
Connection between Bergman and Szegö kernels on the unit ball
based on S.G. Krantz Geometric Analysis of the Bergman Kernel and Metric, Chapter 1.9

Let Ω be a domain in Cn. Let A2pΩq :“ OpΩq X L2pΩq.

Theorem 1. For each z P Ω the functional
Φz : A2pΩq Q f ÞÑ fpzq

is a continuous linear functional on A2pΩq.

From Riesz representation theorem for each z P Ω there exists Kz P A
2pΩq such that

Φzpfq “ fpzq “ xf,Kzy “

ż

Ω
fpζqKzpζqdV pζq.

Definition 1 (Bergman kernel). The function KΩpz, wq :“ Kzpwq, z, w P Ω, is called the Bergman kernel for Ω.

It follows from the definition that for f P A2pΩq the Bergman kernel has a reproducing property

fpzq “

ż

Ω
Kpz, ζqfpζqdV pζq, z P Ω.

Theorem 2. If Ω is a bounded domain, then the mapping K where

Kpzq :“
ż

Ω
Kpz, ζqfpζqdV pζq, f P L2pΩq

is a projection of L2pΩq onto A2pΩq. It is called the Bergman projection.

Assume now that Ω is a bounded domain with C2 boundary. Let H2pΩq :“ tf |BΩ : f P OpΩq X CpΩqu, where the closure is
in the L2pBΩq.

Theorem 3. For each z P Ω the functional
Ψz : H2pBΩq Q f ÞÑ Pfpzq,

where Pf denotes a Poisson integral of f , is continuous.

From Riesz representation theorem for each z P Ω there exists kz P H2pBΩq such that

Ψzpfq “ xf, kzy “

ż

BΩ
fpζqkzpζqdσpζq.

Definition 2 (Szegö kernel). The function Spz, ζq :“ kzpζq, z P Ω, ζ P BΩ, is called the Szegö kernel for Ω.

Theorem 4. For f P H2pBΩq the Szegö kernel has a reproducing property

fpzq “

ż

BΩ
Spz, ζqfpζqdσpζq, z P Ω.

Theorem 5. Let Ω “ D, where D denotes the unit disc in C. Then:

Kpz, wq “
1
π

1
p1´ zwq2

,

Spz, ζq “
1

2π
1

1´ zζ
.

