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HOLDER CONTINUOUS SOLUTIONS TO COMPLEX HESSIAN
EQUATIONS

NGOC CUONG NGUYEN

ABSTRACT. We prove the Holder continuity of the solution to complex Hessian equation
with the right hand side in L?, p > =, 1 <m < n, in a m-strongly pseudoconvex domain
in C" under some additional conditions on the density near the boundary and on the
boundary data.

INTRODUCTION

Let © be an open bounded subset in C™. For 1 < m < n, one considers the Dirichlet
problem with given ¢ € C'(92) and f € LP(Q), p > n/m,

u € SHy, N L*(Q),
(0.1) (dd°u)™ A BP—™ = fB™ in Q,
u=¢ on 012,

where SH,,(Q) is the set of m-subharmonic functions in Q, 8 = dd°||z||?, and d = 9 + 0,
d® = i(0 — 0). In the case m = 1 (resp. m = n) this equation is the Laplace equation for
subharmonic functions (resp. the complex Monge-Ampere equation for plurisubharmonic
functions).

The complex Monge-Ampere equations have been investigated extensively over last years.
We refer the reader to [Cel], [K1], [EGZ], [PSS], and references therein, for accounts of
recent results and more details. We would like to emphasize here that the results on
Holder continuity of solutions of complex Monge-Ampere equations with the right hand side
possibly degenerate (see [EGZ], [K3], [DDGKPZ]) on compact Kéhler manifolds turned out
to be very useful in complex dynamic and complex geometry (see e.g. [DNS], [CDS]).

On the other hand, the complex Hessian equation is a rather new subject. A major
progress has been done recently both for domains in C" (see [Li], [Bl], [DKI]), and on
compact Kéhler manifolds, (see [HMW], [DK2]). In particular, the Calabi-Yau type theorem
for complex Hessian equations on a compact Kéhler manifold was proved in [DK2]. Tt is
expected to have some geometric applications, though not on the scale the complex Monge-
Ampeére equations have.
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The weak solution to complex Hessian equations have been studied in [Bl], [DK1], [Chl]
Ch2|, [N]. It has been shown (see [Bl], [DK1], [Chl]) that pluripotential theory can be
adapted to m-subharmonic functions, and it is a suitable tool for studying the weak solution
to complex Hessian equations with the right hand side in LP, p > n/m. Actually, Dinew
and Kolodziej have obtained the continuous solution to the complex Hessian equation for
domains in C" ([DKI], Theorem 2.10) and for compact Kahler manifolds ([DK2], Theorem
0.4).

In order to study the Holder continuous solutions of the complex Hessian equation on a
general Kahler manifold it seems that the regularization techniques for w— m-subharmonic
functions ([DKI], Definition 1.1) will play an important role (see [K3], [DDGKPZ]). But in
the case 1 < m < n, the problem of the regularization of non smooth w— m-subharmonic
functions for a general Kéahler form w still needs to be solved. Hence we restrict ourself to
the case of domains in C" with the standard Kéahler form . Here we wish to study Hélder
continuous solutions to (0.I]) in a smoothly bounded, strongly m-pseudoconvex domain.

It is also motivated by the result in [GKZ] for m = n, where the equation (0.I]) becomes
the complex Monge-Ampere equation, now considered in a strongly pseudoconvex domain.
Given f € LP(Q), p > 1, ¢ € C(99) one seeks u such that

u € PSH N L>®(9),
(0.2) (dd“u)™ = fdV in Q,
u=0¢ on 0f),

where PSH(Q2) = SH, (), dV := " is the Lebesgue measure. It has been shown that (see
[K1]) the solution w of (0.2]) is continuous. Later on, in [GKZ] the authors further showed
that the solution u belongs to Lip, (), a = a(n,p), provided some additional assumptions
on the boundary data ¢ or on the Laplacian mass of u.

Our purpose is to prove the counterpart of the above result for complex Hessian equations.
More precisely, we want to show that for 1 < m < n the continuous solution u to (0.II)
obtained in [DKI1] is uniformly Hélder in €2, under some extra assumptions, by using the
potential theory developed in [DK1] and suitable barrier arguments. The main theorem is

as follows.

Theorem 0.1. Let Q be a smoothly bounded, strongly m-pseudoconver domain, 1 < m < n.
Let 0 < f € LP(Q),p > 2, ¢ € CH1(0R), and let u be the solution of ([Q.T).

