mapping F': F, , — F; 4 having, as a factor of the first component,
non-constant Blaschke product non-vanishing at 0.

Theorem 3. Letn =1, m > 2, p,p € Ryg, ¢q,q € RY,.

(a) There exists a proper holomorphic mapping Fp, ; — Fp 4 if and only if there exists o € ¥,,, such that
4o

%EN and e N™,

(b) A mapping F :Fp, ; — F; 5 is proper and holomorphic if and only if
F(Z7w) = (Czka h(w))a (va) € ]Fp,qa
where ( € T, k € N, and h : E, — E; is proper and holomorphic such that h(0) = 0 (¢f. Theorem 7).
In particular, there are non-trivial proper holomorphic self-mappings in Fp 4.
(c) F € Aut(F, 4) if and only if
F(z,w) = (Cz,h(w)), (z,w) €Fpy,
where ¢ € T, h € Aut(E,), h(0) =0 (¢f. Theorem 7).
Theorem 4. Letn>2, m=1,p=(p1,...,Pn),p = (P1,.--,0n) € R%, ¢,§ € Rsg.

(a) There exists a proper holomorphic mapping Fp, o — Fp 5 if and only if there exist o € £,, and r € N
such that

pTUGN” and rq—qu’ 7=1...,n
P .

pj
(b) A mapping F = (G1,...,Gpn,H) : F,, , — Fj 4 is proper and holomorphic if and only if

{Gj(z,w) = w"i/Pi f (zlw_Q/pl,...,znw_‘Z/pn) , j=1,...,n,

, (z,w)eTF,,,
H(zw) = o, (5] € Er

where (f1,..., fn) : E, — Ej is proper and holomorphic (cf. Theorem 7), £ € T, and r € N is such
that (r¢ —q)/p; € Z, j = 1,...,n. Moreover, if there is a j such that 1/p; € N, then ¢ € N and
r§/p; € N whenever 1/p; € N.

In particular, there are non-trivial proper holomorphic self-mappings in Fp 4.

(c) F=(G1,...,Gn, H) € Aut(F, o) if and only if

Gj(z,w) = w‘J/pigj (zlw*q/pl, .. .,znw*q/”") , j=1,...,n,
H(z,w) = &w, ’

where (g1,...,9n) € Aut(E,) (cf. Theorem 7), € € T.

Remark 5. It should be mentioned, that although the structure of the automorphism group Aut(F, ,)
does not change when passing from p € N*, ¢ € N to p € RY,, ¢ > 0, the class of proper holomorphic
mappings F,, , — 5 5 does. It is a consequence of the fact that the structure of the proper holomorphic
mappings E, — E; changes when passing from p,p € N” to p,p € RZ (see Section 2).

Theorem 6. Let n,m > 2, p,p € R, ¢, € RZ,.

(a) There exists a proper holomorphic mapping Fp o — Fp g if and only if there exist o € 3, and

T € X, Ssuch that
qr

p%’GN" and — € N™.
p

(b) A mapping F : Fp, ; — F; 5 is proper and holomorphic if and only if

F(z,w) = (9(2), h(w)), (z,w) € Fp g,
where mappings g : E, — E; and h : E; — E4 are proper and holomorphic such that g(0) = 0,
h(0) =0 (cf. Theorem 7).
In particular, every proper holomorphic self-mapping in F,, ; is an automorphism.
(c) F € Aut(F, ,) if and only if
F(z,w) = (9(2), h(w)), (z,w) € Fpy,
where g € Aut(E,), h € Aut(E,) with g(0) =0, h(0) =0 (c¢f. Theorem 7).
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2. COMPLEX ELLIPSOIDS

For p = (p1,...,pn) € RY, define the complex ellipsoid

Ep = {(21,. .. ,Zn) eC": Z |Zj|2pj < 1}
j=1
Note that E(;, . 1) is the unit ball in C". Moreover, if p/q € N, then ¥/, : E, — [E, is proper and
holomorphic.

The problem of characterization of proper holomorphic mappings between two given complex ellipsoids
has been investigated in [7] and [5].

Theorem 7. Assume that n > 2, p,q € RY,.

(a) (cf. [7], [5]). There exists a proper holomorphic mapping E, — E, if and only if there exists o € X,
such that
Pr e Nm.
q

(b) A mapping F : E, — E, is proper and holomorphic if and only if
F=¥y, /g o¢o¥roo,

where o € ¥, is such that py/q € N*, r € N" is such that ps/(qr) € N, and ¢ € Aut(E,_ /).
In particular, every proper holomorphic self-mapping in E, is an automorphism.
(c) (cf- [7],[5]) IfO<k<m,pe{1}fx(Rao\{1})" 7, 2= (2, 2611,---,2n), then F = (Fy, ..., F,) €
Aut(E,) if and only if

H;('), ifj <k
Fj(z) = NS PaTE L/Ps) " ;
Ci%ai) (1_<z/,aa/> ) o itg>k

where (; €T, j >k, H=(Hy,...,Hy) € Aut(By), o’ = H~1(0), and 0 € %,,(p).

3. BOUNDARY BEHAVIOR OF PROPER HOLOMORPHIC MAPPINGS BETWEEN HARTOGS TRIANGLES

Note that the boundary JF, , of the generalized Hartogs triangle F, ; may be written as JF, , =
{0,0} U K, ;U L, 4, where

Kpq ::{(z,w) eC"xCm0< Y |z = uyPv < 1},
j=1

=1
n m

Lpa ::{(z’w) EC X C™ i)y |5 <Y fw;*¥ = 1}.
Jj=1 j=1

Let I, 4 and [F5 5 be two generalized Hartogs triangles and let F' : IF,, ;, — 5 5 be proper holomorphic
mapping. It is known ([8], [3]) that F' extends holomorphically through any boundary point (zg,wp) €

OFpq \ {(0,0)}.
The aim of this section is to prove the following crucial fact.

Lemma 8. Let nm # 1. If F : F, ;, — 5 5 is proper and holomorphic, then
F(Kypq) C Kpg, F(Lpg) C Lpg.
The following two lemmas will be needed in the proof of Lemma 8.

Lemma 9. Ifn > 2 and m =1, then K, 4 is not Levi flat at (z,w) € K, 4, where at lest two coordinates
of z are non-zero (i.e. the Levi form of the defining function restricted to the complex tangent space is
not degenerate at (z,w)).

Lemma 10. Let D C C"™' and V C C" be bounded domains, a € V, and let ® : V — 0D be
holomorphic mapping such that rank ®(a) = n. Assume that D has local defining function r of class C?
in the neighborhood of ®(a). Then 0D is Levi flat at ®(a).
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