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Abstract

We propose a new class of mappings, called Dynamic Limit Growth Indices, that are
designed to measure the long-run performance of a financial portfolio in discrete time
setup. We study various important properties for this new class of measures, and in
particular, we provide necessary and sufficient condition for a Dynamic Limit Growth
Index to be a dynamic assessment index. We also establish their connection with classi-
cal dynamic acceptability indices, and we show how to construct examples of Dynamic
Limit Growth Indices using dynamic risk measures and dynamic certainty equivalents.
Finally, we propose a new definition of time consistency, suitable for these indices, and
we study time consistency for the most notable representative of this class — the dy-
namic analog of risk sensitive criterion.
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1 Introduction

In this paper we study some mappings that are designed to measure the long-run per-
formance of a financial portfolio. Importance of measurement of the long run growth of
a portfolio is widely recognized among financial practitioners, and has been extensively
discussed in the literature ( see for instance [2, 14], and references therein).

Here, we shall focus on measures that quantify the tradeoff between portfolio growth and
the risk associated with it, appropriately normalized in time. Among several such possible
measures, the one which has attracted the most attention, is the so called Risk Sensitive
Criterion [16, 6, 7.

In fact, the starting point of this paper was to investigate whether the Risk Sensitive
Criterion belongs to the family of so called dynamic acceptability indices [10, 5], which
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are known to provide a unifying framework for classical financial measures of performance
such as Sharpe Ratio, Gain to Loss Ratio, etc. It turns out that indeed the Risk Sensitive
Criterion is a dynamic acceptability index. But, this investigation also led us to introducing
a new class of mappings designed to measure the efficiency of the long run cumulative growth
of a portfolio, which we named Dynamic Limit Growth Indices. Since, in this paper, we
measure time according to discrete quanta, we only consider here dynamic limit growth
indices in discrete time.

In some of the previous works studying the dynamic acceptability indices [10, 5], the so
called normalization postulate was adopted. Here, we remove the normalization postulate,
thereby opening a doorway to a much richer class of dynamic performance measures, such
as the class of our dynamic limit growth indices.

In this paper we study all sorts of important properties for this new class. In particu-
lar, we provide necessary and sufficient condition for Dynamic Limit Growth Index to be
a dynamic assessment index (cf. [4]), we study their connection with classical dynamic
acceptability indices, we show how to construct examples of dynamic limit growth indices
using dynamic risk measures and dynamic certainty equivalents [8], we propose and study
a definition of time consistency.

The paper is organized as follows. In Section 2 we provide a set of some underlying
concepts that will be used throughout the paper. In Section 3 we introduce the notion of
Dynamic Limit Growth Indices (DLGI), which is the main object of study of this work. Also
here, we present necessary and sufficient conditions for a DLGI to be a dynamic assessment
indices. Next we show a connection between dynamic limit growth indices and dynamic
acceptability indices. We conclude the section by providing several classes of functions
that are DLGI. In Section 4 we study the time consistency of DLGI. We propose a new
definition of time consistency, and relate it to the existing literature. Finally, in Section 5
we study into details the dynamic risk sensitive criterion. We prove that the dynamic risk
sensitive criterion a dynamic assessment index, and study its time consistency with respect
to risk-sensitivity parameter. All the proofs are deferred to the Appendix.

2 Preliminaries

Let (Q, F,F = {Fi}ter, P) be a filtered probability space, with T = NU{0} and Fy = {Q, 0}.
For G C F we denote by L%(Q,G,P), EO(Q,Q,P) and L°(Q2,G, P) the sets of all G-
measurable random variables with values in (—oo,00), [—00,00) and [—o0, 0], respec-
tively. In addition, we will use the notation LP := LP(Q2, F,P), LP(G) = LP(Q,G,P)
and LY = LP(Q,F, P) for p € {0,1,00}. Analogous definitions will apply to L0 and
L°. Throughout, we will use the convention that co — oo = —oo and 0 - +oo = 0.
In particular we use this convention for Fi-conditional expectation, i.e. for X € LY,
E[X|F] = E[XT|F] — E[X"|F], where XT = (X V0) and X~ = (=X V 0), with
E[X|F] = limy, 00 E[X A n|F], for X > 0.

Let X be a lattice ordered L°(G)-module (for the definition and corresponding properties



of L%-modules see for instance [13]), and let K C X be an L°(G)-convex cone!

0. The map f: K — LY is:

containing

o L0(G)-local if 1of(X)=1af(14X);

o L%(G)-quasi-concave if f(AX + (1 = N)Y) > f(X) A f(Y);
o L°(G)-scale invariant if f(BX) = f(X);

e Monotone if X <Y = f(X) < f(Y),

for any X, Y € K, A€ G, A\, € L°G) and 0 < A < 1,8 > 0. We will be primarily
interested in two types of LY(G)-modules. First is the set of F-measurable random variables
X = L%, which for any ¢ € T is an LY module with respect to usual point wise multiplication
and addition. Second class of LY(G)-modules is related to the set of adapted processes
{(W)te? |V € Lg}. For any t € T, it is an LY module with respect to standard additive
operator and multiplicative operator -; defined by:

m Vi=Vo,...,Vict,mVi,mViga,...), VE{(Viwer | Vi€ L}, meLy. (2.1)

In order to ease the notation, if no confusion arises, we will drop -; from the above product,
and we will simply write mV instead of m -y V. We assume that all L°(G) modules are
equipped with point wise order for random variables (understood in the almost sure sense)
and coordinate wise order for processes, i.e. V' >V’ when V; > V/ for all t € T.

In what follows, we will make use of the sets V and % defined, respectively, by

Vi={(Viier | Vi 20, Vi € L, and V; = Vjp,v, t €T},

and
Vi={VeV|V,>0mV,eL; teT},

where 7V := inf{t € T | V; = 0}. Note that V is an L’-convex cone contained in
{(Vi)ier | Vi € LY}, and 0 € V. The elements of V can be viewed as (cumulative) value
processes of portfolios of financial securities. In this paper we are primarily interested in
portfolios that have integrable growth (cumulative log-return), and this is the reason why
we introduced the set V.