(a) If f is bounded near the boundary 0N, then u € Lipa(Q) for any 0 < o < 2715
(b) If f(z) < Clp(2)|~™ near O for some C >0, 0 < v < %, with p being the defining
function of Q as in BI2), then u € Lipy () for any 0 < a < 7s,

where 0 < y1,72 < & are uniform constants defined in (Z4).
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Recently, L.H. Chinh [Ch2] also studied the Holder continuity of the solution to (0.]) for
1 < m < n by the viscosity method. In particular, in connection with our results in the case
of a domain in C", he proved Holder continuity of solutions in the strongly pseudoconvex
domains with the right hand side being at least continuous in 2. However, compared to
Theorem [0.1] he has put much less regularity on the boundary data ¢, namely he took ¢ in
a Holder continuous class.

The organization of the paper is as follows, in Section [l basic notions related to m-
subharmonic functions are recalled. Section 2] deals with stability estimates. The crucial
inequality is Proposition due to Dinew and Kotodziej, which fills the gap for the case
1 < m < n in order to get Theorem In Section B, we first prove a more general
statement in Theorem B.I], and then we verify that under assumptions of Theorem [Tl one
can apply this statement. In particular, Theorem [B.7] will show that any Holder continuous
function on the boundary can be extended to a m-sh Holder continuous function in the
whole domain.
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1. m-SUBHARMONIC FUNCTIONS

We briefly recall basic notions concerning m-subharmonic functions. We refer the reader
to [Bl], [DK1] for a more detailed account. Let © be a bounded open subset in C". Let
B := dd°||z||* denote the standard Kihler form in C", where d = d + 9 and d° = i(0 — ).

1.1. m-subharmonic functions. For 1 < m < n one considers the positive symmetric

cone
(1.1) L ={AeR":01(\) >0,...,0m(N) >0},
where o(A) 1= >21<; <. <ij<n Air--Ai; are the k-th elementary symmetric polynomials of

A. These symmetric cones are convex (see [Gal).
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Definition 1.1. Let u be a subharmonic function in 2.
(a) For smooth case, u € C%(Q) is called m-subharmonic (m-sh for short) if the eigenvalue
values of the complex Hessian matrix form a vector
0%u
[82 i0Z (2
jU<k

(b) For non-smooth case, u is called m-sh if for any collection of v1,...,v,,—1 C?-smooth

)] € T, equivalently [ddu(z)]* A B"7F(2) > 0,1 <k <m, Vze.

m-sh functions (in the definition (a)) the inequality
dd®u A ddvi A ... AddVy—1 A BT >0

holds in the weak sense of currents in 2.
The set of all m-sh functions is denoted by SH,,(£2).

Following the Bedford and Taylor construction the wedge products of currents given by
locally bounded m-sh functions are well defined (defined inductively, see also [Bl]).

Proposition 1.2. Let uy, .., u;,m be bounded m-sh functions then the measure
dd®uy A ... Addu,, A BT

18 monnegative.

It can be shown (see [Bl]) that these nonnegative measures are continuous under monotone
or uniform convergence of their potentials.

1.2. m-pseudoconvex domains. Let © be a bounded domain with 9 in the class C2.
Let p € C? in a neighborhood of Q) be a defining function of 2, i.e. a function such that

p<0on Q p=0and dp#0 on ON.

Definition 1.3. A C? bounded domain is called strongly m-pseudoconvex if there is a
defining function p and some ¢ > 0 such that (ddp)*AB" % > o™ in Q for every 1 < k < m.

Using the defining function p above together with the regularity of the boundary data
one can state the following result for subharmonic functions. This proposition seems to be
classical. Since we could not find an accurate reference (see [HL], Lemma 1.35 and [BT1],
Theorem 6.2 for example), we include its proof, which is based on [BT1], for the convenience
of the reader. This proposition will be used in the proof of Lemma [3.4

Proposition 1.4. Let Q be a smoothly bounded (i.e. strongly 1-pseudoconvex) domain and
¢ € Lipaa(Q), 0 < a < % Then the upper envelope

h(z) = sup{v(z) : v € SH(Q)NC(Q), v),, < ¢}

belongs to Lip, () for every 0 < 7 < 2a < 1 (or for every 0 < 7 < 1 when 2a =1).
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Here, and in the whole note, we use the notation:

Lipa(Q) ={v € C(Q) : ||[v||a < +o0},

for 0 < o < 1, where the a-Hdlder norm is given by

(1.2) lv]|la := sup{|v(2)| : z € Q} + 225{% cz,w € Q).

It is also convenient if we consider in the case o = 0 the space of continuous functions in €2,

and in the case a = 1 the space of Lipschitz continuous functions with uniform Lipschitz
constants in €.

