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AND A CHARACTERIZATION OF THINNESS OF SUBSETS OF C»

DJIRE IBRAHIM K.

ABSTRACT. Let X C C" be a domain and W C X be a subdomain, X # W. Suppose
that ¢; is upper semicontinuous in X \ W and (s is upper semicontinuous in W. We
define ¢ : X — R by p = in X \ W , ¢ = min{e?, p5} on X NOW and ¢ = @9 in
W. Under suitable conditions on W and X, we will prove that
1 2w . o
EH(zx)=inf {2/ po f(e?)dd, f € 0(D, X), f(0) = :1:}
T Jo

is the largest plurisubharmonic function on X less than .

In case where ¢ = 3 on X NOW we get the classical result of Poletsky. In case where
2 is big enough in W our work looks as a subextention result of Larusson-Poletsky. In
some sense we have a generalization of these results. At the end we will characterize the
thinness of a set at a point with closed analytic discs and give a version of maximum
principle for certain non-thin sets in C™.

1. INTRODUCTION

The main goal of the theory of disc functionals is to provide disc formulas for impor-
tant extremal plurisubharmonic functions in pluripotential theory, that is, to describe
these functions as envelopes of disc functionals. This brings the geometry of analytic
discs into pluripotential theory. Disc formulas have been proved for largest plurisubhar-
monic minorants in ([3], [2], [1]).

Consider a domain X C C" and an upper semicontinuous function ¢ : X — R. It is
proven by different methods in [8] and [9] that,

(1) sup{uEPSH(X),USSO}:in{%/OW@Of(eie)deafeﬁ(DX)af(O):m}-

Formulas of this form are referred to as disc formulas. The elements of €(D, X) are
called analytic disc in X. Functions from &'(D, X) to R are called disc functionals. We
call the integral on the right hand side of (1) the Poisson disc functional. The envelope
of a disc functional at a point x is then given by the infimum over all discs sending zero
to x. In this paper we will prove a disc formula for plurisubharmonic functions. Recall
that

e Edigarian in [10] showed that (1) holds if ¢ is plurisuperharmonic;

e Magnusson proved that (1) holds if ¢ = ¢ — @9, where ¢ is upper semicontin-
uous and ¢ is plurisubharmonic.

Key words and phrases. Analytic discs, plurisubharmonic functions, non-thin set, maximum prin-
ciple, envelope of functional.
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In the present paper we will prove in (section 2) that (1) holds for a function ¢ under
the following form

¢ in X\W;

¢ = ¢ min{e], o3t on  IW;

po in WL
Where W is a relatively compact subdomain of X and ¢, w9 are upper semi continuous
respectively on X \ W and W. The disc formula in (1) has many applications. For
instance one can use it to characterize in terms of analytic discs :

e the pluripolar hull of a pluripolar set see [6];
e a non-pluripolar Borel subset of a Josefson manifold see [7];

e the polynomial hull of a compact subset of C" see [8].

In fact for K € C" compact we define the polynomial hull of K by
K = {z € C",|P(z)| < sup|P| for any polynomial P}.
K

Let X C C" be a Runge domain and K C D be a compact set. In [8] it is proven that
20 € K if and only if for any € > 0 any open set V' containing K there exists an analytic
disc f: D — X continuous on D such that f(0) = zy and

oc{teT, f(t)eV})>1—g¢,

where ¢ is the normalized Lebesgue measure on T.

In section 3 of this paper we give a similar characterization of the thinness of a subset
of C™ at a given point. Our main result Corollary 6 states that :

Y is non-thin at x, if and only if for every € > 0, every neighborhood V' of z and
every open set U containing Y\ {z} there exists f € &(D, V) such that f(0) = x and

o(TNfVnU\{z})>1-e
Where Y C C" and = € C". We will refer to (1) as Poletsky’s classical theorem.
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2. DISC FORMULA

Let X be a domain in complex affine space C* and W C X a subdomain, X # W.
Consider two upper semicontinuous functions @1 : X \W — R and py : W — R. We
define p : X — R by ¢ = 1 in X \ W , o = min{p*, 3} on X NOW and p = @y in
W. Notice that ¢ is not necessarily upper semicontinuous on X. We take the constant
function —oco to be plurisubharmonic. PSH(X) will be the family of plurisubharmonic
functions on X and D denotes the unit disc, T the unit circle and o the arc length
measure on T. For x € X we consider the function EH : X — R defined by

EH(x) = inf{%/o%goo f(e9do, f € 0D, X), f(0) = :c}
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In this section we will prove that EH is plurisubharmonic. To do this, we will define on
X an upper semicontinuous function F and prove that

EH(z) = inf {i /0sz o f(edb, f € O(D, X), f(0) = :)3} .

