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1. Introduction and statement of results

The spectral ball Ωn is the set of all n × n complex matrices with
eigenvalues strictly smaller than one in modulus. It can be seen as the
union of all the unit balls of the space of matrices endowed with all the
possible operator norms arising from a choice of norm on the space Cn.
It is unbounded and very far from being hyperbolic — in particular it
contains many entire curves. As analogues of the Montel theorem can-
not hold for mappings with values in the spectral ball, several classical
invariant objects in complex analysis exhibit discontinuity phenomena
in this setting.

The Lempert function of a domain D ⊂ Cm is defined, for z, w ∈ D,
as

lD(z, w) := inf{|α| : α ∈ D and ∃ϕ ∈ O(D, D) : ϕ(0) = z, ϕ(α) = w}.
The Lempert function is always upper semicontinuous.

For A ∈ Mn denote by sp(A) and r(A) = max
λ∈sp(A)

|λ| the spectrum

and the spectral radius of A, respectively. The characteristic polyno-
mial of the matrix A is

PA(t) := det(tI − A) =: tn +
n∑

j=1

(−1)jσj(A)tn−j,

where I ∈Mn is the unit matrix. We define a map σ from Mn to Cn

by σ := (σ1, . . . , σn). The symmetrized polydisk is Gn := σ(Ωn) is a
bounded domain in Cn, which is hyperconvex, and Kobayashi complete
hyperbolic.

The Lempert function decreases under holomorphic maps, so

(1.1) lΩn(A, B) ≥ lGn(σ(A), σ(B)).

A matrix A is cyclic (or non-derogatory) if it admits a cyclic vec-
tor. We denote by Cσ(A) the companion matrix of the characteristic
polynomial of A; A is cyclic if and only if it is conjugate to Cσ(A).
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Proposition 1.1 (Agler-Young). If A, B ∈ Ωn are cyclic, then

(1.2) lΩn(A, B) = lGn(σ(A), σ(B)).

A bit more generally:

Proposition 1.2. Let A, B ∈ Ωn.

(1) The Lempert function lΩn is continuous at (A, B) if and only if
(1.2) holds.

(2) If B is cyclic, and the function lΩn(., B) is continuous at A,
then (1.2) holds.

Our main result looks at the arguments of the Lempert function
separately:

Theorem 1.3. Let A ∈ Ωn. Then A is cyclic if and only if the function
lΩn(., B) is continuous at A for all B ∈ Ωn.

Université de Toulouse, UPS, INSA, UT1, UTM, Institut de Mathématiques
de Toulouse, F-31062 Toulouse, France

E-mail address: pthomas@math.univ-toulouse.fr

Department of Mathematics, Hanoi National University of Educa-
tion, 136 Xuan Thuy str - Cau Giay, Hanoi - Vietnam

E-mail address: ngvtrao@yahoo.com