Proof. 1t is classical fact that A is a harmonic function in 2 with the boundary value ¢,

and it belongs to C'(€2). In the next step we will construct subharmonic and superharmonic
barriers at a given point on the boundary. Let p be the strictly subharmonic defining
function of Q.

Lemma 1.5. Suppose that ||p|laa = M, and 0 < 7 < 1 such that 7 < 2a. Given £ € OS2
there is a uniform constant K = K(¢,) > 0 such that the function

ag(2) = Klpl"(2) + Mlz = € + 6(¢)
is superharmonic in QNW , where W is a neighborhood of 02. Moreover, it is equal to ¢(&)
at &, and ag(z) > ¢(z) for every z € 0.
Proof of Lemma[1.3. We have
dd*(|p|") = —7[p|""ddp — T(1 = 7)|p|"2dp A dp in Q,
and
dd’|z — €[ = alz — 7V dd?|z — £ — a(l — a)lz — 207V d|z — ¢ Ad°lz — ¢
Hence, we have, in €,
ddag(z) A B"1(2) < —K7(1 = 7)o |Vp(2)]*5"(2) + Malz — V5" (2).
Furthermore, there exists C' > 0 such that
p(2)] = |p(2) — p(§)| < Clz — €] for every z € Q.
Since T — 2 < 0, it implies that, for z € €,
dd°ag(z) A" (2) < —est. K|z — &7 Vp(2) P87 (2) + Malz — ¢V (2)
(1.3) = |z = &PV [Ma - est. K|z = 772 Vp(2) ] B"(2)
< |z — ¢l b [Ma — cst. K diam(Q)™2%|Vp(z)|*] B"(2),

where cst = C™27(1 — 7), the last inequality follows from the fact that 7 < 2a and
|z — &] < diam(§2). As p is a defining function of Q, dp # 0 on 9, one has |[Vp| > ¢ > 0 in
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a small neighborhood W of 99Q. From (L.3]) we get that for K > 0 big enough, independent
of &, ag(z) is superharmonic in @ N W. The two latter properties follow from the formula
for ag(z) and M = ||¢||2q- O

End of Proof of Proposition [1.7, We may extend a¢(z) to Q as follows. Let U cC W
be a neighborhood of 92, and let 0 < x < 1 be a smooth cutoff function such that y =1
in U, and suppx CC W. Since in Q\ U the function x(z)ag(z) is smooth the function
ae(z) = x(2)ag(z) — K'p(z) is superharmonic in Q2 for K’ = K'(2, ¢, p) > 0 big enough. It is

clear that ag € Lip;(S2), ag(z) > ¢(2) on 09, and ag(§) = ¢(§). Finally, the superharmonic
barrier is obtained by setting

a(z) := inf{ae(z) : £ € 0Q}.

Then —a(z) € SH(Q) N Lip-(2), and a(z) = ¢(z) on 9Q2. We have constructed a superhar-
monic function a(z) in Q, and its boundary value is ¢. Similarly, there is a subharmonic

function b € SH(2) N Lip-(2) such that b < hin Q, b = ¢ on 9. According to the
maximum principle, we have

b(z) < h(z) < a(z)
in Q). Therefore
(1.4) |h(z) = ()| < Ki|z — &[], K1 = K(a,b),

for every z € Q, £ € 9Q. We will show that (4] holds for any z,& € Q. For any small
vector w € C", define

Vs w) = max{h(z +w) — Kq|w|",h(2)} 2z, z2+w € Q,
T h(z) 2€Q, z+w ¢ Q.

Observe that for all w, the function z — V(z,w) € SH(Q) by (L4), and V (£, w) = ¢(&) on
Q. Tt follows that for all z € Q, V(z,w) < h(z). If z +w € Q, this yields

h(z+w) — h(z) < Kij|w|".
Reversing the roles of z + w and z, we obtain
|h(z +w) — h(z)] < Kq|w|".

Thus, h € Lip, (), and the proposition follows. O

1.3. Comparison principles. In next two sections, we will need the following two com-
parison principles.
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Lemma 1.6 (Comparison principle). Let £ be an open bounded subset in C". For u,v €
SHp, N L®(Q) satisfying liminfe_, (v — v)(¢) > 0 for any z € 02, we have
/ (ddv)™ AT < / (ddu)™ A g™,
{u<v} {u<v}
Consequently, if (dd“u)™ A f™~™ < (ddv)™ A "™ in ), then v < u in Q.