2
The function F will be defined on using a subset % of O(D, X). Set
% ={fec0D,X) f(T)C W}
%2 = {f € ﬁ(ﬁ,X),f(T) - X\W}a

and B = B U By. Assume that for all x € X there is f € B such that f(0) = z. We
define by

21

Proposition 1. If for all x € X there is f € % so that f(0) = x, then F is upper
semicontinuous on X.

Fla) = in {i /OZW oo f(c)db, f € B, F(0) = z} |

Proof. Let ¢ € R, x € X such that F(z) < ¢. We will prove that there is a neighborhood
V of z such that F(y) < cfor all y € V. By definition of F' there is fy € £ with fo(0) = =
such that - fozﬂ wo fo(e?)dh < c. Assume that f, € %, then fo(T) C W. As ¢ is upper
semicontinuous on W we can find a decreasing sequence of continuous functions (v););
defined on W that converges to ¢. There is jo > 1 such that 5- 027r ¥j, o fo(e?)d < c.
As W is open and 1, is continuous then one can find V' CC X a small neighborhood
of x such that {fo(T) +y — 2,y € V} cC W, {fo(D) +y —z,y € V} CC X and
= 0% Vo (fo(e?) +y — x)df < c for all y. Hence F(y) < c for all y € V. That means,
the set {F < ¢} is open for all ¢ € R, hence F' is upper semicontinuous. O

Notice that on XNOW we may have ¢ < F' since F'(z) = lim, o suppg, . F. For ezample
take o1 =2 and o = —1. If W CC X then we get F' =2 on OW while ¢ = —1 there.
Now for x € X we consider the function

1 2 ) o
PF(z) = inf{2—/ Fo f(e)dd, f € 0D, X), f(0) = x}
T Jo
Recall that F is upper semicontinuous, then by Poletsky’s classical theorem PF is the
largest plurisubharmonic function on X less than F. Our goal here is to prove that in X
EH = PF < .

Remark that by definitions EH < F because 8 C (D, X) and EH < . If we reach to
prove that PF < ¢ then we get PF < EH and other inequality will be given by Lemma
3. The following result due to Bu-Schachermayer is the core of the proof of Lemma 3.
For a detailed proof of Lemma 2 see [9] and [1].

Lemma 2. Let A be a compact subset of T and ¢ € C(D). Then there exists a sequence
(pr) of polynomials py, : C — C satisfying
(i) pu(D) C D and py(0) = 0; B
(i) pr — 0 uniformly on every compact subset of D\ A as k — oo;
(iil) [, o pi(t)do(t) — o(A) [ (t)do(t) as k — oo.

Lemma 3. If for all x € X there is f € B so that f(0) =z, then EH < PF.
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Proof. Let x € X, h € 0(D, X), with h(0) = x, e > 0 and (1;); a sequence of continuous
functions decreasing to F. We will prove that there is G; € ¢(D, X), G;(0) = z such

that
/SOOG /wjoh Jdo(t) +e.

That means FH(z) < [,1; o h(t)do(t) on letting j tends to oo we get

FEH(z) < /F o h(t)do(t) + €
T
On taking the infimum over all A and on letting € tends to zero we get
EH(x) < PF(x).

Fix z € X, h € 0(D, X), with h(0) = x, € > 0 and 1 a continuous function bigger
than F. Let ¢ty € T there is go € (D, C") such that go(0) =0, h(to) + go € & and

/T S(h(te) + go(2))do(2) < o hte) + ¢/2.

We may assume that the map h(tg)+go belongs to ;. Let Uy CC W be a neighborhood
of h(ty) + go(T). Take a continuous function By € C(Uy) bigger than ¢ in Uy such that

2) / Bo(h(te) + gol2))do(2) < 1 o hto) + €.

Extend By to a continuous function on X. As Uy and X are open, By and 1 are contin-
uous, then there is an open arc I containing ¢, such that

{h(t) +go(2), t€ly, zeD}cc X and {h(t)+go(z), t€ly, z€T}cCC Uy
| Bo(h(t) + go(2)) — Bo(h(to) + go(2))| < efort e ly, =zeT;
|t o h(t) — 1o h(ty)] <, forte .
By compactness therei_s N > 0, points ty,--- ,ty € T, open arcs Iy, - - - , Ix, holomorphic
maps gi, - ,gn € 0(D,C™), open sets Uy - - - , Uy relatively compact either in W or in
X\ W and By,- -, By continuous functions on X with ¢ < B; on U, for j=1,--- /N
such that
t; GI]’, gj(O) =0, h(t])—i—g] E%’andTCUIj;
{h(t)+gi(2), tel;, zeD}cC X and {h(t)+g;(2), t€l;, zeT}cCcCU;