For K equal to L? or equal to V we will say that a family { f; };eT of mappings f; : K — L?
is local, monotone, etc., if for every ¢ € T the mapping f; is L?-local, monotone, etc., with
respect to the corresponding LY module. Moreover, if K = L? then we recall that a family
{fi}ter of maps f; : L® — LU is said to be:

e Cash additive if for any t € T the function f; is LY-cash additive, i.e. fi(X+m) = fi(X)+m,
for any X € L° and m € LY;

e Normalized if f;(0) = 0, for any t € T;

IThis is not necessarily the cone that defines the order in this L°-module.



e Strongly time consistent in L' if f(X) > fs(Y) = fi(X) > fi(Y), for s,t € T, s > t,

X,Y e L.
e Admitting Fatou property?, if f;(X) > limsup,,_, ., fi(X,) for L%-dominated sequence 3

{X, }nen such that X,, £%5 X.
e Dynamic risk measure if {— fi }4eT is monotone, normalized, cash additive and local;

e Dynamic certainty equivalent if there exists U : R — R, U strictly increasing and
continuous on R*, such that for any X € LY and t € T:

fi(X) =UHBUX)|FR]); (2.2)
e Dynamic entropic risk measure if there exists v € R such that for all ¢ € T and X € L?

i >={ L Blexp(yX)|F] i £0 )

— B[ X|F] ify=0
In what follows we will denote the dynamic entropic risk measure by p;;

e Dynamic assessment index for random wvariables if {f;}ier is local, monotone and
quasi-concave.

On the other hand, if X = V the family {f;};er of maps f; : V — L? is said to be:

o Translation invariant if fi(X +m - Lp—yy) = fil( X + m 4 L—yy) for t € T, m € LY,
X € Vand k,s > t, such that (X +m - Ly—y) € Vand (X +m - Ly—y) €V ;

o Independent of the past if fi(X) = fi(X’) for t € T and all X, X’ € V such that
X, = X! for any s > ;

e Dynamic assessment index for processes (DAI) if { f; }1er is local, monotone and quasi-

concave.

Let f;: LY — LY, and define a mapping ﬁ: EO(Q,]:, P) — LY as

ﬁ@xy:hmhﬁﬁ(xv(—m), neN. (2.4)

n— o0

Clearly, for monotone f;, one can replace lim inf with lim in (2.4). Next proposition shows
that the function f; inherits most of the properties of f;, although generally speaking, f; is
not an extension of f; unless it satisfies the Fatou property (see Remark 2.2).

Proposition 2.1. Let f;: L° — LY be LY-local and monotone. Then

2There are several version of Fatou property in existing literature, and we use the one from [3].
3This means that there exists Y € L° such that for all n € N we have | X,,| < [V].
4i.e. strictly increasing and continuous of R, with U(too) = limp— 400 U(N).



1) fi is monotone, i.e. if X >Y, then ﬁ(X) > ft(Y) for XY € LY;
2) 7, is LY-local, i.e. ]lAﬁ(X) = ]lAﬁ(]lAX) for Ae F;, X € LY;

3) If fi is LO-cash additive and fi(0) # oo, then fi(X +m) = f(X) +m, for X € L°,
m e LY;

4) fi(X) = ﬁ(X) for X € L. Moreover, if f; has the Fatou property then fi(X) = ﬁ(X)
for X € LY.

Remark 2.2. In general ﬁ might not be an extension of f;. For t = 0 it is sufficient to con-
sider the example fo(X) = esssup(X)+essinf(X). This function is monotone and L-local.
For X ~ N(0,1) we have fy(X) = 0o — 0o = —o0 and fo(X) = liminf, (00 — n) = .

Remark 2.3. In what follows, the function f;: Eo — LY will be understood as ﬁ for corre-
sponding f;: LY — LY, i.e. we will drop the notation used in (2.4).

3 Dynamic Limit Growth Indices

The main object studied in this paper is the Dynamic Limit Growth Index and a modifica-
tion of it that are introduced below.

Definition 3.1. A Dynamic Limit Growth Index (DLGI) is a family {y;}ier of mappings
@1+ V — LY such that

In Yz
©¢(V) = liminf L( )

T—oc0 T ’ (31)

where 1 : 0 — LY, and {u }ser is local and monotone.

Definition 3.2. A modified Dynamic Limit Growth Indexz (mDLGI) is a family {@; }ter of
mappings @; : V — LY such that

In Yz1+
th(V):liminfiut([ vl

3.2
T—oc0 T ’ ( )

where p; : 0 - E?, and {4 }ier is local and monotone.

We will often refer to {j }er as a family of mappings that defines (m)DLGI. The maps
introduced in Definitions 3.1 and 3.2 have a natural financial interpretation. The cumulative
log-return over the period (¢,7") is a common way to measure the process growth. Because
it is a random variable, we use a utility measure, say pu;, which represents our preferences
(at time t). Finally we divide the outcome by T' to normalize it in time. Taking the liminf
as T goes to infinity allows us to measure the long-time efficiency of our value process. We
use liminf because we want to measure the actual (worst case) efficiency of our portfolio.
It also makes this measure more robust (at least to losses). We also introduce the modified
version of DLGI because it is a more suitable criterion choice for risk seeking investors.



Note that mDLGI ignores the losses in the sense that it substitutes all losses (negative log
returns) by 0.

We want to use DLGI and mDLGI to assess performance of value processes: the greater
the value of (m)DLGI the better the performance of the portfolio. This is in line with
the theory of dynamic assessment indices developed in [4]. Therefore, we are interested
in identifying conditions under which DLGI and mDLGI are DAIs. Towards this end, we
provide Propositions 3.3 and 3.5 that give sufficient and necessary conditions for DLGI and
mDLGI to be DAL

Proposition 3.3. Let {¢i}ier be a DLGI defined in terms of {pt}ier. Then, {pt}ier is
DAI if and only if for anyt € T, and any V €V,
1%
o m(ngE) o (InVy)
hTHBOnOf — = hTHBOnOf — (3.3)
Relation (3.3) says that the value of the DLGI at time ¢ is independent of the value of

the process V' at time ¢t. As mentioned above, the purpose of DLGI is to measure the long
term growth of V', which intuitively should not depend on the current state.

Remark 3.4. An equivalent formulation of condition (3.3) is to require that for any t € T,
m € LY and {X7}ren such that X7 € L we have that

lim inf 7%()@ +m) = liminf ’ut(XT).

