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ESTIMATES OF THE BERGMAN DISTANCE ON
DINI-SMOOTH BOUNDED PLANAR DOMAINS

NIKOLAI NIKOLOV AND MARIA TRYBULA

ABSTRACT. Precise estimates for the Bergman distances of Dini-
smooth bounded planar domains are given. These estimates imply
that on such domains the Bergman distance almost coincides with
the Carathéodory and Kobayashi distances.

1. RESULTS

In [6, Proposition 8], the first named author found optimal estimates
for Carathéodory and Kobayashi distances, cp and kp, on Dini-smooth
bounded planar domains D in terms of dp = dist(-, dD). In this paper
we shall prove similar estimates for the Bergman distance bp. For con-
venience of the reader, the definitions of these three distances, as well
as of Dini-smoothness, are given in the next section.

Proposition 1. Let D be a Dini-smooth bounded planar domain. Then
there exists a constant ¢ > 1 such that

V2log [ 1 |z — vl ><sz,w
g( T T ) S

clz — w|
dD(z)dD(w)

By [6, Proposition 8], the same result holds for v/2cp and v/2kp
instead of bp. So, we have the following

<+V2log [ 1+ , zZ,weD.
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Corollary 2. If D is a Dini-smooth bounded planar domain, then the
differences bp — \/2cp and bp — /2kp are bounded.
Note that Proposition 1 is equivalent to

Proposition 1. Let D be a Dini-smooth bounded planar domain.
There exists a constant ¢ > 1 such that:

o if |z —wl|? > dp(2)dp(w), then
|z — wl?

® dp(2)dn(w)

o if |z —w|* < dp(z)dp(w), then

z — wl|?
lo — ¢ < V2bp(z,w) < log p + ¢
D

(2)dp(w)

|z — w| clz — wl
e/ dp(z)dp(w) \/dD(z)dD(w)'

Remark. (a) The Dini-smoothness is essential as an example of a
C'-smooth bounded simply connected planar domain shows (see [8]
Example 2]).

S bD(Z7 ’LU) S

(b) One of the missing properties of bp in comparison with c¢p and
[p is monotonicity under inclusion of (planar) domains. However, the
invariants Mp and Kp share this property which allows us to modify
the approach from [6].

(c¢) Results in C™ in the spirit of Proposition 1 and Corollary 3 can
be found in [I] and [7], respectively, where the strictly pseudoconvex
domains are treated. Note also that the Levi pseudoconvex corank one
domains are considered in [3]. As can be expected, our estimates are
more precise than those in [I] and [3], when the two points, z and w,
are close to each other.

(d) It follows by the second statement of Proposition 1’ that

1
< lim inf bD(Z’w), uwe D.
cdp(u) S |z — w|

This inequality agrees with the fact that (cf. [5, Lemma 4.3.3 (e)])

b
Z,W—U |Z — w|

ZFw
(cf. [5, Lemma 4.3.3 (e)]) and the equality (see [4, Remark, p. 11})

2
ul_ing Bp(u; 1)dp(u) = g
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Recall now another comparison result between cp and kp (see [6]
Proposition 9]): if D is a finitely connected bounded planar domain
without isolated boundary pointsE then

(1) lim enlz,w) =1 uniformly in z € D.

wz_;é?uD ]{JD(Z, w)

Similar results for cp, kp, [p and bp in the strictly pseudoconvex case
can be found in [9, Theorem 1] and [7, Proposition 4].

The next proposition shows that (II) remains true if we replace cp or

k‘D by bD/\/§

Proposition 3. If D is a finitely connected bounded planar domain
without isolated boundary points, then

bp(z,w) bp(z,w)

lim ———= = lim =+/2 uniformly in z € D.
w—dD cp(z,w)  w—0D kp(z,w)

z#w zF#Ww
Remark. The isolated boundary points condition is essential. Indeed,
if p is an isolated boundary point of a planar domain D # C\ {p}, then
cp = cpugpy and bp = bpugyy, but kp(z,w) — co as w — p and z € D
is fixed.

2. DEFINITIONS

1. A boundary point p of a planar domain D is said to be Dini-smooth
if 0D near p is given by a Dini-smooth curve v : [0, 1] — C with ' # 0

1
w(t
(i.e., ¥dt < 00, where w is the modulus of continuity of +/).
0
A planar domain is called Dini-smooth if all its boundary points are

Dini-smooth.

2. Let D be a domain in C".
The Bergman distance bp of D is the integrated form of the Bergman
metric fp, i.e.,

1
bp(z,w) = in / Bo(y(£); 7 ()dt, zwe D,
7 Jo

where the infimum is taken over all smooth curves v : [0,1] — D with
7(0) = z and (1) = w.