3) ABJ<h<t>+gj< 2))do(z) < o hit;) +
(4) |B;(h(t) + go(2)) — Bj(h(t;) + go(2))| < efort € I;, =zeT;
(5) | o h(t) — 1o h(t;)| <e, forte I

Choose 9y very small such that for all j
{h —|—g] +£U HiL’H<(50, telj, Zeﬁ} CcC X,
{h()+gj(2’>+$, HJ?H<60, tEI]‘, ZET} CcC Uj
and K CC X an open set containing

U{h +g;(z)+x, 2| <d, tel, zeD}uUnD)
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Take C' > ) supw | Bj| + supx || + | supz | and disjoint closed arcs .J; C I; such that
(6) Co(T\U,J;) <e
By uniform continuity of B; on K there is 0 < § < &, such that
(7) |B;(z1) — Bj(x2)| <€, forall zy, x, € K with ||z; — 23] < 0, for all j.
Take a small open neighborhood V; of J; such that
(Uisizg i) U {0} C C\ V.
Set K; = D\ V;. By Lemma 2 for each ¢ = 1,--- , N there is a polynomial p; such that:
e p;i(0) =0 and p;(D) C D;
o ||g; Opl( )H < /N for all z € KZ,

* f] )+ giopi(t))do(t) fT ) +gi(t))do(t) +¢€/N.
Set

z) + Zgi o pi(z) for all z € D.

Then G € ¢(D, K) and G(0

A

h(0) and we have

/gpoG 2/ )+e€ by (6)

:Z/ ( )+ giopi(t) + Z gjopj(t)> do(t) + €
i=1 py

SZ/ < ) + gi o pi(t) + Z gjopj(t)> do(t) +€
=1 J=1,i%

< Z/ t)+giopi(t))do(t)+2e  "by of (7)

<3 / )+ gop() do(t) +3c 7 by (4)

< Z U(JZ-)/TBZ- (h(t;) + gi(t)) do(t) + 4 ”by Lemma 2

1

<.
Il

Mz

o(Ji)oh(t:) +5e  "by (3),,

%

SZ;/Jiw h(t)do(t) +6e  "by (5)

/¢oh Ydo(t) +T7¢ by (6).

We get EH(x) < [p1 o h(t)do(t) 4 Te for all € > 0, continuous function ¢ > F and
h e ﬁ(]DLX) w1th h(0) = z. Hence EH(x) < PF(x). O
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Consider v : X — R. Recall that
limsupv(y) = lirr(l)sup{v(y), y € B(z,r)}, ze€lX.
r—

Y=
limsup v(y) = limsup{v(y), y € B(z,r)NY}, x€Y.
y—x, yey r—0
In what follows the word thin means C"-thin.

Definition 1. Let Y be a subset of C" and x € C". Then Y is non-thin at x if
z € Y \ {z} and if, for every plurisubharmonic function u defined on a neighborhood of
x one has
limsup u(z) = u(x).
z—x, z€Y\{z}

As example we have, a connected set containing more than one point is non-thin at
every point of its closure see Theorem 3.8.3 in [4]. If h € O(D,C") then the set h([0,1])
is not thin at any of its points see Corollary 4.8.5 in [5].

Theorem 4. Let X C C" be a domain and W C X. Suppose that

i) {z € X, there is f € A such that f(0) =z} = X;
i) X\ W and W are subdomains of X.

Then EH € PSH(X) and

1 21 ] o
sup(ofe).v € PSH(X),0 < o) =int { - [0 fle)ab. € 0B,X),50) = o}
T Jo
Proof. The condition 4) allows us to define F'. Condition ii) ensures that the sets W

and X \ W are non-thin at points of 9. We have

PF < EH < PF <.

Indeed, the third inequality holds because, we have PF < F' < ¢ in X \ OW (because
of constant maps in ). Let x € X N IW, we may assume that p(x) = @5(z). As
PF € PSH(X) and W is non-thin at x then
PF(z) = limsup PF(z) < limsup pq(2) = p3(x) = p(z).
z—x, zeW z—x, zeW

This for all z € OW. Thus PF < ¢ on X. The second holds because of Lemma 3. The
first one holds because PF € PSH(X) and PF < ¢. Hence PF = EH € PSH(X).
Obviously for all u € PSH(X), u < ¢ we have u < EH hence sup{v,v € PSH(X),v <
¢} < EH. As EH € PSH(X) and less than ¢ then we have equality. O]

As o may be, not upper semicontinuous then our formula generalizes Poletsky’s classical
formula . For properties of thin sets we refer to [4] and [5].