T—o00 T—o00

In particular, this will be satisfied if there exists a family of maps f; : LY — LY such that for
all X € LO, |py(X+m)—pe(X)| < fi(m) on the set {114(X) # Foo}, and (X +m) = 11(X)
on {u(X) = +oo}. For example, if u; is cash-additive then fi(m) = |m| (see also Proposi-
tion 3.8).

A similar result to Proposition 3.3 holds true for mDLGI, and can be adapted immedi-
ately by noticing that for any A € F we have [In14Vp|T = 14[In V| T.

Proposition 3.5. Let {@;}ier be a mDLGI defined with {p}ier. Then {@y}ier is DAIL if
and only if for anyt € T and V € V
e ([In YETF) e ([ Vil )

lim inf = limi

Corollary 3.6. Let {u}ier be local and monotone, and let {ot}ier be a DLGI generated
by {pt}eer. Then {@i et is adapted, local, scale invariant and independent of the past.
Moreover, if { i }reT satisfies (3.3), then {4 }ier is monotone, quasi-concave and translation
mvariant.

Remark 3.7. Thus, by Corollary 3.6, any DLGI that is generated by {p}teT which admits
representation (3.3) fulfils all core conditions of Dynamic Acceptability Index introduced
in [5] (except of time consistency and positiveness), and for static case introduced in [10].



Recall that Dynamic Acceptability Indices are measures of performance, and hence, DLGI
can be seen as a dynamic measure of performance of a given value process. Similar remark
applies to DLGIs defined as [¢¢(V)]T. It should be mentioned that this class of maps is not
normalized in the sense of [10]°.

Next we will show that DLGIs that are also DAIs could be easily generated through
dynamic risk measures or dynamic certainty equivalents, as shown in the next two propo-
sitions.

Proposition 3.8. For any dynamic risk measure {p;}ier, the family {—pi}ier is local,
monotone (hence generates a DLGI) and satisfies condition (3.3) and (3.4).

Proposition 3.9. Let {u}ier be a dynamic certainty equivalent. Then, {u et is local
and monotone (and hence generates a DLGI). Moreover, if additionally U from (2.2) is
bi-Lipschitz on R (i.e. U and U~ are Lipschitz), then {u; et satisfies (3.3).

Corollary 3.10. By Proposition 3.8 and Proposition 3.3, any DLGI generated by iy = —py,
t € T, with {p;}1er being a dynamic risk measure, is a DAI (for processes). Similar state-
ment holds true for mDLGI.

4 Time consistency of DLGIs

One of the key properties in the theory of dynamic risk measures and dynamic performance
measures is the dynamic time consistency property. For risk measures, this property is usu-
ally associated with dynamic programming principle (see for instance the review paper [1]),
however as shown in [5] the time consistency for dynamic acceptability indices is of different
nature. As we have mentioned in Remark 3.7, the family of DLGIs is scale-invariant and
thus closely related to the latter. Because of that we introduce the concept of time consis-
tency related to the one introduced in [5]. We will use the notation from the Preliminaries,
i.e. X will donate an L°%-module and X C X. We are now ready to propose a definition of
time consistency.

Definition 4.1. We will say that a family {f; };eT of maps f; : X — LY is acceptance time

consistent in K if
fs(X)>ms = f(X) > E[ms|F, (4.1)

for all s,¢ € T such that s >t >0, X € K and m, € LY. Respectively, we say that {f;}ser
is rejection time consistent in IC if

[s(X)<ms = fil(X) < E[ms|F], (4.2)

for all s,¢ € T such that s >t >0, X € K and m, € LY.

Pie. @i(V) =00, if V> 0and (V) =0, if V <0.



If we only consider mg € LY in (4.1) and in (4.2) then we get essentially the definition
of time consistency for dynamic acceptability indices introduced in [5], which shows that
our definition is slightly stronger. Moreover, for mg € LY and {f; }ser being a dynamic risk
measure the definition of rejection time consistency (4.2) is equivalent to the concept of
weak time consistency introduced in [1]. Hence, our definition of rejection time consistency
is stronger than the definition of weak time consistency (for random variables) studied in [1].
On the other hand, rejection time consistency does not imply nor is implied by strong time
consistency. For example, the negative of Dynamic Average Value at Risk is rejection
time consistent but not strongly time consistent [11]. On the contrary, the entropic risk
measure is strongly time consistent but it is not rejection time consistent for v > 0, see
Proposition 5.3. Analogous reasonings apply with regard to acceptance time consistency.

The following proposition shows that our definitions of acceptance/rejection time con-
sistency can be characterised in terms of supermartingale/submartingale property.

Proposition 4.2. Let {f;}ieT be a family of maps fi: X — LY. Then

1) {ft}ter is acceptance time consistent in K if and only if { fi }teT is a supermartingale in
K, i.e. fi(X)> E[fs(X)|F] for all X € K and s,t € T such that s >t > 0.

2) {fiher is rejection time consistent in K if and only if {fi}ter is a submartingale in IC,
i.e. fi(X) < E[fs(X)|F] for all X € K and s,t € T such that s >t > 0.

We close this section with an intuitive interpretation of our definitions of time consis-
tency. As time evolves, the information about the value process increases in the sense that
Fir C Fg, for t < s. Thus, if the index is rejection time consistent, then one would expect
that the additional information will have positive impact on the (conditional) mean value
of the index, in the sense that the projection of the future value of the index on the cur-
rently available information is no less that the current value of the index. This indeed is
confirmed by property 2) in Proposition 4.2. On the other hand acceptance time consis-
tency yields that the impact of the additional information is negative on average. Refer to
examples (5.2), (A.31) and (A.30) for more insight.

5 Dynamic Risk Sensitive Criterion

Dynamic analog of Risk Sensitive Criterion [6], that we study in this section, is one of the
most notable examples of DLGI.

Definition 5.1. A Dynamic Risk Sensitive Criterion is a family {p]};cr of mappings
¢} : V- LY indexed by v € R, and defined by

Y

(V) = liminfr e +2 M E[VE|F]  if v #0, (5.1)
lim infp_, o %E[ln V| Fi] if v=0. )



Remark 5.2. Tt is well known (cf. [12], and references therein) that for some processes V
that are Markovian, the value of ¢] (V') is constant (independent of ¢ in particular). In such
cases of course, the analysis carried below trivialises. For example, let V' € V be such that
Vo > 0 and V; = Voexp(zlzzl X;), where {X;}ier is adapted, X; is independent of F;_;
and X; ~ N(0,1). In this case, ¢] (V) = 0. Nevertheless, the class of processes V, for which
¢/ (V) is a non-constant process, is quite rich; see e.g. (5.2) and (A.31).

