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Proposition 1 Let Q be a bounded simply connected domain. Let f be a nonconstant analytic
function in Q and continuous on . Suppose Coo\ f(OQ) = szo W; is the unique decomposition
into components. Then:

(1) Each W; is a simply connected domain.

(ii) f=1(f(082)) is connected and each component of Q\f~L(f(09)) is a simply connected domain

Let ny(w; K) denote the number of roots z € K for equation f(z) = w, counting according
to multiplicity.

Proposition 2 With the above assumption, suppose that W; N f(Q) # 0. Let f~Y(W;) =
ijl Of be the decomposition of the open set f_l(Wj) into components. Then 1 < q; < +00;
each O;’? is a simply connected component of Q\f~1(f(09)) and

F(O)) =W, f(00}) = oW,

Moreover, for each w € Wj, n¢(w; Of) =njp and 31 njk = ng(w, Q).
If, in addition OS2 is locally connected, then all the OW; and 30;C are locally connected.

Proposition 3 With the above assumption and notation, f' has njy — 1 zeros in O}“

The proof depends on the following lemma and the Riemann mapping theorem.

Lemma 1 Let f be analytic in D with f(D) = D. Suppose ny(w;D) =k for all w € D for all
w € D; then f is a finite Blaschke product of degree k, and f'(z) has k — 1 zeros in D.

Proposition 4 Let f be a Blaschke product of degree k and let Z be a set of zeros of f' in D,.
Suppose f(Z) C L where L is a Jordan curve in Dy, except for an end point §, € OD,,. Let
G = Dy\L (it is simply connected), and let f~1(G) = U;-lzl O; be the connected component
decomposition as in Proposition 2. Then d =k, and f is univalent in O; with f(O;) = G.

Definition 1 Let f be analytic in D and continouous on D. We say that f has the Cantor
boundry behaviour if f~1(0f(D)) and OO N OD are Cantor type sets in OD (whenever it is non-
empty) where O is any simply connected component of D\ f~(f(0D)) (as in Proposition 1).

Lemma 2 Let f be analytic in D and continuous on D. If there is a non-degenerated arc J C OD
such that f(J) C Of(D), then there exists a non-degenerated subarc I C J and a bounded simply
connected domain D C D such that I C 0D, 0D is locally connected, and f is univalent in D.

[Sketch of proof]

Lemma 3 Lemma 2 still holds if we replace the assumption f(J) C 9f(D) by f(J) C 9f(W)
for some component W of f(D)\ f(9D).



Theorem 1 Let f be analytic in D and continuous on D. Suppose the set of limit points of
Z ={z€D: f'(z) =0} is OD. Then f has the Cantor boundary behavior.

Theorem 2 Let f be analytic in D and continuous on D. Suppose, for any non-degenerated
interval I C [0,2m], there exist K > 0, C > 0, and 0 < ro < 1 such that, for sufficiently small
A >0,

i C
/I]f/(re 9)|>\d0 > m, ro<r< 1.

Then f has the Cantor boundary behavior.

Lemma 4 For 0, := 2rmq *F withm =0,...,¢° -1, k=1,2,... there exist C > 0,0 < a <
1, and 0 < 7, < 8¢~ F such that

R(eem f'(2)) =

C i
ST 2 € So(Om,7;)\{em}

In order to apply Theorem 2, it is more convenient to modify the integral mean growth
condition to be discretized growth condition of |f’].

Lemma 5 For 0, = 2rmq™* withm =0,...,¢" =1, k=1,2,..., suppose there exist k > 0,
d>0, andn € (0,5) such that
[f'(2)] = e(1—2)7"

2 and 2,;% <1l-—|z|< ;ik. Then the integral mean condition of Theorem 2 is

for z € Sy(Ok m, oF

satisfied.

Theorem 3 For 0 < 3 <1, ¢ > 2 an integer, the complex Weierstrass function fq g has Cantor
boundary behavior.

Theorem 4 There exists a function G such that, for any 2 m,
F(z+ 2km) = F(zem) +G(2)2* 1 + 2pem(2), 0<arg(z) < 2m,

where
(i) G is continuous on C\{0}, analytic in Q(%) and G(22) = G(2) in 0 < arg(z) < 27.
(ii) pr,m(2) is bounded continuous on C, and analytic in Q(F)U{z: |z < %%}

Proposition 5 There exists C > 0 such that
Ma gisi(=, i) >t | F' (2)] < C1°7%

and the order is attained at the dyadic points of 0Ag, in the sense that there erists 0 < n < 3,
§ >0 and c > 0 such that for any z € Q(n; 279),

|F' (2 + zkm)| > cf2|*%.
Theorem 5 The Cauchy transform F has the Cantor boundary behavior
Theorem 6 The area of the Riemann region F(Aq) is finite, but it is infinite for F(C\K).
Proposition 6 dimy F(0A) < (o — 1)1 (=~ 1.70951).
Conjecture 1 The box dimension and the Hausdorff dimension of F(0A) are (o — 1)71.
Let Gr(f;I)={(t, f(t)) : t € I} denote the graph of f on an interval I.
Proposition 7 dimpGr(R(F); 0Ao) and dimpGr(3(F); 0Ag) are 3 — .