Proof. See [N], Theorem 1.14 and Corollary 1.15. O

Lemma 1.7. Let Q be an open bounded subset in C". Let u,v be continuous functions on
Q and be m-sh functions in Q. Suppose that u < v in Q and w = v on 0. Then,

/ ddv A prt < / ddu A g1,
Q Q

/dv/\dcv/\ﬂn_lg/du/\dcu/\ﬂn_l.
Q Q

Proof. The two inequalities are proved in the same way. We will only verify the first one.
Set v. = max{v—e,u} for £ > 0. Since u, v are continuous and u = v on 92, one has v. = u
in a neighborhood of 92. Hence

/ ddv. A L = / ddu A gL

Q Q

Moreover, u < v in €2 it implies that v. v in Q. Applying the monotone convergence
theorem one obtains weak* convergence ddv. A "1 — dd°v A B7~!. This implies

/ ddv A BV < liminf/ ddv. A g1
Q Q

e—0

= / ddu A g
Q

The lemma follows. O

2. STABILITY ESTIMATES

In this section one considers §2 to be a bounded open set in C*. The main goal is to
prove the stability estimate, Theorem [2.6] in the case 1 < m < n. The m-capacity, which
is the version of the relative capacity of plurisubharmonic functions for m-sh functions, will
play the analogous role in estimates as in the pluripotential case. For E a Borel set in €2

we define

capm(E,Q) = sup { / (ddv)™" A" v e SH,(R2),0 <wv < 1}.

E
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Lemma 2.1. Let p, € SHy, N L2(2) be such that lim:_, (¢ —9)(¢) > 0. Then for all
t,s >0,

t"ecapm({p — ¢ < —s —t},Q) < / (ddp)™ A",
{p—th<—s}

Proof. Take —1 < v < 0 a m-sh function in Q. Since {¢p +s < —t} C {p+ s < Y + tv},
by the comparison principle (Lemma [.0]),

g / (ddev)™ A grm — / [dde (to)]™ A grm
{p—<—s—t} {pts<yp—t}

< / (dd°tv + )™ A g™
{p+s<y+tv}

<[ o ag
{p+s<y+tv}

< / (dd°)™ A B,
{o+s<y}

where the last inequality used {¢ +s < ¢ +tv} C {p+ s < 9} O

The following result is an important inequality, due to Dinew and Kotodziej (see [DKI],
Proposition 2.1), between the Euclidean volume and the m-capacity of Borel sets.

Proposition 2.2. Let € be a bounded open subset in C* and 0 < 7 < =—. Then there
exists a constant C = C(1) > 0 such that for any Borel subset E CC €,

(2.1) V(E) < Cleapn(E,Q)]7,
where V := B" is the volume form.

It helps to obtain the following estimates in the case of m-subharmonic functions.

Lemma 2.3. Assume that 0 < f € LP(Q2), p> & and 0 < a < pfn__%n). Then there exists
a constant C' = C(a, || fllzr(@)) > 0 such that

/ FdV < Cleapp(E, Q)] +om
E
for every E CC (.

Proof. Applying Holder’s inequality and then using (2.1)) with 7 = (1 + am)-L <

p—1 n—m

we

have

/Ede < lr@VE)s < CO ooy lcapm (B, Q)7
< Clo 1 fll ooy capm (B, Q) 2,

where % + % = 1. Hence, the lemma follows. O
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The following lemma was proved in [EGZ].

Lemma 2.4. Let g : Rt — R be a decreasing right continuous function. Assume there
exists a« > 0 and B > 0 such that

(2.2) tg(s +t) < Blg(s)]**™  for every s,t > 0.
Then g(s) =0 for all s > So0, where soo 1= 2]13£92(%a.

Proof. See Lemma 2.4 in [EGZ|]. The additional point is that the condition (2.2) holds for
every s,t > 0 while in [EGZ|] the assumptions are for every s > 0 and for every 0 <t < 1.
Therefore, we may compute Sy, as in the statement. O

By combining Lemma 2.1 Lemma 23] and Lemma 2.4] we get

Proposition 2.5. Let ¢,¢ € SHy,, N L¥(2) be such that lime_,5q(v — ¥)(¢) > 0, and

n

0<felLP(Q),p> . Suppose that (dd°p)™ A B"~™ = fB" in Q and 0 < o < péon_—ﬁl)'
Then there erists a constant A = A(a, || f||Lr(q)) such that for all € > 0,

Sgp(l/} - 90) Se+ A[capm({cp - 1/} < _5}7 Q)]a'

Proof. Put g(s) := [capm({p — ¢ < —& — s},Q)]% Applying in turn Lemma 2] and
Lemma 23] we obtain

t"ecapm({p — ¢ < —e —s—t},Q) < / (dd°p)™ A g™
{p—p<—e—s}

-/ 18"
{p—p<—e—s}
< Ol | f lzr@) leapm({p — ¢ < —& — s}, Q)™
Now, taking the m-th root of two sides one gets that
. 1
(2.3) tg(s +1t) < Blg(s)]'"" ™™ with B = Cm (| f]lLr(e))-