Recall that
Mp(z; X)

Bp(z; X) = Kp(2)

, z€D, XeC

1Any C'-smooth bounded planar domain is such a domain.
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where

Mp(z X) = sup{|f'(2)X| : f € Li(D), [|fll2wy < 1, f(z) =0}
and

Kp(z) =sup{|f(2)| : f € Ly(D), | fllz2py < 1}
is the square root of the Bergman kernel on the diagonal (we assume
that Kp > 0; for example, this holds if D is bounded).

The Carathéodory distance cp and the Lempert function [p of D are
defined as follows:

cp(z,w) = sup{tanh ™ | f(w)| : f € O(D, D), with f(z) =0},
Ip(z,w) = inf{tanh ™" |a| : o € O(D, D) with ¢(0) = z, p(a) = w},
where D is the unit disc.

The Kobayashi distance kp is the largest pseudodistance not exceed-
ing [p. It is well-known that kp is the integrated form of Kobayashi
metric kp defined by

kp(z; X) = inf{|a| : p € O(D, D) with ¢(0) = 2, ay'(0) = X }.

Note that c¢p < kp < lp and ¢p < bp. On the other hand, kp = Ip
for any planar domain D (cf. [5, Remark 3.3.8(¢)]).
We refer to [5] for other basic properties of the above invariants.

3. PROOFS
To prove Proposition 1, we shall need the following

Lemma 4. (a)

|z — wl bp(z, w)
lo 1
g( ! ¢<1—|z|2><1—|w|2>> =T

2|z — w)|
log | 1 ;
= g( +¢<1—|z|2><1—|w|2>)
)

|z — wl bp(z, w) V2|2 — wl
tog <1+2 dD(z)dD(w)> ST sls (H dD(z)dD(w).>'

Proof. (a) We have that

V2bp (2, w) = 2kp(z,w) = log

vzl
=1

-z
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2|z — w| |1 — Zw| + |z — w|
log(l—l— — >:10g<1+2|z—w| .
1= zw| = |z — v (1 =121 = |w]?)

It remains to use that

(2) 1= zw> = (1= [2)(1 = [w]’) + |z — w|?
and hence
V= 2P (1 = w]?) <1 = 2w < /(1= [22)(1 = [w]?) + |z = w].

1— 2
(b) The lower estimate follows from (a) and dp(z) = 1—|z| > 2‘Z| :

To get the upper estimate, we have to show that

\1—2w|+\z—w\§<1+ V2|2 — w| )2
(1= [zP) (1 = [w]?) V(L= [2[)(1 = fwl)
which is equivalent to

\1—2w|+\z—w\< V2 N |2 — wl

(1= zP) 1= |wP) = VA= [z)A = Tw)) @ =21 = |w])’
ie.,
[1—zw] < V2(1 = |2))(1 = [w]) (14 |2)) (14 w]) |z —w] (|2] +]w|+|2w]).
So, it is enough to prove that
[1—Zw|* < 2(1—[2) (1~ |w]) (1+[2))*(1+|w])*+e—w[* (|2 ]+ |w]|+]zw])?.
Using (2)) and dividing by (1+ |z|)(1+|w]), the last inequality becomes
2w (1=]2] = Jw| = |zw]) < (1=]2] = |w|+|zw|)(1+2]2|+2|w]|+2|2w])
which follows from |z — w|?* < |2]? + |w|? + 2|zw| < |2| + |w| + 2|2w].

Remark. (a) The constants 1 and 2 in front of |z — w| in the lower
and upper estimates in Lemma 4 (a) are sharp. To see this, let

1+ 2|z — w|

|z — w?
(1 =]z = [w]?)

— 0 and oo, respectively.

1
(b) The constants 3 and /2 in front of |z — w| in the lower and upper

estimates in Lemma 4 (b) are sharp, too. To see this, let |z|] — 1 and
then
|z — wp?

(1= [2[2)(1 = w]?)

— 0 and w — 0, respectively.

Proof of Proposition 1. Let D D (z,) — pand D D (w,) = q (2, #
wy,). It is enough to find a constant ¢ > 1 such that the respective
estimates for bp(z,,w,) hold for any n.
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Note that, by [6, Proposition 5 and Corollary 6], for any neighbor-
hood U of p there exist a neighborhood V' C U and a constant ¢; > 0
such that

(3) [V2bp(z,w)+logdp(z)+logdp(w)| < ¢1, z€ DNV,w € D\U.

This inequality provides the desired constant if D > p # ¢ € D, or
pedD,qe D,orpe D, qe dD,or 0D >p+#qe€dD.
For a planar domain €2, set 5o (2) = Ba(z; 1), Mqo(z) = Mq(z;1) and
ka(z) = ka(z;1).
If p=¢q € D, then the continuity of §p implies that
bp(2n, Wy,
bp (20, wn) — Bp(p) >0
E
and we may easily find the desired constant.
It remains to consider the most difficult case p = ¢ € 9D. Some of
our arguments will be close to that in the proof of [6, Proposition 5.
This proof allows us to assume that p =1 and
{zeD:|z—-1|<r}=E.CcDCD

for some r > 0 (after an appropriate conformal map). Then

k3(2)  Mp(z) Mg, (2) k% (2)
4) 2B — < Bplz) < =L =2 B2 L€ E,
T O R VY Il ey STE e
(the both equalities hold because FE, is a simply connected domain).

