ON THE DIRICHLET PROBLEM FOR THE COMPLEX
MONGE-AMPERE OPERATOR

RAFAL CZYZ

Let us recall the following Cegrell classes of plurisubharmonic functions defined
in bounded hyperconvex domain 2 C C™:
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where @ is the smalest maximal plurisubharmonic majorant of u. Let K € { &, &,, F, N, E}.
Then u € K(H), H € &, if there exists ¢ € K such that

H>u>p+ H.

By the Dirichlet problem for the complex Monge-Ampeére operator in the class
K(H) we mean: for a positive measure p in 2, and H € £ find a plurisubharmonic
function v € K(H) such that

(ddu)"™ = p.
Let Mpra = (dd®-)"(E) and M, = (dd®)"(&p).

Cegrell proved that for any measure p in hyperconvex domain we get the follow-
ing decomposition:
p=f(dd¢)" +v=p, + ps,
where ¢ € &, f € L}, ((dd°¢)"), f > 0 and pus is positive measure supported by
pluripolar set.

(1) If p € Mpsa, then tp € Mpsa.

(2) If 1, o € Mpga, then pg + g € Mpsa.

(3) If w € Mpra and v < p, then v € Mps4.

(4) If p = (dd°w)™ = pr(u) + ps(u), then p,.(u) = fdd°(ddy)™, for some
€&, f>0, fe Ll ((ddy)") and suppus(u) C {u = —oc}.

(5) It follows from subsolution theorem that in the Dirichlet problem it is
enough to consider regular and singular measures separately.
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If up € &), uz € £() are such that p(u1) = X{u,—-oc}(dduy)"* and
ts(U2) = X{us=—oo} (dd°u)™?, then max(ui,us) € £(2 x Q) and
pro(max(ur, uz)) = gy (11) @ gy ().

Open question: Can we find plurisubharmonic function w such that

(dd°u)"™ = pr(u1) ® pus(u2).
Even for
w=dV & dy
the answer is unknown. We know that there is no toric symmetric solution u(z, w) =
u(|z], w) or u(z, w) = u(z, |w|).

Open question: is it true, as in the singular case, that for u; € £(Q1), ua € £(Q2)

pr(u1) @ pr(uz) € Mara?
In general the answer is unknown. In some special cases: the answer is YES!
(1) If measures fi-(u1), fir(ug) are finite then the answer is YES, since the
product measure would be finite, and the solution would be in the class F.
(2) If u; and us are bounded functions, then wuy,us € PSH(21 x Q2). In this
case Monge-Ampére measures can be infinite!

(3) If pq is finite, o is such that there exists negative plurisubharmonic func-
tion ¢ in Qy such that ¢ € L'(uz), then the answer is YES!

(4) If pp € My, pa € My, then 1 ® po € My, for ¢ < a(q%xnz)
(5) If ug,ug € E(21 x Q2) then the answer is YES!
Let p be a unitary invariant measure defined on B(0, 1), and let F'(t) = (2;),” w(B(0,1)).
TFCAE:

(1) p€ Mara,
(2) f} YF () dt < .
It follows from the following representation

u(z) = /| —% YV F(t)dt.
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Open question: Assume that the density function f € LP(B(0,1)), p > 0 and
w= fdvV.
e If p > 1 then the solution is continuous (Hélder continuous).
e If p =1 the solution is in the class F.
o Ifp< n%rl then f(z) = (1 — |z[*")~"~! € LP, but

F(f) = C((1— )7 1) ¢ LH (3, 1)

Therefore there is no solution to the Dirichlet problem.

e What for p € [%ﬂ’ 1)?