From (2.3]) we see that g(s) satisfies assumptions of Lemma 2.4 Tt tells us that [g(sc0)]"™ =

capm({p—1 < —e —$00}, ) = 0, which means 1) — ¢ < £+ sy almost everywhere. Finally,
2B[g(0)]*™
1_2*@7”

Sup(y — 9) < ¢+ Aleapn({p — ¥ < ~<}, Q)"

by inserting into formula s, = we obtain

where A = l_gim. O

We are now in the position to prove the main stability estimate which is similar to
Theorem 1.1 in |[GKZ] for m = n (see also [DKIJ, Theorem 2.5 in the case 1 < m < n). In
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order to simplify the notation, from now on when p > =, 1 <m <n, % + % =1 we set

(2.4) Vr 1= T , forr>1.

r+mq+ ping’zlm)

m

Theorem 2.6 (Stability estimate). Let ¢,v € SHy, N L>(S2) be such that lim:_,aq(p —
V)(¢) >0, and 0 < f € LP(Q), p > >. Suppose that (dd°p)™ A "™ = fB" in Q. Fiz
7> 1 and 0 <~y <. Then there exists a constant C = C(v, || fl|r()) > 0 such that

sgp(l/} —-p)<C [”(1/1 - <P)+”LT(Q)]W=

where (¢ — ¢)4+ = max{t) — ¢,0}.

Proof. We follow the lines of the proof of Theorem 1.1 in [GKZ|. Applying Lemma 2.1] with
s =t =¢ > 0 and then using Hélder’s inequality, we get

capm({p —t < —2:},Q) <& / fav
{p—yp<—¢}

<em™F /Q (6 — )L fdV

< o1 = @)+l

Fix0<a< p?%_%m) to be chosen later. Applying Proposition we have
(25) sup(y = ¢) < 25 + AT fI2 ) 16 = @)l 0
where A = A(a, || fl|r(q)). Now, we choose ¢ = [|(¢) — ‘P+)”zr(9) and o = % which

is well defined, the condition 0 < v < 4, being equivalent to 0 < a < pf’n—_mm). Then the

inequality (2.5)) becomes
sup(t — ) < Al oy |6 = 9)+1s

Thus, the theorem is proved. O

3. HOLDER CONTINUITY OF THE SOLUTION

Let ©Q be a smooth bounded, strongly m-pseudoconvex domain in C*, 1 < m < n.
We consider the Dirichlet problem for the complex Hessian equation in the class of m-sh

functions.

(3.1)

ddu)™ A" = fB" in Q,
u=q¢ on 012
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From the recent result of Dinew and Kotodziej (see [DK1], Theorem 2.10) we know that
u € SH,(Q)NC(Q) when f € LP(Q), p > n/m and ¢ € C(99Q). After establishing the
stability estimates in Section [2 we may use the scheme of the proof in [GKZ] in order
to obtain further the Hoélder continuity of the solution u to (B under some additional

assumptions.

Theorem 3.1. Let 0 < f € LP(Q),p > &, and ¢ € C(9N). Let u be the continuous

solution to (B.1). Suppose that there exists b € Lip,(Q), 0 < v < 1, such that b < u in Q,
b=wu on 0f).

(a) If Vu belongs to L*(SY), then u € Lip,(Q) for any 0 < o < min{v, 2 }.
(b) If the total mass of Au is finite, then u € Lip, () for any 0 < a < min{v, 27, }.
Where 1,72 are defined in ([2.4]).
It is not too difficult to see that when the total mass of Au is finite, Vu € L?(1Q).
However, the Holder exponent in Theorem B.I}(b) is better than the one in Theorem B.I+
(a), namely o < 2797. If we put some extra assumptions on the growth of the density f

near the boundary and on the boundary data ¢, then we may verify the assumptions of
Theorem B.I] which is the content of the main theorem (Theorem [0.]).

Proof of Theorem[31l. For a fixed § > 0, we set
Qs :={z € Q: dist(z,00) > §};

(3.2) ug(z) := sup u(z+¢), z€ Qs;
lIClI<é

1
Vo, §2n

(3.3) g (2) = /C_ PRICLAGREES

where vy, is the volume of the unit ball in C". The following lemma shows that the Holder
norm (see (L2)) of v in Q can be computed by using either (3.2) or (B.3).