We say that the Dynamic Risk Sensitive Criterion is risk-averse if v < 0, risk neutral if
~v = 0, and risk-seeking if v > 0. Please note that with ¢ = 0 we get the standard definition
of (static) Risk Sensitive Criterion [6]; in particular, when 7 = 0, the Risk Sensitive Criterion
is called the Kelly criterion.

In order to proceed, we first need to recall some facts about Dynamic Entropic Risk
Measures.

Proposition 5.3. Let {p; }icr be a dynamic entropic risk measure with v € R. Then
1) {p] }ier is a dynamic risk measure;

2) {—p] her is a dynamic certainty equivalent;

3) {—p] Yier is strongly time consistent in L';

4) {=p] her is increasing with v in L';

5) if v >0, then {—p] }ier is acceptance time consistent in L';

6) if v <0, {—p] ber is rejection time consistent in L.

For the proof of 1) and 2), see e.g. [15]; the proof in [15] is given for the case of L>, but can
be adapted to the case of L°. For the proof of 3), we first need to recall that the dynamic
entropic risk measure is upper-semicontinuous in L' (cf. [3, 9]), and then refer to [4]. For
the proof of 4), we need to recall that the robust representation of dynamic entropic risk
measures holds in the L' framework [9], and then refer to [15]. Properties 5) and 6) follow
directly from property 4), combined with dynamic programming reformulation of property
3); see [1] and [11, Proposition 6], where the proofs are done for the case of L>°, but can be
adapted to the case of L'.
We are now ready to present the main result of this section.

Theorem 5.4. Let v € R and let {¢] }ier be a Dynamic Risk Sensitive Criterion. Then
1) {¢{ her is DLGI generated by {—p{ }rer;

2) {¢] her is DAI;

3) if v > 0, then [@Z(V)]Jr is mDLGI.

4) {@] her is increasing with 7y in V;
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5) if v >0, then {¢] }rer is acceptance time consistent in V;

6) if v <0, then {¢] }ier is rejection time consistent in V.

Next we will show that properties 3), 5) and 6) from Theorem 5.4 are in fact necessary
and sufficient conditions for a large class of filtered probability spaces.

Proposition 5.5. If (2, F,F, P) contains a subspace isomorphic to ([0, 1], B([0,1]), {H }teT, ),
where A is the Borel measure, Hy is trivial, H, = B([0,1]) and H1 = Ha = ..., then prop-
erties 8), 5) and 6) from Theorem 5.4 become if and only if conditions, i.e.

3’) if v <0, then [@Z(V)]Jr is not mDLGI;
5°) if v <0, then {¢] }er is not acceptance time consistent in %7;

6°) if v >0, then {©] }ieT is not rejection time consistent in V.

Remark 5.6. In particular, Proposition 5.5 is true for a standard filtered probability space.b

We conclude this section by presenting an example that is related to properties 4, 5 and 6.

Example 5.7. Let ([0, 1], B([0,1]), {F; }ten,, P) be a filtered probability space, where P is

the standard Lebesgue measure, Fj is trivial and F; = o(K}, .. K2 ), where K} := [%, 2,52%]
Let X(w) = w for w € [0,1], and let {Vz}ren, be defined by
Vi(w) = T FIXIFr]), (5.2)

We will derive explicit formula for the dynamic risk sensitive criterion ;. We start with
the case of v = —1. For fixed t € Ny, we get
o7 (V) = lim inf — In Bl TPV ] = lim inf(—1) In E[(e~ PXIF )T 7T,

T—o0 T—o0
Next for w € K} and T € T, noting that E[(e~FXPTHT| F]V/T(w) is in fact a power mean,
we obtain

(i=1)
lim sup E[(e”FXIFTHT| F1VT () < lim supless sup(e” PXVTI@))] < esssup e ™ @) = ¢~ e

T—00 T—oo  wekK;} weKi
(5.3)
On the other hand using Jensen inequality, for any Tj € T, such that Tp > ¢, we get
limsup E[( E[X|Fr] ) ’f]l/T( ) _ limsupE[E[e—TE[XU:T} ’fTO”.B]l/T(w)
T—o0 Tesog
> lim sup Ele~ TEEXIFTIFR]| 71T (1)
T—o0
= tim sup B{(e”FXR) TR (o)
T—o0
—E[X|Fr)] (2(1 D1 )
= esssupe Tol = ¢ *2tF1 TR0+ (5.4)
weK}

Si.e. the spaces which are isomorphic to ([0, 1], B(|0, 1]N0)7{]:£}teN07)\N0)7 where B is the Borel o-

algebra, A is a product of the Borel measures and {Fi}ien, is the filtration generated by the coordinate
functions (cf. [15]).
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Letting Ty — 0o, and combining (5.3) with (5.4), we conclude that for w € K},

o~ 2=y 201 —1
e (7)) = () e = LD

Using similar computations, it is easy to show that, for v € R and w € K}, we have

2(i—1)

_ o 7 <0,
ol (V)(w) = ¢ 2S5 —q,
2,52% v > 0.

Now, it clear from the above formula that (,DZ(‘?) is increasing in 7y, so that property 4)
is fulfilled. In addition, one can easily check that process (,DZ(‘?) is a submartingale (resp.
supermartingale), with respect to the filtration {F; }sen,, when v < 0 (resp. v > 0).

It is interesting to note that the values of cpz(‘A/) are separated into three regimes: risk-
seeking (v > 0), risk-neutral (7 = 0) and risk-averse (y < 0).

A Appendix

Proof of Proposition 2.1. Let f; : L — LY be local and monotone.
1) Monotonicity follows immediately.

2) As for locality, we have

1afi(1aX) = 1a lim fi((LaX)V (=n)) = 14 lim fi(1a(X V (=n)))
= lm Tafy (La(X v (=n))) = lm Tafy(XV (=) = La lim fi(X v (-n))
- ]]-Aﬁ(X)a

where we use appropriately the convention 0 - co = 0.