3. THINNESS

Let u be a function plurisubharmonic on a neighborhood of zy € C". Even though u
may be discontinuous at zy, it is still always true that
limsup u(z) = u(zp).
Z—r20
By upper semicontinuity, we certainly have limsup,_,, u(z) < u(z), and if the inequal-

ity were strict, then u would violate the submean inequality on a neighborhood of zy. The
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situation may change if we take the limit along a set U whose closure contains zy. For
instance let (z,)n>1 be a sequence converging to zo and U = {z1, 29, }. It is easy to
find w € PSH(C"™) such that

lim sup u(z) < u(z).
z—20,2€U

We say that U 1is thin at zy. In this section we will give a characterization of thinness
of a set at a given point in C" in terms of analytic discs.
Theorem 5. Let U C C" be open and x € C". Then the two conditions are equivalent:

i) U is non-thin at x; B
i) For all € > 0, neighborhood V' of x there is f € O(D, V) such that f(0) =z and

(TN (VNU\{z})) >1-ce
Proof. Assume i). Let ¢ > 0 and V a neighborhood of z. Let Vi CC V be a small

ball centered at z. Then by Poletsky’s classical theorem the function wn(z})nvi,v; 18
plurisubharmonic in Vj, where

u@\epmi i () = nf{—o(TN f7H U\ {z}) N V), f € 0D, W), f(0) = 2}

Since U is non-thin at x then

U\ (o (@) = lmsup  uw\@pov,n (2) = —1,
z—x, zeU\{z}

thus there is f € 0(D, V) such that f(0) = 2 and
—o(TNfFHVNU\{z})) < -1+e
Suppose ). Let ro > 0 and uw € PSH(B(x,1()). For any 0 < r < 1y we set
¢, = sup{u(z),z € B(x,r) N U\ {x}}.
Take M > [supg,, ul- By ii) we have, for any € > 0 there is f. € 0D, B(x,r)) with
fe(0) = x such that
o(TN B, r)NU\{z})) >1—e
Set A=T\ (TN f7*((U\{z}) N B(z,r))) thus we have

u(z) < /Tuo fe(t)do(t) < /T\Auo fe(t)do(t) + /Auo fe(t)do(t)
<¢(l—0o(A)+Mo(A) < e+ (e + M)e.

This for all € > 0, hence when € — 0 we get u(x) < ¢,. As r was taken arbitrarily then
we have

u(z) <infe, = limsup wu(z) < limsupu(z) = u(z).
r>0 z—x, zeU\{x} z—w

This for all u plurisubharmonic in a neighborhood of z. Hence U is non-thin at z. [J
In the light of Corollary 4.8.3 in [5] we have the following.

Corollary 6. Let Y C C" and x € C". Then the following conditions are equivalent

i) Y is non-thin at x;
ii) For every e > 0, neighborhood V' of x and every open set U containing Y \ {x}
there ezists f € O(D,V) such that f(0) =z and

o(TNfrVnU\{z})>1-e
7



For an open set X C C", u € PSH(X) and K C X compact it is well known (by
the classical mazimum principle) that supy u = supyx u. We will state a similar result
for certain subsets of X not necessarily compact.

Theorem 7. Let U CcC X C C", where X 1is open. If Uis non-thin at every point of
its closure, then for allu € PSH(X) one has

sup 4 = sup u.
U U

Proof. Let U be non-thin at every point of its closure. By the classical maximum
principle we have

supu < supu = supu < sup u.
U U oU ou

Let x € OU and r > 0 small so that B(z,r) C X. As U is non-thin at x then
u(z) =inf sup uw< sup wu <supu.
p>0 UNB(z,p) UNB(z,r) U

This for all x € OU. Hence supyy u < supy u. OJ

Corollary 8. Let X C C" be open and U CC X be connected and uw € PSH(X), then

Sup 4 = sup u.
U U
Corollary 9. Let X C C" be open and let U CC X be open. If U is non-thin at every
point of its closure, then
Uy,x = UU,X‘
Moreover if X is hyperconvex, then uy x is continuous in X and lim,_,5x uy x(z) = 0.

Proof. Recall that
uyx =sup{v € PSH(X),v < 0,0|U < —1};
ug x = supf{v € PSH(X)v < 0,0|U < —1}.
Notice that for all v € PSH(X)~ with v < —1 on U. We have v < uy x. Thus
ug x < Uy x-

Asupx € PSH(X)™ and uyx = —11in U, then by Theorem 7, uyx = —1 on U. Hence
uy,x 1s in the family defining ug . Thus uy x < ug x.

If X is hyperconvex then by Proposition 4.5.3 in [5], ug x is continuous on X, hence
up,x is continuous and by Proposition 4.5.2 we have lim,_,gx uy x(z) = 0. O
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