Lemma 3.2. Given 0 < o < 1, the following two conditions are equivalent.
(i) There exists 61, A1 > 0 such that for any 0 < § < 01,
us —u < A10% on Qs.
(ii) There exists da, Az > 0 such that for any 0 < § < 09,
s —u < A0% on .
Proof. See Lemma 4.2 in [GKZ] where its proof used only the subharmonicity. O

The assumption Vu € L%(Q) (resp. ||Aul/(2) < +00) will enable us to control the growth

of [[us — uHL?(Q(;) (resp. |5 — uHLl(Q(;))-
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Lemma 3.3. For § > 0 small enough, we have inequalities

(3.4) |us(2) — w(z) PdVan(2) < ol V|72 () %
Qs

(3.5) /Q [05(2) — u(2)]dVan (2) < enl| Aullo 6

where ¢, > 0 depends only on n.

Proof. See Lemma 4.3 and the last part in the proof of Theorem 3.1 in [GKZ]. There, only
the subharmonicity was needed. O

In view of Lemma and Lemma [B.3] we wish to apply the stability estimate, Theo-
rem 2.6, to ¢ := u and 9 := us. This will give us the Hélder norm estimate in © of the
solution u, in terms of L? norm of its gradient or its Laplacian mass in , using (3.4)) or
(B35). The remaining thing that we need is extending ugs to 2 (since it is only defined on
s), in such a way that after the extension the Holder norm of w is still under control. It

will be done with the help of the barrier function b € Lip,(Q2), 0 < v < 1.

Lemma 3.4. Under the assumptions of Theorem[31), there exists a constant cy = co(b, Q) >
0 and &g small enough such that for any 0 < § < &y

(3.6) us(z) < u(z) + cpd” for every z € 09y,

where v is the Holder exponent of b. Consequently, the function

: {max{u(g,u+605”} mn Qg,
6 pr—

3.7
(37) u + cod” in Q\ Qs

is a m-subharmonic function in ), and it is continuous in 2.

Proof. Let h be the harmonic extension to () with b as the boundary value on 0. By

Proposition [[41 h € Lip,(€2). It is clear that b < u < h in Q. Fix a point z € 99, there is
¢ € C™ with ||¢|| = ¢ such that z+ ¢ €  and us(z) = u(z + ¢). This yields
us(z) —u(z) = u(z +¢) —u(z)
(3.8) < h(z+¢) —u(z)
< h(z+¢) —b(2).
Now, choose (y € C", ||o|| = 9, such that z + (p € 9Q. It implies that h(z + (o) = b(z + (o)
as b=wu = h on 0f). Then,
Mz + () = b(2) = [h(z + ) — h(2)] + [h(2) — b(2)]
(3.9) < |7l 6% + [A(z) = h(z + Co)] + [b(z + Co) — b(2)]
< o 6" with co = 2[|h[, + [[b]].
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From (3.8) and (89) we obtain (3.6]). Properties of @5 in (8.7)) follow from the standard
gluing procedure. O

Proof of (a) in Theorem[3dl. Given 0 < vy < 2. Applying Theorem 2.6 with ¢ := u + ¢od”,
1 = s and r = 2 we get

suplis — (u + c08")] < €1l = u— ")
Since @5 = u + cpd” in Q \ Q, it implies that

S{lzlp(u(g —u—cpd”) < C|(us —u— 605")+||22(Qé).
é

As (us —u — c90”)4+ < us — u and using ([3.4]), we have

1
sup(us — u) < ¢d” + Cllus — quQ(Q&) < cpd” + Cucp HVquQ(Q) 5.
é

Hence,
(3.10) sup(us — u) < ¢16™™7 for § small enough,
Qs
2
where ¢; = co + C.ci [|[Vul|] (- This finishes the first part of Theorem B.1 O

Proof of (b) in Theorem[3 1l Given 0 < v < 7. The formula 30) implies 45 < us <
u + cgd” on 9€s. Therefore, the function

o max{ls,u + cod¥} in s,
o u + cod” in Q\Q5

is m-subharmonic in Q, and it is continuous in . Applying again Theorem with
@ :=u+cpd”, Y :=ujyand r =1 we get
supluy — (u + d")] < Cl(u5 ~ u = 08"l
Since uj§ = u 4 cpd” in Q\ Qj, it follows that
Sglllép(ﬂg —u—cgd”) < C||(tisg — v — 605”)+||21(QJ).
Since (5 — u — ¢pd”) 4+ < G5 — u and using (B.5]), we get
sup(ily — ) < eod” + Cllds — ullpy g, < eod” + C.cl| Aullg 67,
Hence,

sup(ts — u) < o 6™ ™27} for § small enough,
Qs

where ¢; = ¢g + C.c))||Aul|,. Applying Lemma 3.2l one obtains

(3.11) sup(us — u) < e36™ 27 for § small enough,
é
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for some uniform constant cg > 0. This proves the second part.