3) Assume that f; is cash additive and let X € EO(Q,]: ,P). First, we will prove cash
additivity of f; for m € LY. We know that

~

Fux +m) = lm_ fy(X +m) v (=n)) = lim fi( XV (=n—m)+m)
= lim f, <X V(=n—m)) +m.
Thus, it is enough to show that
fu(X) = lim f, (X V(—n — m)). (A1)

For any k£ € N, we have that

Lt k<m<k} XV(-n—k)| < Lt k<m<k} [X Vi(-n— m)} < I k<m<kd [X V(=n+ k)]
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Due to LY-locality of f;, we get that
]]-{—k<m<k}ﬁ(X) = L{_pam<k} nh_?;o Je (X V(=n— m))

Since m € LY, we have that P[{—k < m < k}] — 1 as k — oo which proves the equality
(A.1).

Now, let m € EO(Q, F, P). Using the above result, and because of locality of ft and the
fact that L1y,,~_ym € LY, we deduce that

]l{m>—oo}ﬁ(X + m) = ]l{m>—oo}(ﬁ(X) + m)
On the other hand
l{mz—oo}ﬁ(X +m) = l{mz—oo} nh—1>1;0 ft((_oo) v (_n)) = l{mz—oo} 7}1_1}1;0(]%(0) —n)
= ]l{m:—oo}(_oo) = ]l{mz—oo}(ﬁ(X) + m)

Combining those above two equalities, cash-additivity of ft follows immediately.
4) If X € L*°, then there exists n € N such that X V (—n) = X which concludes the proof.
Now let X € L° and let us assume that f; has the Fatou property. Put X,, := X V (—n)
for n € N. The sequence {X },en is LY- dominated by X. Moreover X, LN '€ Hence, we
have that

fo(X) = lim fi(X,) < limsup fy(Xa) < fi(X) < lim fi(Xn) = fi(X),

n—oo

where the last inequality is the consequence of the fact that for any n € N we have X < X,
which implies f;(X) < fi(X,). O

Proof of Proposition 3.3. Let {¢}ieT be DLGI generated by {u¢ }er, and thus { g }rer
is local and monotone.

(<) Let {p¢}er satisfy (3.3), and we will show that {¢;}ier is a DAL
Monotonicity is straightforward. Let V,V’ € V, such that V > V’'. We will show that
0t(V) > (V') for any ¢t € T. Consider ¢t,T € T, such that T" > ¢. Since Vp > V//,, we have

that In Vp > In V/, and consequently £ ta;vT) > 4 t(l;VT), for any T' > t. Hence,

InV; InV/
lim inf 7'%( nVr) > liminf 7'%( I T).
T—o0 T—o0 T

Next we prove locality. Let us fix t € T and A € F;. For T' > t, using locality of u; and
the convention 0 - co = 0, we deduce

o e(In1a V) Tap(In1a V)
1api(14 tv)_lAthigéf T —hTIILloIéf T
~ liminf 1ape(1alnlyVp) ~ iminf 1ap(lalnVp+141In1y)
T—o0 T T—o0 T
o lap (V) Lap(InVp)
= IITIEQOI;{:# = lﬂlo%f — = 1ap(V).
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Finally, let us prove quasiconcavity. Let t € T, V,V/ € Vand A € LY, 0 < X < 1.
Without loss of generality, due to locality of py, we assume that 0 < A < 1. Since log is
monotone, and V, V' > 0, we have

1 1- !
oA V4 (1= A) 4 V') = liminf pu(In[AVr + (1= M)Vr)
T—o00 T
. (eI AVE) pe(In(l — AV
min { E T })
, [e—
= min <lim inf poln Vr) + 1n)\,lim inf pu(InVy) + In(1 /\))

T—o00 T T—o00 T

= (V) A (V'),

> liminf
T—o0

which completes this part of the proof.

(=) Assume that {¢;}er is a DAL Let t € T, V € V, and define V] = Vj for s # ¢, and
V/ = min (1, ;). Note that V' € V, and V > V’. By monotonicity of ¢, we get

V/
In Yz py(In &)
lim inf 1l Vi > liminf Vi

T—o00 T—o00 T ’

and due to LY-locality of p;, we continue

V/
In Y£') - b fut(l{vtzl}lnv?)
R L

—
Lviz1y lim inf

Next, since V/ = 1 on the set {V; > 1}, we have

.. Mt(ln ﬁ) L. Mt(l Vi>1 lnvl)
Lz liminf =7 > 1y lim intf L t*T} .

and since Vp = V. for T' > ¢, we finally conclude

%)

e (In 7 ¢ (I Vr)

1{v21) lim inf 2 1>y lim inf ===

Note that 1,1y In va < lyy>1y In Vp for T' > t. By monotonicity of u:, we get

v
)

. . lu’t lnv
Lvizy lim inf ——== +(In V)

R U
< _—
< Lo Hniaf =
Combining the above inequalities, we have that equality (3.3) holds true on set {V; > 1}.

The proof for the set {V; < 1} is similar. O

Proof of Proposition 3.8. Let {p;}ier be a dynamic risk measure. Monotonicity and
locality of {—p;}er follow directly from the definition of dynamic risk measures. Let us fix
t € T. First we will prove that condition (3.3) is satisfied by {—p;}er. For V € V., we have

lim inf M = liminf pi(lnVr) —InV; = lim inf M

T—o00 T T—o00 T T—o00 T
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The above equality is straightforward on set {V; > 0}, since % — 0, T — 0. On the set
{Vi = 0}, we have that 1{y,—oyVr = 0, and by locality and normalization of —p;, we get
that both sides are equal to (—o0).

