
Complex geodesics in convex tube domains

De�nition 1. We say that a domain D ⊂ Cn is a convex tube, if D = Ω + iRn for some
convex domain Ω ⊂ Rn. We call Ω the base of D, and denote it by ReD. We say that D
is bounded from the right side, if there is c ∈ R such that ReD ⊂ (−∞, c)n.

Theorem 2. Let D ⊂ Cn be a convex tube domain, bounded from the right side, and let
ϕ : D→ D be a holomorphic map. Then ϕ is a complex geodesic for D i� there exists a
mapping h : C→ Cn of the form āλ2 + bλ+ a with some a ∈ Cn, b ∈ Rn, such that:

(i) Re
[
λ̄h(λ) • (z − ϕ∗(λ))

]
< 0 for all z ∈ D and a.e. λ ∈ T,

(ii) Re
[
h(λ) • ϕ(0)−ϕ(λ)

λ

]
< 0 for every λ ∈ D∗.

Moreover, if ϕ is a complex geodesic for D, then h may be chosen as

h(λ) :=

(
∂f

∂z1
(ϕ(λ)), . . . ,

∂f

∂zn
(ϕ(λ))

)
, λ ∈ D,

where f is a left inverse for ϕ (h is then of the required form āλ2 + bλ + a, a ∈ Cn,
b ∈ Rn).

Lemma 3. Let D ⊂ Cn be a convex tube, bounded from the right side, let ϕ : D→ D be
a holomorphic map with the boundary measure µ1, and let h(λ) = āλ2 + bλ + a, λ ∈ D,
for some a ∈ Cn, b ∈ Rn, with h 6≡ 0. Then

the measure λ̄h(λ) • (Re z dLT(λ)− dµ(λ)) is negative for every z ∈ D(m)

i� the following two conditions holds:

(i) Re
[
λ̄h(λ) • (z − ϕ∗(λ))

]
< 0 for all z ∈ D and a.e. λ ∈ T,

(ii) Re
[
h(λ) • ϕ(0)−ϕ(λ)

λ

]
< 0 for every λ ∈ D∗.

Theorem 4. Let D ⊂ Cn be a convex tube, bounded from the right side, and let ϕ : D→ D
be a holomorphic map with the boundary measure µ. Then ϕ is a complex geodesic for
D i� there exists a mapping h : C → Cn of the form āλ2 + bλ + a with a ∈ Cn, b ∈ Rn,
h 6≡ 0, such that

the measure λ̄h(λ) • (Re z dLT(λ)− dµ(λ)) is negative for every z ∈ D.

1That is, µ is the only n-tuple of real, �nite, Borel measures on T s.t.

Reϕ(λ) =
1

2π

∫
T

1− |λ|2

|ζ − λ|2
dµ(ζ), λ ∈ D.

1