Thus, we have finished the proof of Theorem [B.11

We proceed to prove Theorem [0.]1 We fix a defining function p of €2, setting
Q={p<0}, peC*Q),
(3.12) (dd®p)* A B"7F > o™ on Q,
1<k<m, o>0.

We first prove the following two lemmas. The first one (cf. Proposition [[4]) was proved in
[De] (see also [BTI]) for m = n.

Lemma 3.5. If ¢ € CH1(0Q), then the upper envelope

h(z) = sup{v(z) : v € SH,(Q)NC(Q),v < ¢ on 0N}

is a m-subharmonic function in Q and is Lipschitz continuous in Q. It satisfies h = ¢ on
0. Moreover,

(3.13) /dthﬁ%1<+m.
Q

Proof. 1t is clear that h € SH,,(2) N C (), and h = ¢ on 99 because it coincides with the
unique continuous solution to ([B.]), where f = 0. We consider p defined in (BI2]). There is
an extension ¢ of ¢ to a neighborhood U D € such that ||<;A5||C1,1(U) < O|¢ller1 oq), where
C=0C(2,U) >0 (see |GT], Lemma 6.38). Hence, for A > 0 big enough, Ap £ ¢ belongs to
SH,,(U). Moreover, we can take C' so big that

(3.14) 14p £ dllcramy < C (1 + 1gllcraan)) -
The definition of A implies
(3.15) Ap+d<h<¢—Apin Q,

where the second inequality follows from the maximum principle for the subharmonic func-
tion h + Ap — ® in Q. We now extend h to U by putting

. | n(z) for z € Q,
(3.16) h(z) = {Ap(z) + gfb(z) for z € U\ Q.

According to BIH) and BI6), h < max{¢ — Ap,d + Ap} in U. For £ € 8Q, |w| so small
that £ +w € U, we have
h(€ +w) < (&) + max{[|¢ — Apllcr e, |6 + Apllr oy el
< ¢(€) + C'ul,
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where the last inequality follows from ([B.14)) with C" = C'(1+ [|#]|c1.1(a))- It implies that
h(€ 4+ w) — C'|w| < $(€) for every & € .

Hence, from the definition of h, h(z + w) — C'|w| < h(z) in Q. By changing w into —w, we
get, for |w| so small that z +w € Q,

|h(z +w) — h(2)| < C'|w| for z € Q,
since h(z) = h(z) in Q. Thus [hllero) < C"= C(A+][@llcr1(a0)), in particular h is Lipschitz
continuous in Q. Since h = ¢ on 9 and Ap + (;3 < h it implies
/Qddch AR < /Qddc(Ap + )AL < 400,
by Lemma [I.71 This verifies (3.1I3]). The proof is finished. O

Lemma 3.6. For 0 < v < %, the function p, = —|p|'™", p as in BIZ), belongs to

SH,,(2) N Lip1—, () and satisfies

(3.17) /de,, Adp, A B! < Foo.

Proof. 1t follows from formulas

(3.18) dd’[—(=p)' "] = (1 = v)|p| ™" dd’p + v(1 = v)|p| ™ ™ dp A d°p,

and

(3.19) dp, Ndp, N B = (1 —v)?|p| " dp Adp A BT

Since —2v > —1, the integral (B.I7) converges. ]

We are now in the position to prove Theorem[0.1l The proof will make use of the envelope
h in Lemma B.5] p, in Lemma and p from [BI2). In what follows, we will use these

functions without mentioning them anymore.

Proof of (a) in Theorem [0 1. Since f is bounded near the boundary there is a compact set
F ccQand M > 0such that 0 < f < M in Q\ F. We may choose A > 0 big enough such
that Ap + h <w in a neighborhood of F, as p < —¢ in F for some ¢ > 0, and

[dd*(Ap + B)]™ A 8" > (dd°Ap)™ A B™™ > 8" in Q\ F.
Therefore, Ap+ h < win Q\ F by the comparison principle (Lemma [[.6). Therefore,
(3.20) b:=Ap+h <wuin Q and b is Lipschitz continuous in .
Using Lemma [[7] (3.I3) and the fact that p is C? smooth in a neighborhood of 2, we get

(3.21) / ddu A" < / ddb A B! < foo.
Q Q
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According to (3:20) and ([B.2I)), the assumptions of Theorem [BI}(b) are satisfied. The first
part of Theorem [0.1] follows. O