Next we will show that (3.4) also holds true. Let V € V. On the F;-measurable set
{V4 = 0} both sides of (3.4) are equal to 0. Due to this, and locality of p;, we can assume
that P[V; > 0] = 1. Then, it is easy to note that

. . _pt([ln Vv{]—i_) . . _pt(]l{VT>Vt} In Vv'f)
liminf ————~— = liminf
T—=o0 T T—o00 T
= lim inf —Pt(Lvrsviy Ve — Ly, sy In Vt)‘
T—00 T

Also, one can easily deduce the following inequalities
]l{VT>1} InVp — 2| In V;g| < ]l{VT>V}} InVp — ]l{VT>V}} InV;, < ]l{VT>1} InVp + | In Vt|
From the above, and monotonicity of the dynamic risk measure, we get

_ + _ —_ lnﬁ‘f‘ _ +
i g~ Vel =2 Vi) o T —e(n Vi)t 4+ 2 In Vi)

T—o0 T T—o00 T—o0 T

Since —p; is cash additive, continue

_ + o + _ +
liming 2 VE” 220 VD e mp(n VD) 22V e e VET)
T—o0 T T—o0 T T—o0 T
which concludes the proof. O

Proof of Proposition 3.9. Let {u;}ieT be a dynamic certainty equivalent defined as in
(2.2), with U being a continuous an increasing function. Clearly p; is Fy-measurable.
Monotonicity is straightforward. Let us fix t € T. Let X,Y € EO, X >Y. Because U
is increasing transform we get U(X) > U(Y), and E[U(X)|F:] > E[U(Y)|F:]. Now, Ut is
also an increasing function, so U~YE[U(X)|F]) > U YEU(Y)|F]).
Next we prove locality. Note that any deterministic function, in particular U and U !,
is local. Thus, for any t € T and A € F;, we have

Lap(X) = LaU Y EU(X)|F]) = LaU H(1AE[U(X)|F))
= 14U N(EQAU(X)|F]) = 14U (EU14X)|F])
= Lapm(14X),

which proves locality of .

Finally we will prove the second part of the Proposition 3.9. Let U be a bi-Lipschitz
function with Ly € R and Lyy-1 € R being the corresponding Lipschitz constants. Consider
t €T and V € V. On Fi-measurable set {V; = 0}, 1;y,—0}Vr = 0, and hence both sides of
(3.3) are equal to —oo.
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From now on we make a (reasonable) assumption that P[V; > 0] > 0, which due to
locality of ji, allows us to assume that P[V; > 0] = 1.
First we prove that for a fixed T' € T, we get

{UTHEU V)| F]) = —co} = {UTHE[U(In —)|F]) = —oc}. (A.2)
As U is strictly increasing we know that (A.2) is equivalent to
{EU(InVr)|Fi] = U(=o0)} = {E[U(In %)IE] = U(=00)}. (A.3)

Next we consider two cases: a) U(—o0) > —oo and b) U(—o0) = —o0.

Case a) It is clear that the set { E[1{y,,—oy|F;] = 1} is the subset of both sets in (A.3). Thus,
it is sufficient to show that

P{E[U (V)| F] = U(=00)} N {E[L (v, 50y Fi] > 0}] =0 (A.4)
and v
P{BIU(n 3)|7) = U(=00)} N {E[L 507 > 0}] = 0. (A.5)

Let us prove (A.4). Let
B i= {E[U(In V7)|F] = U(~00)} 1 {E[L {5017 > 0},
Note that B € F;. On the contrary let us assume that P[B] > 0. Then
P[{Vr >0} N B] = E1gE[1{y 50| F]] > 0.

Because {Vr >0} N B = oy {Vr > 2} N B, we know that there exists ng € N, such that
P{Vr > nio} N B] > 0. Using that we obtain

E[lBE[U(ln VT)|]:tH = E[lBE[l{VT>n—1O}U(ln VT) + 1{VT§n—1O}U(ln VT)|]:tH
1

1
> E[1gU(—00)]. (A.6)
Inequality (A.6) jointly with the definition of B leads to contradiction with the assumption
that P(B) > 0, which verifies that (A.4) is true. The proof of (A.5) is analogous, since
P(V,>0)=1.
Case b) It is enough to show that

(E[U (0 Vi) 7] = —oc} = {EU (1 7E)7) = —oo}. (A7)
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Now, because U is Lipschitz and V; > 0, then, on the set {Vy > 0} we get
Vi
U(lnVy) — Ly|In Vy| < U(In VT) < U(InVy) + Ly|In V4. (A.8)
t

In addition, the above inequalities obviously hold true on the set {V = 0}, as on this set
we have U(ln Vr) = U(In ‘%) = U(—00) = —oo. Consequently,

\%
E[U(Vy)|F] - Lyl Vil < E[U(n 10)|F] < EU(n V)l F] + Lyl Vil (A9)
t

Analogously, we obtain

1% 1%
E[U(In VT)\]-}] — Ly|InV;| € E[U(In V)| F] < E[U(In VT)]}}] + Ly|InVy|.  (A.10)
t t

Combining (A.9) and (A.10), we obtain equality (A.7). So, (A.2) has been demonstrated.
Next, noting that Vp < oo, and applying similar reasoning as in the proof of (A.2), one
can show that

{UH(E[U(n Vp)|F]) = +oo} = {U(E[U(In %)\ft]) = +o0}. (A.11)
Now, let
K = {U Y EUWV)|F]) =-}, Kf={UYEUWV)|F]) =0}, TeT.

Combining (A.2) and (A.11) we obtain p;(In V) = p(In va), on F-measurable set KUK}
On the set (K U K7 )¢ we get |ut(In V)| < oo and |u(In va)| < 00. Moreover, since U is
strictly increasing we also get |E[U(In Vr)|F:]| < oo and |E[U(In va)|]~}]| < 00. Thus, using
the fact that U is bi-Lipschitz, then, on set (K, U Ki’:)c, we get
U EU(In )| F]) — U EU W V)| F])| < Ly-1 |E[U(In )| F] - E[U(In Vr)|F]]
< Ly Ly|ln V. (A.12)

We are now finally ready to prove the main statement. Let

K i=fweQ:) 1 (w)<oo}, KMi={weQ:) 1u.(w) =00}
TeT g TeT g

Using (A.12), on the set K~ N K* we obtain

lim inf peIn va) — pe(ln V)| < lim inf —LULUA‘ In V|

T—o00 T T—o00 T

=0.

which proves the equality (3.3) on this set. Using (A.2) we get the equality (3.3) on (K )%
similarly, using (A.11) we get (3.3) on (K )¢ This completes the proof. O
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Proof of Proposition 4.2. We will prove only the supermartingale part (proof for sub-
martingale is similar).

(=) Let ms = fo(V). Because fs(V) = fs(V), using (4.1), we get (V) = E[fs(V)|F].
(<) Let mg be such that fs(V') > mg. Using this, and the fact that f;(V) is supermartingale,

we immediately get
ft(V) 2 E[fs(V)|F] = Elms|F].

