
”Bishop’s multivalued projections” - abstract

1. Research Project Objectives

Let M be a complex submanifold of a Stein manifold X. It is known
(cf. e.g. [4], Chapter VIII, Section A, Theorem 18) that O(X)|M = O(M),
i.e. each function holomorphic on M extends holomorphically to X. In [2]
E. Bishop proposed a proof of the above result based on the use of special
analytic polyhedra (without sheaves methods). The central part of Bishop’s
proof is to show that for every relatively compact domain U ⊂ X with
U ∩ M 6= ∅ we have O(U)|U∩M = O(M)|U∩M . At the end of his proof
E. Bishop suggested that an alternative proof may be performed in the
language of holomorphic multivalued projections. The aim of the project is
to continue the realization of this idea (the partial results are proved in [3]).

2. Significance of the project and work plan

Let X be a topological Hausdorff space. We define an equivalence relation
on Xn by

(x1, . . . , xn) ∼ (y1, . . . , yn) :⇐⇒ (y1, . . . , yn) is a reordering of (x1, . . . , xn).

Then we define the n-th symmetric product (cf. [3],[6]) of X:
←→
Xn := Xn/∼ .

In the case n = 1, we get
←→
X1 = X.

Definition 1 (cf. [6]). Let Y be Hausdorff topological space and let F :

X −→
←→
Y n be continuous. Then we put

X
(k)
F := {x ∈ X : #{F (x)} = k},

χF := max{k : X
(k)
F 6= ∅}, XF := X

(χF )
F .

Note that XF is open.

Proposition 1 (cf. [6]). Let F be as above. Suppose that

a ∈ XF , F (a) = [b1 :µ1, . . . , bk :µk], k := χF .

Then there is a neighborhood U ⊂ XF of a and there are uniquely defined
continuous functions fi : U −→ Y, i = 1, . . . , k, such that

F (x) = [f1(x) :µ1, . . . , fk(x) :µk], x ∈ U.

In the above situation, we will write F = µ1f1 ⊕ · · · ⊕ µkfk on U .

Definition 2 (cf. [3]). Let M,N be complex manifolds and let M be con-

nected. We say a continuous function F : M −→
←→
Nn is holomorphic on M

(F ∈ O(M,
←→
Nn)), if:

• M \MF is thin, i.e. every point x0 ∈ M \MF has open connected
neighborhood V ⊂ M and a function ϕ ∈ O(V ), ϕ 6≡ 0, such that
(M \MF ) ∩ V ⊂ ϕ−1(0),
• for every a ∈ MF , if F = µ1f1 ⊕ · · · ⊕ µkfk on V as in Proposition

1, then f1, . . . , fk ∈ O(V ).

If M is disconnected, then we say that F is holomorphic on M , if F |C ∈
O(C,

←→
Nn) for any connected component C ⊂M .

1



Definition 3 (cf. [3]). We say a holomorphic function

∆ : U −→
←−−−−−→
(M × C)n

is a holomorphic multivalued projection U −→M , if for any x ∈ U ∩M such
that ∆(x) = [(x1, z1), . . . , (xn, zn)] we have xj0 = x for some j0 ∈ {1, . . . , n}
and zj = 0 for any j ∈ {1, 2, . . . , n} \ {j0}.

Let P denote set of all holomorphic multivalued projections U −→ M .
Then we define the map Ξ = ΞU : (U ∩M)× P −→ C, Ξ(x,∆) := zj0 .

We say Π = (∆j)
k
j=1 is a system of holomorphic multivalued projections

U −→M , if ∆j : U −→
←−−−−−−→
(M × C)nj , j = 1, . . . , k, are holomorphic multival-

ued projections and
∑k

j=1 Ξ(x,∆j) = 1 for any x ∈ U ∩M .

In particular, we get an extension operator LΠ : O(M) −→ O(U),

LΠ(u) :=

k∑
s=1

←→us ◦∆s,
←→us ([(x1, λ1), . . . , (xns , λns)]) :=

ns∑
j=1

u(xj)λj .

The main result of [3] is the proof of the following “local” extension the-
orem.

Theorem 1 (cf. [3]). There exists a system Π of multivalued holomorphic
projections U −→M . Consequently, there exists a linear continuous exten-
sion operator LΠ : O(M) −→ O(U).

A “global” version of Theorem 1 will be discussed in the project.

Definition 4. A sequence Π = (∆s,j)(s,j)∈{1,...,r}×N is called a global system
of holomorphic multivalued projections X −→ M , if for each j ∈ N the

mapping ∆s,j : Uj −→
←−−−−−−−→
(M × C)ks,j (ks,j ∈ N) is a holomorphic multivalued

projection (in the sense of Definition 3), s = 1, . . . r, having the following
properties

(a) Uj ⊂ X is domain with Uj ∩M 6= ∅, Uj ⊂ Uj+1,
⋃
j∈N Uj = X;

(b) limn→∞
∑r

s=1 ΞUn(x,∆s,n) = 1, x ∈M .

Then for each j ∈ N we get a linear continuous operator LΠ,j : O(M) −→
O(Uj) such that limj→∞ LΠ,j(u)(x) = u(x), x ∈M .

Let ∅ 6= F ⊂ O(M). We say a global system of holomorphic multivalued
projections Π = (∆s,j)(s,j)∈{1,...,r}×N is an F-extension, if for each u ∈ F the
sequence (LΠ,j(u))∞j=1 converges locally uniformly in X. We set LΠ(u) :=

limj→∞ LΠ,j(u), u ∈ F .

The operator LΠ has the following properties:

(a) LΠ : F −→ O(X) is a extension operator.
(b) If u, v ∈ F and u+ v ∈ F , then LΠ(u+ v) = LΠ(u) + LΠ(v).
(c) If u ∈ F , α ∈ C and αu ∈ F , then LΠ(αu) = αLΠ(u).
(d) If F is vector space, then LΠ is linear.
(e) If u1, . . . , um ∈ F are linearly independent (in O(M)), then the formula

LΠ(α1u1 + · · ·+ αmum) := α1LΠ(u1) + · · ·+ αmLΠ(um), α1, . . . , αm ∈ C,
extends the operator LΠ to the vector space span{u1, . . . , um}.



We will prove the following theorem.

Theorem 2. Assume that F ⊂ O(M) is locally uniformly bounded. Then
there exists an F-extension Π = (∆s,j)(s,j)∈{1,...,d}×N with d := dimM . Con-
sequently, there exists a continuous extension operator LΠ : F −→ O(X).

As an application we will get the following result.

Proposition 2. Assume that H ⊂ O(M) is a Hilbert space such that unit
ball B := {f ∈ H : ‖f‖H ≤ 1} is locally uniformly bounded and the conver-
gence in the sense of H implies the locally uniform convergence in M . Then
there exists a linear continuous extension operator L : H −→ O(X). In par-
ticular, there exists a linear continuous extension operator L : L2

h(M) −→
O(X).

Used symbols

C − the set of complex numbers,
N − the set of natural numbers,
O(X) − the set of holomorphic funtions on X,
L2
h(X) − {f ∈ O(X) :

∫
X |f |

2 <∞}.
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