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Let M ∈ C(n+m)×(n+m), ∆ ⊂ Cm×m be a block structure,
µ∆(M22) < 1.

Recall that then S (M,4) is well-defined for any
4 ∈ B∆.
40,41, . . . ∈ B∆, x0 ∈ Cn,

xk+1 := S (M,4k)xk .

Definition

The pair (M,∆) is called quadratically stable if
∃P ∈ Cn×n, P = P∗ > 0 :

max
4∈B∆

λmax(S (M,4)∗PS (M,4)− P) < 0.
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In particular, after coordinate change by
√
P the map S (M,4k)

is a contraction and ‖
√
Pxk+1‖2 ≤ γ‖

√
Pxk‖2.

For real ∆ and M one may choose real P.
Let

G (z) := M22 + M21(zIn −M11)
−1M12, z ∈ C.
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11.1 & 11.2. Real (resp. complex) state space data, 1 full real
(resp. complex) perturbation

Let K be R or C,

M ∈ K(n+m)×(n+m), ∆ = Km×m, σ̄(M22) < 1.
For P ∈ Cn×n, P = P∗ > 0 put

MP :=

[√
PM11

√
P
−1 √

PM12

M21
√
P
−1

M22

]
,

∆K := {diag[41,42] : 41 ∈ Kn×n,42 ∈ Km×m}.

Then the following conditions are equivalent.
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Definition

The pair (M,∆) is called robustly stable

if

max
4∈B∆

ρ(S (M,4)) < 1.

In Section 4 was shown that (M,Cm×m) is robustly stable iff
‖G‖∞ < 1.

Theorem (11.3)

Let M ∈ R(n+m)×(n+m), σ̄(M22) < 1. Then are equivalent
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11.3. Complex state space data, 1 repeated complex perturbation

Let M ∈ C(n+m)×(n+m),

∆ = {δIm : δ ∈ C},
∆S := {diag[41, δ2Im] : 41 ∈ Cn×n, δ2 ∈ C}. Then are equivalent

(1) ∃P ∈ Cn×n, P = P∗ > 0:

maxδ2∈D σ̄(
√
PS (M, δ2Im)

√
P
−1

) < 1.

(2) infP∈Cn×n, P=P∗>0 maxδ2∈D σ̄(S (MP , δ2Im)) < 1.

(3) infP∈Cn×n, P=P∗>0 µ∆S
(MP) < 1.

(4) infP∈Cn×n, P=P∗>0, D2∈Cn×n, D2=D∗
2>0

σ̄

([
In 0
0
√
D2

]
MP

[
In 0
0
√
D2
−1

])
< 1.

(5) infP∈Cn×n, P=P∗>0, D2∈Cm×m, D2=D∗
2>0

σ̄

([√
P 0

0
√
D2

]
M

[√
P
−1

0
0

√
D2
−1

])
< 1.

(6) ρ(M11) < 1 and infD2∈Cm×m, D2=D∗
2>0
‖
√
D2G
√
D2
−1‖∞ < 1.
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Moreover, quadratic stability w.r.t. S (M, δIm) is equivalent to
non-emptyness of the convex set{
X =

[
P 0
0 D2

]
: P ∈ Cn×n,D2 ∈ Cm×m,X = X ∗ > 0,M∗XM − X < 0

}
.



11.4. Complex state space data, 2 full complex blocks

Let M ∈ C(n+m)×(n+m),

∆ := {diag[41,42] : 4j ∈ Cmj×mj} ⊂ Cm×m,
∆C := {diag[40,4] : 40 ∈ Cn×n,4 ∈ ∆}. Then are equivalent

(1) ∃P ∈ Cn×n, P = P∗ > 0:

max4∈B∆ σ̄(
√
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√
P
−1
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σ̄


√d1In 0 0

0
√
d2Im1 0

0 0 Im2

MP


√
d1
−1

In 0 0
0

√
d2
−1

Im1 0
0 0 Im2




< 1.
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∆ := {diag[41,42] : 4j ∈ Cmj×mj} ⊂ Cm×m,
∆C := {diag[40,4] : 40 ∈ Cn×n,4 ∈ ∆}. Then are equivalent

(1) ∃P ∈ Cn×n, P = P∗ > 0:
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(3) infP∈Cn×n, P=P∗>0 µ∆C
(MP) < 1.

(4) infP∈Cn×n, P=P∗>0, d1,d2>0

σ̄


√d1In 0 0

0
√
d2Im1 0

0 0 Im2

MP


√
d1
−1

In 0 0
0

√
d2
−1

Im1 0
0 0 Im2




< 1.



11.4. Complex state space data, 2 full complex blocks

Let M ∈ C(n+m)×(n+m),
∆ := {diag[41,42] : 4j ∈ Cmj×mj} ⊂ Cm×m,
∆C := {diag[40,4] : 40 ∈ Cn×n,4 ∈ ∆}. Then are equivalent

(1) ∃P ∈ Cn×n, P = P∗ > 0:

max4∈B∆ σ̄(
√
PS (M,4)

√
P
−1

) < 1.

(2) infP∈Cn×n, P=P∗>0 max4∈B∆ σ̄(S (MP ,4)) < 1.

(3) infP∈Cn×n, P=P∗>0 µ∆C
(MP) < 1.

(4) infP∈Cn×n, P=P∗>0, d1,d2>0

σ̄


√d1In 0 0

0
√
d2Im1 0

0 0 Im2

MP


√
d1
−1

In 0 0
0

√
d2
−1

Im1 0
0 0 Im2




< 1.
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