This concludes the proof. O

Proof of Theorem 5.4. For a fixed v € R, let {]}ter be a Dynamic Risk Sensitive
Criterion.

1) It is enough to show that

—o)(In Xz
¢ (V) = liminf M, teT, VeV. (A.13)

T—o00

Note that on F-measurable set {V; = 0}, 14y,—0yVr = 0, and hence both sides of (A.13) are
equal to —oo. Thus, due to locality of p, it is enough to consider the case P[V; > 0] = 1.
For fixed V € V and t € T we have
—p} (In ¥F) In Efexp(yIn YF)| 7]

. T _ 11 Y F]_— _
hTIIi}loIlf 7T hTIIi}loIlf T hTIIi}loIlf [T’yln EV]|F] ln Vt] o] (V).

For v = 0, we immediately get

lim inf —pg(ln va) = liminf Efln V| 7] - In V;
T—o00 T N T—o0 T T

a1
] = thi)lOIéf TE[ID V| B = @) (V).

2) It is an immediate result of Corollary 3.10 and 1), since {p; }+eT is a dynamic risk measure.

3) It is enough to show that for v > 0 we have

[, (V)]" = liminf M_

As in the previous case, without loss of generality, we can assume that P[V; > 0] = 1. For
every t € T and V € V, we deduce

V; Vri+
el gE ) In Elexp(y(ln $H)| 7]
hTIIigoIéf# —IITIIl)loIéf T thllgf—;lnE[max(m 1) ]]—}]
.. .11 max (Vr, V; 1
= l%}logff; InFE %U}] = hmmf [T; In Elmax (Vp, V)| F] — T In V}}
N |
= l%}loréff;lnE[maX (Vr, V)| F). (A.15)
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Using the above, and the fact that Vo < max (Vi, V), and —p] ([In ¥ V) >0, forall vV eV,
we have the following inequality
N o ([ln ]+)
— 2l < - -t -
[hTrgloIéf T In E[V|F] thi)mf T . (A.16)

Next, we will prove the converse inequality. Without loss of generality, using locality, and
the fact that the function [-]* is non-negative, we could assume that

1 +
lim inf AL e ¢ (o Vt] )

Im in T > 0. (A.17)

Let X7 := E[Ly,>v,V/|F]. Using (A.16), (A.15), and because E[1yy, <viy Vi [F] < V[,
we get

11 11 Pt ([ln‘\/;r]—’_)
iminf — — < | liminf — = 2l < _ AT Ve
h%nlnf 5 In X7 < [hzlwnmf S lnE[VT\]:t]] hmlnf

T—00 T

= llTrgloIéf l% In Elmax (Vp, V;)7|F] < 1i;rni>io%f %% In(X7 + V). (A.18)

Due to (A.17), and the fact that v > 0, we have (X7 + V,7) 5o 00, and consequently

Xr — =% 5. Thus,

|In(X7 + V) —In(X7)] -0, T — cc.

Using (A.18) we conclude the proof.

4) This is a direct result of the analogous property for negative of the dynamic entropic risk
measure. See Proposition 5.3.

5)Let s >t>0€T,V € @7 and m, € LY. Tt is enough to prove that
o#? (V) s =y P (V) eElms|Ft] (A.19)
It is easy to note, that

1
¥ (V) _ llmlnfTﬁOo fflnE[V’Y\]:s] _ eliminfTﬁoo [E[VW\]-L} T]

_1
— lim inf & [BVAIFDT] :hT””‘infE[Vz'flfs]”%
—00

T—o00

Using this, we conclude that (A.19) is equivalent to the following

lim inf B[V IF57 > em = nTminfE[vaft]% > eBlmsl 7], (A.20)
—00

H‘H

Assume that lim infr_,o E[V,|Fs] s Due to the tower property we have

e o1 —_ [ EISR v LT
liminf B[V |£]5T = lim inf E[E[V|F]IF]
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1
Since, 0 < =7 < 1, for T' large enough, we get that the function flx) = a7, z > 0, is
concave. Consequently, by Jensen’s inequality, we continue

1 1
li%ninfE[ (VA | Fl|Fe] 7T hmlnfE[ VA Fs) 7T | ).
—00

1
Since, E[V/!|Fs]7T is non-negative for every T' € T, by Fatou lemma, we conclude

L 1
imi V1 < BT L
l%lng[E[VT’fs]vT’E] > E[thllolng[VT’fs]wT’E]'

1
Finally, using the fact that liminfy_,o E[V|F]3T > ™, and by Jensen’s inequality for
f(x) =e*, we get

E[hTminfE[vT“qfs]ﬁft] > Bleme|F] > eEmelFl,
—00

which completes the proof.

6) Let t €T,V € V and v < 0. We want to prove that for s € T, s > t, and m, € LY, we

have
e1(V) <ms = ¢/ (V) < Elmg| F. (A.21)

Doing similar operations as in 5), we deduce that (A.21) is equivalent to
1 1
hmme[V |Fs]7T < e = li:FrrlinfE[V:,7|ft]vT < ePlmsl 7, (A.22)
—00

Since for v < 0 and nonnegative = the function f(x) = x7 is decreasing, we have that (A.22)
is equivalent to

[lijminfE[Vj?]fs]wlT} > Ms = [hmlnfE[V ]ﬂ]%] > eVEms|Fi]
— 00
which is consequently equivalent to

lim sup [E[Vj?\fs]v%]y > "™ = limsup {E[Vj?]}}]%T]V > eVBlmsl 7]
T—o0 T—00
From here, we conclude that (A.19) is equivalent to
lim sup E[V/|Fs ]% e’ = limsup E[V} \ft]% > evBlmsl 7] (A.23)

T—o0 T—o00

and thus we will verify this implication.
To give a better intuition of the proof of (A.23), first we will consider ¢t = 0, i.e we will
show that that for any m, € LY, we have that

lim sup E[V/|Fs |T > €™ = limsup E[V”]% > Elmsl, (A.24)

T—oc0 T—oc0

Assume that s > 0, ms € L2, and such that

lim sup E[V/|F] T > M,

T—o00
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Note that, there exists a set C' € Fg, such that P[C] > 0 and 1oe?™s > 1o E[e?]. Hence,

L¢ limsup B[V} | F] T > 1cE[e"™].