Now we calculate the Szegö projection

Sfpzq “

ż

BD
fpζqSDpz, ζqdσpζq “

1
2π

ż

BD

fpζq

1´ zζ
dσpζq “

1
2π

ż

BD

fpζq

1´ zζ

ζdζ ´ ζdζ
2i

“
1

4πi

„
ż

BD
fpζq

ζ

1´ zζ
dζ ´

ż

BD
fpζq

ζ

1´ zζ
dζ



“
1

4πi

„
ż

D
d
ˆ

fpζq
ζ

1´ zζ
dζ

˙

´

ż

D
d
ˆ

fpζq
ζ

1´ zζ
dζ

˙

“
1

4πi

„
ż

D

B

Bζ

ˆ

fpζq
ζ

1´ zζ

˙

dζ ^ dζ ´
ż

D

B

Bζ

ˆ

fpζq
ζ

1´ zζ

˙

dζ ^ dζ


“
1

4πi

„
ż

D

Bf

Bζ

ζ

1´ zζ
`

fpζq

p1´ zζq2
dζ ^ dζ ´

ż

D

1

1´ zζ

ˆ

Bf

Bζ
ζ ` fpζq

˙

dζ ^ dζ


“
1

4πi

„
ż

D

Bf

Bζ

ζ

1´ zζ
dζ ^ dζ `

ż

D

fpζq

p1´ zζq2
dζ ^ dζ ´

ż

D

Bf

Bζ

ζ

1´ zζ
dζ ^ dζ ´

ż

D

fpζq

1´ zζ
dζ ^ dζ



1



2

“
1

4πi

„
ż

D

Bf

Bζ

ζ

1´ zζ
dζ ^ dζ `

ż

D

fpζq

p1´ zζq2
dζ ^ dζ ´

ż

D

Bf

Bζ

ζ

1´ zζ
dζ ^ dζ ´

ż

D

fpζq ´ fpζqzζ

p1´ zζq2
dζ ^ dζ



“
1

4πi

„
ż

D

Bf

Bζ

ζ

1´ zζ
dζ ^ dζ `

ż

D

fpζq

p1´ zζq2
dζ ^ dζ ´

ż

D

Bf

Bζ

ζ

1´ zζ
dζ ^ dζ `

ż

D

fpζq

p1´ zζq2
dζ ^ dζ `

ż

D

fpζqzζ

p1´ zζq2
dζ ^ dζ



“
1

2πi

ż

D

fpζq

p1´ zζq2
dζ ^ dζ `

1
4πi

„
ż

D

Bf

Bζ

ζ

1´ zζ
dζ ^ dζ ´

ż

D

Bf

Bζ

ζ

1´ zζ
dζ ^ dζ `

ż

D

fpζqzζ

p1´ zζq2
dζ ^ dζ



“
1
π

ż

D

fpζq

p1´ zζq2
dζ ^ dζ

2i
`

1
4πi

„
ż

D

Bf

Bζ

ζ

1´ zζ
dζ ^ dζ ´

ż

D

Bf

Bζ

ζ

1´ zζ
dζ ^ dζ `

ż

D

fpζqzζ

p1´ zζq2
dζ ^ dζ



“
1
π

ż

D

fpζq

p1´ zζq2
dV pζq `

1
4πi

„
ż

D

Bf

Bζ

ζ

1´ zζ
dζ ^ dζ ´

ż

D

Bf

Bζ

ζ

1´ zζ
dζ ^ dζ `

ż

D

fpζqzζ

p1´ zζq2
dζ ^ dζ



“

ż

D
fpζqKDpz, ζqdV pζq `

1
4πi

„
ż

D

Bf

Bζ

ζ

1´ zζ
dζ ^ dζ ´

ż

D

Bf

Bζ

ζ

1´ zζ
dζ ^ dζ `

ż

D

fpζqzζ

p1´ zζq2
dζ ^ dζ



,

where
ş

D fpζqKDpz, ζqdV pζq is the Bergman projection for the unit disc.

Now consider a monomial fpzq “ zkzm, k,m P N.

Sfpzq “ Kfpzq `
1

4πi

„
ż

D

Bf

Bζ

ζ

1´ zζ
dζ ^ dζ ´

ż

D

Bf

Bζ

ζ

1´ zζ
dζ ^ dζ `

ż

D

fpζqzζ

p1´ zζq2
dζ ^ dζ



“ Kfpzq `
1

4πi

«

z

ż

D

ζkζ
m`1

p1´ zζq2
dζ ^ dζ ´

ż

D
k
ζkζ

m

1´ zζ
dζ ^ dζ ´

ż

D
m
ζkζ

m

1´ zζ
dζ ^ dζ

ff

“ Kfpzq `
1

4πi
rzI1 ´ pk `mqI2s

We compute integrals I1 and I2 separately.

I1 “
1

k ` 1

ż

BD

ζk´m

p1´ zζq2
dζ “

1
k ` 1

ż

BD

ζ
m´k

p1´ zζq2
dζ

For k ď m
ż

BD

ζ
m´k

p1´ zζq2
dζ “ 0

For k ą m
ż

BD

ζ
m´k

p1´ zζq2
dζ “ ´2πipk ´mqzk´m´1

Thus

I1 “

"

0 for k ď m
´2πik´mk`1 z

k´m´1 for k ą m

Now we proceed to the second integral.

I2 “
1

k ` 1

ż

BD

ζk`1´m

1´ zζ
dζ “

1
k ` 1

ż

BD

ζ
m´k´1

1´ zζ
dζ

For k ă m
ż

BD

ζ
m´k´1

1´ zζ
dζ “ 0

For k ě m
ż

BD

ζ
m´k´1

1´ zζ
dζ “ ´2πizk´m

Thus

I2 “

"

0 for k ă m
´ 2πi
k`1z

k´m for k ě m

Getting back to original equation we obtain: for k ă m Sfpzq “ Kfpzq,
for k “ m

Sfpzq “ Kfpzq `
1

4πi

„

´pk `mq

ˆ

´2πi
1

k ` 1
zk´m

˙

“ Kfpzq `
1
2
k `m

k ` 1
zk´m “ Kfpzq `

m

k ` 1
zk´m,



3

for k ą m

Sfpzq “ Kfpzq `
1

4πi

„

z

ˆ

´2πi
k ´m

k ` 1
zk´m´1

˙

´ pk `mq

ˆ

´2πi
1

k ` 1
zk´m

˙

“ Kfpzq `
1
2

„

m´ k

k ` 1
zk´m `

k `m

k ` 1
zk´m



“ Kfpzq `
m

k ` 1
zk´m,

and, finally

Sfpzq “

"

Kfpzq for k ă m
Kfpzq ` m

k`1z
k´m for k ě m