Fix an 71 € (0,7). The localization of the Kobayashi metrics from
[2, Theorem 2.1 and Lemma 2.2] implies that

(5) kp(2) > (1 — codp(2))kE, (2), 2z € E,,
for some constant co > 0. Choose an 75 € (0,r;] with 2cor9 < 1. Then

(1 — eodp(2))kp(2) < ﬁl\)/(g)

Since kp(z) = &D\)/(;) = 1—1|z\2’

1 1
(6) % <m — 02) < 5[)(2) < 5]1))(2’) +c3, zZ€ ET,Q.

We may assume that z,,w, € E,,, where r3 € (0,72/2] is such that
if oy, is the shorter arc with endpoints z, and w, of the circle through
2, and w,, which is orthogonal to the unit circle, then «a,, C E,,. Hence

bD(zn,wn)</ V2 +ecg | dl
an I- |Z‘2

< (14 2¢9dp(2))kn(2), z € E,,.

it follows for c3 = 2v/2¢, that
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= bp(2n, wy) + csl(ay,) < bp(2zn, wy) + 2¢3|2, — Wy

for any n.
Now, using Lemma 4 (b) and the equality
(7) d]D)(Z) = dD(Z), AL ETS,

it is easy to find a constant ¢ > 1 such that the upper estimate for
bp(zn, wy) in Proposition 1 holds for any n.

It is left to manage the lower estimate. Let 7, : [0,1] — D be a
smooth curve such that 7, (0) = z,, v,(1) = w, and

b (2 ) + |20 — ] > / B (1 (£); 71 (6)) .

Consider the set A of all n for which ~,,(0,1) ¢ E,,. For any n € A we
may find a number ¢,, € (0, 1) such that |u, —1| = ry, where u,, = v(t,).
By (3)), there exists a constant ¢, > 0, which does not depend onn € A,
such that

bD(vawn) + |Zn - wn‘ > bD(Znu un) + bD(unvwn)

_logdp(z) logdp(wn) .
V2 V2 N

This inequality easily provides a constant ¢ > 1 for which the lower
estimate for bp(z,,w,) in Proposition 1 holds for any n € A.

Let now n & A. Since
dp(Vn(t)) < fu(t) :=dp(zn) + |20 — Y (t)] < 2r35+ 19 < 2r9 < 1/09,
dp(Yn(t)) < gn(t) := dp(wn) + |wn — W(t)| < 1/
and |s|" > ||, it follows by (@) that, for any ¢, € (0, 1),

VE(bp (2 w0) + |2 — wn]) > / (m—) (1)

2/0 ( 0N )df““)_/: (G )

og (14 2 Zn()t")') el — ()

+1og< ")‘) — ca|wp = Yn(tn)]
(1+‘" 2t

for some constant ¢; > 1. Choosing now t, such that |z, — v, (t,)] =

|wy, — ¥ (t,)| and using (), we obtain the lower estimate in Proposition
1.
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So, Proposition 1 is completely proved.

Proof of Proposition 3. By the Kébe uniformization theorem, we may
assume that 0D consists of disjoint circles. Using Proposition 1, Corol-
lary 2, ([Il) and compactness, it is enough to prove that

lim bD(va> — \/5
SR kp(z,w)

for any point p € 9D.
Applying an inversion, we may assume that the outer boundary of
D is the unit circle and p = 1. Then (@) and () imply

. BET(Z)_ — lim kg, (2)
lim Bp(z) 1= lim kp(2)

be, (2 w) o

The first equality shows that lim 1nf

z,w—1
ot bp(z,w)
To get that
b
(8) lim sup 5, (2 w) <1,
z,w—1 D(Z,w)

z#w

we shall follow the proof of [9 Proposition 3]. Fix an € > 0 and choose
an 1 € (0,r) such that

Be.(2) < (1+¢e)Bp(z), z€E,.

Combining the argument in the case n ¢ A from the previous proof and
the estimates from Proposition 1, we may find an r5 € (0,71) such that
if z,w € E,, and v : [0,1] — D is a smooth curve for which v(0) = 1,
(1) = w and

/ 5[) )dt < (1 —|—€)bD(Z ’LU)

then 7([0,1]) C E,,. It follows that

br, (2,w) < / B, (v(£); 7/ ()t

(1+4¢) / Bo(y (t))dt < (14 ¢)%bp(z,w), z,w € E,,.

To obtain (§), it remains to let € — 0.

So, lim M:L

Z;;ZI bp(z,w)
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On the other hand, [6, Proposition 8] gives the estimates from Propo-
sition 1 for 2kp instead of v/2bp. Then we obtain as above

TG N
z,w—1 /{D(z’w)
ZFw

Now, the equality by, = v/2kg, completes the proof.
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