T—o00

By Jensen’s inequality, we continue

1c limsup E[Vﬂfs]% > 1ger®lmsl, (A.25)

T—o00
Let € > 0, and put B} = {w € Q: E[Vﬁ]fs]%(w) > ¢7Elmsl=€1 Notice that

C C limsup B,
T—o00

which consequently implies that

P[hm sup B;} > 0. (A.26)

T—o00

From here, by Borel-Cantelli Lemma, we get that > 77 ;| P[B5] = co. Since the last series
is divergent, there exists a subsequence {7} ;-1 2, ) such that

1

PIBL] > e

Using this, we have the following chain of inequalities

lim sup E[Vﬁ]% = lim sup E[E[qu!}—s“% > lim sup E[EB;E[VJY‘-EH%
T—o0 T—o0 T—o0
> lim sup E[]lBeTe(VE[mS}_E)T]% > 7 Plmsl=¢im sup P[B’ff]%
T—o0 T—o00
1 e
> ' Emsl=¢ lim sup P[BS| ™ > ?PIms1=¢ lim sup {—62} T
TE—00 k Tg—00 (Tk)

_ e’yE[ms]—e‘

Hence, taking into account that e > 0 was arbitrary chosen, implication (A.24) follows
immediately.

The proof for ¢t > 0 follows similar line of ideas as for t = 0, although it is a bit more
technical. For sake of completeness we will present the proof here too. The proof is done
by contradiction: assume that (A.21) is not true for some s € T, s >t . Then, since (A.21)
is equivalent to (A.23), there exists V € V, m, € L and A € F;, P[A] > 0 such that for

limsupE[Vﬂ]—'s]% > ¢ and limsup E[Vjﬂ]:t]% < eVBlmsl 7, (A.27)

T—o00 T—o00

almost surely on A. Note that there exists € > 0 and Ay € F;, Ay C A, P[A3] > 0, such
that

14, limsup E[V:m]:t]% < 1y, e ElmslFil=2¢ (A.28)
T—o00
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Let us consider the following sets
By i={we Ay: E[Vj?]fs]%(w) > e“YE[”"bs\Ft}(W)—E}7

o
Doi={w€Ay: Y Ellp|F]<a}, acNU{+oo}.

T=1
Note that D,, € F; for any n € N, D,, C D,,, for n < m, and Dy, = UpenD,, € F;. Next we
consider two cases: a) P[Dy] > 0 and b) P[Dy] = 0.
Case a) Since P[Dy] = P[limy, o0 D] = limy, o0 P[D,] > 0, there exists ng > 0 such that
P[D,,] > 0. Consequently,

o0

> P[B5 N Dy] < no.

T=1
From here, by Borel-Cantelli Lemma, we get

P [lim sup[BT N Dy, ]| =0,

T—o00

which implies that
1
1p, limsup E[V]|F,|T <1p, Y Elms|Fi]—e
0 T—o00 0

that contradicts (A.27) on some set of positive measure.
Case b) Let P[Dy] = 0. First note that,

1 1 1
limsup E[V}|F]T = limsup E[E[V]|F]|F]T > limsup Ellge, EVA|Fs]|F]T
T—o00 T—o00 T—o0
> limsup E[1p;, e(Blms| 7= T|]:t]% > eYElmslFil=¢ 1im sup Ellp, |]:t]% (A.29)

T—o00 T—o00

Since Do, C Ag, and P[Dy] = 0, we have that for (almost) every w € As there exists a
subsequence {7} },en such that

1
(T)*

B, F](w) >
k

Using this, and (A.29), we conclude that for (almost) every w € A,

1 1
€

limsup E[lpg |F] T (w) > limsup E[lBe ]]—}]?(w) > lim sup [Tz]
T—o0 Tp Y —o00 TpY =00 (Tk )

=

Thus, almost everywhere on Ag

lim sup E[V:,?|]~}]% > eVBlmslFil—e,
T—00

Combining the last inequality with (A.28), we get

14,7 EslF=2¢ > 1 ) Jimsup E[VQ:’LB]% > 14,7 ElmslFil—e
T—ro0

which leads to contradiction, as P[As] > 0. O
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Proof of Proposition 5.5. Let ([0,1], B([0, 1]), {F: }ten,, A) be a filtered probability space,
with Fo = {[0,1],0} and F; = B([0, 1]).

3’) For v = —1 it is enough to consider a simple example
-T -T
-~ e we [0,e” "],
Vr(w) =
() { el wele T 1]

—7? 1
o € [0, 7]
V/ (W) — € w » T
r { el welr,1].
5) Let v = 1, and let {Vp}pen be defined by
1 1
; b owelod)
Vpw)=4 T, “=0T0 A.30
() { el we [%,1]. ( )
For w # 0, we have
N -1 1 InT
1 R RN S PN il . _
67! (7)) = Hmind o I o = Hnind(—50) T ) + 1113 (@) = 1
On the other hand
~ -1 1 -1 T—-1 —Inl
1 — lminf ) — liminf — =TV < Tim i —0.
o (Vr) hTHi)lO%f T lnE(VT) hTHi)lO%f 7 In(1+ e )< l%}logf 7 0

Thus, with m; = 1, we get
o1 (V) = mi # oy (V) = Elmal Fol,

which contradicts acceptance consistency. This counterexample can be easily adjusted for
any v < 0.
Similarly, for v = 0, we consider

6’) As in the previous case we will consider only v = 1 and 7 = 0. For v = 1, we take
{Vr}ren defined by

1
r (A.31)

~ Tel welo,
Vrw) = { 1 we h
T

Then, we have

> IR S . InT
o1 (Vr)(w) = lim inf T In V) = liminf[(1 + T) . 11[07%]((&1) +0- ]l[%’u(w)] =0, w#0.

T—o00 T—o0
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On the other hand
T—-1

T
> liminf — = 1.
) > limin T

~ 1 1
1 TN — Tminf & T
#o(Vr) = liminf 7 In B(Vr) = iminf 7 In(e” + Toso0

Thus, with m; = 0, we get
P1(V) < ma A 0b(V) < Elma| Fo,

which contradicts rejection consistency.
Similarly, for v = 0, we consider
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