Proof of (b) in Theorem [0 1l From the assumption of f near the boundary, there is a com-
pact subset F' CC €2 such that f(z) < C|p|™™ in Q\ F. Using (B.I8]) and (3.12), it follows
that

(ddcpu)m A Bn—m > (1 - V)m(_p)—muo,ﬂn

S o(l—v)™
- C
Therefore, we may choose A > 0 so big that

f8" in Q\F

b, :== Ap, + h < u in a neighborhood of F,

and
(dd®b,)™ A BT > (ddAp, )" AT > fB" in Q\ F.
Hence, by the comparison principle (Lemma [[.0]), we get

by <wuin Q\ F.
So,
(3.22) by <wuin Q and b, € Lip;_,(Q).
Moreover, Lemma [[7 and (.I7) imply
(3.23) /Qdu ANdeu AL < /deu Adb, A B < 40
According to (3:222)) and (3:23)), the assumptions of Theorem [BI}(a) are satisfied. Note that
Yo < % < 1 —wv. Thus, the second part in Theorem follows. O

In the last part we consider the homogeneous case of the equation ([B.]), i.e. the right
hand side f = 0, when the boundary data is only Holder continuous. Similarly to the
classical case m = 1, Proposition [[.4] and the case m = n, Theorem 6.2 in [BTI], it says
that any Holder continuous function on the boundary 92 can be extended to a Hdélder
continuous m-subharmonic function in 2. For m = n, it has been shown in [BT1] that the

Holder exponent is sharp.

Theorem 3.7. Let ) be a smoothly bounded strongly m-pseudoconvexr domain and let ¢
belong to Lipaa(Q), 0 < a < % Then the upper envelope

hin(2) = sup{v(z) : v € SH,(Q) N C(Q), v),, < ¢}

is m-subharmonic in , and it belongs to Lipy(§2).
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Proof. Tt is enough to verify the Hélder continuity of h,, (z) since m-subharmonicity has been
shown in [BI]. As in the proof of Proposition [[.4] one needs the following m-subharmonic
barrier at any given point on the boundary. Let p be defined in (3:12]).

Lemma 3.8. Suppose that ||¢llaa. = M. There is a uniform constant K = K(,p) > 0
such that for any & € 0N) the function

be(2) = —M(|z — &> — Kp)* + ¢(€)

is m-subharmonic in Q and belongs to Lip, (). Moreover, it is equal to ¢(§) at &, and
be(2) < @(2) for every z € 00.

Proof of Lemma [3.38. We have
dd(|z = € = Kp)* = a(|z = £ = Kp(2))*1dd*(|z — £* = Kp)
—a(l—a)(]z =& = Kp(2))*2d(|]z — €* — Kp) Ad(|2 — &> — Kp).
Hence, in ©
dd°bg(2) = Ma(|z — & — Kp(2))* " dd*(Kp(z) — |2[*) + A(2,€),
where
A(z,€) = Ma(l — a)(|z — €]* = Kp(2))*2d(|2 — € — Kp) Ad°(|z = &* — Kp)
is a positive (1,1) form for any z € Q. Thus,
ddbe(z) = O(2,€) + A2, ),

where O(z,&) = Ma(|z — &> — Kp(2))* 'dd°[K p(z) — |2|?]. If we choose K = K(,p) >0
big enough, independent of ¢, then K p(z)—|z|? is a strictly m-sh function in a neighborhood
of Q. It implies that ©(z,¢) € Ty, i.e. the eigenvalues of the matrix of coefficients O(z, €)
form a vector in I';,, for every z € ). Hence, for 1 < k <m

[dd°be (2)]" A B"H(2) = [O(2,€) + Az, )" A B"7H(2) > 0

for every z € Q. Therefore be(z) € SH,,(2) N Lipa(€2) by Definition LIl The other
properties easily follow from the formula for b¢(z). The proof is finished. O

Set
b(z) :=sup{be(z) : £ € 00}
Since |be(z) — be(w)| < Clz — w|*, C = C(¢,K,p), one has b(z) € SHy,(Q) N Lipa ().

Furthermore, from properties of b¢(z) we have b(z) = ¢(z) on 052. Hence b(z) < hp(2) in
Q) by the definition of A, (2).



18 NGOC CUONG NGUYEN

Let hi(z) be the harmonic extension of ¢ to 2. According to Proposition [[L4] we know

that hq(z) € Lipa(Q2), and h,,(z) < hq(z) in Q. Altogether we have
b(z) < hp(2) < hi(z)in Q, b(2) = hyn(z) = hi(z) on 0.

Having these properties, we may repeat the last part of the proof of Proposition [ 4]in order

to get that hy,,(z) € Lipa(§2). The theorem follows. O
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